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Current-induced local heating and extractable work in nonthermal vibrational excitation
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Electron-vibration interactions in current-carrying nanodevices have been known to induce local heating and
nonthermal vibration statistics simultaneously, while theoretical studies so far focus solely on one of them.
Based on the quantum master equation, we study vibrationally inelastic electron transport in a double quantum
dot device and find that the vibration bunching can be selectively excited for efficient charge and spin transport
where the heat generation is inhibited. By introducing the nonequilibrium free energy, the extractable work under
a thermal operation from nonthermal vibrations is clearly characterized and quantified. A spin transport channel
with large work extraction while maintaining small heat generation rate is found. Furthermore, the extractable
work is considerably enhanced by the vibration lasing transition. Our work reveals the relation between current-
induced local heating and nonthermal vibration statistics and effects on extractable work, with the aim to control
the distribution, storage, and conversion of the heat in nanodevices.
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I. INTRODUCTION

Electron transport in biased nanojunctions, such as quan-
tum dots and single molecules, is normally affected by
electron-vibration interactions, causing the well-known local
heating effect [1–15]. How to control the current-induced
local heating (CILH) in nanoelectronics is one of the present-
day experimental and theoretical challenges. One of the
consequences of the CILH is to increase the effective temper-
ature of the devices, which strongly hinders the mechanical
stability [1,16,17]. Removing the heat quickly is the most di-
rect way to reduce the effective temperature, while the existing
technologies are difficult to implement [18]. Another effective
way is to prevent heat generation by engineering the electronic
degrees of freedom [19–31].

In several studies, that have yielded profound insights into
the CILH, the vibrations are regarded as a bath, where the
vibrations obey the equilibrium Boson distribution [32–35].
By tracing out the electronic system, the average excita-
tion of the vibrational modes is achieved and the CILH is
manifested in the nonequilibrium excitation exhibiting a vi-
brational rectification [36]. Meanwhile, deterministic work
from electrons to vibrations, induced by the current-induced
force in a nonconservative way, has been observed [37,38].
Based on the nonconservative forces, the current-driven wa-
terwheel or motor is proposed [37,39], where the energy
transfer mechanism is obviously different from the stochastic
Joule heating [27]. Given the importance of the nonequilib-
rium vibrations, revealing their statistical properties for low
CILH will be essential for nanodevice designs.
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When the CILH occurs, electrons lose energy and transfer
it to the vibration system; then the probability distribution of
the vibration states does not obey the Boltzmann type. It en-
ables the generation of nonthermal vibration statistics, where
the emitted vibration is antibunched, coherent, bunched, or
superbunched [23,40–43]. Moreover, the extra work may be
extracted from the nonthermal vibrations [42,44]. It is, there-
fore, expected to revisit the CILH from the perspective of the
nonthermal statistics. Of particular interest is which vibration
state can be used to reduce CILH while still allowing for a
significant current and an extractable work.

Here, we study the vibration-mediated electron transport
in a biased double quantum dot (DQD) device, as shown in
Fig. 1. In contrast to previous works, we include both heat
generation and nonthermal statistics. These two nonequilib-
rium excitations are driven by the same inelastic electron
tunneling process and therefore cannot be treated separately.
We show that, by simply adjusting the dot energy, the charge
and spin transport with low heat generation can be realized
when vibration bunching is generated. Meanwhile, the extra
work from nonthermal vibration states can be extracted and
quantified under a thermal operation, where a spin trans-
port channel with both large work extraction and small heat
generation rate is achieved from the superthermal vibration
bunching. When the vibration lasing transition is observed,
the extractable work is further significantly enhanced. The
present connection between nonthermal vibration and ex-
tractable work may offer a unique way to explore the CILH
from the perspectives of thermodynamics and statistics.

II. MODEL

The system of a DQD with electron-vibration interac-
tion is schematically shown in Fig. 1 and modeled by the
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FIG. 1. Schematic of vibrationally inelastic electron transport
through a DQD device.

Hamiltonian (h̄ = 1)

H =
∑

σ

{ ∑
j=1,2

(ε j + σ̃Ez/2)d†
jσ d jσ

+ td(d†
2σ d1σ + d†

1σ d2σ )

}

+ itso

∑
σ,σ ′

{cos θd†
2σ (σz)σ,σ ′ d1σ ′+ sin θd†

2σ (σx)σ,σ ′ d1σ ′}+H.c.

+
∑
kσv

εkσvc†
kσv

ckσv

+
∑
kσ

(tkσL,2c†
kσLd2σ + tkσR,1c†

kσRd1σ )

+
∑
kσ

(t∗
kσL,2d†

2σ ckσL + t∗
kσR,1d†

1σ ckσR)

+ ωva†
vav + g

∑
σ

(d†
2σ d2σ − d†

1σ d1σ )(a†
v + av)

+
∑

α

ωαa†
αaα +

∑
α

tαv(a†
αav + a†

vaα ), (1)

where d†
jσ is the creation operator of an electron with spin

σ =↑,↓ and energy ε j in the dot j, with Ez being the Zeeman
splitting of the dot level induced by an external magnetic
field. Here, σ =↑ and σ =↓ correspond to σ̃ = + and σ̃ =
−, respectively. The interdot tunneling is allowed with the
strength td. Due to the spatial confinement of the structures,
the Rashba-type spin-orbit coupling is generated [45–50]. The
resulting spin-flip strength is tso and θ is the angle between
the Zeeman field and the effective spin-orbit field. σz and σx

are the Pauli spin matrix along the z and x axes. The DQD
is coupled to two electrodes. c†

kσv
is the creation operator for

an electron with spin σ , momentum k, and energy εkσv in the
electrode v = L, R. tkσv is the tunnel matrix element between
the dot and the electrodes. Moreover, we have considered the
limit of strong inter- and intradot Coulomb repulsion, such
that at a time only one excess electron can be injected from
the electrode to the dot. The DQD is also coupled linearly to a
local vibration mode of frequency ωv with electron-vibration
coupling constant g. The vibration mode interacts with a
thermal bath and tαv is the coupling strength. a†

v and a†
α are

creation operators for the vibration mode and bath.
When a voltage bias is applied between the two electrodes,

an electron can tunnel to dot 2 from electrode L and then
tunnels out from dot 1 to electrode R. Depending on the two
electronic levels, the electron-vibration coupling may give rise
to excitation or deexcitation of the vibrational mode. The

tunneling processes and vibrational excitations remain un-
changed as the bias voltage increases. This allows for the limit
of high bias voltage and we will focus on this situation in the
following. In such a case, the dynamics of the vibration-DQD
density matrix ρ can be described by a Markovian master
equation [51–53]

d

dt
ρ(t ) = − i[H0, ρ(t )]

+
∑

σ

{�LσD[d†
2σ , ρ(t )] + �RσD[d1σ , ρ(t )]}

+ κv{nB(ωv)D[a†
v, ρ(t )]

+ [1 + nB(ωv)]D[av, ρ(t )]}, (2)

where H0 is the Hamiltonian of the coupled vibration-DQD
system and its coherent evolution is described by the first line.
Here, the Hamiltonian H0 contains three parts: the DQD with
HD = ∑

σ {∑ j=1,2(ε j + σ̃Ez/2)d†
jσ d jσ + td(d†

2σ d1σ + d†
1σ

d2σ )}+itso
∑

σ,σ ′ {cos θd†
2σ (σz)σ,σ ′d1σ ′ +sin θd†

2σ (σx)σ,σ ′d1σ ′ }
+H.c., the vibration mode with Hv = ωva†

vav, and their
coupling with HDv = g

∑
σ (d†

2σ d2σ − d†
1σ d1σ )(a†

v + av). The
second line accounts for the effect of the electrode and
�vσ, j (ε) = 2π

∑
k |tkσv, j |2δ(ε − εkσv ) is the spectral function

of the electrode v coupling to dot j with spin σ . The last two
lines describe the vibrational heating and cooling induced
by the bath and κv(ω) = 2π

∑
α |tαv|2δ(ω − ωα ) being the

vibration decay rate. nB(ω) = [exp(h̄ω/kBT ) − 1]−1 is the
Bose-Einstein distribution with the temperature T . For
simplicity, �vσ, j (ε) and κv(ω) are assumed to be independent
of energy and frequency and we take �vσ, j (ε) = �vσ and
κv(ω) = κv. Finally, the superoperator acts according to
D[A, ρ(t )] = Aρ(t )A† − [A†Aρ(t ) + ρ(t )A†A]/2 for an
arbitrary operator A.

To study the spin-dependent transport, the current is de-
fined as

∑
vσ Ivσ (t ) = ed〈Ne〉/dt , where Ne = ∑

jσ d†
jσ d jσ is

the total number of particle operator. In the steady state for
t → ∞, the current flowing from electrode v with spin σ can
be written as

IL↑ = e�L↑〈d2↑d†
2↑〉, IL↓ = e�L↓〈d2↓d†

2↓〉, (3)

IR↑ = −e�R↑〈d†
1↑d1↑〉, IR↓ = −e�R↓〈d†

1↓d1↓〉. (4)

Due to the conservation of charge, the current entering the
DQD must be equal to the one leaving it, that is, IL↑ + IL↓ =
−(IR↑ + IR↓). Then the charge current is given by

Ic = −(IR↑ + IR↓) (5)

and the spin polarization of the current is

ps = IR↑ − IR↓
IR↑ + IR↓

. (6)

Note that the spin polarization defined by ILσ is always zero
when �L↑ = �L↓. When the electron moves from left to right,
the current-induced heat generation Qh can be characterized
by the energy transfer from electron to vibration system. From
the time evolution of the average value of Hv = ωva†

vav, one
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gets

d〈Hv〉
dt

= Jv(t ) + Qh(t ), (7)

where Jv(t ) is the energy flux from the bath to the vibration
mode. In the steady state, Qh(t ) becomes

Qh = −igωv

〈∑
σ

(d†
2σ d2σ − d†

1σ d1σ )(a†
v − av)

〉
. (8)

We assume that the temperatures of electrons and vibra-
tions are the same; then heat generation is solely driven
by an electron residing on the DQD. Meanwhile, the vibra-
tion mode can be excited by this electron and, consequently,
the nonthermal vibration statistics are observed. Thus the
statistical properties of the vibration mode have to be con-
sidered together with the heat generation. To this end,
the equal-time second-order correlation function, g(2)

v (0) =
〈a†

va†
vavav〉/〈a†

vav〉2, is introduced to characterize the vibra-
tion statistics. For g = 0, the vibration mode is in a thermal
state with g(2)

v (0) = 2. For g 
= 0, the nonthermal states
with antibunched, coherent, bunched, and superthermal vi-
bration emissions may be achieved, which are characterized
by g(2)

v (0) < 1, g(2)
v (0) = 1, 1 < g(2)

v (0) < 2, and g(2)
v (0) > 2.

In numerical calculations, we focus on the weak electron-
vibration coupling, g ∼ 0.3ωv, which has been verified by
employing a modified Born-Markov quantum master equa-
tion [54–56].

Previously, most studies have primarily focused on the
impact of heat generation on the stability of devices [1,16,17].
For example, in single-molecule devices, the heat generation
may lead to the breaking of chemical bonds [57]. To measure
the heating or cooling effect of a device, an effective tem-
perature has been introduced [2,3,5,6,8,15,19,58–60]. When
the effective temperature increases, the vibration populations
are distinct from those observed under equilibrium conditions,
which are determined by the thermal bath. Consequently, the
single effective temperature is not sufficient to describe the
nonthermal vibration states and additional quantities such as
free energy and entropy are needed [42]. In such a case,
the extra work can be extracted from the nonthermal vibra-
tions [42,44]. Moreover, it is established that the proportional
relationship between the current and the heat generation does
not hold in nanodevices [32–34]. Inspired by this, we will
reveal how to strike a balance between the current, heat
generation, and extractable work under nonthermal vibration
excitation.

III. CHARGE TRANSPORT

We first consider the case Ez = 0 and tso = 0; then the spin-
up and spin-down channels are completely degenerate and
indistinguishable, resulting in a spin-independent transport.
Figure 2(a) shows the charge current Ic as a function of the
energy difference εd = ε2 − ε1. For g = 0, the electron trans-
port is dominated by an elastic channel and a resonant peak is
observed at εd = 0. For a finite g, away from this resonance,
a series of sidepeaks appear at εd = nωv (n � 1), which
corresponds to the vibration-assisted tunneling [54–56]. The
equal-time second-order correlation function g(2)

v (0) is shown
in Fig. 2(b); for g = 0 the vibration mode is only coupled to a

FIG. 2. Charge current Ic (a), equal-time second-order correla-
tion function g(2)

v (0) (b), heat generation Qh (c), and charge quality
factor ηc (d) as a function of energy difference εd for indicated values
of electron-vibration coupling strength g. Other parameters are ωv =
0.3 eV, κv = 0.01ωv, T = 0.1ωv, �Lσ = 0.01ωv, �Rσ = 0.001ωv,
td = 0.033ωv, tso = 0, Ez = 0, and θ = π/2.

thermal bath, yielding g(2)
v (0) = 2. When the vibration mode

is excited by the tunneling electron (g 
= 0), it can exhibit
nonthermal statistics with g(2)

v (0) 
= 2. The heat generation Qh

at εd = ωv has a maximum, while it has a minimum around
εd = 0, as shown in Fig. 2(c). Thus the heat generation can
be significantly inhibited when the vibration mode is in a
bunched state. Since the electron contributes differently to
Ic and Qh, the relative magnitudes of the peaks in Ic do not
coincide with those in Qh [32–34]. Thus it is difficult to
measure the “optimal region” (high Ic with low Qh) for device
operation. For this, we can define a quality factor as

ηc = Ic

Qh
, (9)

where ηc → ∞ means an ideal operation induced by Qh =
0 with a significant Ic. As expected, a high value of ηc is
achieved at εd = 0 [Fig. 2(d)], indicating the low heat gen-
eration rate.

In Fig. 3 we show the impact of electron-vibration coupling
g on Ic, g(2)

v (0), Qh, and ηc for different energy differences εd.
At εd = 0, Ic remains almost unaffected by g [Fig. 3(a)]. As
g increases, the inelastic channel starts to contribute to Ic at
εd = nωv (n = 1, 2, 3). Eventually at large g, the inelastic part
in Ic becomes dominant and therefore the vibration bunching
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FIG. 3. Charge current Ic (a), equal-time second-order correlation function g(2)
v (0) (b), heat generation Qh (c), and charge quality factor ηc

(d) as a function of electron-vibration coupling strength g for indicated values of energy difference εd. The inset in (c) shows Qh in a linear
scale. Same parameters as in Fig. 2.

or superthermal bunching is observed [Fig. 3(b)]. The heat
generation at εd = 0 is, however, lower as compared to the
case of εd = nωv. This indicates that, although the large cou-
pling to the vibration mode can enhance the heat generation,
it may not change the contribution rate on the channel at
εd = 0 in Qh [Fig. 3(c)]. As a consequence, ηc is always
larger at εd = 0 than at εd = nωv. We can therefore claim that
the device operation is benign when the vibration bunching
occurs.

Furthermore, in the region of small g (g < 10−3ωv), the
linear dependence of Qh on g with a log-log scale is observed.
To reveal such a behavior, the expression of Qh in Eq. (8) can
be further expanded by

d〈d†
2σ d2σ a†

v〉
dt

= − itd〈(d†
2σ d1σ − d†

1σ d2σ )a†
v〉

+
(

iωv − κv

2

)
〈d†

2σ d2σ a†
v〉

+ ig〈d†
2σ d2σ 〉 + �Lσ 〈d2σ d†

2σ a†
v〉, (10)

d〈d†
1σ d1σ a†

v〉
dt

= −itd〈(d†
1σ d2σ − d†

2σ d1σ )a†
v〉

+
(

iωv − �Rσ − κv

2

)
〈d†

1σ d1σ a†
v〉

− ig〈d†
1σ d1σ 〉, (11)

and 〈d†
jσ d jσ av〉 = [〈d†

jσ d jσ a†
v〉]†, which allow us to write the

steady-state Qh as

Qh = − igωv

{
4itd Re

([
1(

iωv − κv
2

) + 1(
iωv − �R − κv

2

)
]

× 〈(d†
2 d1 − d†

1 d2)a†
v〉

)

− 4�LIm

(
1(

iωv − κv
2

) 〈d2d†
2 a†

v〉
)

+ 2ig

[
κv

ω2
v + (

κv
2

)2 〈d†
2 d2〉 + 2�R+κv

ω2
v +(

�R+ κv
2

)2 〈d†
1 d1〉

]}
,

(12)

where 〈d†
i d j〉 = 〈d†

iσ d jσ 〉 and �v = �vσ . For small g, we
can approximately decouple electrons from vibrations, where
〈(d†

2 d1 − d†
1 d2)a†

v〉 and 〈d2d†
2 a†

v〉 can be replaced with
〈(d†

2 d1 − d†
1 d2)〉〈a†

v〉 and 〈d2d†
2 〉〈a†

v〉. In such a case, the vi-
bration mode is weakly excited; thus no significant vibration
population can build up in it. Then Qh is dominated by the last
line in Eq. (12) and we can safely omit the terms that involve
〈(d†

2 d1 − d†
1 d2)a†

v〉 and 〈d2d†
2 a†

v〉. These two approximations
are equivalent. To obtain an analytical expression for Qh, we
need to calculate 〈d†

1 d1〉 and 〈d†
2 d2〉, and their forms are sim-

ilar to those for g = 0. With the normalization condition for
the diagonal reduced-density matrix elements in the electron
system, 〈d2d†

2 〉 + 2〈d†
1 d1〉 + 2〈d†

2 d2〉 = 1, and for εd = 0 one
can get

〈d†
1 d1〉 = 2t2

d �L

�2
R�L + 8t2

d �L + 2t2
d �R

, (13)

〈d†
2 d2〉 =

(
�2

R + 4t2
d

)
�L

2
[
�2

R�L + 8t2
d �L + 2t2

d �R
] . (14)

Taking into account the parameters in Fig. 3, then Qh, in turn,
is given by

Qh ≈ 4g2(�R + κv)�L

ωv(4�L + �R)
. (15)

The detailed derivation is provided in Appendix A of Supple-
mental Material Ref. [61] and the results obtained using the
analytical Eq. (15) agree well with the numerical solutions. As
a consequence, Eq. (15) follows that the dependence of Qh ∝
g2 and thus ηc ∝ g−2 holds clearly, as verified in Figs. 3(c)
and 3(d).
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FIG. 4. Spin polarization ps (a), equal-time second-order correlation function g(2)
v (0) (b), heat generation Qh (c), and spin quality factor ηs

(d) as a function of energy difference εd for indicated values of electron-vibration coupling strength g and for tso = 0.033ωv and Ez = 0.005ωv.
The definition of ηs only works for g 
= 0; thus it is invalid in (d1). The insets in (d4) and (d5) show the enlarged views of the shaded areas.
Same parameters as in Fig. 2.

IV. SPIN TRANSPORT

In Fig. 4(a), we show the spin polarization ps as a function
of the energy difference εd in the presence of the Zeeman
splitting Ez and the spin-orbit coupling tso. Then the two spin
channels are no longer degenerate and the spin flip processes
occur. The left electrode acts as an electron source; thus
IL↑ = IL↓ due to �L↑ = �L↓. A spin degenerate electron will
tunnel into the dot 2 from the left electrode, due to the spin
flip; it then tunnels out from dot 1 to the right electrode with
a finite spin polarization. One can see that ps at εd ≈ 0 is
rather small, even for large g, while it increases significantly
in the vibration-assisted regions with εd ≈ nωv. Thus the
nonthermal vibrations, except the bunching at εd ≈ 0, can be
selectively excited for high ps [Fig. 4(b)]. Figure 4(c) presents
Qh as a function of εd for different g. In the absence of the
electron-vibration coupling, g = 0, the heat generation van-
ishes. When g 
= 0, Qh exhibits a peak at a certain εd, which
depends on g. The larger the electron-vibration coupling g is,
the more peaks there will be in Qh, due to the multivibration
excitation. Meanwhile, increasing g can shift the maximum
value of Qh to where the value of εd is larger. As ps is not

proportional to Qh, we can introduce ηs(= ps/Qh), which is
similar to ηc, into our consideration. There is always a min-
imum in Qh for εd ≈ 0, similarly as the case for Ez = 0 and
tso = 0 in Fig. 2(c). However, different from Ic, the peak value
of ps at εd ≈ 0 is clearly smaller than that at εd ≈ nωv for a
given g. As a result, ηs achieves a relatively high value at εd ≈
2ωv, where the superthermal vibration bunching is observed.

All the above quantities of interest are shown in Fig. 5 as a
function of g. When g increases, ps decreases monotonically
for εd ≈ 0, while it first increases and then decreases for
εd ≈ nωv. For g � 1.3 × 10−3ωv, ps at εd ≈ 0 is larger than
that at εd ≈ nωv, while Qh, in turn, concerns the opposite
situation. Thus ηs can reach its maximum value at εd ≈ 0. This
is similar to that in Fig. 3. For g > 1.3 × 10−3ωv, depending
on g, ps with εd ≈ nωv becomes enhanced and eventually
surpasses the ones for εd ≈ 0. Since the minimum value of Qh

always appears at εd ≈ 0, then the dominant contribution to ηs

can become the transport channel at εd ≈ nωv, such as n = 2
and n = 3 with g(0)

v (0) ≈ 45 and g(0)
v (0) ≈ 5. Obviously, com-

pared with charge transport, we can achieve a high ηs for large
g in spin transport when the vibration superbunching is ob-
served. Additionally, the dependence of Qh ∝ g2 and ηs ∝ g−2
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FIG. 5. Spin polarization ps (a), equal-time second-order correlation function g(2)
v (0) (b), heat generation Qh (c), and spin quality factor ηs

(d) as a function of electron-vibration coupling strength g for indicated values of energy difference εd. Same parameters as in Fig. 4.

for small g is also found, as explained in Figs. 3(c) and 3(d).
Note that the dot energy we choose in Fig. 5 is shifted a little
away from the vibration energy nωv, which is solely to ensure
that ps takes a positive value. When we take εd = nωv, a high
value of ηs for n = 2 or n = 3 is also obtained (Appendix B
of Supplemental Material Ref. [61]).

V. EFFECT OF TEMPERATURE

Let us now study how the temperature affects the above
physical quantities. For the low temperatures, an electron in-
jected from the left electrode occupies dot 2, it can relax to
dot 1 with the emission of a vibration, and thus the vibration-
emission-assisted transport occurs at εd > 0. In such a case,
the thermal bath can only absorb vibrations; then the energy
transfers from electron to vibration system in one direction,
yielding Qh > 0. For higher temperatures, it can be immedi-
ately seen that the charge current Ic and spin polarization ps

apart from the part at εd > 0 corresponding to the vibration
emission includes also the electron tunneling processes at
εd < 0 originating from the vibration absorption [Figs. 6(a)
and 6(b)]. For εd < 0, the tunneling process is as follows. An
electron can tunnel to dot 2 from the left electrode, as the
energy level of dot 1 is higher than the dot 2; then the electron
tunneling from dot 2 to 1 is only allowed by absorbing a
vibration. This is caused by the energy transfer from vibration
to electron system, where the energy source is the thermal
bath. The energy flux from the bath can be obtained from
Eq. (7) and is of the form

Jv = ωvκv{nB(ωv)〈ava†
v〉 − [nB(ωv) + 1]〈a†

vav〉}, (16)

where Jv consists of two terms—the first term corresponds
to the energy loss, while the second term corresponds to the
energy absorption. The vibration mode can be excited by the
bath when the former occurs, and the vibration-absorption-
assisted transport is observed at εd = −ωv and consequently
the vibration cooling with Qh < 0 and g(2)

v (0) ≈ 2 [Fig. 6(c)].
As a result, the heat generation vanishes (Qh = 0) between
the cooling and the heating and ηc,s → ∞ is achieved for the
ideal operation of the device. At εd = −ωv, Qh = 0 at room

FIG. 6. (a), (b) Charge current Ic and spin polarization ps as a
function of energy difference εd for T = 0.5ωv. (c), (d) Similar to
(a), but for equal-time second-order correlation function g(2)

v (0), heat
generation Qh, charge quality factor ηc, and spin quality factor ηs

versus εd. Same parameters as in Fig. 4.
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FIG. 7. Thermal entropy Sth, von Neumann entropy SvN, equilib-
rium free energy Fe, nonequilibrium free energy Fne, and extractable
work W as a function of energy difference εd for g = 0. Same
parameters as in Fig. 2.

temperature T = 0.026 eV is also accessible when we take
ωv = 52 meV.

VI. EXTRACTABLE WORK

One of the most intuitive consequences of the presence
of electron-vibration coupling is an effective increase of the
energy and entropy of the vibrational degrees of freedom,
accompanied by the generation of nonthermal vibration statis-
tics. In principle, the useful work can be extracted from a
nonthermal vibration [42,44,62,63], which is treated as a bat-
tery. To quantify the extractable work, the entropy, free energy,
and internal energy are introduced to characterize the nonther-
mal states of the vibrations. For g = 0, the vibration mode is in
a thermal state and we can use effective thermal entropy [Sth =
kB{(〈a†

vav〉 + 1) ln(〈a†
vav〉 + 1) − 〈a†

vav〉 ln〈a†
vav〉}] and equi-

librium free energy Fe = −kBT lnTr{exp(−Hv/kBT )} as a
reference point. For comparison, the von Neumann entropy
(SvN) and nonequilibrium free energy (Fne) are given by

SvN = −kBTr{ρv ln ρv}, (17)

Fne = U − T SvN, (18)

where ρv = Tre{ρ} is the density matrix of the vibration sys-
tem and its internal energy is U = Tr{Hvρv}. As expected,
SvN = Sth and Fne = Fe in Fig. 7 are observed for thermal vi-
brations. Under a thermal operation, the maximum extractable
work is defined as

W = Fne − Fe, (19)

where g = 0 leads to W = 0 and W 
= 0 is achieved when
the vibration mode is in a nonthermal state. In Fig. 8, we
present the von Neumann entropy SvN and extractable work
W as a function of the electron-vibration coupling g for
different εd. When g is increased, SvN in Fig. 8(a) strongly
deviates from Sth, indicating the appearance of the nonthermal
vibrations, particularly in the vibration-assisted regime. The
extractable work in Fig. 8(b), in turn, is relatively large at
εd = ωv (εd = 2ωv) in the small (large) coupling regime and
rather small at εd = 0 in the whole region. For the charge
transport, as discussed in Figs. 2 and 3, the bunched vibration

FIG. 8. (a) Entropy SvN as a function of electron-vibration cou-
pling g for indicated values of energy difference εd. (b) Similar to (a),
but for extractable work W versus g. Parameters for solid and dashed
lines are the same as in Figs. 3 and 5, respectively.

at εd = 0 is chosen for high ηc, while the extractable work is
less pronounced in comparison to the vibrations in εd = nωv.
Interestingly, the generation of the superthermal bunching in
spin transport (Figs. 4 and 5) is to identify the vibration
state with a sufficiently high ηs, where the extractable work
becomes also pronounced.

FIG. 9. (a) Equal-time second-order correlation function g(2)
v (0),

charge quality factor ηc, and extractable work W as a function
of electron-vibration coupling g. (b)–(f) Wigner functions for g =
10−6ωv, g = 0.0105ωv, g = 0.015ωv, g = 0.02ωv, and g = 0.1ωv,
respectively. Same parameters as in Fig. 2.
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VII. VIBRATION LASING TRANSITION

When the vibration lasing transition occurs, the von Neu-
mann entropy markedly deviates from the thermal entropy,
thereby obtaining significant extractable work [42,44]. To
achieve the lasing transition, small dissipation of the vibration
mode is required; then we take κv = 10−4ωv. In this regime,
we present g dependence of g(2)

v (0), ηc, and W for εd = ωv in
Fig. 9(a). For small g, the weak coupling to electrons results
in the thermal state of the vibration mode with g(2)

v (0) = 2.
Above a certain threshold of the electron-vibration coupling,
the vibration lasing situation is observed, due to the popula-
tion inversion between the two electronic levels, indicated by
g(2)

v (0) = 1. As shown in Figs. 9(b)–9(f), the vibration excita-
tion can also be visualized in the Wigner distribution functions
for different g. It clearly shows the transition of the vibration
state from thermal to coherent, which manifests itself as an
evolution from blob to ring structure in the Wigner func-
tion. From Figs. 3(d) and 8(b), we can achieve ηc ≈ 102 and
W ≈ 0.06ωv for g = 0.1ωv and εd = ωv, while in Fig. 9(a)
ηc ≈ 102 and W ≈ 5ωv. Therefore, while maintaining ηc, W
can be further enhanced when the vibration lasing occurs and
similarly for the spin transport (Appendix C of Supplemental
Material Ref. [61]).

VIII. CONCLUSIONS

We have studied the vibration-mediated electron transport
in a double quantum dot attached to two electrodes and found
that the heat generation can be significantly suppressed in
the charge and spin channels when the vibration bunching
appears. Moreover, the nonthermal vibration mode can serve
as a battery and the extractable work from it can be quantified
by the nonequilibrium free energy. Among all the nonthermal
vibration states, the large work extraction with small heat
generation rate from the superthermal bunching is identified in
the spin transport channel. The extractable work can be further
enhanced when the vibration lasing transition occurs.
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