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Stability of fractional Chern insulators with a non-Landau level continuum limit
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The stability of fractional Chern insulators is widely believed to be predicted by the resemblance of their
single-particle spectra to Landau levels. We investigate the scope of this geometric stability hypothesis by
analyzing the stability of a set of fractional Chern insulators that explicitly do not have a Landau level continuum
limit. By computing the many-body spectra of Laughlin states in a generalized Hofstadter model, we analyze the
relationship between single-particle metrics, such as trace inequality saturation, and many-body metrics, such
as the magnitude of the many-body and entanglement gaps. We show numerically that the geometric stability
hypothesis holds for Chern bands that are not continuously connected to Landau levels, as well as conventional
Chern bands, albeit often requiring larger system sizes to converge for these configurations.
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I. INTRODUCTION

For over 40 years, the fractional quantum Hall effect
(FQHE) has inspired a large and diverse body of research,
since it is the original example of a topological phase of matter
with fractional excitations and has the scope for revolutionary
applications in quantum metrology and computing [1,2]. In
the past decade, research interest has focused particularly on
lattice generalizations of these fractional quantum Hall states,
known as fractional Chern insulators (FCIs) [3-5], which en-
rich FQHE physics through their enhanced configurability and
have the potential to be realized at zero magnetic field [6,7]
and high temperatures [8]. Most notably, the past few years
have seen exciting experimental reports of low- and zero-field
FClIs in moiré lattices of graphene [9,10] and transition-metal
dichalcogenides [11], which has reignited theoretical interest
in FCI stability [12-21]. The underlying goal of such research
is to use the single-particle band structure to predict properties
of the many-body spectrum, in order to identify so-called
“ideal” Chern bands that yield the most robust FCIs [22-24].
The cornerstone of FCI stability theory is the geometric stabil-
ity hypothesis [25], which conjectures that FCIs become more
robust as the trace inequality is saturated, on the basis that at
this point the Chern band projected density algebra is identical
to that of Landau levels [26,27]. This hypothesis has been
rigorously tested in a variety of topological flat band models
and is found to hold in many typical cases [25,28,29]. How-
ever, recently, several extensions to the geometric stability
hypothesis have been proposed [16,20,23,30,31], with authors
arguing analytically that the single-particle resemblance to
Landau levels cannot be the defining criterion of FCI stability
but, rather, a special case. In light of this, there is motivation to
construct a simple many-body lattice model that can numer-
ically test the geometric stability hypothesis decoupled from
the Landau level limit.

In this paper, we investigate the scope of the geometric
stability hypothesis by studying FCIs in a family of topo-
logical tight-binding models that do not have a Landau level
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continuum limit. Specifically, by adding a set of longer-
range hoppings to the Hofstadter model, we show that terms
quadratic in momentum exactly cancel in its small flux den-
sity expansion, which breaks the SO(2) symmetry present
in the Landau level Hamiltonian. In typical topological flat
band models, the continuum and Landau level limits are syn-
onymous and so the effect of each is obscured, whereas in
our model we can decouple these limits, and approach non-
Landau flat bands in the continuum. This is particularly useful
for probing the geometric stability hypothesis, which explains
the generally increasing stability of FCIs in the continuum
limit, as a consequence of the increasing similarity of their
host Chern bands to Landau levels. In this framework, we
study the many-body properties of bosonic and fermionic
Laughlin states numerically using exact diagonalization on a
torus, and we quantify the robustness of FCIs using many-
body gaps in their energy and entanglement spectra. We show
how the geometric stability hypothesis may appear to break
down as we approach the non-Landau level continuum limit,
at system sizes and flux densities typically used in exact
numerics [25,28,29]; however, it is recovered as we take the
thermodynamic or continuum limits, which highlights the lim-
itations of comparing FCI stability using finite-size numerics.
We argue that the geometric stability hypothesis is widely sup-
ported by numerics for small systems because the continuum
and Landau level limits typically coincide [25,28]. Moreover,
we comment on proposals that the underlying FCI stability
criterion goes beyond the resemblance of single-particle spec-
tra to Landau levels [23,30,31].

The structure of this paper is as follows. In Sec. II, we in-
troduce the single-particle and many-body Hamiltonians, and
we explain our choice of system parameters. In Sec. III, we
outline the method for quantifying the geometric stability hy-
pothesis, as well as the stability of FCIs. In Sec. IV, we present
the exact diagonalization results for the bosonic and fermionic
Laughlin states, and compare properties of the single-particle
and many-body spectra. Finally, in Sec. V, we summarize and
discuss the results, and comment on their implications.
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II. MODEL

In this section, we introduce the lattice model. In Sec. IT A,
we focus on the single-particle Hamiltonian, and in Sec. II B,
we include interactions to define the complete many-body
model.

A. Single-particle model

We consider a system of N particles hopping in the xy
plane, on a finite square lattice with basis vectors {a,, a,} =
alé,, &,}, spacing a, and dimensions N,xN,, with periodic
boundary conditions, in the presence of a perpendicular mag-
netic field B = Bé,. We define the single-particle Hamiltonian
of this system as the generalized Hofstadter model [32-34]

Hy = _Zzl‘neie”c:cj + H.c., (1)

n>0 (ij),

where (...), denotes nth nearest-neighbors (NN) with corre-
sponding hopping strength #,, 6;; denotes the Peierls phase
acquired by hopping from site i to site j, and cf.ﬂ is the
particle (creation) annihilation operator at site i. In particular,
the Peierls phases are defined as 0;; = (27 /¢o) fl." A -dl,
where ¢y = h/e is the flux quantum, A is the vector potential,
and dl is the infinitesimal line element going from site i to site
Jj- These phases incorporate the perpendicular magnetic field
in the system to a good approximation [35,36], and they define
a magnetic unit cell (MUC) of dimensions I, xI, = g, such
that L, x L, are the system dimensions in MUC units. The flux
density of the system is then given as ny = Ba*/¢o = p/q.
where (p, g) are coprime integers, and ¢ — oo corresponds
to the continuum limit. The incommensurability between the
MUC area and the flux quantum gives rise to the celebrated
fractal energy spectrum as a function of ng4, known as the
Hofstadter butterfly [34,37,38]. Consequently, the Hofstadter
model is a popular choice, for both theorists [39—43] and ex-
perimentalists [44—48], due to its ability to generate an infinite
selection of topological band structures with arbitrary Chern
number.

In the conventional Hofstadter model (with #,.; = 0), it
is straightforward to show that the lattice model approaches
the Landau level Hamiltonian in the continuum limit. We first
write the NN Hofstadter model, Hxn, as a symmetric sum of
magnetic translation operators, such that

Hxw = —n(T; +T,) + Hc., )

where T, = > é%clc; and (if), ,, denotes 1st NN in
the ¢é,, direction [49]. Since magnetic translation operators
are unitary, we can express them in terms of the Hermitian
generators 7, = ¢Xn where the pseudomomenta K,, are the
lattice analogs of the dynamical momenta m,, and satisfy
[Kx, K] = 2mnyi. This yields

Hxn = —2ti(cos Ky + cos K,). (3)

Finally, we can make the dependence on the flux density
explicit by defining P,, = ngl/ ’K,, and expand in small ny4 to
yield

Hyn = —4 4 ng (P} + P}) + O(n}). 4

z/a

FIG. 1. (3,6,9) Hofstadter model. Sketch of the hopping terms in
the (3,6,9) Hofstadter Hamiltonian (conjugates not drawn). The radii
for the first 9 sets of nearest neighbors on a square lattice are 1, «/i

2,/5,2+/2,3,4/10, /13, 4.

Using the fact that P, = (¢/h)r,,, where £ is the magnetic
length, we can show that the effective Hamiltonian Hxn ~
ng(P? + P7) is isomorphic to the Landau level Hamiltonian
Hi = (y'rx2 + n}?) /(2m*) with m* = i /(2a*). Further details
of this derivation are discussed in Ref. [29].

In the generalized Hofstadter model (with #,.| # 0), the
procedure for taking the continuum limit follows in a similar
way. For simplicity, we restrict ourselves to the generalized
Hofstadter model with hoppings along the cardinal axes, H,
to avoid cross terms in our expansion. We start by writing the
model as a symmetric sum of magnetic translation operators

Hy ==Y t(I"+T) +Hec., )

n>0

where {t{, 1,85, t;, ...} = {ti. 13, 16, 19, . .. } is the set of hop-
pings along the cardinal axes. Next, we write the magnetic
translation operators in terms of the Hermitian generators
T,, = €% introduce P,, = nqjl/ ?K,,, and expand in small flux
density, which yields

H, = —4Zt,g+n¢(sz~l—Py2)Zn2t,;

n>0 n>0

4
(PP Y T

n>0

6
+ (PP S 3%:,; +o(rt).  (©

n>0

Crucially, by including longer-range hoppings in the
Hamiltonian, we are able to tune the coefficients in our ex-
pansion and depart from the Landau level limit.

In this paper, we focus on the generalized Hofstadter model
with n € {1, 3, 6,9} hoppings along the cardinal axes and
t; = 1, as depicted in Fig. 1, which we refer to simply as
the (3,6, 9) Hofstadter model, Hz69). In this case, there
is a plane of parameters 1 + 4t3 4+ 9t + 169 = 0 on which
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the leading (nonconstant) term in the small-ng Hamiltonian
expansion is 4th order in momentum, and the SO(2) symmetry
of the continuum Hamiltonian is reduced to the square lattice
point group [29]. We refer to this as the quartic plane. The
(t3,t5,19) = (—1/4,0,0) point on this plane corresponds to
the “zero-quadratic model” in Ref. [29]. Similarly, on this
plane, there is a line in parameter space to = (1 — 15¢5)/64
on which the leading term is 6th order in momentum, which
we call the hexic line, and a point on this line g = —1/56
for which the leading term is 8th order in momentum, which
we call the octic point. Hence, the (3,6,9) Hofstadter model
allows us to explore a family of topological flat band models
that do not have a Landau level continuum limit, and also
comment on many-body behavior as we depart from this limit
order-by-order.

In Fig. 2(a), we show the single-particle band structure
of the (3,6,9) Hofstadter model at the point (13,1, 1%9) =
(—0.11, —0.15, 0.05) on the hexic line, with flux density ny =
1/9. The first Chern numbers of each band are labeled on the
plot, and the bands are colored according to their sign. We
note that the (3,6,9) model has a topologically distinct band
structure to the Hofstadter Hamiltonian, which would have
the Chern numbers of the 5th and 6th bands interchanged
to respect its symmetry. Nevertheless, we obtain a low-lying
topological flat band with Chern number C; = 1, amenable to
hosting the FQHE, as in the conventional Hofstadter case. In
Fig. 2(b), we show the fractal energy spectrum of the (3,6,9)
model as a function of ny = p/199 at the same point in param-
eter space, with Chern numbers in the range C € [—10, 10]
colored from blue to red. Here we note that the center of the
spectrum 1is shifted in the negative E direction, when com-
pared to the conventional Hofstadter butterfly, with subbands
in the lower middle of the spectrum overlapping each other.
This distortion reflects the slightly different band dispersion
and Chern numbers resulting from the longer-range hoppings,
as seen in Fig. 2(a). However, the broad properties of the
spectrum are similar to the Hofstadter model, despite the fact
that the ny — 0, 1 lines no longer correspond to the Landau
level limit. Overall, the single-particle properties of the (3,6,9)
model show that it has the potential to host FCIs, provided it
is tuned to the appropriate system parameters. For a derivation
of the single-particle band structure for the (3,6,9) Hofstadter
model, we refer the reader to Appendix A.

B. Many-body model

We introduce short-range particle interactions using min-
imal delta function terms in the Hamiltonian, such that the
many-body system is described by

H = H369) + P ZVU : pipj - P, @)
ij

where Pp is the projector to the lowest band, V;; = §;;(5.;y)
is the contact (NN) interaction for bosons (fermions), and
pi = cchi is the particle density operator at site i. It has been
shown numerically for the Hofstadter model that neither the
band projection nor the short-range interactions obstruct the
stabilization of FCIs in the Jain series, owing to the favorable
properties of the topological band structure [39]. Moreover,
for simplicity, we restrict ourselves to lowest-lying topologi-
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FIG. 2. Single- and many-body spectra on the hexic line.
(a) Single-particle band structure of the (3, 6, 9) Hofstadter model,
defined as Eq. (1) with #, =1, n={1,3,6,9}, at the point
(t3, t6, t9) = (—0.11, —0.15, 0.05) on the hexic line, with n, = 1/9.
The Chern number C of each band is labeled and the bands are
colored according to its sign. Note that bands 5 and 6 are not touch-
ing. The fluctuations of the lowest band about its mean are shown
inset. (b) Butterfly plot showing the fractal single-particle energy
spectrum as a function of n4. The bands are colored from blue to
red according to their Chern number, in the range C € [—10, 10].
(c) Many-body energy spectrum for the 8-particle fermionic Laugh-
lin state filling v = 1/3 of the lowest band at n, = 1/24, stabilized
using nearest-neighbor interactions V;; = §;;. The many-body gap
A and quasidegeneracy spread § are labeled, and the gap scaling
with magnetic unit cell area g is shown inset. (d) Spectral flow of the
3 quasidegenerate grounds states shown in (c), as a flux & is threaded
through the handle of the torus. (e) Particle entanglement spectrum
corresponding to (c) obtained by tracing over half of the particles.
The principal entanglement gap A; is labeled and the number of
states below the gap obeys the (1, 3) counting rule [4]. (f) Particle
entanglement spectra corresponding to (c), in the k = 0 momentum
sector, obtained by tracing over N, particles. The entanglement gap
is shaded gray.

cal flat bands with C; = 1 achieved at flux densities ngy = 1/¢,
where the continuum limit corresponds to the Landau level
limit in the conventional Hofstadter case.

In order to stabilize an FCI, it is crucial to define the
correct lattice geometry and particle filling. We consider
square system sizes, such that N, = N,, since this has been
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shown to be most stable for our numerical simulations [50].
Moreover, we focus on the primary states in the Jain series
[51,52], the Laughlin states at filling v = 1/s, with s = 2 (3)
for bosons (fermions), since these are the most robust and
well-understood FQH states with the clearest signatures. For
the bosonic Laughlin state, we consider MUCs of dimension
Ly xIl, = mxm with L, xL, = 4x4, whereas for the fermionic
Laughlin state, we consider MUCs of dimension I, x/, =
3nx2n with LyxL, = 4x6. In both cases, we choose the
integers m, n to tune the flux density and we target the v =
N/Ng =1/2 and 1/3 FQH states for bosons and fermions,
respectively, where Ny = L, xL, is the total number of flux
quanta. We focus on Laughlin states with N = 8 particles
because it has been shown, through extensive exact diagonal-
ization computations, that the many-body spectra of Laughlin
FCIs in the Hofstadter model are already well converged in
the thermodynamic continuum limit at this system size (cf.
Figs. 2 and 6 of Ref. [39]). Moreover, we would like to
obtain a many-body example that is readily reproducible and
comparable with previous studies [25,28,29].

In Fig. 2(c), we show an example many-body energy spec-
trum of a fermionic Laughlin state stabilized at ny = 1/24.
Here, the many-body energies E.,, are offset with respect to
the ground state energy Ep 0 and plotted against the linearized
momentum index kL, + k, [53]. The ground-state degener-
acy of a v =r/s FQH state is given by s, where g is the
genus of the ground-state manifold [54]. On the torus (g = 1),
we observe a threefold degenerate ground state clearly sepa-
rated by a many-body gap Ay to the higher-lying states. In
practice, the degeneracy of these ground states is not exact,
depending on physical factors, such as the proximity of an FCI
to a phase transition [39,55], as well as numerical factors, such
as system size and numerical precision [39]. Therefore, we
also define the quasidegeneracy spread of the ground states &
(although this spread is not visible on the scale of the plot). We
can confirm the topological character of these ground states by
threading a flux through the handle of the torus and verifying
the spectral flow [4,42], as shown in Fig. 2(d). Finally, we
note that due to the nature of the contact and NN interactions,
the many-body gap scales Ay, o 1/¢® for bosons (fermions)
[25,28,39], as depicted in the inset of Fig. 2(c).

In Fig. 2(e), we show the particle entanglement spec-
trum (PES) corresponding to the FCI in Fig. 2(c). The
spectrum is defined as the generalization of the particle-
space Schmidt decomposition of a nondegenerate ground
state |W) = Y e 52| W) @ W) to the degenerate case,
such that {e~5/2, |[WA®))} now corresponds to the eigenba-
sis of the reduced density matrix pp) = trga)p with p =
% Yo, W) (¥;]. By tracing over the positions of a subset of
particles, it can be shown that the level counting corresponds
exactly to the number of quasiholes in the system, and hence
is a signature of FQH states. In FClISs, the relevant low-energy
sector with precise quasihole counting is generally separated
from the nonuniversal high-energy sector by a principal en-
tanglement gap A;. In the case of the bosonic Laughlin state,
we expect a counting according to the (1,2) generalized Pauli
exclusion principal, which for Ny = 4 particles in L, xL, =
4 x4 orbitals on a torus yields a total of 660 quasihole states,
whereas for the fermionic Laughlin state, we expect a (1,3)
counting, which for Ny = 4 with L, xL, = 4x6 yields a total

of 2730 states and is what we observe in Fig. 2(e) [4]. In
Fig. 2(f), we show the PES in the k = 0 momentum sector
corresponding to Figs. 2(c) and 2(e) as we trace over Ny
particles. Here we can see how the number of states below
the gap reduces for Ny # 4. For further details of the expected
FCI quasihole counting, we refer the reader to Ref. [4].

II1I. METHOD

In this section, we outline our approach for probing the
geometric stability hypothesis. In Sec. III A, we introduce the
stability metrics in single-particle spectra, and analogously,
in Sec. III B, we define our stability metrics in many-body
spectra.

A. Single-particle metrics

Since the numerical discovery of FCIs [5-8], a number of
single-particle metrics have been used to predict their stabil-
ity. The most rudimentary of these is the flatness criterion
W <V « A, which predicts that, at sufficient interaction
strength V, an increase in the gap-to-width ratio A/W will
enhance FClI stability [54]. The intuition is that flat bands have
a near-singular density of states, which together with a large
V and fractional filling maximizes particle interactions, while
the large gap A prevents hopping to the next highest band.
Although roughly true, several exceptions to this rule have
been found, such as FCIs stabilized with V > A [41], and
so this is not a precise indicator. Closely related to the gap-
to-width ratio, the normalized Berry curvature fluctuations
6 = op/up are also often used as an indicator of stability,
where g, o correspond to the mean and standard deviation
of the Berry curvature B defined over the Brillouin zone
(BZ). The reasoning here is that Berry flatness is observed
in Landau levels of the FQHE, which are known to exhibit
robust fractional states [26].

Despite the frequent success of these two simple metrics,
however, it was soon realized that band geometry plays an
important role, in addition to band topology. Both of these
properties are consolidated in the quantum geometric tensor
(QGT), which underpins a diverse set of physical phenomena,
from superfluidity to electrical conductance [56—66]. In the
context of Chern bands, the QGT is given as

RE(K) = [B, (k. @[] Qo (K)[ 3, K, )], @®)

where « is the band index, i, j are spatial indices, |k, o)
is the Bloch eigenstate in band « with momentum k, and
Ouk)=1-— Z#a |k, B)(k, 8| is the orthogonal band pro-
jector. The real part of the QGT is given by the Fubini-Study
metric gii(k) = Re[Rf_‘i], which corresponds to the distance
between eigenstates on the Bloch sphere, whereas the imagi-
nary part of the QGT is given by the Berry curvature B*(k) =
—2Im[Rf (kK)]. Crucially, since band geometry and topology
are components of the same tensor, we can derive relations
between them, namely

D(k) = det g(k) — ;|BK)|> >0, C))

T (k) = trgk) — [B(k)| > 0, (10)
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where we have dropped the band index o for simplicity, and
we define D as the determinant inequality saturation measure
(DISM) and 7T as the trace inequality saturation measure
(TISM). It has been shown analytically that when the trace
(determinant) inequality is saturated for a Chern band, the al-
gebra of projected density operators is identical (isomorphic)
to that in Landau levels [26]. We note that since the trace
inequality is the stronger condition of the two, the DISM is
normally not considered. Based on this, it was conjectured
that the closer the TISM is to zero, the more amenable a
Chern band is to hosting FCI states [25]. This is known as the
geometric stability hypothesis, which succinctly consolidates
and extends all of the single-particle metrics that were used
prior. Recently, more general numerical tests have been pro-
posed to identify ideal Chern bands [31]; however it has not
yet been shown numerically that these provide a meaningful
continuous metric away from the ideal point.

In light of this, we use the BZ-averaged TISM (7") as our
prominent single-particle stability metric. However, for refer-
ence we also compute the following: the BZ-averaged DISM
(D); the normalized Berry curvature fluctuations over the BZ
6, which is the leading-order contribution when mapping
the algebra of projected density operators from Chern bands
to Landau levels; the Fubini-Study metric fluctuations over
the BZ og2 = %Zl j ng,./, which is the next-to-leading-order
contribution; and the gap-to-width ratio A /W . We define these
quantities as in Ref. [25], for easy comparison.

B. Many-body metrics

One of the main difficulties in testing the geometric sta-
bility hypothesis is that there is no unique way of defining
the magnitude of FCI stability. Several methods have been
employed in the literature, such as the magnitude of the
many-body gap A [25,28,29,39,42,67,68], the magnitude
of the many-body gap scaled by the quasidegeneracy spread
Anmp/$ [55], the magnitude of the principal entanglement gap
Ag [18,28,39,68], the critical interaction strength at which
there is a phase transition Vi [41,69], and the extent to
which a finite many-body gap A persists in the large-N
limit [39,42,67], to name a few. Although these metrics are
often correlated, such as the magnitude of the many-body and
entanglement gaps [28], there are also cases when they are
not. For example, we observe an infinite entanglement gap
for the ground states of Laughlin and Read-Rezayi parent
Hamiltonians, which becomes finite when we add a small
perturbation to the Hamiltonian [68], whereas the many-body
gap will only be infinitesimally affected in this case. Hence,
there is a need to unambiguously define a many-body metric
in order to quantitatively compare FCI stability and comment
on a stability hypothesis.

In our systems, we expect a quasidegeneracy spread of
close to zero in all cases [39], and so we cannot effectively use
the Ay /8 metric. Based on empirical testing, we find that this
measure works best as an FCI is tuned through a phase transi-
tion, where § changes significantly. Nevertheless, we compute
the quasidegeneracy spread in each case to verify that § ~ 0.
Moreover, since phase transitions vary in nature and can be
difficult to numerically characterize, it is not efficient to use
the critical interaction strength V,; metric. Instead, we define

FCI stability on fundamental terms, using the magnitude of
gaps in the many-body and entanglement spectra, as shown
in Figs. 2(c) and 2(e), which we spot check at larger N to
ensure that they are stable in the thermodynamic limit. We
define the many-body gap as the gap between the largest
s-fold quasidegenerate eigenenergy and the next highest state.
Similarly, we define the principal entanglement gap as the gap
between the largest of the quasihole entanglement eigenen-
ergies and the next highest state. By using these metrics in
unison, we can obtain a clearer picture of relative FCI stability
with respect to the TISM, which will allow us to quantitatively
evaluate the geometric stability hypothesis. Further details of
the numerical method are described in Appendix B.

IV. RESULTS

In this section, we present a total of 735 numerical ex-
act diagonalization computations, solving for the many-body
spectra of the (3,6,9) Hofstadter Hamiltonian on a torus, and
targeting the bosonic and fermionic Laughlin states in the
lowest C; = 1 topological flat band at ny = 1/4. In all cases,
we project the interaction Hamiltonian to the lowest band.

In Fig. 3, we show our comparison of single-particle and
many-body stability metrics for the bosonic Laughlin state
in the (3,6,9) Hofstadter Hamiltonian on the quartic plane
1 + 413 + 916 + 1619 = 0. We reiterate that unlike for the con-
ventional Hofstadter model, for which the geometric stability
hypothesis is known to hold, the single-particle bands do not
converge to Landau levels as ny — 0 anywhere on this plane.
In this figure, the top row [Fig. 3(a)] corresponds to our single-
particle indicator, the BZ-averaged TISM, and the other three
rows are derived from the many-body spectra. Figure 3(b)
shows the many-body gap, Fig. 3(c) shows the quasidegen-
eracy spread, and Fig. 3(d) shows the principal entanglement
gap. In Fig. 3(a), we can see that the scaled TISM (7)/q
converges in the continuum limit. The TISM is approximately
zero for the region below the hexic line, where the quartic term
has positive sign, and gradually increases as #g, f9 increase, in
the region where the quartic term has negative sign. According
to the geometric stability hypothesis, this would imply that
FCIs are most stable below the hexic line and will either
break down or decrease in stability as we move above the
hexic line. From the many-body gap data in Fig. 3(b), this is
what we observe at ny = 1/16, 1/49. In these plots, we can
see that there is a constant nonzero many-body gap below
the hexic line, with a magnitude gA,, =~ 0.6 comparable to
that of the Hofstadter model in the thermodynamic continuum
limit [28,39], which drops to approximately zero as we move
above the line, signaling a breakdown of the FCI phase. The
success of the geometric stability hypothesis here is perhaps
unsurprising because at large ny, the (3,6,9) Hofstadter model
behaves like the topological flat band models previously tested
[25]. It is only as we approach the continuum limit ny — 0
that the effect of having no quadratic terms in momentum
is accentuated. Indeed, as we move closer to the continuum
at ny = 1/81, we witness anomalous behavior. In this case,
we still observe a comparable nonzero many-body gap below
the hexic line; however now there are also fluctuating nonzero
many-body gaps above the hexic line. By taking vertical cross
sections of this plot, we can see that the magnitude of the
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FIG. 3. Stability of the bosonic Laughlin state on the quar-
tic plane. (a) BZ-averaged TISM (7)), scaled by the MUC area
g, plotted in the quartic plane 1+ 413 + 95 + 1619 = 0, for ny =
1/16, 1/49, 1/81. The hexic line o = (1 — 15t,)/64 and octic point
ty = —1/56 are overlaid in green. The points corresponding to Fig. 4
are marked by blue crosses and the cross section corresponding to
Fig. 7(a) is marked by a red dashed line. (b) Many-body gap A,
scaled by the MUC area ¢, with parameters corresponding to (a). The
results are shown for the 8-particle bosonic Laughlin state stabilized
by the contact interaction V;; = §;;. (c) Quasidegeneracy spread &,
scaled by the MUC area ¢, corresponding to (b). (d) Principal entan-
glement gap Ag, corresponding to (b) and (c).
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many-body gap does not monotonically decrease as the TISM
increases. Moreover, there are FCIs at (7) ~ 0 that have a
smaller many-body gap than states with (7) > 0. In order
to investigate this observation, we plot the quasidegeneracy
spread in Fig. 3(c). At small flux densities ny = 1/16, 1/49,
we can see a noisy distribution of § values above the hexic
line indicating unordered many-body spectra that are not in
a topological phase. However, as we approach the contin-
uum at ng = 1/81, we can see the quasidegeneracy spread
reduces to zero in the region where we previously observed a
nonzero many-body gap. Finally, we probe the phase diagram
further by analyzing the entanglement spectra in Fig. 3(d).
Corresponding to the plots above, we notice a clear nonzero
principal entanglement gap above the correct (1,2) counting in
the region below the hexic line in all cases, which indicates the
presence of an FCI phase. The gap magnitude A ~ 23 con-
verges as ng — 0 and is comparable to that for the Hofstadter
model in the continuum limit (cf. Fig. 5(a) of Ref. [28]). For
ng = 1/81, however, we also observe a nonuniform nonzero
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FIG. 4. Many-body spectra for candidate bosonic Laughlin states
with small and large TISM. Comparison of many-body energy
and entanglement spectra for candidate 10-particle bosonic Laugh-
lin FCIs at ny = 1/81, on the quartic plane, with (a) (t, #) =
(—0.25, —0.25), and (b) (1, o) = (0.25, 0.25), corresponding to the
blue crosses in Fig. 3. The ground-state energies are (a) Enpo =
—72.0 and (b) Eipo = —74.6. The entanglement energies included
in the (1, 2) counting are colored red. The bottom panels show the
corresponding finite-size scaling of the many-body and entangle-
ment gaps. The many-body gaps are marked by blue dots and the
entanglement gaps are marked by red crosses. For reference, the
scaled many-body gap of the Hofstadter model in the thermodynamic
continuum limit is shown as a blue dashed line [28,39]. The lattice
geometries are selected so that the total system is approximately
square, with |1 — N,/N,| < 50% in all cases. The PESs are computed
with Ny = [N/2].

gap region appearing above the hexic line. Moreover, as for
the many-body gap data, there are points with (7) > O that
have a larger entanglement gap than in the (7) =~ 0 region.

At first glance, this may appear as though the geometric
stability hypothesis has been violated. However, by perform-
ing a finite-size scaling, we find that the many-body and
entanglement gaps in the region below the hexic line are
stable in the thermodynamic limit, whereas the gaps in the
region above the hexic line are unstable, as shown in Fig. 4. In
particular, for the anomalous region, we observe that the en-
tanglement gap closes as we increase particle number, which
disqualifies it from an FCI phase [25], whereas the entan-
glement gap in the lower region remains nonzero throughout
the scaling and shows signs of convergence. Similarly, in
Appendix C we perform a flux density scaling and show that
the anomalous region is also not robust in the continuum limit.
This suggests that the geometric stability hypothesis holds in
the thermodynamic and continuum limits, even for bands that
are not continuously connected to Landau levels.

In Fig. 5, we show the plot for the fermionic Laughlin state
corresponding to Fig. 3. As before, we see in Fig. 5(a) that the
scaled TISM (7)/q converges in the continuum limit. From
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FIG. 5. Stability of the fermionic Laughlin state on the quar-
tic plane. (a) BZ-averaged TISM (T7), scaled by the MUC area
q, plotted in the quartic plane 1+ 4¢3 + 9% + 16ty = 0, for ny =
1/24,1/54, 1/96. The hexic line to = (1 — 15¢¢)/64 and octic point
ty = —1/56 are overlaid in green. The point corresponding to Fig. 2
is marked by a red cross, the points corresponding to Fig. 6 are
marked by blue crosses, and the cross section corresponding to
Fig. 7(b) is marked by a red dashed line. (b) Many-body gap A,
scaled by the MUC area ¢, with parameters corresponding to (a).
The results are shown for the 8-particle fermionic Laughlin state
stabilized by the nearest-neighbor interaction V;; = §;. (¢) Quaside-
generacy spread 4, scaled by the MUC area g, corresponding to (b).
(d) Principal entanglement gap A, corresponding to (b) and (c).

the many-body gap data in Fig. 5(b), we notice a similar trend
to the bosonic Laughlin state in Fig. 3(b). At all values of
flux density, we observe a constant nonzero many-body gap
below the hexic line, with a similar magnitude ¢ A, ~ 1.2
to that for the Hofstadter model in the thermodynamic con-
tinuum limit [70] (cf. Fig. 4(b) of Ref. [28]). At intermediate
values of flux density ny = 1/24,1/54, we can see that this
nonzero many-body gap diminishes above the hexic line, in
agreement with the geometric stability hypothesis, apart from
a few sporadic points, which we do not categorize as FCIs due
to an incorrect quasihole counting. However, as we approach
the continuum limit at ny = 1/96, we can see that there is
a region above the hexic line that has a nonzero many-body
gap, which is approximately an order of magnitude larger than
the gap observed for (7) ~ 0 [71]. Data for the quasidegen-
eracy spread are less insightful here, since § ~ 0 in almost
all cases; however they do not eliminate the possibility of an
FCI phase. Finally, in Fig. 5(d), we notice an analogous trend
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FIG. 6. Many-body spectra for candidate fermionic Laughlin
states with small and large TISM. Comparison of many-body en-
ergy and entanglement spectra for candidate 10-particle fermionic
Laughlin FCIs at n, = 1/96, on the quartic plane, with (a) (t, ty) =
(—0.25, —0.25), and (b) (1, o) = (0.25, 0.25), corresponding to the
blue crosses in Fig. 5. The ground-state energies are (a) Enpo =
—72.1 and (b) Expo = —75.8. The entanglement energies included
in the (1, 3) counting are colored red. The bottom panels show the
corresponding finite-size scaling of the many-body and entangle-
ment gaps. The many-body gaps are marked by blue dots and the
entanglement gaps are marked by red crosses. For reference, the
scaled many-body gap of the Hofstadter model in the thermodynamic
continuum limit is shown as a blue dashed line [28,39]. The lattice
geometries are selected so that the total system is approximately
square, with |1 — N,/N,| < 27% in all cases. The PESs are computed
with Ny = [N/2].

to that seen in Fig. 3. At flux densities ny = 1/24, 1/54, we
observe the correct (1,3) counting below the hexic line with
a clear nonzero entanglement gap that converges as ny — 0,
whereas above the hexic line the gap goes to zero, indicating
a breakdown of the FCI phase. This shows that the points of
nonzero many-body gap above the hexic line, observed in the
left two panels of Fig. 5(b), do not correspond to FCIs. As
we approach the continuum at ny = 1/96, we can again see
the constant region of nonzero entanglement gap Az ~ 16
below the hexic line, with a magnitude comparable to that
for the Hofstadter model in the continuum limit (cf. Fig. 5(b)
of Ref. [28]). Moreover, there is now also an anomalous
nonuniform region of nonzero gap above the hexic line, with
a significantly larger entanglement gap.

As before, this may appear as though the geometric sta-
bility hypothesis has been violated at first glance. However,
by performing a finite-size scaling, we can see that the many-
body and entanglement gaps are stable in the region below
the hexic line, whereas they fluctuate wildly in the region
above the hexic line, as shown in Fig. 6. In particular, the
entanglement gap closes in the anomalous region as we in-
crease particle number, which disqualifies it from an FCI
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phase [25], whereas the entanglement gap remains nonzero
and shows signs of convergence in the lower region. In ad-
dition, the flux density scaling in Appendix C shows that the
anomalous region is also not robust in the continuum limit.
We emphasize that the system sizes and flux densities chosen
in Figs. 3 and 5 correspond to those used in previous numer-
ical studies of the geometric stability hypothesis [25,28,29],
which highlights the additional care required when analyzing
models with a non-Landau level continuum limit. Ultimately,
these data again support the geometric stability hypothesis in
the thermodynamic and continuum limits, even for bands not
continuously connected to Landau levels.

To explicitly demonstrate the spurious violations of the
geometric stability hypothesis at small system sizes, we fo-
cus on the cross sections marked by the red dashed lines in
Figs. 3 and 5. We start with the cross section for the bosonic
Laughlin state from Fig. 3 at ngy = 1/81, which is plotted
in Fig. 7(a). According to the geometric stability hypothesis,
we would expect FCI stability to monotonically increase as
(T) — 0. Instead, there appears to be a phase transition,
with a trivial phase observed at g = 0.05 [72], suggesting
that a monotonic decrease in the TISM does not lead to a
monotonic increase in FCI stability. Moreover, in this case
we notice that both of our FCI stability metrics, i.e., the
many-body gap and the entanglement gap, are correlated, and
they both seem to indicate that states at large (7) ~ 50 are
more stable than at (7) &~ 0. For comparison, we also plot the
other single-particle stability metrics discussed in Sec. IIT A.
Here we can see that the DISM is strongly correlated with
the TISM, and the gap-to-width ratio is inversely correlated
with the Berry fluctuations, as expected. We note that in this
example, the primitive single-particle stability metrics, such
as the gap-to-width ratio and Berry fluctuations, accord with
the band geometric measures, such as the TISM, DISM, and
Fubini-Study fluctuations, which is not always the case [23].
For all metrics, we notice a clear transition about the hexic
line, where the quartic term changes sign. Similarly, we can
examine the cross section for the fermionic Laughlin state
from Fig. 5 at ngy = 1/96, which is plotted in Fig. 7(b). As
in Fig. 7(a), we can see that FCI stability does not appear
to monotonically increase as (7) — 0, regardless of which
many-body stability metric is considered. Interestingly, on this
occasion we can see that the many-body and entanglement
gaps are inversely correlated above the hexic line. This reflects
the rapid reduction of the many-body gap as f, to > 0 are in-
creased, which is obscured by the color scale in the right panel
of Fig. 5(b). Nevertheless, there are points with (7) &~ 50 for
which both the many-body and entanglement gaps are larger
than at (7) ~ 0. Again, we can see that all single-particle
metrics accord with each other, showing a distinct transition
about the hexic line. Comparing FCIs at quartic, hexic, and
octic points with fixed flux density in Figs. 3 and 5, we do
not notice a significant change in the many-body and entan-
glement gaps, although these Hamiltonian properties do have
an overall effect on the phase diagram.

V. DISCUSSION AND CONCLUSIONS

In this paper, we have investigated the scope of the ge-
ometric stability hypothesis by analyzing the stability of a

(a) bosons, n, = 1/81 (b) fermions, n, = 1/96
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FIG. 7. Stability of Laughlin states on cross sections of the
quartic plane. Comparison of cross sections at (a) t, = —0.05 for
the bosonic Laughlin state at n, = 1/81, and (b) t, = 0.25 for the
fermionic Laughlin state at ng = 1/96, corresponding to the red
dashed lines in Figs. 3 and 5. The first panels show the scaled
many-body gap, ¢» Ay, for bosons (fermions), and the principal
entanglement gap A, as a function of #y. The many-body gaps are
marked by blue dots and the entanglement gaps are marked by red
crosses. The maximum values of the gaps are marked with dashed
lines, and the hexic line is marked with a solid green line, as in
Figs. 3 and 5. The subsequent panels show the corresponding single-
particle metrics in black. The second, third, and fourth panels show
the scaling of the BZ-averaged TISM (7), the BZ-averaged DISM
(D), and fluctuations of the Fubini-Study metric o,, respectively.
The minima of the TISM and DISM are marked with a dashed line.
Finally, the fifth and sixth panels show the scaling of the normalized
Berry curvature fluctuations 6z and the gap-to-width ratio A/W. The
logarithmic scale on the y axes is base 10.

family of FCIs that do not have a Landau level continuum
limit. In Sec. IT A, we started by explaining why the (3,6,9)
Hofstadter model in the quartic plane has a non-Landau level
continuum limit. In Sec. II B, we then showed how the flat
bands of this model are amenable to hosting FCIs given an
appropriate lattice geometry, filling fraction, and interaction
Hamiltonian. Subsequently, in Sec. III, we outlined our
method for testing the geometric stability hypothesis. In
Sec. III A, we explained why the TISM is the prominent
single-particle stability metric, and in Sec. III B, we justified
our choice of many-body and entanglement gaps as quantifiers
of FCI stability. Lastly, in Sec. IV, we analyzed the stability
of Laughlin states in our model and demonstrated that the
geometric stability hypothesis also applies to non-Landau flat
bands, albeit often requiring larger system sizes to converge
for these configurations.
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In Sec. IV, we chose system sizes and flux densities that
correspond to previous numerical studies of the geometric
stability hypothesis for topological flat band models with a
Landau level continuum limit [25,28,29]. In doing so, we
are able to directly compare numerical aspects of the sim-
ulations. We find that, even though N = 8 Laughlin FCIs
are well converged in the thermodynamic limit for the con-
ventional Hofstadter model [39], this is not the case for the
(3,6,9) model. In Figs. 3 and 5, we notice anomalous re-
gions above the hexic line that are not robust in the N — oo
limit, and in Appendix C, we show that these regions also
diminish as we continue to take the ngy — O limit. Since
these anomalous regions are fluctuating, highly sensitive to
numerical precision, and not robust in the thermodynamic
or continuum limits, we attribute this to a numerical insta-
bility and not a physical phase transition. Moreover, since
the relative magnetic length in our simulations is constant,
the most likely cause of this transient numerical instability is
the relative dominance of the fourth-order momentum term in
the Hamiltonian.

As previously mentioned, the definition of FCI stability is
ambiguous, which makes quantitatively testing the geomet-
ric stability hypothesis problematic. We decided to use the
many-body and entanglement gaps as quantifiers because they
are direct properties of the many-body Hamiltonian, despite
the fact that they are not always correlated. Other methods
of quantifying FCI stability, such as the range of interaction
strengths over which an FCl is stabilized [41,69], may lead to
different results. Another factor that is important to consider
is the form of the interaction term. For example, an FCI at
(T) = 0 will not be more stable than an FCI at (7) > 0 if its
interaction terms are significantly less optimal. In our inves-
tigation, we have compared FCIs with identical contact/NN
interactions to remove this variable. We also reiterate that,
despite the plethora of recent extensions and generalizations
[16,20,23,30,31], the original geometric stability hypothesis
holds up well for models that are not continuously connected
to Landau levels in our study, modulo misleading breakdowns
that are of numerical origin.

We have presented results highlighting the limitations of
testing the geometric stability hypothesis using finite-size nu-
merics. In future work, it would be interesting to develop and
test the efficacy of continuous single-particle stability metrics
in more general frameworks [16,23,30,31], analogous to the
TISM, since most current research is focused on criteria for
the ideal Chern band itself [14,31]. Moreover, although we
have presented a simple example of a model that does not
have a Landau level continuum limit, this is not the only
example. The conventional Hofstadter model famously has
an effective continuum for bands of higher Chern number in
the limit ny — 1/|C| [39]. It would therefore be interesting
to check whether there is also a finite-size breakdown in
the geometric stability hypothesis here, although this would
be more challenging, since it would require systematically
stabilizing a large set of higher-|C| FCIs [39,42,67,73,74].
We hope that showcasing the scope of the geometric stability
hypothesis motivates further efforts toward its generalization,
along with a reliable and inexpensive single-particle metric,
that can be used to universally compare the relative stability
of FCls.
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APPENDIX A: SINGLE-PARTICLE BAND STRUCTURE
OF THE (3,6,9) HOFSTADTER MODEL

In this section, we consider the (3,6,9) Hofstadter model,
defined as Eq. (1) withn = {1, 3,6,9}and #; = 1.

As mentioned in phe main text, the Peierls phase is defined
as 6;; = (27 /¢o) f{ A - dl, where A is the vector potential
and dl is an infinitesimal line element along the path from
i=(X;,Y;) to j=(X;,Y;). Performing this line integral in
Landau gauge A = Bx¢€, yields the general formula

X=X
0ij =2mng(Y; — Yi)(Xi + > >, (A1)
where the flux density ngy = Ba? /¢y = p/q with coprime in-
tegers (p, q), ¢ is the flux quantum, and X, Y are measured in
units of a. Note that, in this choice of gauge, the Peierls phase
depends on relative y coordinates but absolute x coordinates.
Using this formula, we find that the only hoppings in the
(3,6,9) Hofstadter model with a nonzero Peierls phase are
given as

2rngm, j = (m,n+1),
4rngm, j = (m,n—+ 2),
oy =1 " (A2)
b6rngm, j=(m,n+3),
8mngm, j=(m,n+4),

where we have defined i = (m, n).

Taking the plane wave ansatz W, , = eik~‘m“eik«""“1ﬁm,
and substituting this into the time-independent Schrédinger
equation HV,, , = EW,, ,,, leaves us with

Ewm ZF*Wm—4 + D*wm—S + C*I/fm—Z
+ B*wmfl + Amwm + BWerl

+ C‘/fm-&-Z + Dwm-&-S + me+4» (As)
where
4
Am=—2)_t cosQrrngm + tkya), (A4)
=1
B = —t]eh, (AS)
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FIG. 8. Additional results for the stability of the bosonic Laughlin state on the quartic plane. (a) BZ-averaged TISM (7), scaled by
the MUC area ¢, plotted in the quartic plane 1+ 4#3 + 9t + 1619 = 0, for ny = 1/100, 1/121, 1/144, 1/169, 1/196, 1/225, 1/256. The
hexic line to = (1 — 15t5)/64 and octic point t¢ = —1/56 are overlaid in green. (b) Many-body gap A, scaled by the MUC area g, with
parameters corresponding to (a). The results are shown for the 8-particle bosonic Laughlin state stabilized by the contact interaction V;; = §;;.
(c) Quasidegeneracy spread 4, scaled by the MUC area g, corresponding to (b). (d) Principal entanglement gap A, corresponding to (b) and

(c). These results follow directly from Fig. 3.

C = —tje?, (A6)
D = —t;eh (A7)
F = —[4614]{*“, (AS)

and we have skipped the letter E to avoid confusion with
the eigenenergies. Consequently, the full eigenvalue problem
Hy = Ey, where ¥ = (Y1, Y2, ..., ¥)T, is described by the
g x g Hamiltonian matrix

A\ B CDF..O0 F* D' C' B
B A B CD.. 0O 0 F* D C*
C*B*As B C.. 0 0 0 F* D
D*C*B* A, B.. 0 0 0 0 F*
F*D*C*B*As... 0 0 0 0 0
H=|: : ¢t~ &
000O0GO0..44 B C D F
F 0O0O0GO..B A3 B C D
DF O0O0O..C B A, B C
C DFOGO..D C° B A B
B CDFO..F D C B A
(A9)

The eigenvalues of the above Hamiltonian yield the g-band
single-particle energy spectrum for the (3,6,9) Hofstadter
model with ny = p/q, shown in Figs. 2(a) and 2(b).

APPENDIX B: DETAILS OF THE NUMERICAL METHOD

We compute the many-body spectra of the (3,6,9)
Hofstadter model using the Lanczos algorithm implemented
in the DiagHam package. In most cases, we use a Lanc-
zos precision of AEy, = 107! and compute the lowest five
eigenstates in each momentum sector. However, there are a
few cases where we need to either adjust the precision or
compute a larger number of eigenstates in order to ensure that
the low-lying states are properly converged, such as for the
N =9 point in Fig. 6(a). This can have a significant effect
on the energy and entanglement spectra, with the latter being
more sensitive.

For the systematic computations on the quartic plane,
shown in Figs. 3, 5, 7, and 8, we use a square total system
size, as described in the main text. However, when performing
the finite-size scaling in Figs. 4 and 6, or the flux density
scaling for fermions in Fig. 9, this is not always possible
for the given particle numbers and flux densities, and so we
use approximately square systems. We define the squareness
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FIG. 9. Additional results for the stability of the fermionic Laughlin state on the quartic plane. (a) BZ-averaged TISM (7'), scaled by the
MUC area g, plotted in the quartic plane 1 + 4¢3 4 9% + 16ty = 0, for ny = 1/126, 1/140, 1/150, 1/160, 1/168, 1/176, 1/187. We select
flux densities that admit almost square configurations (¢ < 7%) and are approximately evenly spaced with respect to g. The hexic line
t9 = (1 — 15t¢)/64 and octic point tg = —1/56 are overlaid in green. (b) Many-body gap A, scaled by the MUC area ¢, with parameters
corresponding to (a). The results are shown for the 8-particle fermionic Laughlin state stabilized by the nearest-neighbor interaction V;; = §;.
(c) Quasidegeneracy spread 8, scaled by the MUC area ¢, corresponding to (b). (d) Principal entanglement gap A¢, corresponding to (b) and
(c). These results follow directly from Fig. 5.

deviation parameter as gions of large many-body and entanglement gaps above the
N hexic line gradually diminish as ny — 0, which shows that

e=|1— 2. (B1) this is a transient phenomenon. At the smallest flux density of

Ny ng = 1/256, the anomalous regions have almost completely

For each system size, we search for lattice geometries that
yield the correct filling fraction L,L,/N = s and flux den-
sity [xly = ¢, while minimizing €. For the bosonic Laughlin TABLE 1. Lattice geometries used for the finite-size scaling in
state in Fig. 4, lattice geometries that satisfy this for 1 < the bottom panels of (a) Fig. 4 and (b) Fig. 6.

Ly, I, Ly, [, <100 are given in Table I(a). For the fermionic

Laughlin state in Fig. 6, corresponding lattice geometries are N I Iy L, L, €
given in Table I(b). (2) bosons
APPENDIX C: FLUX DENSITY SCALING FOR LAUGHLIN ~ © 9 2 3 4 0.25
STATES ON THE QUARTIC PLANE 7 27 3 ! 14 0.36
8 9 9 4 4 0
In this section, we present a total of 1694 numerical exact 9 9 9 3 6 0.5
diagonalization computations, to complement the results in 10 9 9 4 5 0.20
Sec. IV. In particular, we directly follow on from Figs. 3 and (b) fermions
5 and investigate the stability of Laughlin states on the quartic 6 2 3 3 6 0.25
plane as we go deeper into the continuum limit ny — 0. 7 16 6 3 7 0.14
In Fig. 8, we show a direct continuation of Fig. 3 for the 3 12 N 4 6 0
stability of the bosonic Laughlin state at smaller values of ng. 9 16 6 3 9 0.11
As in the main text, we consider square configurations with | 16 6 3 10 0.20
MUCs of dimension /;xIl, = mxm and system dimensions 11 16 6 3 11 027

L, xL, =4x4. In the figure, we see that the anomalous re-
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disappeared and the geometric stability hypothesis is recov-
ered, with clear signatures of FCIs observed only below the
hexic line, where the TISM is smallest.

Similarly, in Fig. 9, we show a direct continuation of Fig. 5
for the stability of the fermionic Laughlin state at smaller
values of ng. In this case, we are not able to restrict ourselves
to square configurations, due to the increasingly challenging
convergence of the Lanczos algorithm. Instead, we consider
approximately square configurations with € < 7%, using the
algorithm described in Appendix B. As for the bosonic Laugh-
lin state in Fig. 8, we see that the anomalous regions diminish
as ny — 0. Similarly, the anomalous regions for the many-
body and entanglement gaps are correlated and recede from
the top-right corner, where the TISM is largest.

From performing the computations, we find that the
anomalous regions are not only fluctuating, but also highly
sensitive to the precision of the Lanczos algorithm. Coupled
with the fact that these regions are not robust in the thermo-
dynamic or continuum limits, we attribute this to a numerical
instability and not a physical phase transition. Since the ratio
of the linear system size ,/N.N, ~ ,/q to magnetic length
€~ (2mng)~V? ~  /q is constant, this is not a length scale
phenomenon. Instead, the most likely cause of the transient
numerical instability is the relative dominance of the fourth-
order momentum term in the Hamiltonian. This highlights the
additional care needed to recover the geometric stability hy-
pothesis for Chern bands with a non-Landau level continuum
limit.

[1] K. von Klitzing, T. Chakraborty, P. Kim, V. Madhavan, X. Dai,
J. Mclver, Y. Tokura, L. Savary, D. Smirnova, A. M. Rey, C.
Felser, J. Gooth, and X. Qi, 40 years of the quantum Hall effect,
Nat. Rev. Phys. 2, 397 (2020).

[2] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S. Das
Sarma, Non-Abelian anyons and topological quantum compu-
tation, Rev. Mod. Phys. 80, 1083 (2008).

[3] Z. Liu and E. J. Bergholtz, Recent developments in fractional
Chern insulators, in Encyclopedia of Condensed Matter Physics
(Second Edition), edited by T. Chakraborty (Academic Press,
Oxford, 2024).

[4] N. Regnault and B. A. Bernevig, Fractional Chern insulator,
Phys. Rev. X 1, 021014 (2011).

[5] G. Moller and N. R. Cooper, Composite fermion theory for
bosonic quantum Hall states on lattices, Phys. Rev. Lett. 103,
105303 (2009).

[6] T. Neupert, L. Santos, C. Chamon, and C. Mudry, Fractional
quantum Hall states at zero magnetic field, Phys. Rev. Lett. 106,
236804 (2011).

[7] D. N. Sheng, Z.-C. Gu, K. Sun, and L. Sheng, Fractional quan-
tum Hall effect in the absence of Landau levels, Nat. Commun.
2,389 (2011).

[8] E. Tang, J.-W. Mei, and X.-G. Wen, High-temperature fractional
quantum Hall states, Phys. Rev. Lett. 106, 236802 (2011).

[9] Y. Xie, A. T. Pierce, J. M. Park, D. E. Parker, E. Khalaf,
P. Ledwith, Y. Cao, S. H. Lee, S. Chen, P. R. Forrester, K.
Watanabe, T. Taniguchi, A. Vishwanath, P. Jarillo-Herrero, and
A. Yacoby, Fractional Chern insulators in magic-angle twisted
bilayer graphene, Nature (London) 600, 439 (2021).

[10] Z.Lu, T. Han, Y. Yao, A. P. Reddy, J. Yang, J. Seo, K. Watanabe,
T. Taniguchi, L. Fu, and L. Ju, Fractional quantum anomalous
Hall effect in multilayer graphene, Nature (London) 626, 759
(2024).

[11] J. Cai, E. Anderson, C. Wang, X. Zhang, X. Liu, W. Holtzmann,
Y. Zhang, F. Fan, T. Taniguchi, K. Watanabe, Y. Ran, T. Cao, L.
Fu, D. Xiao, W. Yao, and X. Xu, Signatures of fractional quan-
tum anomalous Hall states in twisted MoTe,, Nature (London)
622, 63 (2023).

[12] P. J. Ledwith, G. Tarnopolsky, E. Khalaf, and A. Vishwanath,
Fractional Chern insulator states in twisted bilayer graphene:
An analytical approach, Phys. Rev. Res. 2, 023237 (2020).

[13] J. Wang and Z. Liu, Hierarchy of ideal flatbands in chiral
twisted multilayer graphene models, Phys. Rev. Lett. 128,
176403 (2022).

[14] B. Mera and T. Ozawa, Engineering geometrically flat Chern
bands with Fubini-Study Kéhler structure, Phys. Rev. B 104,
115160 (2021).

[15] A. Bouhon, A. Timmel, and R.-J. Slager, Quantum geometry
beyond projective single bands, arXiv:2303.02180.

[16] M. Fujimoto, D. E. Parker, J. Dong, E. Khalaf, A. Vishwanath,
and P. Ledwith, Higher vortexability: Zero field realization of
higher Landau levels, arXiv:2403.00856.

[17] N. Morales-Durdn, N. Wei, J. Shi, and A. H. MacDonald, Magic
angles and fractional Chern insulators in twisted homobilayer
transition metal dichalcogenides, Phys. Rev. Lett. 132, 096602
(2024).

[18] Z. Dong, A. S. Patri, and T. Senthil, Theory of fractional
quantum anomalous Hall phases in pentalayer rhombohedral
graphene moiré structures, arXiv:2311.03445.

[19] Z. Guo, X. Lu, B. Xie, and J. Liu, Theory of fractional
Chern insulator states in pentalayer graphene moiré superlat-
tice, arXiv:2311.14368.

[20] A. Abouelkomsan, K. Yang, and E. J. Bergholtz, Quantum
metric induced phases in moiré materials, Phys. Rev. Res. 5,
L012015 (2023).

[21] J. Wang, S. Klevtsov, and Z. Liu, Origin of model fractional
Chern insulators in all topological ideal flatbands: Explicit
color-entangled wave function and exact density algebra,
Phys. Rev. Res. 5, 023167 (2023).

[22] J. Wang, J. Cano, A. J. Millis, Z. Liu, and B. Yang, Exact
Landau level description of geometry and interaction in a flat-
band, Phys. Rev. Lett. 127, 246403 (2021).

[23] P. J. Ledwith, A. Vishwanath, and D. E. Parker, Vortexabil-
ity: A unifying criterion for ideal fractional Chern insulators,
Phys. Rev. B 108, 205144 (2023).

[24] Y. Guan, O. V. Yazyev, and A. Kruchkov, Reentrant magic-
angle phenomena in twisted bilayer graphene in integer
magnetic fluxes, Phys. Rev. B 106, L121115 (2022).

[25] T. S. Jackson, G. Moller, and R. Roy, Geometric stability of
topological lattice phases, Nat. Commun. 6, 8629 (2015).

[26] R. Roy, Band geometry of fractional topological insulators,
Phys. Rev. B 90, 165139 (2014).

245111-12


https://doi.org/10.1038/s42254-020-0209-1
https://doi.org/10.1103/RevModPhys.80.1083
https://doi.org/10.1103/PhysRevX.1.021014
https://doi.org/10.1103/PhysRevLett.103.105303
https://doi.org/10.1103/PhysRevLett.106.236804
https://doi.org/10.1038/ncomms1380
https://doi.org/10.1103/PhysRevLett.106.236802
https://doi.org/10.1038/s41586-021-04002-3
https://doi.org/10.1038/s41586-023-07010-7
https://doi.org/10.1038/s41586-023-06289-w
https://doi.org/10.1103/PhysRevResearch.2.023237
https://doi.org/10.1103/PhysRevLett.128.176403
https://doi.org/10.1103/PhysRevB.104.115160
https://arxiv.org/abs/2303.02180
https://arxiv.org/abs/2403.00856
https://doi.org/10.1103/PhysRevLett.132.096602
https://arxiv.org/abs/2311.03445
https://arxiv.org/abs/2311.14368
https://doi.org/10.1103/PhysRevResearch.5.L012015
https://doi.org/10.1103/PhysRevResearch.5.023167
https://doi.org/10.1103/PhysRevLett.127.246403
https://doi.org/10.1103/PhysRevB.108.205144
https://doi.org/10.1103/PhysRevB.106.L121115
https://doi.org/10.1038/ncomms9629
https://doi.org/10.1103/PhysRevB.90.165139

STABILITY OF FRACTIONAL CHERN INSULATORS WITH ...

PHYSICAL REVIEW B 109, 245111 (2024)

[27] S. A. Parameswaran, R. Roy, and S. L. Sondhi, Fractional
quantum Hall physics in topological flat bands, C. R. Phys. 14,
816 (2013).

[28] D. Bauer, T. S. Jackson, and R. Roy, Quantum geometry and
stability of the fractional quantum Hall effect in the Hofstadter
model, Phys. Rev. B 93, 235133 (2016).

[29] D. Bauer, S. Talkington, F. Harper, B. Andrews, and R. Roy,
Fractional Chern insulators with a non-Landau level continuum
limit, Phys. Rev. B 105, 045144 (2022).

[30] S. H. Simon and M. S. Rudner, Contrasting lattice geome-
try dependent versus independent quantities: Ramifications for
Berry curvature, energy gaps, and dynamics, Phys. Rev. B 102,
165148 (2020).

[31] B. Estienne, N. Regnault, and V. Crépel, Ideal Chern bands
as Landau levels in curved space, Phys. Rev. Res. 5, L032048
(2023).

[32] P. G. Harper, Single band motion of conduction electrons in a
uniform magnetic field, Proc. Phys. Soc. A 68, 874 (1955).

[33] M. Y. Azbel, Energy spectrum of a conduction electron in a
magnetic field, Zh. Eksp. Teor. Fiz. 46, 929 (1964) [Sov. Phys.
JETP 19, 634 (1964)].

[34] D. R. Hofstadter, Energy levels and wave functions of Bloch
electrons in rational and irrational magnetic fields, Phys. Rev. B
14, 2239 (1976).

[35] R. Peierls, Zur theorie des diamagnetismus von leitungselektro-
nen, Z. Phys. 80, 763 (1933).

[36] J. Zak, Magnetic translation group, Phys. Rev. 134, A1602
(1964).

[37] D. Osadchy and J. E. Avron, Hofstadter butterfly as quantum
phase diagram, J. Math. Phys. 42, 5665 (2001).

[38] B. Andrews, HofstadterTools: A Python package for analyz-
ing the Hofstadter model, J. Open Source Softw. 9, 6356
(2024).

[39] B. Andrews and G. Moller, Stability of fractional Chern insula-
tors in the effective continuum limit of Harper-Hofstadter bands
with Chern number |C| > 1, Phys. Rev. B 97, 035159 (2018).

[40] B. Andrews, M. Mohan, and T. Neupert, Abelian topological
order of v =2/5 and 3/7 fractional quantum Hall states in
lattice models, Phys. Rev. B 103, 075132 (2021).

[41] B. Andrews, T. Neupert, and G. Moller, Stability, phase transi-
tions, and numerical breakdown of fractional Chern insulators
in higher Chern bands of the Hofstadter model, Phys. Rev. B
104, 125107 (2021).

[42] G. Moller and N. R. Cooper, Fractional Chern insulators in
Harper-Hofstadter bands with higher Chern number, Phys. Rev.
Lett. 115, 126401 (2015).

[43] J. Motruk, M. P. Zaletel, R. S. K. Mong, and F. Pollmann,
Density matrix renormalization group on a cylinder in mixed
real and momentum space, Phys. Rev. B 93, 155139 (2016).

[44] M. Aidelsburger, M. Atala, M. Lohse, J. T. Barreiro, B. Paredes,
and I. Bloch, Realization of the Hofstadter Hamiltonian with
ultracold atoms in optical lattices, Phys. Rev. Lett. 111, 185301
(2013).

[45] C.R. Dean, L. Wang, P. Maher, C. Forsythe, F. Ghahari, Y. Gao,
J. Katoch, M. Ishigami, P. Moon, M. Koshino, T. Taniguchi, K.
Watanabe, K. L. Shepard, J. Hone, and P. Kim, Hofstadter’s but-
terfly and the fractal quantum Hall effect in moiré superlattices,
Nature (London) 497, 598 (2013).

[46] M. Aidelsburger, M. Lohse, C. Schweizer, M. Atala, J. Barreiro,
S. Nascimbene, N. Cooper, 1. Bloch, and N. Goldman, Mea-

suring the Chern number of Hofstadter bands with ultracold
bosonic atoms, Nat. Phys. 11, 162 (2015).

[47] X. Lu, B. Lian, G. Chaudhary, B. A. Piot, G. Romagnoli, K.
Watanabe, T. Taniguchi, M. Poggio, A. H. MacDonald, B. A.
Bernevig, and D. K. Efetov, Multiple flat bands and topological
Hofstadter butterfly in twisted bilayer graphene close to the sec-
ond magic angle, Proc. Natl. Acad. Sci. USA 118, e2100006118
(2021).

[48] J. Yu, B. A. Foutty, Z. Han, M. E. Barber, Y. Schattner, K.
Watanabe, T. Taniguchi, P. Phillips, Z.-X. Shen, S. A. Kivelson,
and B. E. Feldman, Correlated Hofstadter spectrum and
flavour phase diagram in magic-angle twisted bilayer graphene,
Nat. Phys. 18, 825 (2022).

[49] The symmetric sum is a gauge choice.

[50] T. Scaffidi and S. H. Simon, Exact solutions of fractional Chern
insulators: Interacting particles in the Hofstadter model at finite
size, Phys. Rev. B 90, 115132 (2014).

[51] J. K. Jain, Composite-fermion approach for the fractional quan-
tum Hall effect, Phys. Rev. Lett. 63, 199 (1989).

[52] P.Sitko, K.-S. Yi, and J. J. Quinn, Composite fermion hierarchy:
Condensed states of composite fermion excitations, Phys. Rev.
B 56, 12417 (1997).

[53] The linearized momentum index is introduced simply to present
the many-body spectrum on a two-dimensional plot. It is not a
good quantum number.

[54] E. J. Bergholtz and Z. Liu, Topological flat band models and
fractional Chern insulators, Int. J. Mod. Phys. B 27, 1330017
(2013).

[55] A. G. Grushin, T. Neupert, C. Chamon, and C. Mudry, En-
hancing the stability of a fractional Chern insulator against
competing phases, Phys. Rev. B 86, 205125 (2012).

[56] S. Peotta and P. Tormi, Superfluidity in topologically nontrivial
flat bands, Nat. Commun. 6, 8944 (2015).

[57] P. Torm4, S. Peotta, and B. A. Bernevig, Superconductivity,
superfluidity and quantum geometry in twisted multilayer sys-
tems, Nat. Rev. Phys. 4, 528 (2022).

[58] A. Julku, G. M. Bruun, and P. T6rmi, Quantum geometry and
flat band Bose-Einstein condensation, Phys. Rev. Lett. 127,
170404 (2021).

[59] S. M. Chan, B. Grémaud, and G. G. Batrouni, Pairing and
superconductivity in quasi-one-dimensional flat-band systems:
Creutz and sawtooth lattices, Phys. Rev. B 105, 024502
(2022).

[60] J. Mitscherling and T. Holder, Bound on resistivity in flat-band
materials due to the quantum metric, Phys. Rev. B 105, 085154
(2022).

[61] B. Mera and J. Mitscherling, Nontrivial quantum geometry of
degenerate flat bands, Phys. Rev. B 106, 165133 (2022).

[62] A. Carollo, D. Valenti, and B. Spagnolo, Geometry of quantum
phase transitions, Phys. Rep. 838, 1 (2020).

[63] N. Marzari, A. A. Mostofi, J. R. Yates, I. Souza, and D.
Vanderbilt, Maximally localized Wannier functions: Theory and
applications, Rev. Mod. Phys. 84, 1419 (2012).

[64] R. Resta, The insulating state of matter: A geometrical theory,
Eur. Phys. J. B 79, 121 (2011).

[65] V. V. Albert, B. Bradlyn, M. Fraas, and L. Jiang, Geometry and
response of Lindbladians, Phys. Rev. X 6, 041031 (2016).

[66] A.-G. Penner, F. von Oppen, G. Zardnd, and M. R. Zirnbauer,
Hilbert space geometry of random matrix eigenstates,
Phys. Rev. Lett. 126, 200604 (2021).

245111-13


https://doi.org/10.1016/j.crhy.2013.04.003
https://doi.org/10.1103/PhysRevB.93.235133
https://doi.org/10.1103/PhysRevB.105.045144
https://doi.org/10.1103/PhysRevB.102.165148
https://doi.org/10.1103/PhysRevResearch.5.L032048
https://doi.org/10.1088/0370-1298/68/10/304
https://doi.org/10.1103/PhysRevB.14.2239
https://doi.org/10.1007/BF01342591
https://doi.org/10.1103/PhysRev.134.A1602
https://doi.org/10.1063/1.1412464
https://doi.org/10.21105/joss.06356
https://doi.org/10.1103/PhysRevB.97.035159
https://doi.org/10.1103/PhysRevB.103.075132
https://doi.org/10.1103/PhysRevB.104.125107
https://doi.org/10.1103/PhysRevLett.115.126401
https://doi.org/10.1103/PhysRevB.93.155139
https://doi.org/10.1103/PhysRevLett.111.185301
https://doi.org/10.1038/nature12186
https://doi.org/10.1038/nphys3171
https://doi.org/10.1073/pnas.2100006118
https://doi.org/10.1038/s41567-022-01589-w
https://doi.org/10.1103/PhysRevB.90.115132
https://doi.org/10.1103/PhysRevLett.63.199
https://doi.org/10.1103/PhysRevB.56.12417
https://doi.org/10.1142/S021797921330017X
https://doi.org/10.1103/PhysRevB.86.205125
https://doi.org/10.1038/ncomms9944
https://doi.org/10.1038/s42254-022-00466-y
https://doi.org/10.1103/PhysRevLett.127.170404
https://doi.org/10.1103/PhysRevB.105.024502
https://doi.org/10.1103/PhysRevB.105.085154
https://doi.org/10.1103/PhysRevB.106.165133
https://doi.org/10.1016/j.physrep.2019.11.002
https://doi.org/10.1103/RevModPhys.84.1419
https://doi.org/10.1140/epjb/e2010-10874-4
https://doi.org/10.1103/PhysRevX.6.041031
https://doi.org/10.1103/PhysRevLett.126.200604

ANDREWS, RAJA, MISHRA, ZALETEL, AND ROY

PHYSICAL REVIEW B 109, 245111 (2024)

[67] Z. Liu, E. J. Bergholtz, H. Fan, and A. M. Léuchli, Fractional
Chern insulators in topological flat bands with higher Chern
number, Phys. Rev. Lett. 109, 186805 (2012).

[68] T. Scaffidi and G. Moller, Adiabatic continuation of fractional
Chern insulators to fractional quantum Hall states, Phys. Rev.
Lett. 109, 246805 (2012).

[69] A. G. Grushin, J. Motruk, M. P. Zaletel, and F. Pollmann,
Characterization and stability of a fermionic v = 1/3 fractional
Chern insulator, Phys. Rev. B 91, 035136 (2015).

[70] We note that the many-body gap magnitudes for the fermionic
Laughlin state in Ref. [39] differ by a factor of 2 compared to
our study and Ref. [28]. Moreover, the Schmidt values A; are
defined as % in Ref. [39], whereas they are defined as e~5/2

in our study and Ref. [28]. Hence, the principal entanglement
gaps also differ by a factor of 2.

[71] This anomalous region above the hexic line is also nonuniform,
although not visible on the scale of the plot.

[72] The small but finite entanglement gap at this point reflects the
energy scale of the spectrum and is not a topological signature.

[73] J. Dong, P. J. Ledwith, E. Khalaf, J. Y. Lee, and A. Vishwanath,
Many-body ground states from decomposition of ideal higher
Chern bands: Applications to chirally twisted graphene multi-
layers, Phys. Rev. Res. 5, 023166 (2023).

[74] A. Sterdyniak, C. Repellin, B. A. Bernevig, and N. Regnault,
Series of Abelian and non-Abelian states in C > 1 fractional
Chern insulators, Phys. Rev. B 87, 205137 (2013).

245111-14


https://doi.org/10.1103/PhysRevLett.109.186805
https://doi.org/10.1103/PhysRevLett.109.246805
https://doi.org/10.1103/PhysRevB.91.035136
https://doi.org/10.1103/PhysRevResearch.5.023166
https://doi.org/10.1103/PhysRevB.87.205137

