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We give an explicit operator representation (via a sequential circuit and projection to symmetry subspaces)
of Kramers-Wannier duality transformation in higher-dimensional subsystem symmetric models, generalizing
the construction in the 1D transverse-field Ising model. Using the Kramers-Wannier duality operator, we also
construct the Kennedy-Tasaki transformation that maps subsystem symmetry-protected topological phases to
spontaneous subsystem symmetry-breaking phases, where the symmetry group for the former is either Z, x Z,
or Z,. This also generalizes the recently proposed picture of the one-dimensional Kennedy-Tasaki transformation
as a composition of manipulations involving gauging and stacking symmetry-protected topological phases to

higher dimensions.
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I. INTRODUCTION

Symmetry-protected topological phases (SPT phases) [1,2]
have gained the attention of quantum information and con-
densed matter researchers for the past decade. SPT phases are
the equivalence classes of gapped Hamiltonians with a given
symmetry. We say two Hamiltonians are in the same phase if
they can be connected by a path in the space of gapped Hamil-
tonians that respect the symmetry. There is also an equivalent
definition in terms of states without mentioning Hamiltoni-
ans. These states are short-range entangled and possess trivial
topological order. They were first discussed in the context of
the spin-1 Haldane phase in the 141 dimension [3]. Short-
range entangled states in the same phase can be connected by
a symmetric finite-depth quantum circuit. Conversely, no such
circuit exists if they are in different SPT phases. The notion
of SPT phases has been generalized to higher dimensions in
bosonic systems classified by group cohomology [4,5] and in
fermionic SPTs by supergroup cohomology [6] and more gen-
erally by cobordism [7]. Furthermore, SPT phases protected
by subsystem symmetries were explored in Refs. [8—10].

Conventional spontaneous symmetry breaking (SSB)
phases, in contrast to SPT phases, can be described by local
order parameters, with the famous example of the 2D classical
Ising model [11,12], as well as its corresponding 1D quantum
Ising model in a transverse field. In these models, the so-called
Kramers-Wannier (KW) duality [13-16] maps the model to
one on the dual lattice between high-temperature (or high-
field, i.e., disordered) and low-temperature (or low-field, i.e.,
ordered) phases. There is a recent re-emergence of interest
in the KW duality of the 1D transverse-field Ising model,
which is regarded as a transformation on the same lattice, i.e.,
in the same Hilbert space, exchanging the Ising interaction
and transverse-field terms. In addition to the Z, spin-flip sym-
metry, at the critical point, an additional symmetry is hence
given by the KW duality. Recently, an explicit expression
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for this symmetry action in terms of unitaries and projection
was obtained by Refs. [17-19]. Due to the explicit projection
onto the symmetric subspace, this is a noninvertible symme-
try. Furthermore, this symmetry action squares to a lattice
translation by one site times the projection [18]. Seiberg and
Shao also show that this noninvertible symmetry comes from
gauging the fermion parity of free Majorana fermions [18].
Majorana translation symmetry emerges as the noninvertible
KW duality symmetry after gauging the fermion parity. This
noninvertible symmetry fits with the noninvertible duality line
in the Ising CFT [20-23].

The Haldane phase, now recognized as an SPT phase, was
found by Kennedy and Tasaki (KT) to relate via a nonlocal
transformation to a spontaneous Z, x Z, symmetry breaking
phase [24,25]. Oshikawa explicitly constructed such a non-
local transformation and generalized it to all integer spins
[26]. The overall picture that emerges is that the Z, x Z,
SPT is mapped to two copies of the symmetry broken phase
under the KT transformation [27]. An explicit example given
in Ref. [27] is between the spin-1/2 1D cluster-state Hamil-
tonian, which represents a nontrivial Z, x Z, SPT phase,
and two copies of the transverse-field Ising model, which
represent Z, SSB phases. Recently, there have also been gen-
eralizations of KT transformation to categorical symmetries
[28] and in the context of LDPC codes [29].

From a different perspective, cluster states are resources for
measurement-based quantum computation (MBQC) [30,31],
where performing single-qubit measurements on cluster states
leads to universal computation. In searching for order param-
eters to characterize quantum computational phases of matter
for MBQC, Doherty and Bartlett [32] considered a mapping
that takes the 1D open-boundary cluster Hamiltonian to two
copies of open-boundary transverse-field Ising models, which,
in fact, realizes the same picture above of the KT transforma-
tion. They also mapped the 2D cluster state on a square lattice
with a transverse field to two copies of the 2D transverse-field
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plaquette Ising model. Later, this transformation was gener-
alized to 3D by You et al. in Ref. [8], where they map the
3D cluster state to two copies of the 3D transverse-field cubic
Ising model. In these cases, we note that the nonlocal transfor-
mation involves mapping the Pauli Z operators to an operator
supported on one side of the light cone of Pauli Z. We remark
that there are a few ways to obtain the KT transformation, as
will be discussed in Sec. IV, and in fact, the exact mapping by
Doherty and Bartlett can be derived.

In this paper, we generalize the explicit operator con-
struction of the KW duality symmetry to higher-dimensional
hypercubic Ising models that have subsystem line-like sym-
metry. Such duality maps between the SSB and disordered
phases. We also discuss a fermionic dual to these models:
Majorana hypercubic models that have subsystem fermion
parity symmetry. We gauge the subsystem fermion parity
to obtain the hypercubic Ising models. Connecting SPT to
SSB phases, we provide an explicit operator representation
of the KT transformation in one and higher dimensions. The
KT transformation maps the Z, x Z,-symmetric cluster-state
model on the hypercubic bipartite lattice to two copies of
hypercubic Ising models. We generalize the picture provided
by Ref. [33] for KT transformation to that between Z, X Z,
subsystem SPT (SSPT) to (two copies of) Z, subsystem SSB
(SSSB) phases in higher dimensions. We also discuss about
Z, subsystem symmetric model in two and higher dimensions
and their corresponding Z, subsystem SPT models. Specif-
ically, we provide an explicit operator representation of the
KW duality symmetry for the double hypercubic Ising model
(DHCIM), and using this, we construct the KT transformation
that maps between Z, SSPT and one copy of DHCIM (which
has SSSB).

The remaining structure of this paper is as follows. We
give an overview of the results in Ref. [18] in Sec. II, where
they obtain an explicit expression for KW duality on a lat-
tice. Using these results, we give an explicit expression for
Kennedy-Tasaki transformation in one dimension mapping
Z, x Zy SPT to two copies of the Ising model. We also
discuss the composition of KT and KW. In Sec. III, we discuss
our results on the explicit KW duality operator for subsystem
symmetric models in two and higher dimensions. Section IV
deals with the KT transformation that maps the Z, x Z,
SSPT to two copies of hypercubic Ising models that are in
the SSSB phase. We mention the composition of KW and
KT in two and higher dimensions in Sec. V. The discussion
of KW and KT transformation for Z, subsystem symmetric
model in two and higher dimensions is presented in Sec. VI.
Finally, in Sec. VII, we conclude our results and give some
future directions. Some discussions about the fermionic duals
of the hypercubic Ising models are given in the Appendix A.
We discuss an alternate way to obtain the KT transformation
in the Appendix B. In Appendix C, we discuss Zy gener-
alization of hypercubic clock models and their noninvertible
symmetries. In Appendix D, we provide the Zy generalization
of KT transformation that maps Zy x Zy SPT phase to two
copies of Zy symmetry breaking phase in one dimension and
discuss a KT transformation that maps Zy x Zy SSPT phase
to two copies of Zy subsystem symmetry breaking phase in
two dimensions. We discuss a way to obtain the Hamiltonian
of Z, SSPT phase from the Hamiltonian of Z, x Z, SSPT

by breaking the Z, x Z, symmetry to the diagonal subgroup
in Appendix E. In Appendix F, we describe how one can
implement the KW and KT transformations in short-depth
operations using gates and measurements. We discuss KT
transformations between order parameters in Appendix G.

II. NONINVERTIBLE SYMMETRY AND
KENNEDY-TASAKI TRANSFORMATION IN
ONE-DIMENSIONAL LATTICE MODEL

In this section, we review noninvertible symmetry and
Kennedy-Tasaki transformation in one-dimensional lattice
models.

A. Kramers-Wannier duality
1. Z, symmetric model

The two-dimensional classical Ising model possesses
the famous Kramers-Wannier (KW) duality between high-
temperature and low-temperature phases [13]. The duality
maps an ordered phase to a disordered phase and vice
versa. At the critical temperature, the KW duality is a self-
duality, and that in turn determines the critical temperature.
The two-dimensional classical model can be mapped to a
one-dimensional quantum model by the quantum-classical
correspondence [16]. Hence, one can discuss the KW duality
in the context of a one-dimensional quantum lattice model,
which is the transverse field Ising model (TFI). Consider the
Hamiltonian of the TFI model on a ring with L sites with a
coupling parameter A,

L L
Hyp = — ZZiZH-l —A ZXi~ (D
i—1 i1

Here, X, Y, and Z are the Pauli operators. They are bosonic
operators that anticommute with each other and square to
identity. The model has a global Z, symmetry operator n =
]_[JL.: 1 X; and it commutes with the Hamiltonian [H 1y, n] = 0.
This model at A = 1 also has a symmetry that interchanges the
Ising and transverse field term. This is the quantum version
of the celebrated KW self-duality at the critical point for the
classical model. Recently, an explicit expression for the KW
duality symmetry for TFI was obtained by Refs. [17-19].
The KW duality which we denote by D can be decomposed
into a unitary part and a projection onto the symmetric sub-
space where 1 = 1. The unitary part that we denote by D
(see Fig. 1) is an ordered product of operators (specifically,
a Clifford circuit),

L-1
D= He%x,ei%z,z,ﬂ AiXe )
J=1

whereas the projector is defined by

4+
P= T 3)

The KW duality symmetry is the product DP:
D = DP. “4)
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FIG. 1. Quantum circuit representation of the operator D given
in Eq. (2). The time ordering of the circuit is from top to bottom.
The top layer denotes the input sites 1,2,...,L. The bottom layer
represents the output.

It is a symmetry at A = 1 because it commutes with the
Hamiltonian [H g, D] = 0 as it exchanges the two terms in
the Hamiltonian,

DX;=27;Z; D, X;.D=DZ;Z;,. 5)
One can show easily that by using the unitary operator
D it leads to DX;D" = Z,Z;,, for j # L, DX, D' = 7, Zn,
D'X;D =Z;_,Z; for j # 1,and D'X;D = Z; Z;n. The extra n
factor in the special boundary cases requires the introduction
of the projector (1 + 1)/2 in D above, making the latter a
noninvertible symmetry for the critical transverse-field Ising
model. Additionally, the action on Z; by D is

Jj
DzD' =1 [ [ X ©)
k=2
and that by DY is
L—1
D'ZD=—|[]x |1 @)
k=)

From Eq. (5), we easily see that D’X; = X;;D* and
D’Z;Z;+1 = Zj+1Z;1,D? (with the periodic boundary condi-
tion L + 1 = 1). Moreover, it could be easily checked that
DD = P. Hence, D? is a product of lattice translation by one
site, which we denote by T, and the projection P onto the
symmetric subspace,

D> TP. ®

The proportionality factor is a phase and is fixed by the action
of D? on the product state |+)%".

2miL

“TP. )

D’=¢

As a note, translation operation cannot be constructed in
constant depth quantum circuit [34]. This is consistent with
the fact that D is a linear-depth quantum circuit. We note
that the phase factor (¢2"*V/8)? related to an anomaly in the
corresponding fermionic theory [18], and it does not affect
the transformation of operators.

2. Zy symmetric model

We generalize the discussion to the quantum clock model
with an N-dimensional qudit degree of freedom at each
site. We introduce generalized Pauli operators which obey
Zla) = w%a), X|a) = |a+ 1 mod N) with w = e so that
X'=X"1Z"'=2""7ZX =wXZ,Z'X = 0 'XZ", etc. Let
the model be defined on a ring with L sites. The Hamiltonian
of the model is given by

H=—1Y (ZZin+ ZZ{ | + M(Xi + X)), (10)

L

with periodic identifications Z;,; = Z; and X;;; = X;. This
model has a global symmetry generated by n = [[; X;. Note
that »2,..., n™~! are also global symmetries. The model
is known to have a critical point describing phase transi-
tion at A =1 for N =2,3,4 [35-37]. At A =1, there is a
symmetry under the Kramers-Wannier transformation that in-
terchanges the interaction term and the tr?lljl(szx)ferse-ﬁeld term.
N

This self-dual point is described by the o) coset confor-

mal field theory with central charge ¢ = 25{,\:21) [38,39] for
N =2,3,4. (We comment that for N > 4, the central charge
is ¢ = 1 [40,41] and there is, in fact, an intermediate critical
phase instead of a single transition point.) Let us denote the
Kramers-Wannier duality symmetry for this model as D).

We define

D) = Py)Dw) P

N—1 N-1
|:<Z c(n)Xf) (Z C~’(”)(ZjZ]T+1 )n>j|

n=0 n=0

L—

= P(N) 1_[

1
j=1

N—1
x (Z c(n)xg>P(N), (11)

n=0

where the projection operator is onto the Zy symmetric state
given by

L+n+n* 4 +9V"
Pw) = ( s (12)
N
and the coefficients in Eq. (11) are given by
_ V=)
) =" )= (13)
VN ' VN
The operator DY) satisfies the following properties:
Dw)X; = Z,Z, D), (14a)
D)X} = Z]Zj+1 D). (14b)
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TABLE I. The values of phase ¢#™-D for various choices of N.

N 2 3 4 5
9WN.L) e%i g‘# e‘% 1

D(N)ZJZ;-.t,-] = Xj+1Dw), (14c)
D(N)Z;ZHI = X;+1D(N)~ (144)

Moreover, D(vy commutes with the Hamiltonian at A =1,
i _ -
Dy,Dw) = DDy, = P, and

Dy, = PV T 0Py, (15)

Here T ock 1s the translation on the lattice by one site and
e?™-L) is a phase factor. For small values of N, we give the
values of phase ¢#™:1) in Table I.

For completeness, we note that the action of Dy, (the
unitary part of D)) on a single Z operator is

w2+1)

ﬁ(N)Zi =w 2 Z HXJTD(N)’ (16)
j=1

which reduces to Eq. (6) for N = 2.

B. Kennedy-Tasaki transformation

Kennedy and Tasaki constructed a nonlocal transformation
that maps a Z, x Z, symmetry-protected topological phase to
a symmetry breaking phase in Refs. [24,25]. They constructed
the transformation in the context of § = 1 spin chains. How-
ever, a simple compact expression valid for any integer spin
was found by Ref. [26].

Here, we construct an explicit expression for the Kennedy-
Tasaki transformation using the Kramers-Wannier duality
symmetry operator D. Let us consider a spin chain with
L = 2M sites with Z, x Z, symmetry on the odd and even
sublattices. The Hamiltonian for this spin chain is

2M 2M
Hower = — Y _Zi1XiZiy1 — 2 Y _ X;. (17)
i=1 i=1

This is the cluster Hamiltonian with a transverse field in one
dimension. We assume the periodic boundary condition and
hence Zyy+1 = Z; and also take Zy = Zpy. We define the
— T _ 1M
symmetry generator Neven = | [1—; Xk and noad = [ [ Xok—1
on the even and odd sublattices, respectively. For both the even
and odd sublattices we introduce the KW duality operators:

M—1
Deven = <1_[ elzXZkelZZNZZk”)elZXZM —( neven)7

18a
k=1

M—1
Dogg = (H e"i"ﬂ'leiizﬂlzﬂﬂ)eii’fw' (L oia) +2"°“d). (18b)
k=1

Let us define the cluster entangler 7 = [[; CZ; j11, where
CZ is the controlled-Z gate CZ; j;; = e'+172)1=Zi+1)_ Note
that the cluster entangler is equivalent to stacking an SPT

phase. With these ingredients, we define the Kennedy-Tasaki
transformation as

KT=D', D/

oddeven

TDevenDodd . (19)

Ref. [27] showed that the KT transformation in the contin-
uum is equivalent to a sequence of operations: TST or ST,
where § is gauging the global symmetry and T is stacking a
Zy x Zy SPT. Our definition here uses the picture of strs
that is similar to the picture of ST'S up to a translation in its
transformation. Since we use a quantum circuit and projection
to implement KW transformation, in our definition of S, we
have a lattice translation by one unit. Therefore, ST is not equal
to S on the lattice. Note that both STT'S and ST'S are the same
in the continuum since in the continuum translation by one
unit goes to identity operation and ™ = S.

Our calculation verifies that STT'S gives rise to the KT
transformation. Explicitly, the action of our KT transforma-
tion is given by

KTX, = X KT,
KTZ 1\ XiZiyy = Zi 1Z;11 KT.

(20a)
(20b)
Hence, KT maps the cluster Hamiltonian to two (decou-

pled) copies of Ising models in the two sublattices. On a single
Z operator, the action of KT is given by

M1
KT Zyis1 = Zoiy1 | | X KT, (21a)
ke=i+1
KT Z; = [ [ X122 KT”, (21b)
k=1
where KT and KT” are defined as
KT = D/ Dl ., TDeyenDlyys (22a)
KT" = DdeDQ:/enTD::venDOdd’ (22b)
with
- (1 = Moda)
D. = 7 Xok—1 1 5 Zok—1Zak+1 | i Xom—1 odd
odd (1_[ e e e >
k=1
(232)
= (1 = Neven)
/ i i iZ Xoy — !leven
Deven = (H el tX%e 4ZZkZZk+2>€ % > . (23b)
k=1
Similarly,
M—1
KT Zpip1 = Zoig1 | | Xo (KT, (24a)
k=i+1
i
KT Zy; = [ [ Xoko1Zi (KT"). (24b)
k=1
Composition of KT with itself gives
KT2 — (1 + neven) (1 + nodd) (25)

2 2

The projection factor implies that KT is noninvertible.
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(a)
KT :
DsmCSPT Ising@O D

(b)
D{py @SFT Hypercubic I@D(d )

FIG. 2. (a) KT transformation from SPT to SSB; (b) KT trans-
formation from SSPT to SSSB.

As a remark, we can also use the following definition to
implement the KT transformation,

KT = DyagDevenT DevenDodd, (26)

which differs from Eq. (19) by the last part (without the
Hermitian conjugation), and this will lead to additional trans-
lation. Furthermore, we have also verified that the alternative
definition corresponding to 7'ST also gives a valid KT trans-
formation. We refer the readers to Appendix B.

C. Composition of operators

So far, we discussed the D operator, which implements the
Kramers-Wannier transformation, and KT, which implements
the Kennedy-Tasaki transformation in one dimension. Here,
we consider the composition of operators

Dspr = KTTDevenDodd KT
= DoddDT T DevenDodd T DevenDoda (27)

even
where this composition is schematically summarized in

Fig. 2(a). Its action on the terms in the Z, x Z, cluster state
Hamiltonian with the transverse field in Eq. (17) is

DsprXi = ZiXi+1Zi+2Dspr, (28a)
DsprZi—1XiZiy1 = Xit1Dspr. (28b)

On single Z operators, Dgpr act as
DsprZoiv1 = —Z1Zyi2YouDispr. (29a)
DsprZsi = —Y122Z5i11Dgpr, (29b)

where

D/SPT = DDlien T DevenDigy T Deven Doy~ (302)
$o1 = DigaDeben T DevenDoaa T DiyeyDoa (30b)

with D/, and D, given in Eq. (23). We remark that Dgpr
squares to the projection and translation by two sites—or
equivalently, by one site in each sublattice. Similar duality
transformation as in Eq. (28) can be achieved by Ug; =

I, ¢z

i, j+1, which is the cluster entangler T defined above,
although (Ucz)? = 1 and there is no translation.

III. NONINVERTIBLE SYMMETRY IN LATTICE MODELS
BEYOND ONE DIMENSION

Here, we provide a generalization of noninvertible sym-
metry in higher dimensions. We will use inputs from the
one-dimensional noninvertible symmetry construction for this

generalization. The models we consider for the generalization
of noninvertible symmetry in higher dimensions possess sub-
system symmetries compared to the canonical example of a
noninvertible symmetric system in one dimension (transverse-
field Ising model) that possesses a O-form symmetry.

A. Two dimensions

As a first generalization, we will look at two dimensions.
Recently, Ref. [42] provided a construction of a subsystem
noninvertible symmetry operator that maps between self-dual
models on different lattices. Our KW construction here builds
upon the 1D result by Seiberg and Shao [18], which we have
already reviewed in the Sec. I A 1; we map self-dual models
on the same lattice.

In two dimensions, we consider the transverse-field plaque-
tte Ising model, which is defined on a two-dimensional square
lattice. Let us denote the coordinates of the square lattice by a
pair (i, j) where i denotes the x-coordinate, and j denotes the
y coordinate. The Hamiltonian for this model is given by

H rppy = — Z(Zi,jZi+1,jZi+l,j+IZi,j+l +AX; ). (3D
ij

This model has subsystem symmetries along horizontal and
vertical directions, i.e., operators of the form rf; =]] ; Xi,j and
nm =[], Xi; commute with the Hamiltonian. If we put the
square lattice on a torus, with L, unit cells along x direction
and L, unit cells along y direction, then there are L, + L,
symmetry generators. However, there is one constraint among
them: []; 7} = [, n;. Hence, we have L, + L, — 1 indepen-
dent symmetry generators. Additionally, at A = 1, there is an
extra symmetry that exchanges the plaquette term and the
transverse field. This is the generalization of the famous KW
duality to the transverse-field plaquette Ising model. Here, we
write down an expression for the KW duality operator on the
square lattice, generalizing the 1D construction in Ref. [18].
Let us now define the following operators:

= ]‘[ ((]_[ eliXii gl i Z‘Hf) e m,) (32a)
j=1 =1

Ly
D, = ]‘[ el iXuelihuti | i | (32b)
i=1
L\ L.
1+ = (14
PO — ]‘[ "f " (32¢)
J=l i=1

As it can be seen, ﬁx is composed of rows of the one-
dimensional version of D in Eq. (2). Similarly, l~)y is composed
of columns of the one-dimensional version of D in Eq. (2).
P® is a projector onto the subsystem symmetric subspace
along both x and y directions. Now we define the following
unitary action:

D® =D H*?D,, (33)

where H®® represents the action of the Hadamard transfor-
mation on all sites (which transforms between Z; ; and X; ;).
We comment that the particular ordering of operators we set
in defining Eq. (33) is our choice. Another possible definition
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is D® = D,H®?D,. We note that the two definitions are
related by swapping the x and y coordinates. Their action on
Pauli operators X; ; and Z; ; operators are related by swapping
(i, ) <— (, D).

Fori# L, and j # L,, D® exchanges the two terms in the
Hamiltonian as

50 S0
DX, ; = Z; jZi j11Zi1,jZis1.j1 D,

5 50
D?Z ;7 j1Ziv1 jZiv1 o1 = Xip1, 11D

(34a)
(34b)

Near the boundary, the transformation picks up subsystem
symmetric factors:

DX, ;= ZLX,jZLjZLX,jHZl,jHﬂfﬂfﬂf)(z)v (352)

DX, = Zi1,Zin1,Zi1Zis1,DP0, (35b)
ﬁ(z)XLx,Ly =Z1,.1,21.1,21,.17Z1, U)LC), U)fﬁ(z)ﬁit, (35¢)

and similarly,
D7, 71 171721 01 = Xl,j+177§+1]~)(2), (362)

J

D®Zi1,Zi1Ziv1 1, Zis11 = X1 /DD, (36b)

D®Z, 171 1211, 210 = X1 DPniny . (360)

We can absorb the subsystem symmetric factors by in-
troducing projection and defining the following noninvertible
operator:

D? = pPpP@. 37)

The operator D interchanges the plaquette term and the
transverse field term, and we identify it as the KW duality
transformation. In particular,

DX, = Z; ;Zis1,;Zi j+1Zis1,j1 DP,
2 2
D®Z; ;Zis1iZ: j1Zi+1,j+1 = Xit1,j+1DP,

(38a)
(38b)

and hence D is a symmetry of the Hamiltonian Eq. (31) at
A =1, ie., [Hrppr|=1, DP] = 0. Action of D® on a single
Z; ; operator is

i J i
DPZ ;= (=)Zi1Zio Yin [ [ Xer < [ ] (Yl,ml_[Xz,m)D(”’, (39)
m=2

k=2 =2
where
D(2)' = 13(2)'13(2)13(2), (40)
with
J _oxy b x ¥y Ly Ly VY
502) _ (1-m) (1+m) (1+m)  (1=m)1=n) (1 +E1Dm)
P =[] 2 1_[ 2 H 2 T2 2 2 ’ (41a)
=1 I=j+1 k#£1,i,i4+1
- 1 ¥ 1 N(1—n%) (1 —n)
P(z)El—[( ‘;’71)1—[( ‘;"k)( 2’7./)( ’7,)7 41b)
1#j ki
and
Li—1 Ly—1 L,~1
D(2)+Z,-,- = (—i)(=1)bH! Xeo | Ve X0 |\ V07 i7s 4711‘)(2)’]”)(2)’@(2)’ (42)
J y 'y J J
k=i I=j I=j
where
_ ’ i—1 1 y Lx 1 _ y l X 1 _ x l _ ){_ 1 + (_I)LX—I"'F] X
P(z) El_[( ‘;771()1—[( 2’7/{) 1_[ ( +r/l)( 2’7])( ;7,] 1)( 2 nLv)’ (433)
k=1 k=i I#£j,j—1,L,
_ 1 Y 1 N (1=n) (1 —nt
P(2>El—[( +’7k)1—[( ‘;’71)( 2’7,)( ”1)‘ (43b)

ki I#]

Moreover, after an appropriate choice of normalization for
D@, (D@P)? is a translation (i, j) — (i+ 1, j + 1) up to the
projector:

DP)* o Tai,1 PP, (44)

where T(; 1) is a translation along the diagonal. The projection
P® is onto the subsystem symmetric Hilbert space compared

(

to the projection in Eq. (8) that is onto a O-form symmetric
subspace. Note that the translation in the diagonal direction
leads to traversing of all sites if the lengths L, and L, have no
common factor, i.e., gcd(Ly, Ly) = 1.

We note that the KW transformation can also be imple-
mented by unitary gates plus measurements in a short-depth
operation, which maps the degrees of freedom to those on the
dual lattice; see Appendix F.
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FIG. 3. The Hamiltonian term Hueac Z, in the transverse-field
hypercube Ising model in three dimensions.

B. Higher dimensions

In higher dimensions, we consider the transverse-field
hypercubic Ising model (TFHCI). This model is a natural
generalization of the transverse field plaquette Ising model
that we considered in two dimensions. It is defined on the
hypercubic lattice with a hypercubic interaction of the vertices
of a cube. In addition to the hypercubic Ising-like term, there
is also a transverse field term.

Let us consider a hypercubic lattice in d spatial dimensions
with coordinates xi, ..., x;. Let us denote the set of all vertices
of the hypercubic lattice by A, and the set of all hypercubes
in the lattice by A.. We denote the boundary of a hypercubic
cell ¢ by dc. The Hamiltonian for the TFHCI model is

HTFHCI:_ZHZU_)"ZXU- (45)

ceA, vedC VEA,

See Fig. 3 for an illustration in three dimensions. This model
has subsystem line-like symmetries along all the coordinate
directions. At A = 1, there is an additional symmetry that in-
terchanges the hypercubic term and the transverse-field term.
This is the generalization of KW duality to higher dimensions.
We provide an explicit operator which achieves the KW dual-
ity similar to the two dimensions,

D(d) = P(d)f)dH(X)(d)f)d_lH@(d) . f)lP(d), (46)

where each of the D; are string operators like Eq. (2)
on a straight line along ith direction, H®“) represents the
tensor product of Hadamard operators on all the sites of d-
dimensional lattice and P) is a projection onto subsystem
straight linelike symmetries. The operator D@ is a symmetry
of the TFHCI model as it commutes with the Hamiltonian,
i.e., [Hrruct, D] = 0. After an appropriate choice of nor-
malization for D¥, acting the operator twice will generate a
diagonal unit shift in d dimensions, i.e.,

HP@, 47)

IV. KENNEDY-TASAKI TRANSFORMATION IN LATTICE
MODELS BEYOND ONE DIMENSION

Here, we consider generalizations of Kennedy-Tasaki
transformations to higher dimensions and derive them based
on Fig. 2. The KT transformation takes a higher-dimensional
SPT phase to an SSB phase. Such an operator-mapping re-
lation in 2D was first constructed in Ref. [32] for the case
of the open-boundary condition, which was then generalized
to 3D in Ref. [8]. In this section, we study KT transforma-
tions that map Z, x Z, subsystem symmetric SPT phases to
spontaneous subsystem symmetry breaking phases. Later in
subSec. VIB, we look at the KT transformations that map a
Z, SSPT phase to an SSSB phase, the latter of which breaks
the Z, subsystem symmetry.

A. Two dimensions

In two dimensions, SSPT phases with symmetry group G
are classified by [9]

CIGl = H*(G*,U(1))/(H*(G,U(1))). (48)

As a remark by Ref. [9], this is the classification of strong
SSPT phases with symmetry group G. There is also a notion
of weak SSPT phases which is composed of decoupled 1D
SPTs. We will not consider weak SSPT phases in our analysis.
In our case G = Zz X Zz and C[Zg X Zz] = Zz X Zz X Zz.
There are three generators for the SSPT. To enumerate them,
let us consider a two-dimensional lattice consisting of two
square sublattices. We color the sublattices with red and blue
as shown in Fig. 4(a). We denote the vertices and plaquettes
in each red and blue lattice by v" and p’, and by v” and
p’, respectively. Note that the vertex of the red sublattice is
effectively the plaquette of the blue sublattice and vice versa.
The three generators for the SSPT are (1) Z, x Z, SSPT with
cluster entangler between adjacent red and blue sites, (2) Z,
SSPT (given in Sec. VI) on the red lattice, and (3) Z, SSPT
on the blue lattice.

Here, we will describe the first generator: Z, x Z, SSPT
with cluster entangler between adjacent red and blue sites
and the KT transformation that maps between this phase and
two copies of the SSSB phase. The last two generators and
their KT transformation are given in Sec. VIB. For a general
element in the classification Z, x Z, x Z,, in principle, we
could construct a similar KT transformation that maps be-
tween this particular phase to copy/copies of SSSB phases.

Let us consider the two-dimensional cluster state, with the
red and blue sites entangled, which is the ground state of the
first two terms in the following Hamiltonian:

Hp clysier = — var l_[ Zuh — ZXU;, l_[ Zyr

vy vPedp? vb v edp”

—AY Xy =AY X, (49)
v" b

where we used the identification p? = v" and p" = v?, and the
last two terms are external fields to tune the system away from
the cluster-state point. We assume periodic boundary condi-
tions along both the x axis and y axis of the two-dimensional
lattice. Note that all our results also carry over to the case of
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FIG. 4. (a) Each site resides a red qubit, and each face resides a blue qubit. (b, c) KT® transformation acting on a single Z operator is

given by a product of Pauli X operators in a light cone.

an infinite lattice. We define the two-dimensional KT transfor-
mation as

KT® = DP'DP 7DD, (50)
where D and D{” denote the KW transformation in two
dimensions as defined in Eq. (37) for the red and blue

sublattices. T® denotes the cluster entangler between red
and blue sublattices and can be written explicitly as 7® =

[1,[1,cop CZs,p- Explicitly, KT® transformation is given by
KT®X/ =X KT?, (51a)
2)yb r 71 r r
KT( )XH_ 1Z szJrl _]Zl j+1Zz+1 Jj+1
=277, 2 KT, (51b)

1,701, j 70 j+] z+1 Jj+1

and similar equations for r <> b. Readers may wonder def-
initions of the order parameter of the SSSB phase and the

with
DY =P¥'D, H?®D, PP, (54)
and
_ 1+m (1+m) (1=m) (1-m)
:]_[ ]_[ 5 > - (55a)
1] ki
cor T l—m ) (1+m)
] e e e
=1 I=j+1 k#1,i,i+1
=) (1 =2 ) (1+ (=1
em) o) e
2 2 2

]~)x,r and ]~)y,r in Eq. (54) denote the operator D, and I~)y
on the red sublattice and H®® denote the tensor product of

Hadamard operator on all sites of the red sublattice. KT

acting on a single Z operator on the blue sublattice is

string order parameter, and how they are related by the KT Li—1 L1
transformation. We discuss this in Appendix G. The action of KT®zb 1_[ l_[ X/, KT®", (56)
KT® on a single Z operator on the red sublattice is Haits 1+2 Itz S
where
KTz =7, y  KT® 52 NEI 2y
ﬂﬂ 1y KT (52) KT® =D D@ r@p@p? (57)
with
where D2 = PY'D, HEOD, P, (58)
2) — @IPQ) @2 1)
KT?® =D DP ' T@D D>, (53)  and
|
+1-1 —n* X 1 Y )(1_ Y )(1_ y )(1 -1 Jj+1 ,V)
e ) o (L) I () (=) (L) (1 o0y (590
b 2 A 2 2 2 2 2 ’
=1 I=j+1 k#1,i,i+1
1+77x1) <1+ﬂz 1)(1_77)? 1)(1 77%’1)
1~)(2) — ( I+3 +3 J+3 i+3 ) 59h
b S H 2 2 2 (59b)
1#£] k#i

I~)x,;7 and ]~)y,b in Eq. (58) denote the operator D, and ﬁy

on the blue sublattice and Hf?(z) denote the tensor product
of Hadamard operator on all sites of the blue sublattice.

The subsystem symmetry generators on the blue sublattice

2 0
=[liZo Xit1 j4y and ’7+l =120 Xit1 41 The

structure of the membrane operator in Eqgs. (52) and (56)

are n*
77]+%

245129-8



KENNEDY-TASAKI TRANSFORMATION AND ...

PHYSICAL REVIEW B 109, 245129 (2024)

*N N
°N ° N
©
® N N
* N ® N

FIG. 5. Hamiltonian terms in the Z, x Z, cluster state on the
three-dimensional lattice. Here, we draw the blue lattice as a back-
ground. The red lattice sites reside at the centers of the blue cubes.
(left) Xor [T ocpcs Zop, (tight) X [ 1yrcaer Z

[see Figs. 4(b) and 4(c)] for the derived KT® transformation
resembles the structure given in Ref. [32], except for the
rotation of the lattice by 45°. Their mapping of a Pauli Z
operator involves a product of Pauli operators supported on a
quadrant (light cone) relative to the original Pauli Z operator,
where the original ones on the red and blue lattices get mapped
to the opposite quadrants. Similar to theirs, we find a light
cone structure in our transformation. We also find that the
composition of two KT® transformations gives

(KT?)? oc POPP, (60)

P and Pf) are the respective projections onto the subspaces
of the Hilbert spaces of the red and blue sublattices, which are
separately subsystem symmetric.

Similar to the remark in the 1D case, there are different
ways to implement a valid KT transformation. We refer the
readers to Appendix B for explicit calculations of another
choice.

B. Higher dimensions

Here, we will generalize all the discussions we had for two
dimensions to higher dimensions. We consider d-dimensional
lattice consisting of two hypercubic sublattices. These sublat-
tices are dual to each other. Again, we color them red and blue.
Let us denote the vertices and hypercubes of the red and blue
sublattices by v", ¢" and VP, b, respectively. A vertex of the
red sublattice is effectively a hypercube of the blue sublattice.
Let us consider the d-dimensional entangler on the red and
blue hypercubic sublattices for the cluster state described by
the Hamiltonian

H g gimcluster = ZXU' 1_[ Zyp — ZXUb 1_[ Zyr

vbedch v'edc”
—AZXUr—AZXU,,, (61)
v" v

b b

where we used the identification ¢” = v” and ¢" = v”; see
Fig. 5 for an illustration of Hamiltonian terms. We assume
periodic boundary conditions along all the d axes. We define

the d-dimensional KT transformation,

KT@ = D' DDIT@p@p@, (62)
where D and D) denote the KW transformation in d di-
mensions defined in Eq. (46) for red and blue sublattices. 7%

is the cluster entangler between the red and blue sublattices.
Explicitly, KT@ transformation is given by

KT9X, = X,,KT®,
KT9X,, ]_[ Zy = ]_[ Zy KT@,

v'edc”

(63a)
(63b)

v'edc”

By r <> b, we get another similar set of equations. The

action of KT on a single Z operator can be worked out

similarly in the two-dimensional case, and we find that the

light cone structure is in opposite directions on the two sub-

lattices [8]. The composition of two KT@ transformations is
proportional to a projection

(KT Y o PP, (64)

P@ and P;)d) are projections onto subsystem symmetric sub-
space of the Hilbert spaces of red and blue sublattices. In
Appendix F, we describe how to implement the KT transfor-
mation in a short-depth operation.

V. COMPOSITION OF OPERATORS BEYOND
ONE DIMENSION

A. Two dimensions

We consider the composition of Kennedy-Tasaki and
Kramers-Wannier transformation in two dimensions shown
with the lattice given in Fig. 4(a). This is a similar analysis
as we did in Sec. IIC.

D) = KT D@D KT, (65)

It satisfies the following relations:

(2) r _ yb roor
DSSPTX X+ j+]Z JEi+1,j tJJrlZJrl j+1DSspT» (663)

(2) b ror r
DSSPTX;Jr J+IZ j&i+1,j Ij+1 i+1,j+1 _X+IJ+IDSSPT

(66b)

D( sepy 18 @ symmetry of the 2D cluster state Hamiltonian
Eq. (49) with Z, x Z, subsystem symmetry. Moreover, it
squares to a translation times a projection as in the case of
Kramers-Wannier transformation Eq. (44),

2
(D§gpr)” ¢ Ty, T, PEPL. (67)

The translations T(.1), and T(; 1), act on both the red and
blue sublattice by a diagonal unit shit on the respective
sublattices. We note that the transformations Eq. (66) are
equivalently achieved by the controlled-Z operator Z/{ézz) =
[T [Too—preses, CZur pr With 3*v, a set of plaquettes that con-

tain v,. L{gz) is a unitary and squares to 1.

B. Higher dimensions

Similarly, we can consider the composition of Kennedy-
Tasaki and Kramers-Wannier in higher dimensions:

D, = KT D@D KT@. (68)
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It satisfies the following relations:

d d
DG Xer = Xy [ | ZuDipr- (69a)
v edc”
D X, ]_[ Zy = Xy 1aD (69b)

v'edc”

where d denotes the direction (1,1,...,1) and is the diago-
nal vector. The vertices v" and v” appearing as subscripts
of Pauli X operators in Eq. (69) are related by a half diag-
onal translation (%, %, e %), ie, v =v + (%, %, e %).
Hence, D(Sds)PT is a symmetry of the d-D cluster state Hamil-
tonian Eq. (61) with Z, x Z, subsystem symmetry. Again,
it squares to diagonal translation times a projection up to a
normalization factor

2
(D(sds)PT) oTa,..0.Ta,.., 1),bP£d)PZd). (70)

The translations T(; 1y, and T(;, 1), act on both the red
and blue sublattice by a diagonal unit shit on the respective
sublattices. We note that the transformations Eq. (69) are
equivalently achieved by the controlled-Z operator Uédz) =
[T [Tor—cregrn, CZor.er With 9%v, a set of hypercubes that

contain v,. Z/Iédz) is a unitary and square to 1.

VI. NONINVERTIBLE SYMMETRY IN Z, SUBSYSTEM
SYMMETRIC MODELS

In this section, we construct a noninvertible symmetry in
a Z, subsystem symmetric model in two dimensions, which
exhibits an SSSB order in the limit of large coupling. More-
over, we construct a map from a Z, SSPT cluster state to a
trivial state, as well as that from the SSPT cluster state to
the SSSB state. (Note that, unlike in the previous sections,
the symmetry in the SSPT is not Z, x Z, but Z, instead.)
We study the transformation in two dimensions in detail, but
the construction generalizes to arbitrary spatial dimensions.
At the end of the section, we briefly discuss the generalization
to three dimensions and higher.

A. Kramers-Wannier for SSSB Hamiltonian

Consider a Hamiltonian, which we may call the double-
plaquette Ising model (DPIM),

Hppv(2) = — Z(ZiJrl,jJrlZiJrl»jZi,Hl
i,j
X Zi_1,jZi j1Zi—1,j—1 + AXi })

zZ 7
_ZZ

Z+2X |. (71)
ij |Z Z

For simplicity, we consider the model on a square lattice with
L, = L, = L. One can think of the first term as the product of

J

HEO) b,
V4 - X _

z] z

two plaquette Ising terms shifted in both x and y directions by
one. The model is symmetric under a set of unitary transfor-
mations that represents spin flips along rigid lines in x, y, and
diagonal directions:

L
n;;]’[x,,j (je{l,...,L}, (72a)
i=1
L
7= ]_[x,,j Ge{l,...,L}, (72b)
j=1
L
n/c(liag — HXZ,[Hk]L (kef{l,...,L}), (72¢)

=1

where [e]; denotes the entry mod L. It is a subsystem Z,
symmetry with a constraint [T:_, n% = [Ti, 0} = [Ti_, nece.
In what follows, we consider gauging all of the above symme-
tries. To do so, we employ the sequential circuit approach and
gauge each Z, line symmetry one by one, which implements
the 1D Kramers-Wannier transformation on it. It is natural to
expect that the whole map executes a self-duality, and indeed,
the Hamiltonian Hpppy is mapped to itself with A moved to
the Z term.

Now, we define the sequential circuit. We use the operators
D, and ﬁy, already defined in Egs. (32a) and (32b), respec-
tively. We introduce another unitary,

L
Duise = [ [ i (73)
k=1
with

L—1

dy = (H ei%Xe,[uk]L ei%Za.[MJLZw,[4+k+1]L ) gi%XLv[LJrk]L (74)

- 9
=1

where the ordering is understood as before; as ¢ increases,
we go to the right in the product. We use a projector to
absorb unwanted 7’s that get attached to boundary terms in
the Hamiltonian upon transformations by unitaries:

L diag

T+nt Bl & 1+0
P = J ! k| 75
DPIM E 5 1} 5 ,E > (75)

Then we define the duality operator as
Dppv = Pppiv D, HE P D, H®@Dyji0s Popin, (76)

where H®®@ is the simultaneous Hadamard transformation on
all the qubits, as before. In the bulk, the transformation occurs
as follows:

z 7" X x2 z z 77
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where we have added boxes to indicate the same location on
the lattice. The transformations form the following algebra:

[Hppm (1), n] = 0, (78a)
Hppiv(A = 1)Dppv = DppivHppiv(A = 1),  (78b)
nDppiv = Dppimn = Dppiv, (78¢)

for n € {n]}, n, nziag}; in particular, at the self-duality point
A =1, we get an algebra involving a noninvertible symmetry.
Moreover, Dpppy squares to a diagonal translation by two
units and a projection up to an overall normalization

(Dppiv)* o< T 2.2)Pppivs (79)

J

Z
Hsspr(A) = — Z(Xi,jzi-‘rl,j+IZi+1,jZi,j+IZi—l,jZi,j—IZi—l,j—l +AXi ;) =— Z zZ X
Z

ij

This Hamiltonian can be obtained from a symmetry breaking
of the 2D cluster model in Sec. IV A, which is the 2D Z, x Z.
SSPT for horizontal and vertical line-like symmetry on square
lattice [9]. Namely, if we insert a term

—ey, ” @®1)

into the Hamiltonian in Eq. (49), and tune g — oo, then the
symmetry will then be broken into the diagonal subgroup
Zo X Ly — Zglag, as shown in Appendix E.

There is an obvious cluster-state entangler which maps
from X; ; to the first term, which we denote by Tsspr,

zZ Z

&g Z. (82)
Z

Z

We remark that in the literature, the cluster state described
by the above stabilizer is seen as an SSPT state protected by
{5, n'}; see, e.g., Refs. [8,9]. In our current context, however,
it would also be natural to view this as an SSPT order pro-
tected by {i%, 1), 0 ¢}.

Indeed, we have the following mapping:

z z
Z Z vowm Z X Z
7 7 <—> 7 s (833)
z Z
zZ z
Doy 7 Z. (83b)

z

Now note that the map Dpppy preserves locality for sym-
metric operators (those composed of single X and the product
of six Z’s), and it also preserves a gap. The property nDpppv =
Dppiv means that this is a gauging map [43—-46]. We expect
that there is no finite-depth local unitary circuit connecting the
symmetric ground states described by the two stabilizers on
the right-hand side: the one being the cluster state (short-range
entangled) and the other being SSSB with long-range order.

where T, ,) is the translation by (2,2). Note, however, that
one could set the opposite ordering for the diagonal part of the
unitary. Then such a KW operator Djyp;y, defined with it would
obey (Dj)PIM)20< Pppiv, so the translation is not an essential
feature in this case. We also comment that we can implement
the KW transformation in a short-depth operation (including
measurement) in Appendix F.

B. Kennedy-Tasaki for SSSB and SSPT

In the literature [8,9], the following Hamiltonian at A = 0
is known to host a Z, SSPT ground state:

+ AX |. (80)
ij |Z

(

Then one cannot have a symmetric (under {n?}, 1], n,‘j‘ag})
finite-depth local unitary connecting the states described by
the two stabilizers on the left-hand side. Since X is the stabi-
lizer for the trivial symmetric state, the other one has to belong
to a nontrivial SSPT. Finally, we can define a Kennedy-Tasaki

transformation:
KTz, = D TsserDppiv. (84)

which implements the transformation between the SSPT and
SSSB phases,

Z ZKTZ zZ Z

Z X 737 Z. (85)
z z

Equivalently, we can define

KTz, = TssprDppivmTssprs (86)

and implements the same transformation in Eq. (85) with a
diagonal unit shift.

C. Three dimensions and higher

We conclude this section by giving a general picture in
higher dimensions. The model we consider as a generalization
of DPIM is a model that we shall call a double hypercube
Ising model, whose multibody term is simply the product of
shifted hypercube terms [, cae Zv In Eq. (45); see Fig. 6(a) for
an illustration of three dimensions. Inherited from the parent
Hamiltonian, the model is symmetric under spin flips along
rigid lines in every coordinate direction. Due to the shifted
product, the model is also symmetric under the spin flips along
any rigid diagonal line pointing in the direction (1, 1, ..., 1).
Then, the same story in two dimensions can be generalized to
three and higher dimensions.

In three dimensions, for example, we have a double cube
Ising model (DCIM), whose Ising term is a product of Z
operators at fourteen points, i.e., the product of eight Z’s at
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FIG. 6. (a) A Hamiltonian term in the double hypercube Ising
model in three dimensions. Note that there is no Z operator on the
vertex at the center. (b) A Hamiltonian term in the Z, SSPT cluster
state in three dimensions.

the corners of two cubes with one overlap. The sequential
circuit is
Dpcv = PoenD H2O' D, HEOD, H® P Dy;pePociv.  (87)

with an appropriate definition of Dygipe, H®®, and Ppcpm,
where the latter imposes all the symmetry generators
{5, ), s, nglag} to be evaluated to unity for the ground
states.

On the other side of the duality web, there is also a clus-
ter state whose stabilizer is given by one X (sitting at the
overlapping site of two diagonally neighboring cubes) and 14
Z’s (sitting at the remaining corners), which is produced by
a combination of CZ gates; see Fig. 6(b). This 3D cluster
state is a nontrivial 3D Z, SSPT; see Ref. [47] for other
generators of 3D Z, SSPT phases. The cluster-state entangler
and the Kramers-Wannier duality operator Dpcpy form a web
of dualities.

VII. CONCLUSION

In this paper, we have presented a higher-dimensional
generalization of the noninvertible Kramers-Wannier duality
symmetry on a lattice. The generalized hypercubic Ising mod-
els with a transverse field exhibit noninvertible symmetry at
the self-dual point. In addition to that, we have also presented
a generalization of the Kennedy-Tasaki transformation in

higher dimensions. In our examples involving Z, x Z, SSPT
phases, under the KT transformation, the higher-dimensional
cluster-state model with an external field decomposes into
two copies of hypercubic transverse-field Ising models. The
KT transformation derived in the main text is obtained by
sandwiching the cluster-state entangler between the KW dual-
ity operator (on two sublattices) and its Hermitian conjugate.
We have also derived an alternative KT transformation in the
Appendix B. Both of these variants of the KT transformation
achieve the effect of taking a Z, x Z, model to two copies
of SSSB models. Our result generalizes the picture of the 1D
KT transformation proposed by [27] to higher dimensions. In
addition to the Z, x Z, symmetry, we also discussed KW
duality symmetry of DHCIM and used that to give a KT
transformation that maps between the cluster model, which
is Z, SSPT, and one copy of DHCIM, which is in the SSSB
phase.

While the KW operators in our construction require
linear-depth circuits, they can also be implemented using a
cluster-state entangler acting on the original and ancillary
degrees of freedom, measurement on the original degrees
of freedom, and then a feedforward correction, the whole
combination of which is finite-depth (see Appendix F). It is,
therefore, feasible to implement the KW and KT transfor-
mations on quantum devices, following the approaches in,
e.g., Refs. [48-51]. However, in the case of 1D [18], the
linear-depth construction of the KW duality operator (on the
same lattice) is a noninvertible symmetry arising from the
anomalous translation symmetry in the Majorana fermion rep-
resentation after gauging the global fermion parity. Hence,
this construction clarifies the relationship between anomalies
and noninvertible symmetry. In Appendix. A, we also discuss
Majorana hypercube models and identify the exchange in the
Majorana terms that gives rise to the KW duality in the corre-
sponding Ising hypercube model. The exchange action is not
related to translation and, moreover, does not commute with
the subsystem fermion parity. However, the physical meaning
of this exchange symmetry is not yet clear.

The noninvertible symmetries would also have a gener-
alization to a Kramers-Wannier transformation that gauges
higher-form symmetries. In Ref. [52], for example, gauging
Zy x Z, 1-form symmetry was considered using a mathemat-
ical map, which transforms the 3D cluster state (also called
the Raussendorf-Bravyi-Harrington state [53]) to itself and the
product state to two copies of the 3D toric code; essentially,
this is a higher-form symmetry generalization of the Kramers-
Wannier transformation. We have confirmed that the parent
Hamiltonians of the above-mentioned states map in the same
corresponding way under the measurement-assisted construc-
tion. It would be interesting to explore the KW transformation
more broadly beyond this example. One could also define
a higher-form generalization of the Kennedy-Tasaki trans-
formation by composing the map with the 3D cluster state
entangler, which in total brings an SPT state to some copies
of SSB states with respect to the higher-form symmetry. It
would be interesting to construct a circuit with a projector that
realizes this transformation and study its algebra.

It is also natural to study the Kennedy-Tasaki transforma-
tions that map between the SSPT phase and the SSB phase
in higher-dimensional models for more examples and other
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TABLE II. Ground-state degeneracy of various Hamiltonians with Z, subsystem symmetry that we denote by H; and H,. We omit the
summation over lattice sites and overall negative signs in front of the Hamiltonian terms for simplicity. H; and H, are related by a Kramers-

Wannier duality, i.e., D®H; = H,D?®,

H, term H, term GSD of H; GSD of H,
zZ Z LitLy—1
X 7 7 1 2
zZ Z zZ Y
z X z ¥z ! cmervise
zZ Z
X X z z oLy 2L+2Ly=2 for I, even,
zZ I Z 2Le+ly=1 for I, odd
X z L 3L-2
X 7 7 2 2
7 7 foerzLyzL fOerzLy:L

symmetry groups. Classification of SSPT phases beyond two
dimensions is not extensively known yet. Thus, it would be
worthwhile to extend the classification of SSPT phases to
higher dimensions and find a KT transformation that maps
between all the SSPT to SSSB phases for symmetry groups
beyond Z, and Z, X Z5.

Recently, KT has been used to discuss SPT phases pro-
tected by noninvertible symmetry [54] in 1 4+ 1 dimensions.
The distinct noninvertible SPT phases are characterized by
various symmetry-breaking patterns of the dual symmetry
that emerges after applying the KT transformation. It would
be interesting to analyze such noninvertible SSPT phases in
2 + 1 dimensions. We speculate that the cluster states with
Zy X Zy or Z; subsystem symmetry would split into distinct
SSPTs after imposing the noninvertible KW duality symme-
try. However, we leave a comprehensive analysis for future
exploration.

The existence of noninvertible symmetry put constraints
similar to the Lieb-Shultz-Mattis theorem on the low energy
theory of one-dimensional lattice models: it is recently found
in the case of 1D by Seiberg, Seifnashri, and Shao [55] that
the system is either in a gapless phase or gapped phase with
a three (or a multiple of three) degenerate ground states at
the noninvertible symmetric point. Studying such LSM con-
straints with noninvertible symmetries beyond one dimension
would be generally interesting. In two dimensions, the imme-
diate question is whether lattice models with Z, subsystem
symmetry and the noninvertible symmetry D obey any such
constraints. Let us consider some possible Z, subsystem sym-
metric phases on the two-dimensional torus.

(1) According to the classification of strong SSPTs in two
dimensions, there are

(a) the trivial SSPT (H; in the first row),
(b) one nontrivial Z, SSPT(H; in the second row).

(2) There is an SSSB phase (H; in the first row).

(3) There is a topological order, i.e., the Wen-plaquette
model [56] (H; in the second row).

The trivial SSPT is mapped to the SSSB phase under the
Kramers-Wannier operator D®: see the first row of Table II.
It is easy to see that the nontrivial Z, SSPT that was dis-
cussed in Sec. VIB is mapped to the Wen-plaquette model
under D@; see the second row of Table II. The trivial and
nontrivial SSPTs have a single ground state. The SSSB phase

has 25+5~1 ground states and this can be seen by counting
the number of independent stabilizer generators. The topolog-
ical order (the Wen-plaquette model) has a four or twofold
ground-state degeneracy depending on whether it is an even
by even lattice or not [56]. At the critical point between
the trivial phase and SSSB phase (first-order transition), we
expect 2i+b=1 4 1 ground states. The critical point between
nontrivial SSPT and topological order is either gapless or
has five or three ground states depending on the lattice size.
We summarize our discussions so far about ground-state de-
generacy of various models and their KW dual that are Z,
subsystem symmetric in Table II with two more examples.

For more general Hamiltonians that are invariant under
both Z, subsystem symmetry and noninvertible symmetry
D@, counting the number of ground states requires a more
careful analysis. This is because, first of all, the constraint
about the number of ground states in the spirit of the LSM
theorem is a question about the thermodynamic behavior of
the lattice models that we start with. For lattice models with
subsystem symmetries, the thermodynamic limit is very sensi-
tive to the lattice system size. This is manifest in the extensive
ground-state degeneracy of these lattice models with large but
finite system sizes. It would be interesting if one could define
a notion of ground-state degeneracy in this setup as well as
in higher dimensions and find an LSM-type constraint on the
number of ground states. However, we leave this question for
future exploration.
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APPENDIX A: FERMIONIC DUAL

1. Majorana plaquette model

Let us consider the Majorana plaquette model in a 2D
square lattice. At each vertex, we have two Majorana fermions
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y and y’. The Hamiltonian is given by
Hytaj plag = Z(V/,j)/iﬂ,ﬂ/i/,jﬂJ/i+1,j+1 +iryi v ;) (Al
iJ
where (i, j) denotes the x and y coordinates of the 2D square

lattice. This model has the subsystem fermion parity symme-
try along horizontal and vertical lines given by

1_[( l)/zﬂ/,, l—[( lVl]yl]

There are in total 2-+5 subsystem fermion parity symme-
tries. However, there is a global constraint,

[Tsi=ITs"
j i

(A2)

(A3)

i#Ly,j Jj=1

This is the plaquette Ising model Hamiltonian with defects
along the horizontal direction. The second term in Eq. (AS5)
contains defects inserted at two consecutive horizontal lines.
Note that the subsystem fermion parity maps to the subsystem
line symmetry of the plaquette Ising model under the Jordan-
Wigner transformation Eq. (A4),

(A6)

To gauge the subsystem fermion parity, we need to sum over
defect configurations [flipping the signs of terms in the second
sum in Eq. (A5)] only along the horizontal direction.

We perform a procedure similar to the procedure of gaug-
ing fermion parity in the free Majorana fermion model to
obtain the transverse field Ising model in 1D [18]. First, let
us define an extended Hilbert space,

H=Hy P Hii fli.....idCil,... L}

(A7)

where { is the empty set and i} < --- < i;. Now let us intro-
duce a total ordering on the subsets of the set {1,2, ..., L}.
Suppose A and B are two subsets of {1, 2, ..., L,},thenA < B
if |JA| < |B|(]S]| denote the cardinality of the set S) or if |[A| =
|B| then the least element in A U B — A N B is contained in A.
With this ordering on the subsets, we define the Hamiltonian
on the extended Hilbert space as

HEDiag(H(),Hl,...,HLS,...,
{ila"-’ik}c{lv"-aLy}a

where the entries in the diagonal are ordered with respect
to the subscript that is in one-to-one correspondence with
the subsets of {1,2,...,L,}. Hamiltonian H;, ; denote the
Hamiltonian Eq. (AS) with defects inserted at rows labeled by
i1, ..., ix. Namely, the twisted Hamiltonian H;, _; is defined

Hi i HiL),

(A8)

L)‘ Lx Lx
Ziv1,jZi j+1Zit1,j4+1 — Z (1_[ i,j) (l—[Xi,j+l)ZLx.jZl,jZLx,j-&-lZl,j-i—l - )»ZXi,]w

Hence, in total, there are 2-T5~! subsystem symmetries,
which in turn agree with the number of subsystem symmetries
for the plaquette Ising model. Now we discuss gauging the
subsystem fermion parity. We consider the Jordan-Wigner
transformation for subsystem symmetric fermionic models in
2D defined in Refs. [33,57],

Lo j—1

i—1
yi,j = 1_[ 1_[ Xi’,j/ (H Xi’,j)Zi,jv (A4a)
i=1j'=1 i'=1
L j-1 i—1
yi/,j = - l_[ l_[Xi’,j’ (H X,'f,j>Y,-,j. (A4b)
i'=1 j'=1 i'=1

Plugging the above relations in Eq. (A1), we find the fol-
lowing Hamiltonian:

(AS5)

i=1 ij

(

as the Hamiltonian ﬁplaq but with the product 7 (or S; 4+1) in
the second term given a phase (—1) when j € {i}, ..., i }(or
j+1ef{i,...,i}). The untwisted Hamiltonian H, is the
same as the Hamiltonian ﬁplaq in Eq. (A5) without any defects
inserted. In total there are 2% isomorphic copies of the Hilbert
space H, in the total Hilbert space # and 2~ Hamiltonians in
the diagonal matrix that represent the Hamiltonian H in the
total Hilbert space . The dimension of the extended Hilbert
space H is dim(#H)2l». We define the subsystem fermion
parity on the total Hilbert space,

(—1)f = Diag((—=1)", ..., (=1)),

with 25 copies of the subsystem fermion parity op-
erator (—1)" at ith row on the diagonal. In the ex-
tended Hilbert space 7, the Hamiltonian H has other
Z, symmetries which we denote by n;. These are n;, =

(A9)

Diag(ao, Als ey ALy oo s Qi iy - v s a].',L"_), with
_J=1 when iel{i,..., i},
azl...lk - {1 When l¢ {ily'-~7ik}, (AlOa)
a = 1. (A10b)

We perform a set of projections to preserve the dimension
of the Hilbert space. The projections are

ni(—Df =1,

where [ is the 2& x2b  identity matrix. Then
dim(H| ni(—1 ig) = dim(Ho) as we want. Now we write
down a representation of the Pauli operators in the extended
Hilbert space. We take the Pauli X to be the diagonal matrix

(A11)

X
X= (A12)

X

However, we cannot take the Pauli Z and Y to be diagonal
since they would not commute with the projection. We define
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the new Pauli Z and Y operators that commute with the projec-
tion in terms of their matrix elements. This definition depend
on the vertical position of the operators on the square lattice.
LetS C{l,...,Ly}

(Al13a)
(A13b)

(Z_ j)suijis = (Z- j)ssujy = Z—, )
Y- sugjrs = Y- js.sugy = Y-, js

where the index of subsets is numbered, according to the
total ordering we defined above, starting from one. The Pauli
Z and Y operators on the right-hand side is acting on the
Hilbert space Hg or Hgyy;). It is an easy exercise to see that
above defined operators indeed satisfy the Pauli algebra. With
these definitions of Pauli operators, the Hamiltonian H in
Eq. (A8)is

Hplaqg = — ZZi,jZi+1,jZi,j+1Zi+1,j+1 —X in,j- (Al4)

i,j ij

This is the plaquette Ising model Hamiltonian.

a. Anomalous symmetry

As we discussed before, the Hamiltonian Eq. (Al) has
subsystem fermion parity symmetry. At A = 1, in addition to
this symmetry, there is an exchange symmetry that exchanges
the plaquette term with the onsite fermion parity term,

£ {iyi,jyi/,j = V] VitV jr Vil 41 (ALS)

Vi/,j)/i+l,j)/i/,j+1)/i+l,j+l g iVi+1,j+1Vi/.~.1,j+1'
This symmetry does not commute with the subsystem fermion
parity and hence is anomalous. After gauging the subsystem
fermion parity, the exchange symmetry E gives rise to the
noninvertible symmetry D® at A = 1.

2. Majorana hypercubic models

The same gauging procedure can be carried out in higher
dimensions. We start with hypercubic Majorana models and
gauge the subsystem fermion parity to obtain hypercubic
Ising models. Let us consider d dimensions and the following
fermionic Hamiltonian,

1
Hyiaj-ne = Z - l_[ Virintioniatju Vit Uit oreiatia T ENVi ia Vi (A16)
11 ..... ld J2 ..... jd=
This model has subsystem fermion parity along lines in any of the d directions,
X — . /
Sill,...?[ ..... 14 = (_lyil """ idy[' """ id). (A17)

il

We consider a generalization of the Jordan-Wigner transformation for subsystem symmetric fermionic models in higher

dimensions,
Ly Ly g1 L, L,
vow=TITT- TT% | TTTT-
i=1i=1  i= i=1i)=1
Ly Ly ig—1 Ly Ly
/ —
Vijiid = 1_[1_[1_[)([/1 ~~~~~ iy 1_[1_[
i=1i=1  i)=1 i=11i=1
We plug this transformation into the Hamiltonian
Eq. (A16) and obtain
1
Hyc = — E : 1_[ Zil-,i2+jz ----- id+]'dZi1+1,i2+jz~~--,i1/+jd
i1#Lx, j2seesja=0
,iz,...,i,j
1 Ly
- § : 1_[ HXilvi2+j2 ~~~~~ ia+ja
i2,.005ld Joseeja=0i1=1
1
X 1_[ ZLxl,l'erjz »»»»» ia+ja LV i+ oot
J2sesja=0
—A E Xii i (A19)
i1yl

This is the hypercubic Ising model Hamiltonian with defects
inserted along x; direction. The second term in Eq. (A19)

ig_1—1
(A18a)

! — (-
iy_ =1 i=
ig-1—1

1

(A18b)

contains the defect lines. To gauge the subsystem fermion
parity, we sum over defect configurations in the x; direction.
Define an extended Hilbert space

H=Ho B Hii. ijel{l..

{ir. ..

We choose an ordering on the subsystem fermion parity lines
in the x; direction. Any line in the x; direction is speci-
fied by the d — 1 of the remaining coordinates x;, ..., Xg4.
Then we choose an ordering on the remaining coordinates
(2, ooy xg) < (%5, ..., x)) if x; < x] provided x; = x} for all
j < i, i.e., ordering is chosen based on the first coordinate
(reading from left) for which the two tuples disagree. Then
these lines are enumerated from 1 to L, . .. L,,. Similar to the
two-dimensional case we define a total ordering on the subsets
of {1,...,L,,...Ly} with the definition of the total ordering

Ly ... Ly}

iy C{l o Ly o Ly ) (A20)
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exactly as in the case of two dimensions. With respect to this
ordering, we define the Hamiltonian on the extended Hilbert
space

HEDiag(HO,Hlv--~sHi1“.ik’--~»H1...(L L )),

xg -+ +axy

ije{l,....Ly... Ly}, (A21)

{it, ... i} C {1, ... Ly, ... Ly},

where the entries in the diagonal are ordered with respect to
the subscript that is in one-to-one correspondence with the
subsets of {1,2,...,L,, ...Ly,}. Hamiltonian H;, ; denotes
the Hamiltonian Eq. (A19) with defects inserted on lines la-
beled by i, iy,\ldots up to i;.. Namely, the twisted Hamiltonian

J

Z l_[ Zil-,i2+jz -----

UFLey 02, esid J20esJa

Hyc = —
This is the Hamiltonian for hypercubic Ising model.

APPENDIX B: KT TRANSFORMATION AS TST

In this Appendix, we look at an alternate way of writing
down the KT transformation.

1. One dimension

We consider a ring with 2M sites. Let us consider the
operator
KT = TDeyenDoaaT - (B1)

After simplifying Eq. (B1), KT can be written explicitly as

KT = DevenDodd’ (BZ)
where
M—1
ﬁeven = l_[ ei%ZZk—]XZkZZkJrIei%ZZkZZkJrz
k=1
iz (1 + Neven)
% ¢ T Zom-1XomZy 5 , (B3a)
M—1
ﬁodd = l_[ ei%zzk—ZXZk—IZZkei%zzk—lzzwrl
k=1
x ¢t 12m-2Xom-12om (1—+2n°dd) . (B3b)

Note that the pattern in the product of operators in Eq. (B3)
takes an interesting form; alternating terms of the form ZXZ
and ZZ in the exponents. In fact, this pattern gives rise to the
desired Kennedy-Tasaki transformation. Explicitly, the action
of our KT transformation is given by

(B4a)
(B4b)

KTX; = X;1 KT,
KTZ_1XiZis1 = ZiZi4oKT.

H;, ;, is defined as the Hamiltonian Hyc but with the subsys-
tem fermion parity lines enumerated as j (according to our
definition of enumeration) in the second term given a phase
(—1) when j € {iy, ..., i}. The untwisted Hamiltonian Hj is
the same as the Hamiltonian Hyc in Eq. (AS5) without any
defects inserted. In total, there are 2121 isomorphic copies
of the Hilbert space H, in the total Hilbert space . The rest
of the analysis is a straightforward extension of the one we
performed for the Majorana plaquette model in the previous
subsection with i taking values in {1, ..., Ly, ...L,,}. After
the projections Eq. (A11), we obtain the total Hamiltonian
Eq. (A21) with the new Pauli X and Z operators similar as
in Egs. (A12) and (A13),

(A22)

i1,..g

Hence, KT maps the cluster Hamiltonian to two (decou-
pled) copies of Ising models in the two sublattices. On a single
Z operator, the action of KT is given by

i
KTZi11 = ZomY, nX2k+lZ2i+2ﬁ,,

(B5a)
k=1
KTZy = Z 11> HXZkZZiJrIﬁ”s (B5b)
k=2
where KT and KT are defined as
KT = TDeyenD,,y, T (B6a)
KT =TD,, DouwT. (B6b)
with
M—1
Dé)dd = ( eiZX2kleiZZ2klZZk+l>eiZX2Ml a _Zn()dd)’
k=1
(B7a)
N—1 (1— )
Dé:ven = ( ei’ZszeiZszszﬁ)eiZXzM ;even . (B7b)
k=1
Similarly,
. M—1
KT Zyi = 251 1_[ X Yo Zi (KT ), (B8a)

k=i
. M—2
—_— ==/
KT Zyiy1 = —Zi | | Xots1Yom1Zom (KT ). (B8D)
k=i

Composition of KT with itself gives

2 — einMTz (1 +2776ven) (1 +2770dd) ,

KT (B9)
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FIG. 7. KT" transformation acting on a single Z operator at the
red site is given by a membrane operator according to Eq. (B12).

where T, is a translation by two lattice sites. The projection
factor implies that KT is noninvertible.

2. Two dimensions

We generalize the TST version of KT transformation to
two dimensions:

(2)

KT~ =79DPDYT?. (B10)
Explicitly KT transformation is given by
KT7X!, = Xii%,ﬁ%ﬁ(z), (B11a)
ﬁ(z)xﬁf%, jerZiZiv 2 i Ziv
= Zib+%,j+%ZiIiH+%,j+%ZibJr%,j+1+%Zib+1+%,j+l+%ﬁ(2)’
(B11b)

and similar equations for r <> b. Hence, KT maps Zy X Zy
cluster SSPT Hamiltonian Eq. (49) to two copies of the pla-
quette Ising model, which is in the SSSB phase. KT also
maps the Z, SSPT Hamiltonian Eq. (80) to a single copy of
double plaquette-Ising model Hamiltonian in Eq. (71) that is
in the SSSB phase.

Action of KT on a single Z operator is (see Fig. 7)
—(2) r

R b b
KTZi ;= (=DZi\Zia 2y j0 2 0210020

J

J i
r r . r e
<Y TIX0 ] (Yl’mHX,,k>KT , (B12)
k=2 =2

m=2
where

KT = T(Z)Dgz)/Df)T(z), (B13)
with

DY’ = P'D,HED, P, (B14)

r 2 ‘ 2
I=1 I=j+1
(1+m) (1 —n)
x H 2 2
k#1,i,i+1
I —lyiy
o) L+ (D '71)’ B158)
2 2
. L+7)  (L+m) (=) (1—m)
PO =T] (L+m I k j )
L2 T2 2 2
(B15b)

and similar equation for r <> b.
Furthermore, our mapping of the Pauli X operator is shifted
diagonally to the other sublattice. We also find the composi-

. == . .
tion of two KT transformations gives

KT?)? Ta.1y., TanPPPZ, (B16)

where T 1), and T(; 1), are diagonal translations on the

red and blue sublattices, respectively. P® and P}()z) are the
respective projections onto the Hilbert spaces of the red and
blue sublattices, which are separately subsystem symmetric.

3. Higher dimensions
Explicitly TST version of KT transformation is
KTX, = X, KT,
KTX, [] 20 = ] z.KT,

v'edce”

(B17a)
(B17b)

vbedch
where the terms in the left- and right-hand sides are related
by diagonal translation by half unit. By r <> b we get another

- . . ==
similar set of equations. Composition of two KT transfor-
mations is

—m(d)
KT " YxTa.. 1, Ta.. 1),bP£d)PZd), (B18)

where T(;, 1), and T(; 1), are diagonal translations on the
red and blue sublattices. P/ and P,()d) are projections onto
subsystem symmetric subspace of the Hilbert spaces of red
and blue sublattices.

APPENDIX C: Zy GENERALIZATION OF HYPERCUBIC
ISING MODELS

1. Zy plaquette transverse field clock model

As before, we consider a 2D square lattice with L, sites
in the x direction and L, sites in the y direction with the
periodic boundary condition. The Hamiltonian for the Zy
generalization to the plaquette clock model, which we call the
transverse-field plaquette clock model, is

Hrppc = — Z(Zi,_fz,ll,jzzjﬂzwrl,j+1 +Hec.
iJ

+ A + X)) (@)
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This model has Zy subsystem symmetry along horizontal
rows and vertical columns. Let us denote them by

ni=]]X,. ' =]]x, (C2)
i J

They satisfy (75)" =1 and (q))¥ =1. At 1 =1, there is
an extra symmetry that exchanges the clock term and the
transverse-field term. We give an explicit expression for this
symmetry operator as a generalization of Eq. (33). Let us
define

L,

Y LX
D = [[Divj0 Doy =[], (€3

J=1 J=1

where IN)?’N) ; represent the operator D) for a fixed horizontal

row. Similarly l~)yN - represent the operator Dy, for a fixed
vertical column. We define the following operator, a quantum
Fourier transform that is a generalization of the Hadamard
gate to qudit d.o.f.,

N—-1N-1

1 2mixy
Hy) = — DY e ol (C4)

x=0 y=0

This operator implements the following relation:

HyvZ = X'Hy), HwX =ZHy). (C5)
Note that the operator Hy) for N =2 is the same as the
Hadamard transformation. We define the operator
P . 2w
D} = Do) Hiy Doy
L 2 N-1
ey 7 0 ) e )
W) = N
j=1
. : 2 N-1
(e () e (1))

x ]_[ ~ . (C6)

i=1

where Hfi,m represent the tensor product of Hy) on all sites
of the two-dimensional lattice. The noninvertible KW duality
operator we define is DEZZV)) = PEIZV))DE?)PEZZV)). The following

relations are satisfied by D)

(N):
(2) — 77 i 2
Dy Xij = Zi,jZi+1iji,j+1Zi+1,j+lD(N)’ (CTa)
(2) 71 i —xr (2)
DiZi jZi+1.jZij+1 21 o1 = Xivr i Dy (CT)

The operator DE%V)) commutes with the Hamiltonian at A =1.
We also have (DE]Z\,)))20< CT(M)P((IZV)) where Ty 1) is the diag-
onal translation operator which send (i, j) to i+ 1,7+ 1)

and C is the conjugation operator with action CX = X7C and
Cz=7'C.

2. Higher-dimensional hypercubic clock models

We generalize the discussion for the hypercubic clock
model with a transverse field to all spatial dimensions. The
Hamiltonian for the transverse field hypercubic clock model

is given by

Hrpee =— ) (]_[ Z, +H.c.> —A Y X+ X))

ceA, \v€dc VEA,
(C8)

The noninvertible symmetry operator (at A = 1) is generalized
as

@ _ pd)f ®(d)Ty ®(d) N (d)
D(N) = P(N)D(N).dH(N) D(N),d—lH(N) .. 'D(N),IP(N), (C9)

where each of the Dy, ; are string operators like Eq. (2) on
straight line along ith direction, Hfﬁ,()d) represent the tensor
product of Hy, on all sites of the d-dimensional lattice and
Pg,)) is a projection onto subsystem straight line like sym-
metries. The operator Dg,)) commutes with the Hamiltonian
at A = 1. Up to an overall normalization for DEX,)), acting the
operator twice will generate a diagonal unit shift and a con-
jugation in d dimensions, i.e, (DE%)))20< CT(L___J)P((,‘{,)) where
T, 1) is a diagonal translation on the hypercube and C is a
conjugation.

APPENDIX D: Zy GENERALIZATION
OF KT TRANSFORMATION

1. One dimension
Let us consider the Zy x Zy SPTs in one dimension.
According to the classification of SPTs in Ref. [5], we have
H*(Zy x Zy,U(1)) = Zy. Hence, there are nontrivial Zy x
Zy SPTs in one dimension. Let us consider the following
nontrivial SPT Hamiltonian on a ring with 2L sites [58],

L
Hll];\,SPT == Z((Z;i—z)lXZileéi
i=1
+2Z5_ X2i(Z3;, ) + Hee).
This Hamiltonian has Zy x Zy symmetry generated by n; =
]_[iL:, X5;_1 and 1, = ]_[iL:1 X5;. This Hamiltonian can be ob-

tained from the trivial Hamiltonian
2L

Hiy ==Y (X + X)),

i=1

(D1)

(D2)

using Zy cluster entangler. To define the Zy cluster entangler,
first, we define the generalization of the controlled-Z gate to
qudits.

-1
Czf, =) Im.mlez", Czi,=Ccz)".

o = (D3)
n=0
Then the cluster entangler is defined as
L
T =[][C222i1CZ} 5y, TV =1 (D4)

i=1
Note that H{iévspT is obtained from Hy;, using I'" power of

cluster entangler 7. Now we define KT, y that maps Zy x Zy
SPT to two copies of clock models,

KT, n = (T Dw).0aaDvy.even(T T, (D5)

where D(v)oda and Dy even represent the KW duality op-
erator D(v) on odd and even sites. It satisfies the following
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FIG. 8. It can be regarded as a square lattice where each site
contains a red qubit and a blue qubit.

properties:
KTy nZhi  Xoi(Z3;, ) = Z0iZ3; KTy, (D6a)
KT n(Z3) Xoi11 255 = Zoiv1 23, ;KT . (D6b)

Hence, KT,y maps a nontrivial Zy x Zy SPT to two
copies of Zy SSB phases.

2. Two and higher dimensions

In two dimensions SSPT phases protected by symmetry G
are classified by Ref. [9]:

CIG1 = H*(G2,U(1)) /(H*(G,, U(1)))’. (D7)

In our case, Gy = Zy x Zy and the SSPT classification gives
ClZy x Zn] = Zy x Zxn x Zy. To enumerate various SSPT
phases, we consider two square lattices with the color red and
blue as in Fig. 4(a). The generators for the three Zy factors are
(1) Zy x Zn SSPT with cluster entangler between adjacent
red and blue sites, (2) Zy SSPT (generalization of Z, SSPT
we considered in two dimensions in Sec. VI) on red Ilattice,
and (3) Zy SSPT on blue lattice. It should be straightforward
to generalize the KT transformation to each of the three gen-
erators of the SSPT phase resulting in (1) two copies of the
plaquette clock model, (2) one copy of the double-plaquette
clock model, and (3) one copy of the double-plaquette clock
model, respectively.

APPENDIX E: THE Z, SSPT

On a 2D square lattice, where each site contains two qubits,
one can define the Z, x Z, SSPT for subsystem symmetries.
The SSPT state is equivalent to the 2D cluster state given by
the Hamiltonian

Hp cluster = — qur l_[ th — ZX”h l_[ Zyr

v" vPedpb vb v edp”
—AZer—AZth, (E1)
v" vb

whereas each site now contains a blue (b) qubit and to its
bottom left, a red (r) qubit, as illustrated in Fig. 8.

After inserting the symmetry-breaking terms, the Hamilto-
nian becomes

Hp custer = — ZXUI‘ l_[ Zyp — quh l_[ Ly
b

vy vbeaph v Eedp”
Z
YR YRy, P
o o o
(E2)

Tuning g — o0, the local Hilbert space of each site effectively
reduces to two-dimensional in the low-energy sector, since
Zyp
Z =1. (E3)
One can therefore map this reduced local Hilbert space into a
one-qubit Hilbert space, i.e.,

X,

Zypy Ly — Zy, - X,. (E4)

o

Under the perturbation theory, it can be shown that the low-
energy effective Hamiltonian under the map becomes (after a
re-scaling of energy)

1 Z Z 7 7 A2
H=§Z§ )Z( Z—AZZ Z—?ZX. (E5)

For small A, this model is in a Z, SSPT order for the horizon-
tal and vertical subsystem symmetries.

In particular, when A = 0, we directly show here that the
B(g) phase defined in Ref. [9] is nontrivial. For an SSPT state,
because of its short-ranged entangled nature, the truncated

JooJ1 — T
symmetry operator U; ;' = [ ;L7 i=j, Xi,j only affects locally
on the corners,
Uiﬁ?gljl‘/,‘0,_,‘0‘/,‘1’]'0‘/,‘0,_,‘1‘/,'1,]'1 [¥) =1v), (E6)

where operator V; ; is supported only locally around (i, j). It
can be easily shown that the operator

Vij=2Zi—1,j-1Z; . (E7)
The characterizing phase for a nontrivial SSPT states is
Bii= (WIS[VISV i ly) = -1, (E8)

where S; =[], Hin.,! ; 1s the symmetry action on a half-
plane. Therefore, the ground state when A = 0 is a strong
SSPT protected by a linearly symmetric local unitary (LSLU).
We note that a similar calculation can be performed for the 3D
Z> SSPT model.

APPENDIX F: MEASUREMENT-BASED
GAUGING METHOD

In this Appendix, we provide a measurement-based method
to gauge the symmetries of various models that we consider
in the main text in Secs. III and VI.

1. Plaquette Ising model

The plaquette Ising model has both horizontal and vertical
subsystem symmetries. To gauge these subsystem symme-
tries, we introduce an ancilla d.o.f. in |+) state at each center
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FIG. 9. Cluster entanglement pattern for the KW duality map
that maps between two plaquette Ising models. The blue lattice is
the original lattice, and the red lattice is the ancilla lattice.

of a plaquette p € A, (a vertex of the dual lattice). This d.o.f.
is entangled to the vertices (v € A,) of the corresponding
plaquette via controlled-Z gate as shown in Fig. 9. Then,
we measure away the vertex d.o.f. in the Pauli X basis with
the measurement outcome being all |+) state. Explicitly, this
procedure can be written as an operator:

KW = (+1* T[] €Zpo 1% (F1)

p vedp

Then, KW satisfies

Kwx, = [] Z,KW, (F2)
p,vedp
KW ]_[ Z, = X,KW, (F3)
vedp

mapping between the plaquette Ising models on the original
and dual lattices. This allows a short-depth implementation
of the KW transformation and can be easily generalized to
higher dimensions. When measurement outcomes do not ap-
pear as the product state |4), one can perform feedforward
corrections to clean up nontrivial effects on the output wave
function caused by them. Such a mechanism was explained
in Refs. [49,59] for gauging O-form symmetries, and will be
explained in Ref. [60] for more general spin models.

2. Double plaquette Ising model

In addition to the horizontal and vertical symmetries, the
double plaquette Ising model also has a diagonal symmetry.
To implement the self-dual transformation of the double pla-
quette Ising model, we introduce another copy of the square
lattice on top of the original lattice which we call the ancilla
lattice. Let us denote the superimposed vertices on the two
lattices by v and v(@, where the superscript (a) denotes the
lattice on which the ancilla d.o.f. is initialized in the |+) state.
A particular v'¥ is entangled via controlled-Z gate to adjacent
vertices on the original lattice as shown in Fig. 10. Let us
denote the set of neighboring vertices (including diagonal but
not off-diagonal) of an ancilla vertex v® by Neigh(v®) and
the set of neighboring ancilla vertices (including diagonal but
not off-diagonal) of a vertex v by Neigh(v). Then, we measure
away the vertex d.o.f. in the original lattice in the Pauli X basis
with measurement outcome being all [4) state. Explicitly, this
procedure is given by

KW=+ ]I

v(@ yeNeigh(v@)

CZyw , |[H)®M@ . (F4)

FIG. 10. Cluster entanglement pattern for the KW duality map
that maps between two double-plaquette Ising models. The blue
lattice is the original lattice, and the red lattice is the ancilla lattice.

KW satisfies

KWX, = ]_[

v@eNeigh(v)

kw ]

veNeigh(v@)

Z,wKW, (F5)
Z, = X,0KW (F6)

mapping between the double plaquette Ising models on the
original and ancilla lattices. This allows us to perform the
KW duality and can be generalized to higher dimensions.
Similar to the discussion in the plaquette Ising model, when
measurement outcomes do not appear as the product state |+),
one can perform the feedforward corrections to clean up the
nontrivial effect on the output wave function caused by them
[60].

3. Implementing the KT transformation

We have seen in the previous subsections how to imple-
ment the KW transformations. Equipped with this, we can
then use the duality web to perform the KT transformation as
well by composing, e.g., TST, where T can be implemented
by the cluster-state entangling operation (and S is the KW
operation).

APPENDIX G: MAPPING OF ORDER PARAMETERS

Order parameters of nontrivial phases get mapped under
the KT transformations. Let By be a product of Z operators in
the models we have considered in this work exhibiting SSSB
phases, such as the plaquette Ising term, the double plaquette
Ising term, etc. Let K} be the stabilizer of the corresponding
SSPT cluster states. In SSSB phases, as a generalization of
the two-point function (Z;Z;, ;) in the 1D Ising model, a long-
range entanglement can be detected by the order parameter

<]_[ Bk>, (G1)

keM

where M is a segment consisting of cells (hypercubes) along
a line where the subsystem symmetries are supported. An
example in the 2D plaquette Ising model is the product of
By =7 jZiy\, jZis1,jZit1,j+1 along a 1D segment (a thin strip
consisting of plaquettes), which becomes a product of four
Pauli Z’s at the corners of the strip: (Z; iZi ¢ jZiye, j+12Zi j+1)-
Upon the KT transformation, the corresponding SSPT string
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order parameter is written as

g

(G2)

where the segment M is filled with X operators in ad-
dition to the Z operators at the corners. For the 2D
plaquette Ising model, an example of the string or-
der parameter obtained by the KT operator (50) is
(Zi.jZij1 X;

gt Xt i Zive jZige j)-
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