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A quantum battery (QB) is an energy storage and extraction device that is governed by the principles of
quantum mechanics. Here we propose a three-level Dicke QB and investigate its charging process by considering
three quantum optical states: a Fock state, a coherent state, and a squeezed state. The performance of the QB
in a coherent state is significantly superior to that in a Fock or squeezed state. We show that the locked energy
is positively related to the entanglement between the charger and the battery, and diminishing the entanglement
increases the ergotropy. The role of quantum phase transitions in the charging process of the QB system is
analyzed and we find that the behavior of maximum stored energy is jointly determined by ground and excited-
state quantum phase transitions. We further demonstrate that, no matter what the initial state is, the stored energy
can be completely extracted when N is small (N = 10), far below the thermodynamic limit, and the charging
power follows a behavior consistent with that of the stored energy.
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I. INTRODUCTION

One of the most promising applications relevant to fu-
ture quantum technologies is quantum batteries (QBs), i.e.,
quantum mechanical systems for temporarily storing and then
extracting energy [1]. The QB can exploit quantum resources
(such as quantum entanglement or quantum coherence) to
obtain more efficient work extraction and faster charging pro-
cesses with respect to classical schemes [2,3]. Considerable
attention has been mostly focused on the development of QBs
with superior performance [4–18]. It is pivotal to continue
research on the construction of QB models [4–11,18–44], the
roles of quantum resources [1,6,12,45–63], and the effects
of initial states [6,47,64–70] to optimize the performance of
QBs. In addition, experimental results have also shown ad-
vances towards the exploration of QBs [71–77].

In the quest for high-performance of QBs, efforts have
been dedicated to the impact of quantum entanglement in
extractable work [4,6,45–47] and charging power [4,5,49,54].
Alicki and Fannes proposed that entangling unitary controls
perform better in work extraction capabilities from a QB,
when compared to local controls [1]. Entanglement generation
can lead to a speedup in the process of work extraction, which
was demonstrated in Ref. [49]. Afterward, the collective
charging scheme of the ensemble of quantum cells induces
a quantum advantage in the charging power [4,5,12]. Another
effort is to investigate how the different initial states influence
the performance of QBs [6,47,65,70]. A Tavis-Cummings
(TC) QB considered three different initial states of the charger
and confirmed that the coherent state is optimal for energy
extraction in Ref. [6]. Despite such progress, it remains vital to
further explore the correlation between entanglement, initial
states, and extractable work.

A three-level system interacting with light is related
to an important class of quantum optical phenomena,
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including electromagnetically induced transparency [78,79],
lasing without inversion [80,81], as well as methods such
as stimulated Raman adiabatic passage (STIRAP) [82,83].
It is desirable to take the three-level system as quantum
cells of QBs. A recent work proposed the three-level QB,
using the STIRAP technique to bypass the undesired spon-
taneous discharging and facilitate efficient energy transfer
between the ground state and the maximum excited state [18].
Later, a closed-loop three-level QB was introduced where
closed-contour interaction can effectively improve the charg-
ing performance [27]. Furthermore, a three-level QB utilizing
the shortcut to adiabaticity realized highly efficient charging
and discharging processes [28]. These works have indicated
that, by utilizing the unique structure of three-level systems,
more energy can be stored than in two-level systems. Exper-
imentally, three-level QBs based on superconducting circuits
were also reported, including the transmon qutrit QB [72] and
the Xmon qutrit QB [76].

Another paradigmatic model, in which a collection of two-
level systems is coupled to a quantized single-mode light field,
called the Dicke model [84], has extensive applications in
QBs [5,22,40,71,85,86]. The extension of the two-level Dicke
model to the three-level system has been studied [87–101],
such as subradiance [87–91], superradiant phase transitions
[92–96], time crystalline order [97,98], and enantiodetection
of chiral molecules [99]. Encouraged by the new quantum
optical phenomena beyond the two-level case in the context
of three-level atomic structure, it is natural to inquire whether
the implementation of the three-level Dicke model can lead to
enhanced performance of QBs.

In this paper, we propose a three-level Dicke QB composed
by N �-type three-level atoms and a single-mode cavity. The
QB’s charging process is discussed with three quantum optical
states, i.e., a Fock state, a coherent state, and a squeezed
state. We introduce the von Neumann entropy to characterize
the entanglement between the charger and the battery and
investigate the correlation between the locked energy and the
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FIG. 1. (a) Sketch of a three-level Dicke QB composed by N
identical and independent three-level atoms coupled in a single
cavity mode. (b) A �-type three-level atom with three energy lev-
els labeled as |1〉, |2〉, and |3〉, respectively. The transitions |1〉 ↔
|2〉 and |2〉 ↔ |3〉 are mediated by a single cavity mode with
frequency ωc.

entanglement. We are concerned with the dependence of the
QB’s maximum stored energy and the maximum charging
power on the cavity-atom coupling and introduce the quantum
phase transitions, Wigner function, and photon distribution
to analyze the behavior of the maximum stored energy and
ergotropy. In addition, we also analyze the effect of N on
the maximum stored energy, maximum charging power, en-
tanglements and ratios. Finally, regardless of the initial state,
we show that the stored energy can be fully extracted when
N = 10, far below the thermodynamic limit.

This paper is organized as follows. Section II introduces
the three-level Dicke QB and defines the relevant physical
quantities to characterize the behavior of the QB. Then we
discuss the charging process of the QB for three different
initial states and analyze the influence of the entanglement on
the QB in Sec. III. Finally, we give a summary in Sec. IV.

II. MODEL

We consider a QB modeled as N identical and independent
�-type three-level atoms coupled to a single-mode cavity,
as shown in Fig. 1. The QB system can be described by
the following Hamiltonian [87–89,92] (h̄ = 1 throughout this
paper):

H (t ) = HA + HB + λ(t )HI , (1)

where the time-dependent parameter λ(t ) describes the charg-
ing time interval, which we assume to be given by a step
function equal to 1 for t ∈ [0, T ] and zero elsewhere. HA,B,I

are the Hamiltonians of the charger, battery, and interaction
terms, respectively, with the following forms:

HA = ωcâ†â, (2)

HB =
3∑

i=1

ωiÂii, (3)

HI = g12√
N

(â† + â)(Â12 + Â21)

+ g23√
N

(â† + â)(Â23 + Â32). (4)

Here â (â†) annihilates (creates) a photon in the cavity
with frequency ωc. Âi j = ∑N

k=1 |ik〉〈 jk| (i, j = 1, 2, 3) are the
collective operators with |ik〉 denoting the ith level of the
kth atom. The energies of the three states are ω1 < ω2 < ω3.
gi j is the cavity-atom coupling strength between states |i〉

and | j〉. Here, we take into account not only weak coupling
strengths, but also coupling strengths that are high enough
to reach the regime of ultrastrong coupling (USC) and even
deep-strong coupling (DSC). It is well known that the ro-
tating wave approximation (RWA) is no longer valid within
the regime of USC. Therefore, we do not consider the RWA,
and the introduction of counter-rotating terms gives rise to
unexpected physical phenomena. Meanwhile, for simplicity,
our QB model also excludes additional terms like the diamag-
netic term or the self-polarization term in the USC and DSC
regime [102].

We consider the charging process of the three-level Dicke
QB in a closed quantum system. The N �-type three-level
atoms are prepared in ground state |1〉 and coupled to a single-
mode cavity in the three typical quantum optical states: a Fock
state, a coherent state, and a squeezed state, all having the
same input energy 2Nωc. Thus, the initial state of the total
system is

|Ψ (0)〉 = |Ψ (A)〉 ⊗ | 1, 1, . . . , 1︸ ︷︷ ︸
N

〉, (5)

where |Ψ (A)〉 is the cavity state with full energy.
In our charging protocol, the QB will start charging when

the classical parameter λ(t ) is nonzero. The wave function of
the system evolves with time, i.e.,

|Ψ (t )〉 = U |Ψ (0)〉 = e−iHt/h̄|Ψ (0)〉. (6)

The stored energy of the QB at time t is given by

EB(t ) = Tr[HBρB(t )], (7)

where ρB(t ) = TrA[ρAB(t )] is the reduced density matrix of
the battery. However, EB(t ) cannot be wholly extracted from
the battery, which is known as the second law of thermody-
namics. Therefore, a proper measure of the extractable work
is provided by the ergotropy [103]:

EB(t ) = EB(t ) − min
U

Tr[HBUρB(t )U †]. (8)

Consider the spectral decompositions of the ρB and HB as
ρB = ∑

n rn|rn〉〈rn| and HB = ∑
n εn|εn〉〈εn| so that r0 � r1 �

· · · and ε0 � ε1 � · · · . The passive counterpart of ρB is ρ̃ =∑
n rn|εn〉〈εn|, and its mean energy is unextractable (locked

energy) and given by

Eρ̃ (t ) = Tr[HBρ̃(t )] =
∑

n

rnεn. (9)

It corresponds to the second term on the right-hand side of
Eq. (8), i.e., minU Tr[HBUρB(t )U †] = ∑

n rnεn. The average
charging powers of EB(t ) and EB(t ) are given by

PB(t ) = EB(t )/t, (10)

PB(t ) = EB(t )/t . (11)

We are interested in exploring the correlation between the
entanglement and the ergotropy. Since in our model the quan-
tum state of the total system (charger plus battery) remains
pure at all times and the battery state ρB(t ) will be mixed
because of its entanglement with the charger during the time
evolution, the entanglement between the charger and battery
can be characterized by the von Neumann entropy [104–106]
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of the battery’s reduced density matrix ρB(t ). The von Neu-
mann entropy is defined by

S(t ) = −Tr[ρB(t ) log2 ρB(t )]. (12)

The ratio between ergotropy and stored energy as another
useful quantifier of QB performance is defined as

RB(t ) = EB(t )/EB(t ). (13)

Due to the unitary evolution of the QB system during
charging, there will be a reciprocal exchange of energy be-
tween the charger and the battery. It may not be necessary
to continuously monitor the stored energy, ergotropy, and
charging power of the QB throughout the charging process.
Therefore, we choose the maximum stored energy Emax (at
time tE ), maximum ergotropy Emax (at time tE ), and maximum
charging powers Pmax (at time tP) and Pmax (at time tP ), to
measure QB performance:

Emax ≡ maxt [EB(t )] = E [(tE )], (14)

Emax ≡ maxt [EB(t )] = E[(tE )], (15)

Pmax ≡ maxt [PB(t )] = P[(tP )], (16)

Pmax ≡ maxt [PB(t )] = P[(tP )]. (17)

In addition, the entanglements StE (at time tE ) and StP (at
time tP) corresponding to the maximum stored energy and
maximum charging power, respectively, are considered. These
measures are given by

StE ≡ S(tE ), (18)

StP ≡ S(tP ). (19)

In what follows, we shall analyze the quantities Emax, Emax,
Pmax, and Pmax, as well as their ratios

Re = Emax/Emax (20)

and

Rp = Pmax/Pmax. (21)

In all subsequent calculations, we choose the energy spectrum
of our three-level system as ω1 = 0, ω2 = 1, and ω3 = 1.95.
We take ωc as a dimensionless parameter and let ωc = 1.
Numerical work has been performed by using the PYTHON

toolbox QUTIP2 [107].

III. THE CHARGING PROPERTY

In this section, we focus on the charging process of the
QB with three initial states of the charger, i.e., a Fock state,
a coherent state, and a squeezed state. We then analyze
the roles of the entanglement between the charger and the
battery. Furthermore, we discuss the asymptotic freedom of
the extractable energy and corresponding charging power in
the QB.

A. Charging properties and entanglement

In order to analyze the effect of the three different initial
states of the charger on the QB, we illustrate the time evo-
lution of the stored energy, ergotropy, and average charging

powers as shown in Fig. 2. It demonstrates that when the
cavity is in a coherent input state, a QB can achieve higher
stored energy, ergotropy, and average charging powers than
those achieved with Fock or squeezed input states. The TC
QB in Ref. [6] can store more energy in Fock states and extract
more energy in coherent states, while the two-photon Jaynes-
Cummings QB exhibits better performance in Fock states
reported in Ref. [65]. Our result differs from that obtained in
Refs. [6,65]. In particular, when the charger is initially in a
coherent state, almost all the stored energy of the battery can
be extracted to generate valuable work at short times. There-
fore, for coherent states, the charging power corresponding
to the ergotropy converges to the average storing power in
the short term. Furthermore, there is a significant difference
between the stored energy and ergotropy over long periods of
time for any given initial states of the charger. In comparison
to the two-level Dicke QB, the three-level Dicke QB evidently
possesses a superior energy storage capacity. This is attributed
to the third energy level of three-level atoms, which exhibits
an enhanced capability for energy storage. We display the
energy level populations in Fig. 7 of Appendix A to illustrate
the significance of the third energy level. For different initial
states of the cavity, a higher population of the third energy
level results in greater energy in the QB.

We investigate the time evolution of the locked energy
Eρ̃ (t ), the entanglement S(t ), and the ratio RB(t ) for different
initial states as shown in Fig. 3. The locked energy and the en-
tanglement show an obvious consistent behavior for all three
states. Compared to Fock and squeezed states, coherent states
take a longer time to generate more entanglement, which is
also reflected in the locked energy. This can be attributed
to the fact that a more mixed battery state produces more
entanglement between the charger and the battery, leading
to an increase in the amount of locked energy, which makes
it more difficult to extract the battery energy. When entan-
glement is relatively small, a coherent state allows for the
almost complete extraction of stored energy as valuable work.
Moreover, a nearly stable ratio can be achieved across the
three different initial states of the charger when entanglement
is significant. By comparing Figs. 2(a)–2(c) with Fig. 3, it is
desirable to minimize the entanglement between the charger
and the battery to maximize the capability of work extraction.
Such characteristics indicate that Fock and squeezed states
induce a complex and entangling dynamics, resulting in a
higher degree of entanglement that may lead to a suppression
of extractable energy. Conversely, coherent states may be op-
timal in the sense of energy extraction because they produce a
smaller amount of entanglement, which is consistent with the
conclusion demonstrated by Ref. [6].

The results of the maximum stored energy and the max-
imum charging power of the QB as a function of the
cavity-atom coupling strengths g12 and g23 are shown in
Fig. 4. It further shows that the coherent state as the initial
state of the charger is the optimal protocol to achieve higher
maximum stored energy and maximum charging power. For
g12 approaching g23, the maximum stored energy exhibits a
distinct approximate “triangular” region [depicted by yellow
color in Figs. 4(a)–4(c)], within which a critical behavior of
energy exists. We further investigate the ground-state [93–96]
and excited-state quantum phase transitions (ESQPTs) in the
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FIG. 2. (a)–(c) The dependence of the stored energy EB(t ) and ergotropy EB(t ) (both in units of h̄ωc) on ωct for three selected states of the
charger: a Fock state, a coherent state, and a squeezed state, respectively. (d)–(f) The variation of the average charging powers, PB(t ) and PB(t )
(both in units of h̄ω2

c ) on ωct for the same three charger states, respectively. In the following calculations, we use the same settings of N = 6,
g12 = g23 = 1, unless otherwise specified.

parameter space of couplings g12 and g23 to explore the
physical mechanisms underlying these phenomena (see Ap-
pendix A for details). The ground state undergoes quantum

FIG. 3. (a) The locked energy Eρ̃ (t ) (in units of h̄ωc ) as a func-
tion of ωct for three initial states of the charger. (b) The entanglement
S(t ) and (c) the ratio RB(t ) as functions of ωct for the same initial
states as in panel (a).

phase transitions from the normal phase to the superradiant
phase, i.e., from the localized phase to the multifractal phase
[see Figs. 8, 9(a)–9(c), and 9(e) of Appendix A]. Near the
phase transition point of the ground state, the critical behavior
of the maximum stored energy appears. When the energy
levels begin to be degenerate, ESQPTs also occur in the QB
system. The highest excited state experiences a transition from
a localized phase to a multifractal phase [see Figs. 9(a), 9(b),
9(d), and 9(f) of Appendix A]. The triangular region of max-
imum stored energy appears in the multifractal phase tending

FIG. 4. The contour plots of the QB’s maximum stored energy
Emax (in units of h̄ωc) (a)–(c) and maximum charging power Pmax (in
units of h̄ω2

c ) (d)–(f) with different initial states of the charger. The
three initial states of charger are as follows: (a), (d) a Fock state, (b),
(e) a coherent state, and (c), (f) a squeezed state, respectively. Here,
we consider the ranges g12 ∈ [0, 2], g23 ∈ [0, 2]. Both g12 and g23

are in units of h̄ωc. The red dots are three randomly selected points
near the position where a change of the maximum stored energy
occurs. The values of g12 and g23 for different points are as follows:
(0.2, 0.2), (0.5, 0.5), and (0.8, 0.8).
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FIG. 5. (a)–(c) Wigner function and (d)–(f) photon distribution
in Fock basis corresponding to the maximum stored energy of the
charger in Fock states for different cavity-atom coupling strengths.
The values of g12 and g23 are as follows: (a), (d) (0.2, 0.2), (b), (e)
(0.5, 0.5), and (c), (f) (0.8, 0.8).

towards perfect delocalization, and is determined by the phase
transitions in both the ground state and excited states. In addi-
tion, the coupling to achieve maximum energy varies for three
different initial states in this region. For a Fock state, the QB
can obtain a greater maximum energy storage in the smaller
coupling strengths. Conversely, coherent and squeezed states
in the larger coupling strengths achieve the higher maximum
stored energy. The maximum stored energy and maximum
charging power of the QB in the squeezed state are less than
those in the other two states. We randomly select three points
near the change of the energy within the region. Moreover,
stronger cavity-atom coupling strengths in the region increase
the maximum charging power for all three initial states of the
charger.

To further clarify the behavior of the maximum stored
energy and ergotropy, we introduce the Wigner function (see
Appendix B for details) and the photon distribution in Fock
basis [108–112]. Figure 5 illustrates the cavity Wigner func-
tion and photon distribution corresponding to the maximum
stored energy in Fock states at three selected points (see
Fig. 4). At small cavity-atom coupling strengths, the signif-
icantly negative value of the Wigner function indicates the
presence of nonclassical properties. The nonclassical prop-
erties lead to more charger-battery entanglement and more
locked energy, as discussed in Fig. 3. Unlike the probability
distribution of coherent and squeezed states in Figs. 10(d) and
11(d), under small coupling, the probability distribution of
the Fock state is dominated by odd photons within the range
of photon numbers 10, enabling the QB to obtain a higher
stored energy. With the coupling further enhanced, the neg-
ative value of the Wigner function decreases, and the Wigner
function is completely separated into two peaks. This suggests
that the properties of the quantum state also change in the
region where the maximum energy varies with coupling. The
probability becomes more evenly distributed between odd and
even number of photons and eventually satisfies a Gaussian
profile, which means that the charger can supply more energy
to the battery. Similarly, we also calculate the Wigner function
and the photon distribution for coherent and squeezed states in
Appendix B.

FIG. 6. (a), (b) The maximum stored energy Emax (in units of
h̄ωc) and the maximum charging power Pmax (in units of h̄ω2

c ) as
functions of N for different initial states of the charger, respectively.
(c), (d) The entanglements StE and StP as functions of N for the same
states as in panel (a), individually. (e), (f) The variation of the ratios
Re and Rp on N for different initial states the same as in panel (a),
respectively. Here, we consider the ranges N ∈ [0, 10].

B. Asymptotic freedom

We have investigated how the entanglement and cavity-
atom coupling strengths affect the charging process of the QB
when the number of batteries is fixed for three initial states
of the charger. Hereafter, we will analyze the effect of the
entanglement on the QB’s performance as the number N of
three-level atoms increases.

In Fig. 6, we display the maximum stored energy Emax, the
maximum charging power Pmax, the entanglements StE and
StP , and the ratios Re and Rp as a function of N for three
initial states of the charger. With a coherent state as the initial
state for the charger, the QB can obtain a greater maximum
stored energy and a higher maximum charging power as N
increases, while maintaining a smaller entanglement between
the charger and the battery than Fock and squeezed states. We
naturally conclude that the entanglement is the main limiting
factor in improving the QB’s performance for three initial
states of the charger. Particularly, the entanglement entropy
of the subsystem presents a notable characteristic: it grows
logarithmically with the size of the battery, thereby adhering
to an area law [113–115]. However, the stored energy scales
linearly with the battery’s size. Therefore, we expect that the
energy locked up by the entanglement will become negligible
compared to the stored energy as N approaches infinity. When
the number of three-level atoms N is small and the initial
state of the charger is either a Fock or a squeezed state,
the locked energy occupies a larger proportion of the stored
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energy in the battery. Consequently, the extractable energy
from the battery is much less than the stored energy, and the
fraction of charging power corresponding to the extractable
energy is also notably low when N is small [see Figs. 6(e)
and 6(f)]. The coherent state produces less entanglement than
the Fock and squeezed states, leading to the lower locked
energy. Therefore, the coherent state has a higher extractable
energy and correspondingly higher charging power even at
small N . As N increases, the locked energy becomes much
smaller relative to the stored energy, resulting in a larger
extractable energy in the battery for Fock and squeezed states.
Interestingly, regardless of the initial state of the charger, the
energy stored in the QB can be completely extracted when
N = 10, and the behavior of the charging power aligns with
the energy as well. This is attributed to the energy storage and
extraction advantage of the three-level Dicke model, which
is distinct from the two-level model. On the one hand, in the
two-level TC QB and Dicke QB discussed in Ref. [6], when
N = 10, energy extraction is higher in the coherent state but
lower in the Fock and squeezed states. However, for different
states, the three-level Dicke QB allows full energy extraction
even when N is small (N = 10), without reaching the thermo-
dynamic limit. On the other hand, the three-level Dicke QB
stores and extracts more energy than the two-level QB. As
N gradually increases and even reaches the thermodynamic
limit, although the two-level QB also achieves higher energy
extraction efficiency, the three-level Dicke QB still stores and
extracts more energy, far exceeding that of the two-level QB
under the same number of atoms and initial state. Therefore,
the three-level Dicke QB outperforms the two-level Dicke QB
in energy storage and extraction. We also argue that as the
size of our battery continues to grow, the extractable energy
will converge to the stored energy, and the charging power
associated with the ergotropy will also approach the average
storing power.

IV. CONCLUSIONS

We have introduced the concept of the three-level Dicke
QB, consisting of N identical and independent �-type three-
level atoms coupling to a single-mode cavity. We have
analyzed the influence of three quantum optical states (Fock,
coherent, and squeezed states) of the charger on the perfor-
mance of QBs, including the stored energy, ergotropy, and
average charging power. Our results show that the coherent
state can significantly enhance the charging performance com-
pared to the Fock and squeezed states. The locked energy and
the entanglement between the charger and the battery exhibit
consistent behavior, indicating that entanglement is the main
limiting factor in the capability of work extraction. When the
level of entanglement is relatively low, a coherent state can
almost completely extract the stored energy at short times. The
effect of the cavity-atom coupling strengths on the maximum
stored energy and the maximum charging power depends on
the initial states of the charger. By analyzing the quantum
phase transitions, Wigner function, and photon distribution,
we have explained the behavior of the maximum stored energy
and ergotropy. We have also investigated how the number N
influences the maximum stored energy, maximum charging
power, entanglements, and ratios. The coherent state leads

to a greater maximum stored energy and maximum charging
power, while also maintaining a lower entanglement than the
Fock and squeezed states. We have found that when N < 10,
for the charger either in the Fock or the squeezed state, the
ergotropy can be less than the energy stored in the battery.
The fraction of charging power corresponding to the ergotropy
is also low and the coherent state is the optimal initial state.
When N approaches 10, almost all of the stored energy in the
battery can be extracted. No matter what the initial state is,
all of the stored energy becomes extractable for a small N
(N = 10), which is much less than the thermodynamic limit
(N → ∞), and the charging power follows the same trend.
Our paper demonstrates that the extractable energy and corre-
sponding charging power in the QB is asymptotically free as
N continues to grow.
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APPENDIX A: ENERGY LEVEL POPULATIONS
AND QUANTUM PHASE TRANSITIONS

We investigate the time evolution of the energy level pop-
ulations for different initial states as shown in Fig. 7. It
demonstrates that the third energy level is crucial for the

FIG. 7. The energy level populations as a function of ωct for
three initial states of the charger: (a) Fock state, (b) coherent state,
and (c) squeezed state.
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FIG. 8. (a) The dependence of the ground-state energy Eg (in
units of h̄ωc) on cavity-atom coupling strength g12 (in units of h̄ωc).
(b) The dependence of Eg (in units of h̄ωc) on g23 (in units of h̄ωc).
(c) The ground-state energy Eg (in units of h̄ωc) varies with the
coupling strengths g12 and g23 (both in units of h̄ωc). The values of
g12 and g23 for three red points are as follows: (0.2, 0.2), (0.5, 0.5),
and (0.8, 0.8).

three-level Dicke QB. In a coherent state, the population of
the third level is much higher than that in Fock and squeezed
states. Therefore, the QB in a coherent state can store more
energy.

Figures 8(a) and 8(b) display the ground-state energy Eg as
a function of the cavity-atom coupling strengths g12 and g23,
respectively. There are quantum phase transitions from normal
phases (Eg = 0) to superradiant phases (Eg < 0) in the QB
system. When the values of the coupling strengths g12 and g23

are (0.5, 0.5), the quantum phase changes significantly. We
also calculate the ground-state energy with the variations of
coupling strengths g12 and g23, as shown in Fig. 8(c). With
the increase of coupling strengths, the ground-state energy
gradually decreases to a negative value, further demonstrating
the existence of a quantum phase transition from the normal
phases to the superradiant phases.

Here, we discuss the ESQPTs by considering the eigen-
value and eigenstate properties [116–121]. Previous works
have investigated the ESQPTs using various methods, such
as the energy spectrum, consecutive level spacing ratio
[122], von Neumann entanglement entropy [123], concur-

rence [124], participation ratio (PR) [125], and multifractal
dimension [126,127]. Here, we choose the energy spectrum,
PR, and multifractal dimension to characterize the ESQPTs in
our QB system. Initially, PR is defined as a measure of the
localization of quantum states, and recent work has linked
PR to ESQPTs [119,121]. An arbitrary eigenstate |ψ〉 can
be decomposed into a set of bases in the full Hilbert space
of our QB system. The basis is denoted as | j〉 = |n〉 ⊗ |m〉
with amplitudes ψ j , where |n〉 represents the bosonic basis
states and |m〉 represents the atomic basis states. Thus |ψ〉 =∑ND

j ψ j | j〉, where ND represents the dimensions of the entire
Hilbert space. The PR of this eigenstate is defined as

PR = 1∑ND
j=1 |ψ j |4

. (A1)

To further elucidate the quantum phase transitions, we
introduce the concept of multifractal dimension [126,127].
When the Hilbert space dimension ND is large, the multifractal
dimension of the eigenstate |ψ〉 can be represented as

Dq = Sq

ln(ND)
, (A2)

where Sq = 1
1−q ln (

∑ND
j=1 |ψ j |2q) is the q-dependent partic-

ipation entropy for q ∈ R+. In the Shannon limit (q = 1),
S1 = ∑

j |ψ j |2 ln (|ψ j |2), while the case q = 2 is related to the
usual PR with S2 = − ln [(PR)−1] [127]. For a perfectly delo-
calized state, Sq = ln(ND) and Dq = 1 for all q. In contrast, if
a state is localized, Sq = const and Dq = 0. In an intermediate
situation, wave functions are extended but nonergodic with
Sq = Dq ln(ND) where 0 < Dq < 1 and the state is multifrac-
tal [119,127]. In our calculations, we take q = 1.

The energy spectra as functions of g12 and g23, respec-
tively, are shown in Figs. 9(a) and 9(b). We can obtain
ground-state quantum phase transitions from the normal phase
to the superradiant phase at the lowest energy level of the
energy spectrum. Different energy levels degenerate as the
coupling becomes stronger around En = 0. The energy spec-
trum presents ESQPTs signaled by singularities in the energy
level structure (the point at which the energy levels begin
to be degenerate) [128]. We calculate the PR and D1 for
the ground state as a function of g12 and g23, shown in
Figs. 9(c) and 9(e). The ground-state PR and D1 clearly show
the normal-superradiant phase transitions, similar to the be-
havior in Fig. 8(c). In the normal phase D1 = 0, indicating
that the ground state is localized in the normal phase. Con-
trastingly in the superradiant phase 0 < D1 < 1 and hence
the superradiant phase is neither perfectly delocalized nor
localized, but actually exhibits multifractal character [127].
As mentioned previously, there is a critical behavior within
the approximate triangular region for the maximum stored
energy, and this behavior appears under the coupling range
of the ground-state phase transitions. Figures 9(d) and 9(f)
illustrate the dependence of the highest eigenstate PR and D1

on g12 and g23. The excited-state PR and D1 exhibit a distinct
approximate triangular region (yellow region of PR and D1),
and this feature will be evident in the maximum stored energy
shown in Figs. 4(a)–4(c). When the coupling strengths g12

and g23 are very small, D1 = 0, the excited state is localized.
As the coupling increases, when the difference between g12
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FIG. 9. (a) Energy spectrum En (in units of h̄ωc) as a function of
g12 (in units of h̄ωc) with g23 = 0.2. (b) Energy spectrum En (in units
of h̄ωc) as a function of g23 (in units of h̄ωc) with g12 = 0.2. The
energy spectrum is obtained by computing the first 50 eigenvalues
of the QB system. Participation ratio for the ground state (c) and
highest eigenstate (d) of the QB system as a function of g12 and
g23. Multifractal dimension D1 for the ground state (e) and highest
eigenstate (f) of the QB system as a function of g12 and g23. For
simplicity, we take N = 4 in these calculations.

and g23 is large (green regions of D1), 0 < D1 < 1, the region
behaves like a multifractal phase. For g12 close to g23 (de-
picted by the yellow color of D1), the value of D1 increases
and the excited state is also multifractal, further tending to the
delocalized phase. Although we choose the highest eigenstate
to characterize the ESQPTs, the quantum phase transitions are
also present in other highly excited states, as can be seen from
the energy spectrum. Therefore, the approximate triangular
region where the maximum stored energy appears is jointly
determined by the quantum phase transitions of the ground
state and a series of highly excited states. The phase transi-
tions of both the ground state and excited states collectively
influence the charging properties. It is noticed that the behav-
ior of the energy spectrum, PR, and D1 does not significant
change for ground state and excited state as N increases.

APPENDIX B: WIGNER FUNCTION AND PHOTON
DISTRIBUTION IN COHERENT AND SQUEEZED STATES

A convenient way to visualize a quantum state is through
the Wigner function using the phase-space formalism [108],
which can be defined as the Fourier transform of the symmet-
rically ordered characteristic function χ (η):

W (α) = 1

π2

∫
exp(η∗α − ηα∗)χ (η)d2η, (B1)

where α is an arbitrary point in phase space. The
symmetrically ordered characteristic function χ (η) is

FIG. 10. (a)–(c) Wigner function and (d)–(f) photon distribu-
tion in Fock basis corresponding to the maximum stored energy
of the charger in coherent states for different cavity-atom coupling
strengths. The values of g12 and g23 are as follows: (a), (d) (0.2, 0.2),
(b), (e) (0.5, 0.5), and (c), (f) (0.8, 0.8).

given by

χ (η) = Tr{ρAeηâ†−η∗â}, (B2)

where ρA is the reduced density matrix of the charger in our
calculations. The Wigner function can also be defined in terms
of the generalized conjugate position x and momentum p as
W̄ (x, p) = 1

π h̄

∫ ∞
−∞〈x + z|ρA|x − z〉e−2ipz/h̄dz, and W (α) can

be derived from W̄ (x, p). We calculate the Wigner function
and photon distribution corresponding to the maximum stored
energy for the charger in coherent and squeezed states, as
shown in Figs. 10 and 11, respectively. Initially, the Wigner
function of the coherent state is positive, indicating that the
state displays a semiclassical nature. As previously discussed,
the entanglement generated between the charger and the bat-
tery is relatively minor for this state. With the coupling
strengths increasing, the Wigner function shows “ripples” and
the photon distribution extends towards larger photon num-
bers. This ripple pattern indicates a change in the quantum
state at that moment. At the same time, the maximum energy
of the coherent state near this coupling strength undergoes a
significant change. At stronger coupling, the Wigner function
transforms into an oval shape, and the photon probability dis-
tribution follows a Gaussian profile. This allows the charger

FIG. 11. (a)–(c) Wigner function and (d)–(f) photon distribu-
tion in Fock basis corresponding to the maximum stored energy of
the charger in squeezed states for different cavity-atom coupling
strengths. The values of g12 and g23 are as follows: (a), (d) (0.2, 0.2),
(b), (e) (0.5, 0.5), and (c), (f) (0.8, 0.8).
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to deliver more energy to the battery and the QB to achieve a
higher maximum stored energy. The squeezed state is similar
to the Fock state in that the Wigner function has a negative
value and it is also a highly nonclassical state. Its Wigner
function displays prominent oscillatory behavior. The oscilla-
tory and negative values of the Wigner function become more

pronounced under strong coupling. Similarly, in the approxi-
mate triangular region, near the coupling where a significant
change in the maximum energy occurs, the Wigner function
undergoes variations. The photon distribution in the squeezed
state oscillates under strong coupling, resulting in minimal
stored energy in comparison to the Fock and coherent states.
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