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To understand the multistage phase transitions in V-based kagome metals inside the charge-density-wave
(CDW) phase, we focus on the impact of the “mixed-type” Fermi surface because it is intact in the CDW state
on the “pure-type” Fermi surface. On the mixed-type Fermi surface, moderate spin correlations develop, and we
reveal that uniform (q = 0) bond order is caused by the paramagnon interference mechanism, which is described
by the Aslamazov-Larkin vertex correction. A dominant solution is E2g-symmetry nematic order, in which the
director can be rotated arbitrarily. In addition, we obtain A1g-symmetry order, which leads to the change in
the lattice constants without symmetry breaking. The predicted E2g and A1g channel fluctuations at q = 0 can
be observed by the elastoresistance measurements. These results are useful to understand the multistage phase
transitions inside the 2 × 2 CDW phase. The present theory has a general significance because mixed-type Fermi
surfaces (with multiorbital van Hove singularities) exist in various kagome lattice systems.
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Introduction. Exotic electronic states and correlation-
driven superconductivity in kagome metals AV3Sb5 (A = K,
Cs, and Rb) have attracted increasing attention. The strong
Coulomb interaction and the geometrical frustration of V site
electrons [in Fig. 1(a)] give rise to exotic quantum phase
transitions without magnetization. At ambient pressure (P =
0), AV3Sb5 exhibits 2 × 2 bond order (BO) at TBO = 78,
94, and 102 K for A = K, Cs, and Rb, respectively [1–5].
The BO is the correlation-driven modulation of the hopping
integrals (δti j) [Fig. 1(b)]. The superconducting (SC) state
appears at Tc = 1–3 K inside the BO phase [6,7]. Under
pressure, TBO gradually decreases, while Tc exhibits a non-
monotonic pressure dependence [8]. A maximum Tc (∼10 K)
is realized around the BO critical pressure PBO

c ≈ 2 GPa, con-
sistent with the BO fluctuation pairing mechanism proposed in
Ref. [9]. The predicted s-wave superconductivity has been re-
cently confirmed by penetration depth and electron irradiation
measurements [10,11].

Rich symmetry-breaking states “inside the BO phase” have
been a significant open problem. For example, a C6 symmetry-
breaking nematic state [12,13] and time-reversal-symmetry
breaking (TRSB) without spin order [4,14–18] have been re-
ported. These states are caused by correlation-driven hopping
integral modulation, δti j . Nematic order is given by the bond
order with real δti j , and TRSB order is given by imaginary
δti j . The latter accompanies a topological charge current [19]
that gives the giant anomalous Hall effect (AHE) [20,21].
Theoretically, a sizable off-site (beyond-mean-field) interac-
tion [9,22–46] leads to nonlocal order parameters (δti j �= 0)
in kagome metals.

At present, the possible onset temperatures of symmetry-
breaking states inside the BO phase are unsolved. One
possible state, the TRSB order parameter, strongly develops
below T ∗ = 35–50 K in muon spin relaxation/rotation (μSR)

[14,16–18] and AHE [20,21] measurements. As for another
possibility, the nematic state, a scanning birefringence study
[13] reports Tnem ≈ TBO, while Tnem ≈ 35 K is reported by
an elastoresistance measurement [12]. This discrepancy may
indicate that the BO layer stacking with a π shift leads to
weak nematicity at TBO, and another nematic order emerges
inside the BO phase. The origin of the latter nematicity is not
understood at present.

In V-based kagome metals, two major Fermi surfaces (FSs)
are composed of b3g orbitals and b2g orbitals [Fig. 1(a)]. The
band structure and the FSs are shown in Figs. 1(c) and 1(d),
respectively. Both FSs give a large density of states (DOS)
at the Fermi level due to the van Hove singularity (vHS) at
the three M points. Near the Fermi level, the b3g-orbital FS is
called a “pure-type FS,” where each vHS point is composed of
a single sublattice; see Fig. 1(e). The vHS points are gapped
by the 2 × 2 BO on the pure FS below TBO; see the unfolded
FS in Fig. 1(d). Previous theories have been devoted mainly to
understanding the significant roles of the pure-type FS [9,35–
37] except for Refs. [41,43]. However, one may expect that an
additional phase transition below TBO would occur on the b2g-
orbital FS, a mixed-type FS, because it is not harmed by the
BO. Its sublattice weight is shown in Fig. 1(f). In addition, it
is notable that a mixed-type FS universally exists in the usual
kagome lattice models. Therefore, the research on the mixed-
type FS is of great significance.

In this Letter, to understand the phase transitions below
TBO in AV3Sb5, we focus on the impact of the mixed-type FS
because it is intact in the BO phase. On the mixed-type FS,
moderate antiferromagnetic (AFM) spin correlations develop,
which lead to the uniform (q = 0) bond order by the para-
magnon interference mechanism. This beyond-mean-field
mechanism is described by the Aslamazov-Larkin (AL) vertex
corrections. A dominant BO solution is the E2g-symmetry
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FIG. 1. (a) Kagome lattice structure. b3g and b2g orbitals are
shown. (b) The BO parameter given by the hopping integral mod-
ulation δti j . (c) b3g-orbital (with pure-type vHS) and b2g-orbital (with
mixed-type vHS) band structures with the DOS. (d) FSs of pure-type
FS (npure = 2.6) and mixed-type FS (nmix = 1.6). Here, the pure-type
FS exhibits a 2 × 2 BO-induced gap. (e) A-sublattice weight shown
by the red color on the pure-type FS at npure

vHF = 2.5. The vHS point
at k = kA is composed of the A sublattice. (f) A-sublattice weight
on the mixed-type FS at nmix

vHF = 1.6. The vHS point at k = kA is
composed of B+C sublattices.

nematic order in which the director can be rotated arbitrarily.
In addition, we obtain the A1g-symmetry bond order which
would accompany the change in the lattice constants. These
results are useful to understand the multistage phase transi-
tions inside the 2 × 2 BO phase.

Model Hamiltonian and formulations. In this Letter, we
study the bond-order phase transition mediated by the quan-
tum fluctuations in a kagome lattice Hubbard model with
a mixed-type FS composed of three b2g orbitals. We ap-
ply the density-wave (DW) equation method to derive the
optimized order parameter (=symmetry-breaking self-energy
��) driven by the beyond-mean-field vertex corrections. In
Ref. [9], the present authors studied the b2g + b3g orbital
kagome lattice Hubbard model for AV3Sb5, and found that
the pure-type FS alone gives the 2 × 2 BO state. However, the
b2g-orbital FS can induce different instabilities for T � TBO.
For this reason, to find the phase transition inside the BO
phase, we study the b2g-orbital kagome lattice tight-binding
Hubbard model.

The b2g orbitals at sublattices A–C are shown in
Fig. 1(a). The corresponding mixed-type FS is shown in
Fig. 1(d). The kinetic term of the b2g-orbital model is

FIG. 2. (a) Obtained χ s
A,A(q) that shows the AFM correlation.

(b) Real-space short-range spin correlation.

H0 = ∑
k,l,m,σ hlm(k)c†

k,l,σ ck,m,σ , where hlm(k) is the momen-
tum representation of the nearest-neighbor hopping integral
tlm(r), l, m = A, B, C and σ is the spin index. In our study
the unit of energy (Coulomb interaction, hopping integral,
and temperature) is eV. We set the nearest-neighbor hopping
integral t = −0.5 [9,35] and put the number of electrons on
the mixed-type FS nmix = 1.6. The 3 × 3 Green’s function is
given as Ĝ(k, εn) = [(iεn + μ)1̂ − ĥ(k)]−1, where εn = (2n +
1)πT is the fermion Matsubara frequency. We also introduce
the on-site Coulomb interaction term HU = U

∑
i,l ni,l,↑ni,l,↓,

where ni,l,σ is the electron number at unit cell i.
In the mean-field-level approximation, the spin instability

is the most prominent [9]. In the random phase approxi-
mation (RPA), the spin susceptibility is χ̂ s(q) = χ̂0(q)[1̂ −
U χ̂0(q)]−1, where χ0

l,m(q) = −T
∑

k Gl,m(k + q)Gm,l (k) is
the 3 × 3 irreducible susceptibility matrix and q ≡ (q, ωl =
2πT l ). The spin susceptibility diverges when the spin Stoner
factor αs, which is defined as the maximum eigenvalue of
U χ̂0(q), reaches unity. Figure 2(a) shows the spin suscep-
tibility χ s

A,A(q) at T = 0.02 and αs = 0.97 (U = 2.2). Its
maximum peak appears at the nesting of the A-sublattice FS
shown in Fig. 1(f). The real-space short-range spin correlation
is depicted in Fig. 2(b). In contrast, such AFM spin fluctua-
tions remain small in the pure-type case. The obtained χ s(q)
is used to construct the kernel function of the DW equation,
IL,M
q (k, p) in Eq. (1), which is a nonlinear function of χ s(q).

We will show that the AFM spin fluctuations in the mixed-
type FS give rise to the exotic ferro-bond order via the AL
vertex corrections.

Density-wave equation analysis. The nonmagnetic DW or-
ders cannot be obtained by RPA in the Hubbard model with
the on-site Coulomb interaction, because the charge Stoner
factor αc is always smaller than the spin Stoner factor αs in the
mean-field approximation. However, the vertex corrections in
the DW equation [Fig. 3(a)] give various charge-channel DW
states due to the paramagnon interference processes.

From a field-theoretical point of view, the nonmagnetic
bond order is described as the symmetry-breaking self-energy
��, which is simply the DW order parameter [30]. (�� is
much smaller than the self-energy without symmetry breaking
�0.) Once �� emerges, it will give the symmetry breaking
in χ0(q) = −T

∑
k G(k + q)G(k), where G is the Green’s

function with the total self-energy �tot(k) = ��(k) + �0(k).
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FIG. 3. (a) Linearized DW equation with respect to the form
factor fq(k) and eigenvalue λq. The p-h pairing interaction is com-
posed of the Hartree term, the MT term, and the AL terms. The
solid line is the noninteracting Green’s function, and the wavy lines
are the spin fluctuations from RPA. (b) Interference between two
paramagnons (Q and Q′) that leads to the DW order at q = Q − Q′.
(c), (d) Eigenvalue λq for two cases: (c) Moderate (αS = 0.9) and
(d) strong (αS = 0.99) spin fluctuation. Three states are shown in
different colors. In both cases, λq exhibits the maximum at q = 0. (e),
(f) Diagonal form factor

∑A,B,C
l f ll

q=0(k): (e) E2g-symmetry solution
obtained for αS = 0.9 and (f) A1g-symmetry solution obtained for
αS = 0.99. Note that the off-diagonal form factor is also large.

In the meanwhile, when symmetry breaking in χ s(q) emerges,
the self-energy �(k) = 3U 2

2 T
∑

q χ s(q)G(k + q) will contain
finite �� = �(k) − �0(k). Such feedback between �� and
χ s(q) becomes positive when λ > 1, so the nonmagnetic bond
order occurs spontaneously. In the DW equation, the form
factor describes ��, and the AL terms give the positive feed-
back effect [47]. This theory was first developed to explain
the orbital nematic state in Fe-based superconductors, and it
has been applied successfully to the cuprates and the twisted-
bilayer graphene [30]. Recently, the BO and current ordered
states in kagome metals with the pure-type FS also have been
explained by the AL processes [9,38].

The DW equation for the charge-channel order is

λq f L
q (k) = −T

N

∑

p,M1,M2

IL,M1
q (k, p)

×{G(p)G(p + q)}M1,M2 f M2
q (p), (1)

where IL,M
q (k, p) is the particle-hole (p-h) pairing interaction,

the kernel function for the charge channel. The details of
this are given in the Supplemental Material (SM) A [48].
k ≡ (k, εn) and p ≡ (p, εm) (εn, εm are fermion Matsubara

frequencies). L ≡ (l, l ′) and Mi ≡ (mi, m′
i ) represent the pair

of sublattice indices A, B, C. λq is the eigenvalue that rep-
resents the instability of the DW at wave vector q, and
maxq{λq} reaches unity at T = TDW. f L

q (k) is the Hermi-
tian form factor that is proportional to the p-h condensation∑

σ {〈c†
k+q,l,σ ck,l ′,σ 〉 − 〈· · · 〉0}, or equivalently, the symmetry-

breaking self-energy ��. In real space, the k-dependent form
factor gives the correlated hopping between (i, l ) and ( j, m),
which is given as δtil, jm(= δt jm,il )∗,

δtil, jm = 1

N

∑

k

f lm
q (k)eik·(ril −r jm )eiq·ril , (2)

where ril represents the position of the l sublattice in the unit
cell i. The BO preserves the time-reversal symmetry: δtil, jm =
δt jm,il = real.

The kernel function IL,M
q is given by the functional deriva-

tive of the Luttinger-Ward function �LW(G). Here, we apply
the fluctuation-exchange approximation for �LW(G). Then,
IL,M
q is composed of one Hartree term, one single-magnon ex-

change Maki-Thompson (MT) term, and two double-magnon
interference Aslamazov-Larkin (AL) terms, as depicted in
Fig. 3(a) [30]. Importantly, the AL terms represent the inter-
ference between two paramagnons with momenta Q and Q′

that leads to the DW order at q = Q − Q′; see Fig. 3(b).
With the obtained spin susceptibility as the paramagnon,

we solve the DW equation. The q dependence of the eigen-
value λq at nmix = 1.6 (T = 0.02) is exhibited in Figs. 3(c)
and 3(d). (Here, we show λq only on the path 
-M because λq

on the path M-K-
 is small.) Figure 3(c) [Fig. 3(d)] shows the
result for αs = 0.9 (0.99), where the spin fluctuation strength
is moderate (strong). Importantly, the maximum peak position
is located at q = 0 in both cases. The obtained q = 0 order,
which is very different from the nesting driven q �= 0 order,
is naturally derived from the interference between two para-
magnons with wave vectors Q and Q′(= Q) [30]. For αS =
0.9 in Fig. 3(c), the largest two eigenvalues are degenerate,
and the corresponding form factors are E2g-symmetry BOs
[ f̂x2−y2 (k), f̂xy(k)]. The corresponding diagonal form factor∑

l f ll
q=0(k) is shown in Fig. 3(e). Note that off-diagonal form

factors are as large as the diagonal form factors. For αS = 0.99
in Fig. 3(d), the nondegenerate largest eigenvalue corresponds
to the A1g-symmetry form factor shown in Fig. 3(f).

The E2g-symmetry BO gives the nematicity, and its director
can be rotated at any angle by taking the linear combination
of f̂x2−y2 (k) and f̂xy(k) [25]. To understand the nature of the
E2g-symmetry nematic state, we discuss the real-space form
factor δtil, jm based on Eq. (2). When the wave vector is q = 0,
δtil, jm is simply written as δtlm(r) with r ≡ ril − r jm. The
obtained δtlm(r) for f lm

x2−y2 (k) at q = 0 is shown in Fig. 4(a).
[Its schematic picture is given in Fig. 4(b).] It is plotted in two
directions (AB and AC) from sublattice A, as a function of
the distance R, where the distance between nearest sites is 1.
The BO along the BC direction is the same as that along the
AC direction. [The even-parity relation δtlm(R) = δtml (−R) is
verified.] δtll at R = 0 represents the on-site charge modula-
tion at sublattice l , and δtlm at R = ±1 (l �= m) represents BO
between the nearest sites.

A schematic picture of the hopping modulation due to
the nearest BO is given in Fig. 4(c). In this case, the
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FIG. 4. (a) Obtained δtlm(R) along two directions. The horizontal
axis means the real-space distance. For example, in the AB direction,
R = 1 (2) marks the hopping modulation between the nearest A and
B (A and A). Note that δtAC(R) = δtBC(R). (b) Schematic pictures of
δtlm(R). (c) Nematic bond order in real space for f̂x2−y2 . The orange
color represents δti j > 0, while the blue color represents δti j < 0.
(d) Nematic FS induced by the nematic BO f̂θ . It can be rotated to
any angle by changing the angle θ . (e) T dependence of λq=0 for E2g

and A1g states, for U = 1.95. (f) T dependence of αS .

lattice structure will become nematic in the presence of finite
electron-phonon coupling due to the E2g acoustic mode. We
also discuss the FS deformation due to the E2g nematic BO,
under the order parameter H ′ = �E

∑
kσ ĉ†

kσ
f̂θ (k)ĉkσ , where

f̂θ (k) ≡ cos θ f̂x2−y2 (k) + sin θ f̂xy(k). The ordered nematic FS
at θ = 0 with �E = 0.01 is showed in Fig. 4(d). By changing
the angle θ , the nematic FS can be rotated to any direction.

Another state, the A1g BO, does not break the symmetry of
the system. However, it induces the FS deformation due to the
hopping modulation and the change in the lattice constants
should be accompanied through the finite electron-phonon
coupling. In SM B [48], we present the nontrivial hopping
modulation caused by the A1g BO.

Figure 4(e) shows the T dependence of λ for the E2g and
A1g states, in the case of U = 1.95. The obtained λ monotoni-
cally increases with decreasing T , while the increment of αS is
moderate [see Fig. 4(f)]. Although the obtained transition tem-
perature is relatively high, it will be reduced to below TBO by

introducing the self-energy effect [47]. In fact, due to the or-
dinary self-energy �0 which breaks no symmetry, the Green’s
function is given as G = 1/(iεn − �0 − εk ) ≈ z/(iεn − zεk ),
where the mass-enhancement factor z−1 = m∗/m is larger
than 1. The factor z leads to the rescaling, T → zT and
U → U/z, under the condition of fixed α and λ [23]. Thus,
the transition temperature will be reduced by z. It is an impor-
tant future issue to derive a reliable transition temperature by
taking account the self-energy.

In SM C [48], we discuss the important roles of the AL and
MT vertex corrections for the BO. We show that the AL term
gives a large positive contribution for both E2g and A1g BOs.
In addition, it is found that the MT term slightly favors the
nodal A1g BO. Interestingly, the same AL process leads to the
q = 0 BO in the mixed-type FS model and 2 × 2 BO in the
pure-type FS model.

Finally, we discuss the results of the existing elastore-
sistance experiments [49–51] based on the present theory.
In Ref. [49], a significant E2g symmetry channel nematic
correlation is observed under TCDW and above a transition
temperature Tnem ∼ 35 K. In contrast, in other experiments
[50,51], a strong enhancement of the A1g channel susceptibil-
ity is reported below TCDW and presents a phase transition at
T ∗ ∼ 20 K. Importantly, both E2g and A1g instabilities develop
in the mixed-type FS in the present theory, and the leading
instability can exchange. Thus, different experimental results
may originate from a slight sample dependence. Noteworthy,
Ref. [52] reports the nematic order is strongly stabilized under
tiny (extrinsic) strain in a kagome metal. Thus, the DW equa-
tion analysis for the distorted kagome metal model would be
useful to understand the variety of the experimental reports.
This is an important future issue.

Summary. We studied the phase transitions below TBO in
AV3Sb5 by focusing on the mixed-type FS that is intact in
the BO phase. It is revealed that the paramagnon interference
mechanism leads to uniform (q = 0) bond order. A dominant
solution is the E2g-symmetry nematic order. We also obtain
the A1g-symmetry non-nematic order. These results are useful
to understand the multistage phase transitions inside the 2 × 2
BO phase. This theory has general significance because mixed
types like multisublattice FS exist in many kagome metals,
such as ATi3Bi5 [53]. In this case, the intrasublattice nesting
gives rise to the AFM spin correlation and such correlation
leads to paramagnon interference. Thus, due to this mech-
anism, exotic bond orders would occur in various kagome
metals.
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