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Efficient preparation of non-Abelian topological orders in the doubled Hilbert space
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Realizing non-Abelian topological orders and their anyon excitations is an esteemed objective. In this work,
we propose a novel approach towards this goal: quantum simulating topological orders in the doubled Hilbert
space—the space of density matrices. We show that ground states of all quantum double models (toric code being
the simplest example) can be efficiently prepared in the doubled Hilbert space; only finite-depth local operations
are needed. In contrast, this is not the case in the conventional Hilbert space: ground states of only some of these
models are known to be efficiently preparable. Additionally, we find that nontrivial anyon braiding effects, both
Abelian and non-Abelian, can be realized in the doubled Hilbert space, although the intrinsic nature of density
matrices restricts possible excitations.
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I. INTRODUCTION

In this noisy intermediate-scale quantum (NISQ) era, quan-
tum simulation has attracted significant amount of research
efforts [1,2]. One major question being actively explored is
how to realize certain useful or novel quantum states on a
realistic platform.

In the pursuit of this endeavor, it has been realized that
nonunitary operations are extremely useful tools in many
quantum simulation tasks. Indeed, as shown in Refs. [3–7],
certain long-range entangled many-body quantum states can
be prepared with constant layers of local unitary gates and
local measurements (see also Refs. [8,9]). In contrast, if
only local unitaries are allowed, one would need a uni-
tary circuit whose depth increases with the system size.
However, although quantum measurements are efficient for
generating long-range entanglement, they have one obvious
shortcoming—the randomness of outcomes. In a limited set
of cases discussed in the references above, it is possible to
efficiently cure the randomness from measurements. In other
situations, it seems that one has to do inefficient postselections
or seek alternative protocols, unless when an intrinsically
random state is wanted [10].

In this work, we propose a novel route of quantum simu-
lation where deterministic nonunitary operations are possible:
quantum simulation in the doubled Hilbert space—the space
of density matrices. More explicitly, each density matrix ρ of a
quantum state can be mapped to a pure state |ρ〉 in the doubled
space. The wave function of |ρ〉 is nothing but the density
matrix elements ρi j . Applying a quantum channel on ρ is
equivalent to acting a generically nonunitary operator on |ρ〉.
Therefore it is possible that interesting quantum states hard
to prepare in the conventional Hilbert space can be efficiently
prepared as states |ρ〉 in the doubled Hilbert space.
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We show that this is indeed the case through the example
of realizing topologically ordered states, which is perhaps the
most exciting subfield of quantum simulation due to its direct
relevance to fault-tolerant quantum computation [3–6,11–20].
More specifically, we show that in the doubled Hilbert space,
with constant-depth local operations, one can prepare ground
states of Kitaev’s quantum double models [21], or G-gauge
theories, for all finite groups G. In the conventional Hilbert
space, however, the same task is known to be possible only
for a subset of groups (solvable groups) [3,4,6].

This is not a free lunch though. The advantage of doubled
Hilbert space comes with a cost: Intrinsic properties of density
matrices restrict the allowed states and not all excited states of
these topological orders are accessible. Nonetheless, we show
that nontrivial anyon braiding, a hallmark of topological order,
can be realized in the doubled Hilbert space. This is true for
both Abelian and non-Abelian braiding.

Doubled-space topological order also explicitly or implic-
itly appears in a few previous works [19,22–26], but they
are all quite different from the present one. More specifi-
cally, Refs. [19,22,23,25] assume a topologically ordered state
already exists in the conventional Hilbert space, while in
this work, we begin with a product state. References [24,26]
consider Abelian doubled-space topological orders as steady
states of dissipative systems, while in this work, we prepare
both Abelian and non-Abelian doubled-space topological or-
ders by few-layer local quantum channels.

In the following, we will start from an Abelian example:
building a toric code ground state in the doubled Hilbert space
and realizing Abelian anyon braiding. We then discuss more
general quantum doubled models and the phenomenon of non-
Abelian anyon braiding.

II. EXAMPLE OF TORIC CODE

Given a many-body density matrix ρ and a real-space ten-
sor product basis {|i〉} of the Hilbert space, we can write the
density matrix as ρ = ∑

i, j ρi j |i〉 〈 j|, and then map it to a pure
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state in the doubled Hilbert space:

|ρ〉 := 1√
Tr(ρ2)

∑
i, j

ρi j |i〉 | j〉 . (1)

We will refer to these two copies of Hilbert spaces as the ket
and bra spaces, respectively.

In this paper, we will introduce a strategy for building up
topologically ordered states in the doubled Hilbert space. In
this section, we will first consider the simplest example—that
of the toric code model [21]. More complicated topological
orders, especially non-Abelian ones, will be discussed in later
sections. Given a square lattice with qubits living on the
edges/links, the toric code model is defined by the following
Hamiltonian:

(2)

Throughout this paper, we use v (e, f ) to label vertices
(edges, faces). Xv (Z f ) is the product of all Pauli-X (Pauli-
Z) operators on the neighboring edges of vertex v (face f ).
Generalizations of the Hamiltonian to nonsquare lattices are
straightforward. For simplicity, we can assume the lattice to
be periodic, although open boundary conditions are also not
hard to analyze. HTC is a frustration free Hamiltonian: ground
states of it satisfies each single term, i.e., Xv = Z f = 1
for all v, f .

Let us now describe our protocol for building a toric code
ground state in the doubled Hilbert space. We again consider a
periodic square lattice with qubits living on edges/links, and
take the initial state |0〉 to be the product state

∏
e |↑〉e. The

initial density matrix is denoted as ρ0 = |0〉 〈0|, and the corre-
sponding state in the doubled space is |ρ0〉 = ∏

e,e′ |↑〉e |↑〉e′ .
For each vertex v on the lattice, we define a local quantum
channel Ev[·] which acts on an arbitrary density matrix σ as

Ev[σ ] = 1
2 (σ + XvσXv ). (3)

Let E := ∏
v Ev be the composition of all Ev; the order does

not matter because the Xv operators all commute. The next
step of our protocol is to take ρ0 through the quantum channel
E . Due to the locality of Xv , this quantum channel can be
realized by applying a finite-depth local unitary circuit on |0〉
together with some auxiliary spins.

Let ρ be the resulting density matrix, and let |ρ〉 be
the corresponding pure state in the doubled space. We
have

|ρ〉 ∝
∏
v

[
1

2
(1 + Xv ⊗ Xv )

]
|0〉 . (4)

We claim and will now explain that |ρ〉 has the toric code
topological order. We may regard |ρ〉 as living on two copies
of the original lattice, as illustrated in Fig. 1. For each edge
e (vertex v, face f ) in the ket space lattice, we denote its
counterpart in the bra space lattice by ē (v̄, f̄ ). With this
notation, we observe that |ρ〉 has +1 eigenvalue under the

FIG. 1. Illustraction of the doubled lattice.

following mutually commuting operators/stabilizers:
(i) ZeZē for all e,
(ii) Z f and Z f̄ for all f ,
(iii) XvXv̄ for all v.
The first set of stabilizers implies that each pair of edges e

and ē can be identified in the Z basis. Under this identification,
the bilayer lattice reduces to a single layer, and the third
set of stabilizers is equivalent to Xv . Combining with the
second set of stabilizers, we see that |ρ〉 indeed minimizes
the toric code Hamiltonian HTC. There is also an alternative
perspective: just imagine gluing each pair of vertices v and
v̄ as shown by the dashed line in Fig. 1. We obtain a lattice
where each pair of (new) vertices are connected by two edges.
The stabilizers listed above imply that |ρ〉 minimizes the toric
code Hamiltonian defined on this new lattice.

III. RESTRICTED EXCITATIONS

The intrinsic properties of density matrices, including
Hermiticity, positivity, and trace unity, constraint possible
operations in the doubled Hilbert space. As a consequence,
the allowed excitations above the aforementioned ground state
in the doubled space are restricted. For example, Tr(ρ) = 1
implies that |ρ〉 has a nontrivial overlap with the state |I〉 :=
D−1/2 ∑

i |i〉 |i〉, where {|i〉 |i = 1, 2, . . . , D} is an orthonormal
basis of the D-dimensional conventional Hilbert space. Since
|I〉 satisfies (has +1 eigenvalue under) the first and third sets
of stabilizers mentioned previously, i.e., ZeZē and XvXv̄ , no
matter what operations we do on |ρ〉, the resulting state has no
hope to completely violate (have −1 eigenvalue under) these
stabilizers.

IV. ABELIAN ANYON BRAIDING

Although the accessible excitations are restricted as ex-
plained above, we will show that nontrivial anyon braiding, a
hallmark of topological order, can still be implemented in the
doubled Hilbert space. Let ρ be the density matrix that has
toric code topological order in the doubled Hilbert space. To
describe our protocol, define OX , OZ , and WX operators as
shown in Figs. 2(a)–2(c). Also define U = (OX + OZ )/

√
2.

We propose comparing the following two states in the doubled
space:

(1) (WX ⊗ WX ) |ρ〉 = |ρ〉,
(2) (U ⊗ U )(WX ⊗ WX )(U ⊗ U ) |ρ〉 =: |ρ ′〉.
Here we have used the fact that U and WX are both

real unitary operators. The U ⊗ U operator does not respect
the ZeZē = 1 constraints, hence we can no longer identify
the edges from the two lattice layers. We can still use the
alternative picture mentioned previously: Only identify the
vertices from the two layers, and obtain a lattice of the form
in Fig. 2(d). U ⊗ U creates excitations on this lattice, and
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FIG. 2. [(a)–(c)] Definition of the OX , OZ , and WX operators
used for demonstrating Abelian braiding. (d) One view of the dou-
bled Hilbert space.

in particular, there is a chance that a charge (a vertex with
X = −1) is generated at v2. WX ⊗ WX creates a pair of fluxes
(faces with Z = −1) from the vacuum, winds one flux around
v2, and annihilates the flux pair back to the vacuum.

To see how |ρ ′〉 is related to anyon braiding, we write

(U ⊗ U ) |ρ〉 = |ρ+〉 + |ρ−〉 , (5)

|ρ+〉 = 1
2 (1 + OX ⊗ OX ) |ρ〉 , (6)

|ρ−〉 = 1
2 (OX ⊗ OZ + OZ ⊗ OX ) |ρ〉 , (7)

where (OZ ⊗ OZ ) |ρ〉 = |ρ〉 has been used. |ρ+〉 contains no
excitation near v2, but |ρ−〉 contains a charge at v2. After
braiding a flux, we have

(WX ⊗ WX )(U ⊗ U ) |ρ〉 = |ρ+〉 − |ρ−〉 , (8)

where the minus sign is the result of nontrivial (semionic)
mutual statistics between a charge and a flux. Finally applying
(U ⊗ U ) again, we find

|ρ ′〉 = (U ⊗ U )(WX ⊗ WX )(U ⊗ U ) |ρ〉
= (OX ⊗ OX ) |ρ〉 , (9)

which contains a pair of separated magnetic fluxes and thus
differs from |ρ〉.

The difference between ρ and ρ ′ can be detected using the
following method. Prepare an ancillary qubit in the |↑〉 state,
and then send the whole system (|↑〉 〈↑|) ⊗ ρ ′ through the
following quantum channel:

E f [σ ] := [Z ⊗ (1 + Z f )/2]σ [Z ⊗ (1 + Z f )/2]

+ [X ⊗ (1 − Z f )/2]σ [X ⊗ (1 − Z f )/2], (10)

where f is one of the two shaded faces in Fig. 2(a). The
resulting ancillary qubit is in the |↓〉 state. In contrast, if
(|↑〉 〈↑|) ⊗ ρ is sent through E f , the ancillary qubit will still
be in the |↑〉 state. This concludes our example of Abelian
braiding.

We note that although the operator U has a nonlo-
cal nature, it can be step-by-step built up using local
unitaries. Let Un := (X1 + Z1Z2 · · · Zn)/

√
2 be the n-qubit

version of this operator. U1 is the single-qubit Hadamard
gate. General Un can be constructed by the recursive re-
lation Un = CNOTn,n−1Un−1CNOTn,n−1. Here, CNOTi, j :=
(−1)(1−Zi )(1−Xj )/4 is a two-qubit gate and one can check that
under the conjugate of this gate, (Zj, Xj ) 
→ (ZiZ j, Xj ).

V. GENERAL QUANTUM DOUBLE MODELS

Toric code is the simplest instance of the more general
quantum doubled models [21]. In this section, we will show
that ground states of all these models admit efficient prepara-
tion in the doubled Hilbert space. This is in sharp contrast with
the case of conventional Hilbert space, where ground states
of only a subset of these models are known to be efficiently
preparable [3,4,6].

There is a quantum double model for each finite group G
which is generally non-Abelian. The model can live on an
arbitrary lattice on an arbitrary orientable two-dimensional
surface. Physical degrees of freedom, called spins, live on the
edges, and the local Hilbert space of each spin is spanned by
the orthonormal group element basis {|g〉 |g ∈ G}. We choose
a direction for each edge. Reversing the direction of a partic-
ular edge is equivalent to the basis change |z〉 
→ |z−1〉 for the
corresponding spin. Let v be a vertex, and f be an adjacent
face, we define the local gauge transformations Av (g) and
magnetic flux operators B(v, f )(h) as follows:

(11)

(12)

Here we use a tetravalent vertex and a square face as exam-
ples, and the generalizations should be straightforward. We
further define two projectors:

Av := |G|−1
∑
g∈G

Av (g), B f := B(v, f )(1). (13)

Note that B f does not depend on the choice of the adjacent
vertex v. The quantum double Hamiltonian is then given
by [21]

HQD = −
∑

v

Av −
∑

f

B f . (14)

The projectors in HQD all commute with each other, and
ground states of HQD satisfy Av = B f = 1. In the special case
G = Z2, if we identify |↑〉 (|↓〉) with the group element states
|1〉 (|−1〉), then HQD is equivalent to HTC in Eq. (2) up to a
positive factor and an additive constant.

The procedure of preparing a ground state of HQD in the
doubled space is similar to the previous toric code example.
Consider an arbitrary orientable two-dimensional lattice with
group element states living on the edges/links. We take the
initial state |0〉 to be the product state

∏
e |1〉e, where 1 ∈ G
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denotes the identity group element. For each vertex v on the
lattice, we define a local quantum channel Ev[·] by

Ev[σ ] = 1

|G|
∑
g∈G

Av (g)σA†
v (g). (15)

Notice that in the group element basis, each Av (g) is a real uni-
tary matrix, thus |G|−1 ∑

g∈G Av (g)†Av (g) = 1, and the above
map is indeed a valid trace-preserving quantum channel. Let
E := ∏

v Ev; the order does not matter because the Av (g)
operators at different vertices commute with each other. The
next step of our protocol is to take the initial density matrix
through E . Let ρ be the resulting density matrix, and let |ρ〉
be the corresponding pure state in the doubled space. We
have

|ρ〉 ∝
∏
v

⎡
⎣|G|−1

∑
g

Av (g) ⊗ Av (g)

⎤
⎦ |0〉 . (16)

As before, we may regard |ρ〉 as living on two copies of
the original lattice; see Fig. 1. We observe that |ρ〉 has
+1 eigenvalue under the following mutually commuting
projectors:

(i)
∑

g∈G |g〉e |g〉ē 〈g|e 〈g|ē for all e,
(ii) B f (ket space) and B f̄ (bra space) for all f ,
(iii) |G|−1 ∑

g Av (g)Av̄ (g) for all v.
As in the previous example, there are two ways of seeing

the topological order of |ρ〉: (1) Using the first set of projec-
tors, we can identify each pair of edges e and ē in the group
element basis, thus reducing the bilayer lattice to a single
layer. |ρ〉 is a ground state of HQD on this reduced lattice. (2)
Just identify each pair of vertices v and v̄ as shown by the
dashed line in Fig. 1. |ρ〉 is also a ground state of HQD on this
lattice with doubled edges.

One may wonder what is the purification of ρ. In other
words, how to actually implement the quantum channel E?
Let us start from the local quantum channel Ev . One way to
implement this channel is to add an auxiliary group-element
spin to the vertex v, then prepare this spin in the state |+〉 :=
|G|−1/2 ∑

g∈G |g〉, and finally apply the following local unitary
operator:

Uv :=
∑
g∈G

|g〉v 〈g|v ⊗ Av (g), (17)

which acts on both the vertex and the surrounding edges. One
may check that for an arbitrary density matrix σ living on the
edges,

Trv[U (|+〉v 〈+|v ⊗ σ )U †] = Ev[σ ], (18)

therefore realizing the desired local quantum channel. Now, to
implement the total quantum channel E , one just need to add
auxiliary spins to all vertices, all prepared in the |+〉 state, and
then apply the finite-depth local unitary circuit U = ∏

v Uv .
Going back to our state preparation protocol, this means that
ρ can be obtained from the pure state |ψ〉 := U [(

∏
v |+〉v ) ⊗

|0〉] by tracing out all vertex spins. The state |ψ〉 is actually
an interesting state by itself. When G = Z2, after an X -Z
basis change on all edges, |ψ〉 is the so-called cluster state,
a symmetry protected topological state with a 0-form and a
1-form Z2 symmetries [27]. Interestingly, the close relation

FIG. 3. Schematic illustration of non-Abelian braiding. Circles
represent anyon excitations, and lines represent string operators used
for creating anyons. The lines can be smoothly deformed without
changing the underlying state as long as they do not touch other
anyons. Comparing (a)–(c) and (d)–(f), we see the effect of nontrivial
braiding.

between this cluster state and the toric code topological order
has been showing up repeatedly [3,28,29].

VI. NONABELIAN ANYON BRAIDING

Similar to the toric code example, intrinsic properties of
density matrices restrict possible excitations above the afore-
mentioned quantum double ground states. Nonetheless, we
will show that non-Abelian anyon braiding can be imple-
mented in the doubled Hilbert space.

Let us begin with a nontechnical sketch of the non-Abelian
braiding phenomenon. In a general quantum double model,
we consider a type of unitary string operators that can create
anyon pairs from the vacuum, as illustrated in Fig. 3(a). If
we move around one anyon from such a pair [Fig. 3(b)], and
finally let it approach the other anyon, then the two anyons can
perfectly annihilate [Fig. 3(c)], as long as the anyon trajectory
does not enclose any other anyon or a hole of the space. On
the other hand, if the trajectory of this anyon pair encloses
another anyon, then it is possible that the anyon pair does
not annihilate, but instead fuses into a new nontrivial anyon.
This is illustrated in Figs. 3(d)–3(f). In the following, we
elaborate the full details of this phenomenon and show that
it is realizable in the doubled Hilbert space.

Before going into the doubled space, let us first try to
understand an example of non-Abelian braiding in the normal
setting. Pointlike excitations, or anyons, of a 2d topological
order are generated by stringlike operators. For our purpose
here, let us consider a class of string operators AL(g) whose
action is as follows:

(19)

A number of notations need explanations here: As the
figure suggests, the operator AL(g) acts within a comblike
region. L is an oriented string coinciding with the base of the
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FIG. 4. (a) Illustration of non-Abelian braiding. The closed loop
C is assumed to be contractible. (b) A spin configuration used for the
computation of non-Abelian braiding.

comb (horizontal line above) and ends at the vertex v (hence
its orientation agrees with the horizontal arrows above). x1,k−1

is a short-hand notation for x1x2 · · · xk−1. The number of comb
teeth l may not equal to the string length k, depending on the
shape of L and the lattice structure. We note that in the group
element basis, AL(g) is a real unitary operator.

A remarkable property of AL(g) is that it commutes with all
Av and B f terms away from the two ends of L. Hence, when
L is an open string, the operator creates a pair of pointlike
excitations. In the special case where L forms a closed con-
tractible loop, the operator AL(g) acts trivially on all ground
states of the quantum double model—creating no excitation.
Physically, this corresponds to first creating a pair of anyons
and then annihilating them back to the vacuum.

To demonstrate the phenomenon of non-Abelian braiding,
consider two string operators AC (g) and AL(h) illustrated in
Fig. 4(a), where C is a contractible closed loop and L is
open. Let |�〉 be an arbitrary ground state of the quantum
double model, we will show that in general AC (g)AL(h) |�〉 
=
AL(h)AC (g) |�〉. Hence there is a nontrivial braiding. More-
over, in contrast to AL(h)AC (g) |�〉 that has two anyons at
the ends of L, AC (g)AL(h) |�〉 has one more anyon located
at v1, the base point of C. This phenomenon is not possible for
Abelian braiding.

Consider a particular spin configuration as shown in
Fig. 4(b) and assume the absence of flux, i.e., Bp = 1 for
all faces p. Let us first analyze the action of string opera-
tors on such a state. Acting AL(h), the yl spin is mapped to
ỹl := ylx

−1
1,kh−1x1,k . Next, acting AC (g), we have

z1 
→ gz1,

zm 
→ (y1 · · · ỹl · · · yn−1)−1g(y1 · · · ỹl · · · yn−1)zm. (20)

Before the action of these two operators, the flux around the
face f vanishes: z1wz−1

m yn = 1. After the action, the product
of group elements around the same face becomes

gz1wz−1
m (y1 · · · ỹl · · · yn−1)−1g−1(y1 · · · ỹl · · · yn−1)yn

= g(y1 · · · ỹl · · · yn)−1g−1(y1 · · · ỹl · · · yn). (21)

Using y1y2 · · · yn = 1, we observe that y1 · · · ỹl · · · yn is in the
conjugacy class of h−1, i.e. it equals to a−1h−1a for some
a ∈ G. Define h̃−1 := a−1h−1a, then h̃ is in the conjugacy
class of h, and the result in the previous equation simplifies

to gh̃g−1h̃−1—the commutator between g and h̃. In general,
this commutator is nontrivial, leading to a violation of the
B f term in the Hamiltonian. Importantly, for any other nearby
face f ′ 
= f , B f ′ is preserved. This implies that the excitation
at the face f is a true anyon that can not be annihilated by local
unitary operators, because it can be detected remotely by mul-
tiplying group elements along a large loop. The ground state
|�〉 is a superposition of many flux-free spin configurations,
where h̃ can take all possible values among the conjugacy
class of h. Generically, the B f = 1 condition will be partially
or fully violated in AC (g)AL(h) |�〉. As a example, consider
the simplest non-Abelian group S3. It contains three conjugacy
classes: C1 = {1}, C2 consisting of three transpositions, and C3

consisting of two permutations of order 3. If we take g ∈ C2

and h ∈ C3, then g does not commute with any possible h̃, and
the resulting state AC (g)AL(h) |�〉 has B f = 0.

Finally, let us explain how to demonstrate non-Abelian
braiding in the doubled space. Recall that the string operators
AL(h) are real unitary operators, so we can directly apply
them to the density matrix: ρ 
→ AL(h)ρA†

L(h), or equiva-
lently, |ρ〉 
→ AL(h) ⊗ AL(h) |ρ〉. We previously mentioned
that in the doubled Hilbert space, there is a picture of reduc-
ing a bilayer lattice to a single layer. Under this reduction,
AL(h) ⊗ AL(h) is mapped to a single copy of AL(h). We
have thus understood how to apply the string operators on
the doubled-space topological order. In order to observe non-
Abelian braiding, we need to compare the following two states
(in the doubled space):

|ρ1〉 = [AC (g) ⊗ AC (g)][AL(h) ⊗ AL(h)] |ρ〉 , (22)

|ρ2〉 = [AL(h) ⊗ AL(h)][AC (g) ⊗ AC (g)] |ρ〉 , (23)

and show that |ρ1〉 contains one more anyon excitaton. A pos-
sible strategy is as follows: Prepare an ancillary qubit in the
|↑〉 state, and then send the full density matrix (|↑〉 〈↑|) ⊗ ρi

(i = 1, 2) through the following quantum channel:

E f [σ ] := (Z ⊗ B f )σ (Z ⊗ B f )

+ [X ⊗ (1 − B f )]σ [X ⊗ (1 − B f )]. (24)

In the case of ρ2, the resulting ancillary qubit will still be in
the |↑〉 state. On the contrary, in the case of ρ1, the ancillary
qubit will have a nontrivial probability of in the |↓〉 state.

We note that the string operator AL(g) defined in Eq. (19)
can be step-by-step built up using local unitaries. To see this,
define a unitary operator Eu1,u2 as follows.

(25)

As the figure already suggests, we choose the two vertices
u1 and u2 such that they sandwich the edge labeled by xk in
Eq. (19). Then one can check that

E−1
u1,u2

AL(g)Eu1,u2 = AL′ (g), (26)

where L′ is longer than L by one lattice unit.
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VII. DISCUSSION

We have shown that the preparation of many topologically
ordered states are simpler in the doubled Hilbert space than
the conventional Hilbert space. We have also found that non-
trivial anyon braiding effects, both Abelian and non-Abelian,
can be realized in the doubled space. What we are unable to
figure out is whether such doubled-space topological orders
are useful for fault-tolerant quantum computation. The intrin-
sic restrictions on the accessible states is a big problem and
future works are needed to elucidate whether this problem
sets an essential obstacle for practical applications. Nonethe-
less, we hope our work illustrates the potential of quantum
simulation in the doubled Hilbert space and can inspire more
interesting results in this direction.
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