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Neural-network quantum states (NQSs), variationally optimized by combining traditional methods and deep
learning techniques, is a new way to find quantum many-body ground states and has gradually become a
competitor of traditional variational methods. However, there are still some difficulties in the optimization of
NQSs, such as local minima, slow convergence, and sign structure optimization. Here, we split a quantum
many-body variational wave function into a multiplication of a real-valued amplitude neural network and a
sign structure, and focus on the optimization of the amplitude network while keeping the sign structure fixed.
The amplitude network is a convolutional neural network (CNN) with residual blocks, namely a residual network
(ResNet). Our method is tested on three typical quantum many-body systems. The obtained ground state energies
are better than or comparable to those from traditional variational Monte Carlo methods and density matrix
renormalization group. Surprisingly, for the frustrated Heisenberg J,-J, model, our results are better than those
of the complex-valued CNN in the literature, implying that the sign structure of the complex-valued NQS is
difficult to optimize. We will study the optimization of the sign structure of NQSs in the future.
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I. INTRODUCTION

How to obtain the ground state wave function of an
interacting many-particle system has always been an im-
portant research issue in the field of quantum many-body
computation, which is crucial to understanding the physical
properties. However, there is no computational method that
is efficient and applicable to all quantum many-body systems
to date.

In recent years, with the rapid development of artificial
intelligence, the related technologies have gradually been used
in scientific research, and substantial achievements have been
made in climate prediction [1], protein folding [2], etc. In
the field of quantum many-body computation [3-5], after the
seminal attempt [6] which adopted artificial neural networks
as a representation of wave functions of quantum many-body
systems, dubbed neural-network quantum states (NQSs), a lot
of research have been done [7-20], such as Ferminet [21] for
small molecular systems.

Various architectures of neural networks, such as the
feedforward neural network, restricted Boltzmann machine
(RBM), and convolutional neural network (CNN), have
expanded the representation of the wave function of many-
body systems, and their performance is comparable to that
of traditional methods, such as variational Monte Carlo
(VMC) methods [22-26], density matrix renormalization
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group (DMRG) [27-29], and quantum Monte Carlo (QMC)
methods [23,30]. This is mainly due to the improvement of
algorithms and the rapid growth of GPU computing power.
In the research of deep learning, the increase of network size
can usually bring huge benefits, but also has expensive costs,
such as large language models (LLMs) [31] with emergent
abilities [32], which have aroused the interest of many re-
searchers recently. The threshold of “large” in LLMs is 50
billion parameters. Its training is extremely expensive. How-
ever, increasing model size is just one way to improve the
level of deep learning tasks. Other directions include improv-
ing the efficiency of optimization algorithms [33], improving
the model architectures [34,35], and so on. In this work,
the network architecture is redesigned and the corresponding
parameters are carefully optimized, and then the potential of
the neural network for quantum many-body wave function
representation is explored.

In the variational optimization process of the ground state
wave function of a two-dimensional frustrated system, it is
hard to obtain a high-precision solution. One reason is that
the sign structure of the ground state wave function for a frus-
trated quantum many-body system is very complex [36-39]
and is very difficult for machine learning. In the past studies,
people focused on replacing the wave function representation
with a new form, namely optimizing the sign structure and
amplitude of the wave function simultaneously, and expected
to obtain a more accurate ground state. Here, we separate the
difficulty. The wave function is split into its amplitude part and
sign part. And we focus on the optimization of the amplitude,
and leave the study of the sign optimization to the future.

©2024 American Physical Society
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FIG. 1. The architecture of the aCNN. The input is a spin configuration o of the system, while the output is a(c) [Eq. (6)]. (a) Cyy
symmetrization of the aCNN as a data augmentation. vy and v,,, denote the input and output layers, respectively. (b) A single spin configuration
o; propagation in the aCNN, where f is an activation function. (c) Residual block, where k; is the convolution kernel of layer /. The shortcut

connection achieves cross-layer information transmission.

II. FRAMEWORK

A. Neural network quantum states

According to the universal approximation theorem [40,41],
in principle, a neural network with sufficient depth and width
can fit any function. We use deep CNN to represent the
amplitude of a quantum many-body wave function. In the
research of deep learning, CNN has been widely used in
related fields of picture processing. Compared with network
architectures such as recurrent neural networks, feedforward
neural networks, and RBM, CNN has remarkable advantages
in extracting spatial correlation of input information.

The trial wave function is divided into two parts: sign s(o)
and amplitude A(o),

V(o) =s(a) x A(o), ey

where o is a spin configuration of quantum spin systems.
The sign part is fixed. The amplitude is represented by a
deep CNN, whose architecture is shown in Fig. 1(b), which
is denoted as amplitude CNN (aCNN). The input of the
aCNN is o, which is generated by Markov chain Monte Carlo
sampling according to |y (o )|?. In the hidden layers of the

aCNN, a shortcut connection is used for every two layers,
which is packed into a residual block. The concept of a
shortcut connection was first proposed in the residual network
(ResNet) [35], which helps to alleviate the problem of gradient
vanishing and exploding encountered in the training process
of deep neural networks, and its effectiveness has been widely
proved in the research and applications of deep learning. The
shortcut connection used in this work is shown in Fig. 1(c),
where each residual block contains two consecutive convo-
lution operations and the shortcut data are added before the
second activation function acts. The pooling layers adopted
by traditional CNNs are discarded here because the pooling
operations, which resize the shape of the graph, would destroy
the translational symmetry of quantum lattice systems.
The connection of the hidden layer in the aCNN is

3
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in which v} is the matrix of layer / with input channel index
¢, ¢’ is the channel index of the output layer of a convolu-
tion operation, v;"_l in Eq. (3) is the shortcut connection, f
is the activation function, 8 = {k, b} denotes all parameters
of the NQS, k; is convolution kernel, and b; is the bias of
layer /. Function C is the standard convolution operation. The
two layers constitute a residual block, and the layer number
1=2,4,....
The head and tail of the network can be written as

v = F[C (K5, vo, b)]. “)

3
Vout = f[z C(koutfl ’ Ugu1711 boutl):| ) (5)
c=1

where vy and v,y are the input and output layers, respectively.
The term

a = mean(voy) (6)

gives the final output of the aCNN, which is the mean value of
all outputs of the last convolutional layer. The operation mean
is for symmetry, detailed in Sec. II C.

Then the wave function can be rewritten as

Yo(o) = s(a) x exp[ag(o)]. @)

Obviously, the number of the network parameters is related
to the depth and width of the aCNN and the size of the
convolution kernel. In this work, all calculations use the same
aCNN architecture with 30 layers (14 residual blocks) unless
otherwise stated. The activation function f is chosen to be
ReLU, which maps the data nonlinearly. The middle layer has
3 channels, and the kernel size is 5 x 5. The kernel size does
not limit the range of the spin correlation length. As the spin
data propagate in the deep CNN, the long-range spin correla-
tion will be gradually built. The actual amount of computation
is in proportion to the number of lattice size. The number of
(real-valued) parameters of the aCNN is 6538. All tests in
this article were performed on an Nvidia 3090 GPU. Actually,
when the size of the lattice is large, the Hilbert space of spin
configuration is too large to be gone through, which means
that the spin configurations involved in the training process are
only a very small subset of the Hilbert space. Subsequent tests
show the robustness and generalization ability of the aCNN.

B. Optimization

Theoretically, the approximate ground state of the system
can be obtained by optimizing the network’s parameters in
terms of minimizing the expectation value of energy Ey of a
quantum system. Ey is used as the loss function of the neural
network, and is expressed as

_ (Ye(0)|H|Ye(0))

9 =

(Yo(0)|y(0))
= <Eloc(07 9))[}(0,9)a (8)
where Ej.(0,0) = % is the local energy of the sys-
tem for configuration o, p(o,6) = % is the prob-

ability distribution, and (-), denotes the expectation with
distribution p.

The derivative VyE, guides the direction of the optimiza-
tion. The update of a network’s parameters can be expressed
as 60 «x —AVyEy, where A is the learning rate. Here, we
adopt the idea of the theory of automatic differentiable Monte
Carlo [42] and represent the energy in the following form:

(Tl L (Eioclo, 0))

_ L(y2(o)) L(p(c.0)) 9)

< V(o) > ’

LN L(pio.0)

where Y denotes Yy(o). L (x) is the detach function, which
is defined as L (x) = x in forward propagation, and % =
0 in backward propagation. Numerically, the values and first
derivative of Eq. (8) and Eq. (9) are equal:

L (Eroc(0, 0)) p(o,0)) =L (Es), (10)

L (V4(Eioc(a, 0)) pio.6)) =L (V4Es). an

The form of expectation Eq. (9) can be encoded into the neural
network automatic differentiation framework, which avoids
taking the derivative of p(o, 6) and Ej..(0, 0).

In principle, an effective optimization algorithm is the
stochastic reconfiguration (SR) [43] method. However, the
SR requires the inverse of a large matrix of the variational
parameters, which limits the number of the parameters and
hence the expression ability of the neural network. Here, we
only discuss the optimization of amplitude, and choose to
use the popular Adam algorithm [44] in deep learning, an
algorithm with adaptive learning rate and momentum, which
performs well in most tasks.

In the test, the amplitude ay (o) is calculated by the aCNN
with real-valued 6, which is initialized randomly by the Kaim-
ing initialization [45], and the sign structure is fixed. The
amplitude network is optimized until the loss function no
longer drops.

C. Symmetry

The models simulated in this work are subject to sym-
metries C4y and translation, unless otherwise stated. Among
them, because the scanning of the convolutional kernel on
each layer is weight sharing, translation symmetry is an in-
trinsic property of convolutional connections. Rotation and
mirror symmetries can be achieved through data augmentation
(C4y group operations), as shown in Fig. 1(a). After forward
propagation, the corresponding results from all symmetric
operations are averaged to preserve the symmetries. The sym-
metrized wave function is

1 ¢ ;
Yo(o) = s(0) X exp [; > a(e)o. 9)], (12)

i=1

where 65"3 denotes a group-element operation of the C4y, group,
and n is the order of the group.

In addition, the ground states of the Heisenberg model and
Heisenberg J;-J, model both have a conserved quantity S, =
0. This can be achieved by hard encoding, which keeps the
numbers of up and down spins equal in the sampling process
of spin configurations.

Symmetry imposition helps to accelerate the decline of
the loss function. In the case of limited computing resources,
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TABLE I. Ground state energies of the Heisenberg model with
L =10, 16, and 24. Comparison of the results of the aCNN with
VMC and QMC; the data are excerpted from Ref. [23]. The relative
error is 1 — E,cnn/Equc.

Method L=10 L=16 L=24
VMC —0.66965 —0.66922
QMC —0.67156 —0.66998 —0.66961
aCNN(Cyy) —0.671431(2) —0.669716(1)  —0.669237(2)
Relative error 0.019% 0.039% 0.056%

although C,;, symmetry achieved by data augmentation will
limit the size of configuration batch allowed in a single train-
ing step, data augmentation itself does not limit the number
of the network’s parameters. Reasonable data augmentation is
beneficial to the numerical stability of the optimization pro-
cess. The accuracy benefits of additional symmetry through
data augmentation will be shown in the results below.

III. NUMERICAL RESULTS AND DISCUSSION

A. Heisenberg model

In condensed matter physics, as one of the prototypical
quantum many-body systems, the two-dimensional Heisen-
berg model is a testing ground for various analytical and
numerical methods for strongly correlated systems, whose
Hamiltonian contains only the nearest-neighbor interactions
of the spins, which is unfrustrated. Its ground state is
doubtlessly Néel antiferromagnetically ordered. The existing
method [23] is very accurate in simulating the ground state
of this model, and allows the lattice size to be quite large,
providing prefect data for benchmark tests.

The Hamiltonian of the Heisenberg model is

Huy =Y _5;-S;. (13)
(ij)

where §; is the spin operator on site i, and (ij) denotes the
nearest-neighbor sites i and j.

In this part, we calculate L x L lattices with L up to 24
under periodic boundary conditions and compare the results
with those obtained by VMC and QMC. The sign structure is
fixed to the Marshall sign rule [46]. As shown in Table I, the
variational optimization results of the aCNN are better than
the results of VMC, but there is still a very small gap com-
pared with QMC. The last row of Table I is the relative error
of the energy of the aCNN with respect to that from QMC. The
results show that in the direct variational optimization process,
the trial wave functions represented by neural networks are
better than those of the traditional methods, which may be
because of the powerful expression ability of neural networks
and the advancement of optimization algorithms.

In addition, the spin structure factor

- l A A i 7i—7
S0 = 15 2 (8- Sy, (14)
ij

which is related to observable quantities, can be calculated
readily, where k is a wave vector in k space. 7; is the location
of site 7 in real space and N is the number of lattice sites. As

0.1495
0.1346

S 2 (k) 0.1196
0.1047
0.08970
0.07475
0.05980
0.04485
0.02990

0.01495

0.000

FIG. 2. Spin structure factor 52(/2) as defined in Eq. (14). The
k-space distribution of S? (k) of 10 x 10 square lattice of the Heisen-
berg model, which peaks at k= (m,m). k. and k, are the two
components of k.

shown in Fig. 2, Sz(E) is peaked at k= (7, ), indicating the
ground state is antiferromagnetically ordered.

B. Transverse field Ising model

We also test the aCNN for the two-dimensional transverse
field Ising model (TFIM) on the square lattice with L = 8 and
16. The Hamiltonian is

Hrpv = —ZUiZUf —)»ZU,-X, (15)
(i,J) i

where o and o7 are the Pauli operators on site i, and A is the
transverse field.

All tests are simulations with transverse field A = 3.05
(close to the critical point A = 3.04438(2) [47] of the model),
in periodic boundary conditions. The exact sign structure has
been employed, namely, positive definite signs. As shown in
Table II, the results of the aCNN show excellent agreement
with the extrapolated results from the fully augmented tree
tensor network (FATTN; L = 8) [48] and fully-augmented
matrix product state (FAMPS; L = 16) [49]. This test shows
that the aCNN works well near the critical point.

TABLE II. Ground state energies of the two-dimensional trans-
verse field Ising model with L =8 and 16. Comparison of the
results of the aCNN and the extrapolated results of FATTN [48] and
FAMPS [49].

Method L=8 L=16
aCNN(Cyy) —3.241642(2) —3.239568(2)
FATTN(extrapolated) —3.23956(2)
FAMPS (extrapolated) —3.24165
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TABLE III. Ground state energies of the Heisenberg J;-J, model with L = 10. Comparison of the results of the aCNN with the complex-
valued CNN [50], VMC [24], DMRG [27], RBM+PP [20], and Deep ViT [51] with J,/J; = 0.4, 0.45, 0.5, and 0.55. Here, p represents the
number of Lanczos steps, and p = 0 corresponds to the original variational wave function. VMC(p = o0) denotes the variance extrapolated
results. In DMRG(4096), 4096 indicates the number of SU(2) states. DMRG(00) is obtained through straight-line energy extrapolation with

DMRG truncation error.

Method Jz/.]] =04 Jz/.]] =045 Jz/J] =05 Jz/J] =0.55
VMC(p = 0) —0.52188(1) —0.50811(1) —0.49521(1) —0.48335(1)
VMC(p =1) —0.52368(1) —0.50973(1) —0.49718(1) —0.48622(1)
VMC(p = 2) —0.5240(1) —0.51001(1) —0.49755(1) —0.48693(3)
VMC(p = o0) —0.52429(2) —0.51017(2) —0.49781(2) —0.48766(6)
DMRG(4096) —0.521487 —0.507193 —0.495044 —0.484890
DMRG(6144) —0.522043 —0.507677 —0.495301 —0.485239
DMRG(8192) —0.522391 —0.507976 —0.495530 —0.485434
DMRG(o0) —0.5253 —-0.5110 —0.4988 —0.4880
RBM-+PP —0.497629(1)

Deep ViT —0.497634(1)

Complex-valued CNN —0.52371(1) —0.50905(1) —0.49516(1) —0.48277(1)
aCNN(Cy,) —0.523999(4) —0.509207(5) —0.495627(6) —0.483490(5)
aCNN(Cy) —0.523872(4) —0.483173(5)

C. Heisenberg J;-J, model

The above two quantum systems have no frustration, and
the sign structures of their exact ground states are known,
on which our method has a good performance. Here we try
our method on a typical frustrated quantum spin system, the
Heisenberg J;-J, model. The sign structure of its exact ground
states is unknown, and even its ground state properties are
in debate. Quantum fluctuation and geometric frustration are
key factors. Several magnetic long-range orders compete in
its most frustrated region, where a quantum spin liquid may
emerge.

The Hamiltonian of the Heisenberg J;-J, model is

Hup =70 8 Si+h> 5-S; (16)
(i) i

where J; and J, are the coupling strengths of nearest-neighbor
sites and next-nearest-neighbor sites (denoted as ((ij))), re-
spectively. The microscopic details of the model, controlled
by the ratio of J,/Ji, play a decisive role in the type of
the ground state and its quantum phase transitions. Here, the
model on the square lattice with L = 10 has been simulated
and J,/J; = 0.4, 0.45, 0.5, and 0.55. The results of the aCNN,
the complex-valued CNN [50], VMC [24], DMRG [27],
RBM+-PP [a method using RBM combined with pair-product
(PP) states] [20], and the deep vision transformer (Deep
ViT) [51] are shown in Table III. The sign structure is fixed
to the Marshall sign rule, which is not exact when J,/J; # 0.

As shown in Table III, the energy obtained by the aCNN
is better than that obtained by VMC(p = 0) and especially by
the complex-valued CNN. This shows that the wave function
of the aCNN has advantages, and in direct variational opti-
mization, NQS optimized by the deep learning algorithm is
a better form than the traditional trial wave function used by
VMC. Compared with the complex-valued CNN, the results
show that it is difficult to optimize both sign and amplitude
for the complex-valued CNN.

Since the mirror reflection symmetry is not used in the
simulation with the complex-valued CNN, the test using Cy

symmetry only is also done in this work to eliminate the
influence of different symmetries. As an example, the Heisen-
berg J-J, model (L = 10) with J, = 0.4 and 0.55 has been
simulated. The energy obtained in this work is significantly
better than that of the complex-valued CNN, as shown in
Table III. The complex-valued CNN uses SR to optimize the
network, which in principle can optimize the sign structure
and amplitude of the wave function simultaneously. The com-
parison results show that it seems that the sign structure is not
well optimized in the complex-valued CNN since its energy
is even worse than that from the aCNN with an incorrect sign
structure.

Comparing the network architectures of the aCNN and the
complex-valued CNN, the latter network is wide and shal-
low while the former is narrow and deep relatively, and the
former has residual connections additionally. The different
architectures have a certain impact on their expression ability.
However, it is important to note that the numbers of their pa-
rameters are almost equal. The complex-valued CNN contains
3838 complex-valued parameters, while the aCNN contains
6538 real-valued parameters.

The results of VMC and DMRG are listed in Table III. The
energies of the aCNN are even better than those of VMC(p =
1) (with p = 1 Lanczos correction), and comparable to that of
VMC(p = 2) when J,/J; = 0.4. As the frustration increases,
the advantage of the aCNN gradually decreases. When the
frustration is the strongest at J,/J; = 0.55, the performance
of the aCNN deteriorates. This implies that the Marshall sign
rule is significantly broken by frustration here. The ground
state behavior of the system is most controversial near the
strongest frustration point J,/J; = 0.55. Because the com-
bined effect of frustration and quantum fluctuation destroys
the long-range antiferromagnetic order, the ground state be-
haves as nonmagnetic. However, the nature of this quantum
phase remains controversial. The above results illustrate the
importance of sign structure optimization, which will be stud-
ied in the future.

In addition, comparing the results of the aCNN(C4y) with
that of the aCNN(C,) in Table III, it is clear whether the use
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FIG. 3. Ground state energies of the Heisenberg J;-J, model
with L = 10. The aCNN is optimized with different Marshall sign
structures, the checkerboard-patterned (exact for J, = 0) and the
stripe-patterned (exact for J; = 0). The VMC(p = 0) results are from
Ref. [50]. VMC(p = o0) denotes the variance extrapolated results
from Ref. [24], which can be regarded as the exact ground state en-
ergies. The inset shows £ — E(VMC(p = 0)), the relative energies
with respect to the VMC(p = 0) energies, for an enlarged view.

of mirror reflection symmetry is important for the simulation.
This shows again that symmetry imposition helps.

D. Applicability of sign structures and sources of error

In the calculations of the Heisenberg J;-J, model discussed
earlier, the sign structure is fixed to the Marshall sign rule
(checkerboard-patterned), which is not exact when J, # 0. It
is essential to understand the applicability of sign structures
and to figure out the sources of error in the aCNN.

Here, the Heisenberg J;-J, model (L = 10) is simulated
with different Marshall sign structures, the checkerboard-
patterned (exact for J, = 0) and the stripe-patterned (exact for
Ji = 0). The results are depicted in Fig. 3, together with the
results of VMC(p = 0) (provided by F. Ferrari and F. Becca
in Ref. [50]) and VMC(p = 00) [24]. VMC(p = oco) denotes
the variance extrapolated results, which can be regarded as the
exact ground state energies.

As depicted in Fig. 3, the ground state energies ob-
tained from the aCNN consistently outperform those from
VMC(p = 0), and are close to the results of VMC(p = o0)
at J,/J1 = 0.4,0.45, 0.5, and 0.55, which indicates that even
though the frustration is strong (J,/J; = 0.5 and 0.55), the
sign structures fixed according to the Marshall sign rule re-
main highly close to the exact ground state sign structures.
This is consistent with the estimation from Refs. [15,52].
In addition, when J,/J; < 0.6, the energies obtained by the
aCNN with the stripy signs are significantly higher than
those from VMC(p = 0), and when J,/J; > 0.6, the ener-
gies obtained by the aCNN with the checkerboard signs
are significantly higher than those from VMC(p = 0). This
demonstrates that when the sign structure employed by the
aCNN diverges significantly from that of the exact ground
state, the errors in the results will become very large, under-
scoring the importance of a proper sign structure in obtaining
accurate results.

TABLE IV. Ground state energies of the Heisenberg J;-J, model
with J,/J; = 0.5 on a 6 x 6 square lattice and the Heisenberg model
on a triangular lattice (HMTL) of 36 sites. The aCNN is optimized
with the exact sign structure from ED. Results of LCN are from
Ref. [53], and GNN/GNN-2 are from Ref. [54]. The column P/M
indicates the number of parameters (P) in millions (M). The relative
error is 1 — Eyonn/Eep-

Method Ji-J> P/M HMTL P/M
ED —0.503810 —0.560374

GNN —0.5022(4) 0.86 —0.55892(2) 0.86
GNN-2 —0.5023(5) —0.55949(2)

LCN —0.5022(2) 0.28 —0.5601(4) 0.29
aCNN —0.503258(4) 0.0065 —0.559214(6) 0.022
Rel. error 0.110% 0.207%

To pinpoint the actual source of error in the aCNN, we
conduct simulations of the Heisenberg Ji-J, model with
J>/Ji = 0.5 on a 6 x 6 square lattice, and the Heisenberg
model on a triangular lattice (HMTL) of 36 sites, whose exact
ground states are available through exact diagonalization (ED)
methods. Here, the aCNN is optimized with the fixed sign
structures of the exact ground states.

These two models are both strongly frustrated. In particu-
lar, the geometric frustration inherent in the triangular lattice
makes the amplitude more complex. This is a challenge for
the expressive power of neural networks. To improve the ac-
curacy of the result, a deep neural network with Cg, symmetry,
consisting of 100 layers, is employed in the simulation for
the HMTL.

The results of the aCNN are shown in Table IV, to-
gether with the results of the lattice convolutional network
(LCN) [53] and graph neural network (GNN) [54] for com-
parison. As evident, the aCNN achieves precision levels
comparable to those of GNN, GNN-2, and LCN, yet with sig-
nificantly lesser parameters than each of them. Comparing the
relative errors listed in Table I and Table IV, the relative errors
for frustrated systems are higher than those for unfrustrated
systems. This implies that the presence of strong frustration
would result in heightened complexity of the amplitude of the
ground state wave function, and deeper neural networks are
necessary for such systems.

In this paper, the aCNN is optimized with fixed sign struc-
ture. Sometimes there are known sign structures, such as the
Heisenberg model and the transverse field Ising model. At
other times, approximate ground state wave functions and
their sign structures can be obtained through alternative meth-
ods, such as mean-field theories, low-parameter VMC [24],
or tensor network states [55]. In such cases, using the aCNN
could achieve more accurate ground state wave functions.

Furthermore, the ground state wave functions of the mod-
els calculated in this paper are all real-valued. When the
Hamiltonian contains complex numbers, or when the wave
function evolves in real time, the system’s wave function will
be complex-valued with continuous phases. In those cases, the
aCNN needs to be used with a phase network, which is worth
further research in the future.
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IV. SUMMARY AND OUTLOOK

In summary, we have proposed a quantum many-body
wave function, named aCNN, which is a multiplication of a
real-valued amplitude neural network (a deep CNN with resid-
ual blocks) and a fixed sign structure. The ground state energy
has been obtained by variational optimization of the aCNN
with the Adam algorithm. Our method is tested on typical
quantum many-body systems. The obtained ground state en-
ergies are better than or comparable to those from traditional
VMC methods, DMRG, and the complex-valued CNN.

The results provide specific evidence to support the view-
point that the deep aCNN can be a competitive wave function
ansatz for describing the amplitude of the ground state wave
functions and properties of quantum many-body systems com-
pared with traditional VMC methods. Importantly, this work
shows that the aCNN can obtain better energies than the
complex-valued CNN with the same number of variational
parameters, which implies that it is not easy to optimize
both the sign structure and amplitude simultaneously. And it

supports the viewpoint that it is worth trying to use different
tools to represent the sign structure and amplitude, respec-
tively, suggested also by Ref. [38]. Here we show that CNN is
a good choice for the amplitude part.

In the long run, it is worth continuing to explore the use
of more advanced artificial intelligence technologies to opti-
mize the ground state wave function of quantum many-body
systems, especially quantum frustrated systems and strongly
correlated fermionic systems with a sign problem. Particu-
larly, it is worthwhile to explore a way to optimizing the sign
structure with NQSs in the future.

The main code and data for the aCNN are available [56].
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