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Emergent classical spin liquid phases in an Ising lattice via size effects
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We show that a classical spin liquid phase can emerge from an ordered magnetic state in the two-dimensional
frustrated Shastry-Sutherland Ising lattice due to lateral confinement. Two distinct classical spin liquid states
are stabilized: (i) long-range spin-correlated dimers, and (ii) exponentially decaying spin-correlated disordered
states, depending on widths of W = 3n, 3n + 1 or W = 3n + 2, n being a positive integer. Stabilization of spin
liquids in a square-triangular lattice moves beyond the conventional geometric paradigm of kagome, triangular,
or tetrahedral arrangements of antiferromagnetic ions, where spin liquids have been discussed conventionally.
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Geometric frustration is an essential tool for stabilizing
emergent quantum phenomena in magnetic materials due to
the absence of a unique state that simultaneously satisfies
all interactions among the magnetic ions. The quantum spin
liquid state is an example of a frustration-driven emergent
phase comprising highly correlated spin fluctuations down to
zero temperature [1–4]. This disordered state harbors many
exotic quantum properties like fractional charges and long-
range entanglement, which is relevant for high-temperature
superconductivity [5] and topological quantum computing
[6]. Similarly, the classical counterpart defined by classi-
cal magnetic moments on a geometrically frustrated lattice
demonstrates finite thermodynamic entropy per spin down to
zero temperature without any quantum entanglement [7–9].
This is due to the presence of macroscopic ground-state de-
generacy, which is considered a possible route to quantum
spin liquids [10].

As yet, these exotic phases of matter have been sta-
bilized only in a few select geometric arrangements:
(i) two-dimensional (2D) Ising triangular lattice [11,12],
(ii) two-dimensional kagome lattice [13], (iii) three-
dimensional hyper-hyper kagome lattice [14], and (iv) three-
dimensional pyrochlore spin ice [9,15]. In this context, geo-
metric confinement may provide a new and powerful way to
induce novel phases. Indeed, in the recent years, confinement
has been utilized for enhanced ferroelectricity in unit cell thick
HfO2 and ZrO2 [16,17], ferromagnetic order in bilayer van
der Waals crystal Cr2Ge2Te6 [18], and high-temperature su-
perconductivity in monolayer Bi2Sr2CaCu2O8+δ [19]. Here,
we show that geometric confinement in a Shastry-Sutherland
Ising lattice can lead to two distinct spin liquid phases, that has
not been previously reported for a square-triangular lattice.

We study the classical 2D frustrated Shastry-Sutherland
(SS) Ising lattice [Fig. 1(a)], which is topologically equiv-
alent to the square-triangular Archimedean lattice [20,21].
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This lattice model and its variations may explain the
presence of several fractional magnetization plateaus in quasi-
two-dimensional magnetic materials, such as the rare-earth
tetraborides (RB4, R = Tm, Er, Ho [22–25]), where each
magnetic atom in a layer is located on a 2D lattice that is
topologically equivalent to the SS lattice. Due to the large
magnetic moments of the ions and crystal field effects, these
compounds are well described by the classical Ising version
of the SS Hamiltonian given by

H(σ ) = J1

∑

〈i, j〉
σiσ j + J2

∑

〈〈i, j〉〉
σiσ j + h

∑

i

σi. (1)

σi ∈ {+1,−1}, 〈i, j〉 are the nearest-neighbor spin interac-
tions and 〈〈i, j〉〉 are the diagonal and off-diagonal row-wise
alternating second-nearest-neighbor spin interactions shown
in Fig. 1(a). Frustration in the lattice arises from the com-
petition between the J1 and J2 antiferromagnetic interacting
bonds giving rise to the 1/3 UUD (Up-Up-Down) fractional
magnetization state inside a suitable range of longitudinal
magnetic field hz, where each triangular motif of the lattice
contains two up spins and one down spin [20]. Recent studies
show the presence of a narrow spin liquid phase in the bulk
quantum SS model [26,27] and new quantum phases in the
SS magnet SrCu2(BO3)2 under high field and pressure [28],
however, the role of size effects in stabilizing spin liquids in
the SS Ising lattice has yet to be explored.

We calculate the ground-state energy, ground-state spin
configuration, spin-spin correlation, and magnetization phase
diagram of the SS Ising lattice using the total partition
function [29]. Since brute force calculation of the partition
function is time consuming and exponential in the lattice size,
we use the transfer matrix method, which has been used for
various spin lattice models [30,31]. We assume the size of
the lattice to be W ×L and define variables and calculate the
Transfer Matrix from

T k
[σi],[σi+1] = exp

(−βEk
[σi:i+1]

)
, k ∈ {0, 1}. (2)
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FIG. 1. Emergence of classical spin liquid phase due to size ef-
fects: (a) All neighboring interactions in the Shastry-Sutherland (SS)
Ising lattice which is topologically equivalent to the square-triangular
lattice (Archimedean 32.4.3.4 lattice) [20,21]. (b) Introducing size
effects along the lateral direction in the SS lattice via open bound-
ary conditions. The ordered UUD spin configuration converts to
a disordered classical spin liquid characterized by the presence of
macroscopically degenerate ground states. The bottom graphs show
the general behavior of NG (number of degenerate ground states),
and C(r) (spin-spin correlation) for the ordered spin state and the
disordered spin liquid.

where β = 1/T is the inverse temperature of the system,
E0

[σi:i+1](E
1
[σi:i+1] ) is the lattice energy of the spins between

columns i and i + 1 when the diagonal bonds connect the
top (bottom) left and bottom (top) right spin-lattice sites, and
T k

[σi],[σi+1] is the transfer matrix whose rows and columns rep-
resent all the possible combinations of spins at column i ([σi])
and column i + 1 ([σi+1]), respectively. We redefine the total
partition function Zβ of the spin system as

Zβ =
∑

[σ0:L−1]

exp (−βH(σ )) = Tr[T �L/2�]. (3)

With the partition function Zβ of the lattice, we then calculate
the expectation of one and two spin operators:

〈σ2iσ2i+2 j〉 = lim
β→∞

lim
L→∞

1

Zβ

Tr[T iτ zT jτ zT �L/2�−i− j], (4)

〈σ2i〉 = lim
β→∞

lim
L→∞

1

Zβ

Tr[T iτ zT �L/2�−i]. (5)

τ z is the Pauli-Z matrix and T = T 0T 1. These spin expec-
tation values can then be used to calculate the ground-state
energy and the spin correlation. A more detailed description
is provided in Supplementary Material (SM) [32].

As the transfer matrix for our studied lattice is nondi-
agonalizable, we resort to the numerical estimation of the
partition function and the required observables. We choose
a large enough length (L � 20) and low enough temperature
(β � 15) so that the calculated observables converge to their
thermodynamic limits (Fig. S5 [32]). To study size effects, we
introduce periodic boundary conditions along the transverse
direction (length) and open boundary conditions along the
lateral direction (width) of the lattice. Subsequently, we use
the numerical estimation of the partition function to obtain
phase diagrams by varying the interaction bond ratio J2/J1

from 0 to 3, and the applied magnetic field hz from −8 to
8 for widths W varying from 4 to 12. The above parameter
ranges are chosen to ensure the presence of 1/3 magnetization
plateau, according to studies on the SS lattice [20,33]. The
ground-state spin configuration for every magnetization phase
is deduced from the spin-spin correlation to all its nearest
neighbors and the average magnetization spin site calcula-
tions. To further characterize the ground states of the laterally
confined SS Ising lattice, we calculate the spatial variation of
spin-spin correlation along the length of the lattice and the
number of degenerate ground states [as shown in Fig. 3(e) and
Fig. 3(f)] using the following equations

F = −kbT ln(Zβ ), (6)

S = Egs − F

T
= kb ln(NG). (7)

kb is the Boltzmann constant, F is the free energy, S is the en-
tropy, Egs is the ground state energy (calculated using Eq. S11
[32]), and NG is the number of degenerate ground states. For
calculating NG, we choose low enough temperatures such that
the average energy of the system converges to the ground-state
energy 〈E〉 ≈ Egs and every spin configuration other than the
ground state has negligible Boltzmann probabilities. Thus, the
entropy S takes the form of Eq. (7). It should be noted that
macroscopically degenerate systems (the number of degener-
ate ground states is a macroscopic property) have nontrivial
entropy even in the zero temperature limit [4].

Our main results predict the emergence of a classical
spin liquid phase from an ordered magnetic state when the
Shastry-Sutherland (SS) Ising lattice is confined along the
lateral direction. Figure 2(a) shows the magnetization phase
diagram of the SS lattice in the thermodynamic limit. The
ferromagnetic (FM), antiferromagnetic (AFM), and 1/3 frac-
tional magnetic phases have a finite number of degenerate
ground states while the dimer magnetic phase is macroscop-
ically degenerate at the zero-temperature limit, due to the
uncorrelated antiferromagnetic dimers present along the diag-
onal bonds of the SS lattice shown in Fig. 2(a). But our study
focuses on the 1/3 fractional phase containing six degenerate
ground states where each triangle in the lattice contains two
up spins and one down spin (UUD spin configuration) [20].
With size effects introduced by confining the lattice along
the lateral direction, the ordered 1/3 fractional magnetization
phase gets fragmented into slightly different valued magnetic
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FIG. 2. Transformation of magnetization phase diagram due to size effects along lateral direction: (a) Magnetization phase diagram in the
thermodynamic limit of the Shastry-Sutherland (SS) Ising lattice. The ground-state spin configurations for all the magnetization phases are
shown beside the phase diagram. Only the dimer phase is macroscopically degenerate with zero spin correlation among the dimers (shown in
green boxes), while the other spin ground states are finitely degenerate. (b) The phase diagrams of the laterally confined SS lattice via open
boundary conditions. Depending on the width of the lattice (grouped by the modulus of 3), different regions of the 1/3 magnetization phase
convert to a classical spin liquid phase (shown as black hashed regions), identified by its macroscopic degeneracy.

phases depending upon the width of the lattice. In contrast,
the other magnetization phases (FM, AFM, and dimer) retain
their shapes and magnetization values as shown in Fig. 2.
We categorize the phase diagrams of the laterally confined
lattice according to their widths: W = 3n, W = 3n + 1, and
W = 3n + 2, which also determines the region of the 1/3
fractional phase that transforms into the classical spin liquid
phase, identified by its finite temperature-entropy product in
the zero-temperature limit. Below a critical width, in (i) W =
3n, the region of the 1/3 fractional phase along the borders of
the FM and within a longitudinal field hz, transforms into the
1/3 + 1/3n classical spin liquid phase, in (ii) W = 3n + 1, the
region of the 1/3 fractional phase bordering the dimer phase
where J2 � 2J1 transforms into the 1/(3 + 1/n) classical spin
liquid phase, and finally, in (iii) W = 3n + 2, the thin region
of the 1/3 fractional phase along the FM and the dimer phase
transforms into the (1 + 2/n)/(3 + 2/n) and the 1/(3 + 2/n)
classical spin liquid phase respectively. Figure 2(b) shows all
the above emergent classical spin liquid phases as the black
hashed region.

The ground-state spin configurations of the aforemen-
tioned classical spin liquid phases can be grouped into two
categories, as shown in Fig. 3. Both W = 3n and W = 3n + 1
have the same ground-state spin liquid phase described by
rows of correlated dimers sandwiched between antiferromag-
netic rows [Fig. 3(c)]. Due to the exponential combinations
possible among the correlated dimers, the number of de-
generate ground states is a macroscopic property similar to
the dimer phase [Fig. 3(e)] [20]. Lattices with small widths
(W = 4, 6) contain uncorrelated dimers whereas for larger
widths, there exist persistent long-range correlated dimers
[Fig. 3(g)]. For W = 3n + 2, the classical spin liquid phase
is entirely disordered, characterized by the average fractional
magnetization per site and the fractional spin-spin corre-
lation among all its nearest and second-nearest neighbors
[Fig. 3(d)]. Similar to the previous spin liquid phase, the
number of degenerate ground states is a macroscopic prop-
erty [Fig. 3(f)], but in contrast to the long-range spin-spin
correlation present in the previous case, the spin-spin cor-
relation decays exponentially along the length of the lattice
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FIG. 3. Characterisation of classical spin liquid phase: (a) The
ordered UUD (1/3) magnetization spin state in the thermodynamic
limit [20]. (b) The number of degenerate ground states for UUD is
independent of the size of the system. Size effect introduces two
types of spin liquid depending on the width of the lattice: (c) classical
spin liquid for widths 3n and 3n + 1 where the correlated dimers
in pink boxes are sandwiched between antiferromagnetic rows and
(d) disordered classical spin liquid for width 3n + 2 where each spin
is fractionally spin-spin correlated to all its neighboring spins. The
color bar represents the average magnetization for each spin site.
(e), (f) Both spin states are identified as classical spin liquids via the
exponential increase of ground states with the length of the system.
We choose J2/J1 = 0.5, hz = −4.0 for W = 3n and W = 3n + 2 and
J2/J1 = 2.2, hz = −2.0 for W = 3n + 1. (g) Long-range spin-spin
correlation is present along a row of the lattice in the correlated dimer
spin liquid state. (h) Exponential spin-spin correlation decay in the
disordered spin liquid state.

for this particular spin liquid state [Fig. 3(h)]. The detailed
magnetization phase diagrams and the ground states of all
the magnetization plateaus for widths varying from 4–12 are
given in the SM (Figs. S1–S4) [32]. The emergence of these
exotic phases is explained by the lateral confinement or size
effects introducing additional frustration in the bulk of the
lattice where the spin arrangement and interaction energy at
the edges destroy the long-range spin order in the bulk and
reduces the total energy of the system [34]. Thus, these results
demonstrate the key role of size effects in stabilizing spin
liquids.

The dimers in the spin liquid states of lattice widths 3n
and 3n + 1 are always sandwiched between antiferromagnetic
rows of opposite spin arrangements. Thus, a lattice struc-
ture must have width 3d + 1 to contain d rows of dimers
interleaved with d + 1 antiferromagnetic rows. This spin ar-
rangement also leads to AFM spin configuration at the edges,
which is favorable for low hz values, stabilizing the dimer
spin liquid for W = 3n + 1. In contrast, for higher hz values,
spins along both edges favor the FM configuration to lower
the ground-state energy compared to the FM and AFM spin
edge configuration in the bulk UUD configuration. Adding the
two FM spin rows at the edges to the previous d-rowed dimer
structure gives us a total of 3d + 3 = 3n, thus leading to the
spin liquid stabilization for W = 3n at higher hz values. But
for lattices with width, 3n + 2 can only support the d-dimer
structure with an FM and an AFM spin configuration at the
edges, leading to an increase in the energy for lower and
higher hz values. This leads to the formation of a new spin
liquid with no dimers and exponentially decaying spin corre-
lation, with both the edges having FM spin configurations for
higher hz values and AFM spin configurations for the lower hz

values (Fig. S4 [32]).
In summary, a classical spin liquid state emerges from the

ordered UUD magnetization state in a laterally confined clas-
sical SS Ising lattice. In particular, two classical spin liquid
states are observed depending on the width of the lattice:
(i) correlated dimers sandwiched between antiferromagnetic
rows (widths 3n and 3n + 1), and (ii) spin liquid state with
fractional correlation to all its neighboring interacting spins
(width 3n + 2). This novel physical phenomenon originates
from spin arrangement at the edges which destroy the long-
range bulk order to reduce the total energy of the lattice.
Therefore, size effects and boundary conditions underlie spin
liquid stabilization in laterally confined frustrated 2D lat-
tices. This approach can pave the way for stabilizing new
spin liquid systems through lateral confinement of quasi-two-
dimensional magnetic materials, e.g., rare-earth tetraborides
in which the ionic arrangement is topologically equivalent to
the SS lattice [22–25].
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[27] A. Keleş and E. Zhao, Rise and fall of plaquette order in
the shastry-sutherland magnet revealed by pseudofermion func-
tional renormalization group, Phys. Rev. B 105, L041115
(2022).

[28] Z. Shi, S. Dissanayake, P. Corboz, W. Steinhardt, D. Graf, D. M.
Silevitch, H. A. Dabkowska, T. F. Rosenbaum, F. Mila, and
S. Haravifard, Discovery of quantum phases in the shastry-
sutherland compound SrCu2(BO3)2 under extreme conditions
of field and pressure, Nat. Commun. 13, 2301 (2022).

[29] K. S. Schmitz, Chapter 12–Classical statistical mechanics, in
Physical Chemistry, edited by K. S. Schmitz (Elsevier, Boston,
2017), pp. 559–632.

[30] H. A. Kramers and G. H. Wannier, Statistics of the
two-dimensional ferromagnet. Part I, Phys. Rev. 60, 252
(1941).

[31] L. Onsager, Crystal statistics. I. A two-dimensional model with
an order-disorder transition, Phys. Rev. 65, 117 (1944).

[32] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevB.109.L020303 for the detailed derivation of
the partition function; the phase diagrams for lattice widths
4–12; the detailed ground-state solutions for width 3n, 3n + 1,
and 3n + 2; the numerical convergence of magnetization and
energy to the thermodynamic values with temperature and
length of the lattice.

[33] P. Kairys, A. D. King, I. Ozfidan, K. Boothby, J. Raymond, A.
Banerjee, and T. S. Humble, Simulating the shastry-sutherland
ising model using quantum annealing, PRX Quantum 1, 020320
(2020).
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