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Extensive efforts are being made to improve the material quality of semiconductor quantum cascade lasers
(QCLs) to suppress the carrier scattering from the interface roughness (IFR), which is commonly regarded as
the leading cause of the emission linewidth broadening in QCLs. Here, we uncover an intrinsic lower bound
to the emission linewidth in the prevailing QCLs by performing atomistic pseudopotential calculations of the
electronic and optical properties without ad hoc assumptions as made in standard effective mass approaches.
We demonstrate that our atomistic simulation results could reproduce the experimental results well on both
emission peaks and emission linewidths for a wide range of temperatures and applied bias voltages, even without
considering the effect of the IFR. Specifically, we find that the multiple intersubband optical transitions, which
are broadened each by the nonparabolicity of subband energy dispersions, render a very broad emission spectrum
and could explain the experimentally measured spectra for a wide external bias. Therefore, we illustrate that the
previously ignored multiple intersubband optical transitions give rise to an intrinsic lower bound to the emission
linewidth in QCLs. These findings imply that the IFR may play a minor role in broadening the emission linewidth
in the state-of-the-art QCLs and shed light on the design of QCLs.
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I. INTRODUCTION

Quantum cascade lasers (QCLs) are unipolar semiconduc-
tor lasers and rely on the electronic transitions of only one type
of carrier between distinct subbands arising from one parent
bulk conduction or valence band due to size quantization in
semiconductor heterostructures [1,2]. The energy spacing of
the lasing subbands determines the radiation frequency of
QCLs. It thus enables tailoring the lasing emission wavelength
by tuning the size in confined dimensions using the same
heterostructure material to cover a wide spectral range from
the midinfrared to the submillimeter wave region (∼100 µm)
of the electromagnetic spectrum [2], a portion of the spectrum
not easily accessible with conventional semiconductors lasers
in which the band gap of the active material determines the
emission wavelength [3]. For instance, the QCL has long
been the preferred choice in many attempts to fabricate ter-
ahertz semiconductor lasers to bridge the so-called terahertz
gap in the electromagnetic spectrum between the realms of
semiconductor electronic and photonic sources [4]. Since the
demonstration at Bell Laboratories by Faist et al. [1], QCLs
have undergone tremendous advances in output power, wall
plug efficiency (WPE), beam quality, and wavelength cover-
age and tenability [5,6]. QCLs have now become the leading
laser sources with lasing wavelengths from 3 to 300 µm [7,8]
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covering the midinfrared and far-infrared regions. Specifi-
cally, the midinfrared QCLs have achieved a continuous-wave
output power of up to 5.1 W with 21% WPE at room tem-
perature [9], whereas the far-infrared QCLs can only achieve
watt-level power at a cryogenic temperature [10,11]. The re-
cently recorded working temperature of terahertz QCLs is
250 K [12]. Therefore, operations far below room temper-
ature prevent far-infrared or terahertz QCLs from extensive
applications [13,14].

In addition to operation at long wavelengths, QCLs have
another compelling feature of a narrow linewidth of the
laser transition and corresponding large optical gain regard-
ing the peak gain cross-section gc (or the maximum gain
at resonance), which is inversely proportional to the emis-
sion linewidth γ and wavelength λ [3]: gc ∼ 1/(λ × γ ). In
conventional semiconductor lasers, because photons are gen-
erated by the radiative recombination of electrons in the con-
duction band with holes in the valence band across the band
gap of the active material, the population inversion broadly
distributed between these two bands having dispersion with
opposite curvature results in a relatively broad gain spectrum
[15]. However, in QCLs, because the lasing arises from the
electronic transitions between conduction subbands having a
nearly parallel curvation with a negligible nonparabolicity,
the population inversion created between these subbands re-
sults in a narrow gain spectrum that is expected to be like
a δ function in the absence of collision-induced broadening
[1,2,15]. This narrow gain spectrum will be much less sen-
sitive to the thermal broadening of the electron distribution,
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unlike the gain spectrum associated with interband transitions
in conventional semiconductor lasers [1]. Furthermore, the
gain of the active material becomes more sensitive to the
emission linewidth in a longer wavelength laser, which may be
responsible for the fact that, to date, the QCLs that operate in
the terahertz region have been limited to low temperatures that
necessitate cryogenic cooling [16]. Indeed, it was recognized
that, as the temperature rises, a reduced peak gain cross-
section gc with elevated threshold current could directly cause
a drop in WPE and out power and even failure in QCLs [17].

In reality, the optical emissions in QCLs were found ex-
perimentally to have a finite linewidth, which becomes wider
at a higher temperature [18]. The broadening to the emission
linewidth is regarded entirely as arising from the collisional
dephasing of electrons in the upper lasing subband due to the
scattering by ionized impurities, interface roughness (IFR),
phonons, and other electrons [2]. Remarkably, the IFR scat-
tering is commonly believed to be the primary mechanism
responsible for the observed linewidth broadening in QCLs
[19–27] since the IFR scattering-induced broadening could re-
produce well the experimentally measured emission linewidth
in a wide range of temperatures [22,28] by adjusting two IFR
character parameters: the average roughness height � and
correlation length � along the interface [29]. Much of the
attention after that turns to controlling the material quality
of QCL structures to suppress the IFR scattering-induced
linewidth broadening to improve QCL performance [28,
30–37]. However, evidence against the IFR mechanism has
been accumulated. For instance, the fitted IFR parameter �

was considerably larger than the reported values measured
directly from the QCL materials [26,33]. In SiGe QCLs, the
IFR model predicted linewidth of 170–330 meV [22] is a
factor of 4–5 larger than the experimentally measured value of
40 meV [38], and thus, a vertical correlation length �⊥ has
been introduced additionally to the IFR scattering model to
cure the overestimation [22,33]. Because the IFR scattering
is not so sensitive to temperature, the scattering by optical
phonons has been added to explain the broader linewidths
observed at higher temperatures [20]. Very recently, Kolek
et al. [26] also found that the IFR scattering contributes
only 50% of the optical emission linewidth by considering
the k dependence of the upper lasing subband states due to
the finite carrier concentration. Furthermore, the linewidth
broadening induced by optical transitions from the upper las-
ing subband to multiple lower subbands spanning an energy
range of 20 meV has also been predicted theoretically in a
bound-to-continuum design of terahertz QCLs [21] but was
overlooked due to its overlap with a wider linewidth of 15–25
meV predicted from the IFR scattering model [39]. Recently,
Bosco et al. [40] followed by Khalatpour et al. [12] achieved
temperature leaps of 10 and 40 K, respectively, to a maximum
operating temperature of 250 K for terahertz QCLs by replac-
ing the prevailing bound-to-continuum design with a two-well
design in a dramatic sacrifice of the extraction efficiency.
Although such improvement was attributed to the overcoming
of the band misalignment caused by higher doping levels in
the previous design and being insensitive to dephasing caused
by IFR and impurities [12], the reduced linewidth by changing
the multiple intersubband transitions to single intersubband
transitions may also play an essential role. Franckié et al. [41]

found that the temperature degradation of the two-well design
is dominated by level broadening. These pieces of evidence
indicate that we must revisit the mechanisms underlying the
linewidth broadening in QCLs.

In this paper, we examine explicitly the effect of multiple
intersubband transitions and nonparabolicity in conduction
subbands on the emission linewidth of QCLs by performing
full-zone and multiband electronic structure calculations us-
ing a sophisticated atomistic pseudopotential method without
ad hoc assumptions [42–44]. We demonstrate that our theo-
retical results reproduce the experimental emission peak well
for a wide range of temperatures and applied bias voltages
even without considering the IFR. We show that the previ-
ously ignored multiple intersubband transitions, which are
each broadened by the nonparabolicity of subband dispersion,
remarkably modify the emission spectrum and give rise to a
lower bound to the emission linewidth in prevailing bound-
to-continuum or double-phonon resonance designs of QCLs.
These findings shed light on understanding the intrinsic broad-
ening and reveal design principles of QCLs.

II. ATOMISTIC SIMULATION METHOD

The classical k · p theory is a standard method for band
structure design of semiconductor QCLs. One can learn from
the k · p approximation that the nonparabolicity of the en-
ergy bands in bulk semiconductors is entirely attributed to
the coupling to other bands with their coupling strengths
characterized by dipole matrix elements [45]. If the k · p
Hamiltonian is diagonalized by using a sufficiently large num-
ber of Bloch states of bulk bands at k0, it would correctly
predict the full (nonparabolic) band dispersion throughout
the Brillouin zone. However, the number of required k · p
parameters increases rapidly with the number of included bulk
bands and thus renders it a difficult-to-compute task [46,47].
Traditionally, the set of Bloch states is truncated to those
bulk bands strongly coupled by the k · p perturbation, namely,
those near the band gap. For a III-V zinc-blende semicon-
ductor, the three p-derived Bloch states of the valence bands,
which are degenerate at the � point, are usually augmented by
the Bloch state of the first conduction band to give rise to the
8 × 8 k · p (including spin degeneracy). For the energy disper-
sion of the conduction band in the proximity of the � point,
a nondegenerate perturbation theory could further reduce the
eight-band k · p model to a one-band effective mass model
by treating its coupling with three valence bands as second-
order perturbation. Thus, the energy band is approximated
to be parabolic (∼ k2) around their extreme [48–50] with a
correction (depending on ∼ k4) due to the nonparabolicity of
the band [2]:

E (k) = h̄2k2

2m∗
c

(1 − γ k2), (1)

where

γ = h̄2

2m∗
c Eg

(2)

is the nonparabolicity coefficient, m∗
c is the effective mass of

the lowest conduction band at the � point (k = 0), and Eg is
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the band gap. In general, the resolution of the expansion is
limited since the basis set is restricted.

These limitations of the k · p approximation could be
circumvented by solving the Schrödinger equation in an atom-
istic method. For instance, the atomistic tight-binding method
[51] has been used to study the band structure of QCLs
[52]. In this paper, we instead use an atomistic computa-
tional approach based on a semiempirical pseudopotential
method (SEPM) for semiconductors. In the atomistic SEPM
method, crystal (or nanostructure) potential V (r) is obtained
by the sum of atomistic potentials and eigensolutions ex-
panded within a complete basis set of a sufficiently large
number of plane waves [53–56]. The Schrödinger equation
governing the motion of an electron in a QCL with an atom-
istic pseudopotential crystal potential V (r) [42] is

Ĥψi(r) =
[

p̂2

2m
+ V (r)

]
ψi(r) = εiψi(r), (3)

where V (r) = ∑
n

∑
α vα (r − Rn − dα ) is a superposition of

screened atomic potentials vα of atom type α at site dα in
the nth primary cell Rn. The indices (α, n) extend over the
QCL and the barrier materials. The equilibrium position of
each atom in the supercell of the QCL is obtained by min-
imizing the lattice-mismatch-induced strain energy in terms
of the atomistic valence force field [57]. The atomic pseu-
dopotentials vα were empirically fit to experimental transition
energies, effective masses, spin-orbit splitting, deformation
potentials of the underlying bulk semiconductors, and band
offsets of two different semiconductors associated with a het-
erojunction (c.f. Refs. [58,59] for details). In contrast with
the first-principles methods based on density functional theory
(DFT), which had been widely used to calculate the electronic
structure of small systems, the overestimation of effective
masses (∼40%) and underestimation of band gap (∼60%)
are corrected in the current atomistic screened pseudopoten-
tial method by fitting them to experimental values [60]. The
Schrödinger equation of Eq. (1) is solved by expanding the
electronic states ψi(r) of one stage of QCLs in a plane-wave
basis set and selectively calculating the band-edge states using
the folded-spectrum method [61]. This approach naturally
captures the atomistic symmetry of the system, multiband,
intervalley, and spin-orbit interactions. It thus could repro-
duce the nonparabolic band dispersion throughout the whole
Brillouin zone. The computation capacity of our atomistic
method is aggressively extended from <1000 atoms of DFT
(and <100 atoms using the GW and Bethe-Salpeter method)
to up to millions of atoms with the present method [61], pro-
vided that we restrict our attention to a fixed energy window
around the fundamental band gap.

The validity of the empirical pseudopotential method
(EPM) and modified SEPM developed in Zunger’s group [42]
has been well established in the past seven decades. A direct
comparision beween SEPM calculation of band structure in
GaAs/AlAs superlattices and quantum wells (QWs) with the
results using the eight-band k · p approach shows [45] that
there are systematic errors in band energies and dispersion for
deeper hole subbands (all other than the heavy- and light-hole
first subbands hh1 and lh1) and significant qualitative and
quantitative errors for the conduction subbands. We have

extensively utilized the SEPM to calculate electronic and op-
tical properties and directly compare them with experimental
data for semiconductor superstructures [54], including super-
lattices, and QWs [53,56,62–64], quantum dots [65–67], and
quantum wires [55,68]. In these works, we have demonstrated
that our atomistic pseudopotential method can accurately
capture the energy separation between single-particle energy
levels and many-body excitonic levels. For instance, we
can reproduce the fine structure splitting of excitons in an
energy scale as low as µeV [66,67] by fitting precisely to
the band structure of their parent bulk InAs and GaAs with
<10 meV deviations from the experimental band gap and
<2% difference from the experimental electron effective
mass [58].

III. RESULTS AND DISCUSSION

QCLs with two-phonon resonance [39,69] and bound-
to-continuum [17,39,70] active region designs have been
demonstrated to have much better performance than the
traditional three-level designs, resulting from an effective ex-
traction of electrons from the lower lasing subband offered
by a ladder of subbands separated by an optical phonon
[39]. These two designs have now become prevailing QCL
designs [71,72]. Here, we theoretically examine the optical
transitions and intrinsic emission linewidth of a well-studied
two-phonon resonance Al0.48In0.52As/Ga0.47In0.53As QCL by
neglecting the collision-induced broadening caused by the
IFR, impurity, and phonons [21]. This QCL design is ex-
perimentally measured to have an emission wavelength of
λ = 8.4 µm (or photon energy 148 meV) at the threshold
bias voltage of 8 V [21]. Figure 1(a) schematically shows
the energy band diagram for one stage of this QCL, which
consists of an active region made by four QWs and a collector
region (or an injector of the following stage) made by eight
QWs under the threshold bias voltage. These two regions are
separated by a so-called Al0.53In0.47As extraction barrier layer,
with its thickness alone used to distinguish the two-phonon
design (2.2 nm thick) from the bound-to-continuum design
(1.2 nm thick) [21]. Therefore, these two QCL designs have
12 QWs per stage. Note that, to schematically diagram the
band alignment of the QCL in Fig. 1(a), we artificially use
sharp well/barrier interfaces for simplicity. Although we deal
with ideal interfaces by neglecting the IFR along the in-plane
direction, the atomic strain and atom random distributions of
alloy barriers modify the local band structure at interfaces
[57], leading to an asymptotic potential in the interface plane
rather than a flat one [58], since the atomic strain and atom
random distributions of alloy barriers modify the local band
structure at interfaces [57].

Figure 1(a) also shows the squared modulus of the
wave functions of the subband edge-states at k|| = 0 in
the two-dimensional (2D) Brillouin zone for one stage of
the two-phonon resonance design. There are 13 bound states
numbered in ascending order in energy from |1〉 to |13〉 for
the 12-quantum-well structure: each QW supplies its ground
state, and the widest QW provides an additional state for the
first excited subband. This excited state is numbered as |12〉
at the threshold bias voltage and is identified as the upper
lasing subband. The state |10〉, which distributes mainly in
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FIG. 1. The atomistic calculated band structure of a two-phonon resonance design of Al0.48In0.52As/Ga0.47In0.53As quantum cas-
cade laser (QCL) studied in Ref. [21]. (a) Squared modulus of the wave functions of subband edge-states in one stage of the
QCL under the threshold bias voltage of 8 V, layer out on the bias-modified band alignment of the conduction band minimum
(CBM) of the corresponding bulk materials. Each QCL stage has the layer sequence from an injector barrier to the active region
as 4.3/1.7/0.9/5.4/1.1/5.3/1.2/4.7/2.2*/4.3/1.5/3.8/1.6/3.4/1.8/3.0/2.1/2.8/2.5/2.7/3.2/2.7/3.6/2.5 (numbers are the layer thickness given in
nanometers), where underlined numbers are InAlAs barriers; otherwise, they are InGaAs wells. The asterisk marks the extraction barrier.
(b) Subband band-edge levels as a function of bias. A vertical red arrow indicates the optical emission from the upper lasing subband |12〉
to the lower lasing subband |10〉. (c) Bias-dependent oscillator strength of the optical transition from the subband |12〉 to other low-lying
subbands, (d) Theoretically predicted photon emission energy between the identified upper and lower lasing subbands as a function of gate
bias voltage compared with the experimental value at the threshold bias voltage [21].

the active region and corresponds to the lower lasing subband.
Such an assignment is consistent with that in Ref. [21]. The
intermediate subband |11〉 between these two lasing subbands
comes from the collector region, with its wave function having
a vanishing overlap with that of the upper lasing subband
|12〉. One can also see from Fig. 1(a) that the positive gate
bias causes the bands to bend downward through the stage
from the injector region to the collector region. Energy levels
of subbands as a function of external gate bias varying from
0 to 11 V are shown in Fig. 1(b). The energy levels confined
in wider wells have a stronger bias dependence than those
confined in narrower wells. Thus, a larger gate bias gives rise
to a larger band bending to switch the order of the levels.
For instance, Fig. 1(b) shows that two energy levels |10〉 and
|9〉 move toward each other as the gate bias rises from 5 V,
at which the laser starts emitting photons, to the threshold
bias of 8 V since |10〉 has a larger slop than |9〉, whereas
they then move apart without crossing as the gate bias further
increases. This behavior is called level anticrossing, resulting
from coupling between two involved states. The amplitude
of the anticrossing gap characterizes their coupling strength.
Figure 1(a) shows that, at the threshold bias of 8 V, the spatial
distribution of |9〉 and |10〉 states has a significant overlap,
supplying the chance to have a strong coupling. It should be

noted that the upper lasing subband |12〉 is well separated
from others in energy as the external bias increases, which
guarantees the subband |12〉 always being the upper lasing
subband in the investigated gate bias, as shown in Fig. 1(b).

To confirm the identification of lasing subbands, we turn to
examine the optical transitions between subbands. Figure 1(c)
shows the oscillator strengths of the optical transition from
the upper lasing subband |12〉 to all low-lying subbands as a
function of bias. The oscillator strength of an optical transition
from an initial state |a〉 to the final state |b〉 is defined as a
dimensionless quantity:

Fab = 2|Pab|2
mh̄ω

= 2|〈b|P|a〉 |2
mh̄ω

, (4)

where Pab is the momentum matrix element, and h̄ω the
energy separation between |a〉 and |b〉. One can see from
Fig. 1(c) that there are multiple intersubband transitions in-
stead of one having finite oscillator strength. Specifically, at
a bias voltage of 5 V, the optical transition from the upper
lasing subband |12〉 to subband |8〉 has a slightly larger os-
cillator strength than that from |12〉 to |9〉, and these two
optical transitions have a much stronger oscillator strength
than the remaining transitions. The close oscillator strengths
from |12〉 to |8〉 and |9〉 are mainly due to the strong coupling

235304-4



EMISSION LINEWIDTH BROADENING IN QUANTUM … PHYSICAL REVIEW B 109, 235304 (2024)

between |8〉 and |9〉 since they experience level anticrossing at
∼5 V, as shown in Fig. 1(b). As the gate bias increases from
5 to 6 V, the oscillator strength between |12〉 and |9〉 gets
stronger, while that between |12〉 and |8〉 becomes weaker
as a result of reduction in coupling between |8〉 and |9〉. At
the same time, the transitions from |12〉 to |10〉 and |11〉
get stronger monotonically with increasing bias voltage up to
9 V. The oscillator strength of the transition from |12〉 to |10〉
exceeds that from |12〉 to |9〉 and becomes the strongest optical
transition when the gate bias is >7 V due to level anticrossing
occuring between |9〉 and |10〉, as shown in Fig. 1(b). If
the strongest oscillator strength is followed, the lower lasing
subband can be identified as varying from |8〉 to |9〉 and then
to |10〉 with increasing the gate bias voltage, resulting from
level anticrossing among them.

Once the upper and lower lasing subbands are distin-
guished, the energy of the emission photon vs voltage can be
given, as shown in Fig. 1(d). At the experimental threshold
bias voltage of 8 V, our atomistic simulation predicted emis-
sion energy of the QCL is 136 meV, close to the experimental
value of 148 meV [21]. Note that emission energy exhibits
abnormally strong fluctuation around the threshold bias, as
shown in Fig. 1(d), due to the level anticrossing among |10〉,
|9〉, and |8〉. After averaging two strong transitions, we can
obtain an average emission energy of 143 meV. It is in good
agreement with experimental emission energy, especially con-
sidering that our atomistic simulations do not employ any
adjustable parameters and neglect the scattering from free
electrons and ionized dopants on the Hartree potential.

After the optical transition from the upper lasing subband
to the lower lasing subband, a swift extraction of electrons
from the lower lasing subband is another critical process in
the operation of QCLs to achieve population inversion. The
optical phonons could effectively assist the extraction thanks
to the ultrafast scattering of electrons between two subbands
in a picosecond time scale when their energy separation ap-
proaches the optical phonons. The ultrafast carrier extraction
process is three orders of magnitude faster than the optical
radiation process (in ns) and thus could effectively achieve
population inversion. The condition for lasing is the optical
gain can compensate for the loss. The key to such band
design lies in spacing the lower lasing level and extraction
level to the energy of an optical phonon [2]. However, it is
challenging to maintain such an accurate energy level spacing
when the actual QCL operates under external voltage. Thus,
a double-phonon resonance extraction structure or a bound-
to-continuum structure is proposed to ensure the extraction
efficiency of electrons following the optical transition [39,73].
Our atomistic simulations show that, under the threshold bias
8 V, the energy separation from level |10〉 to level |8〉 is
45 meV, and that from level |8〉 to level |5〉 is 37 meV,
which are very close to the energies of the longitudinal op-
tical (LO) phonons of the Al0.48In0.52As barrier (46 meV)
and Ga0.47In0.53As well (34 meV) alloys [74,75], respectively.
A ladder of three states separated in energy by an optical
phonon in the two-phonon resonance design enables a fast
electron extraction by emission of two optical phonons to
the Al0.48In0.52As barrier and Ga0.47In0.53As well as designed
[21], respectively. We can safely conclude that our atomistic
simulations reproduce the two-phonon design of the QCL

well without having adjustable parameters. This agreement is
even better considering the spectrum broadening by multiple
intersubband transitions.

According to what we have discussed above and shown
in Fig. 1(c), the introduction of additional energy levels in
the collector region to improve the extraction efficiency will
have a side effect in that the electrons in the upper lasing
subband will have a certain probability to transition to these
extraction levels, which will inevitably broaden the gain spec-
trum. Figures 2(a)–2(c) show the oscillator strengths against
the transition energy for all transitions from the upper lasing
level |12〉 to lower-lying levels compared with the experimen-
tal emission spectrum [21] for the QCL under external bias
voltages of 6, 8, and 10 V, respectively. To account for the
slight underestimation of the QCL emission energy mentioned
above, the experimental emission spectra [21] are redshifted
by 14–17 meV to align the theoretical spectra obtained from
our atomistic simulations. Interestingly, we can lay out the ex-
perimental emission spectrum measured at room temperature
[21] to have a high overlap with our theoretically predicted
oscillator strength spectrum for each external bias voltage.
Note that we neglect the IFR scattering-induced linewidth
broadening in our atomistic simulation. Specifically, Fig. 2(a)
shows that four optical transitions from |12〉 to |8〉–|11〉 ex-
hibit significant oscillator strengths at the bias voltage of 6 V
with an energy spanning ∼80 meV. Raising the bias voltage
to 8 V, three optical transitions from the upper lasing level
|12〉 to |9〉, |10〉, and |11〉 levels stand out clearly with the
remaining oscillators being extremely weak. The transition
from |12〉 to |10〉 has a much stronger oscillator than that from
|12〉 to |9〉 and |11〉, giving rise to a spectrum spanning ∼50
meV. Further raising the bias voltage to 10 V, the oscillator
strength mainly concentrates on two optical transitions from
|12〉 to |11〉 and |10〉 with the energy span further narrowed to
∼12 meV. It demonstrates that the emission linewidth narrow-
ing vs bias voltage could be entirely explained by the energy
span of the multiple intersubband transitions. On closer in-
spection of the change of the wave functions with bias voltage,
we found that the decoupling of the electronic states in the
collector region by the tilted conduction band suppresses the
multiple intersubband transitions. We also notice that the ef-
fect of finite oscillator strengths of the upper lasing subband
to multiple lower subbands on the spectrum broadening has
been mentioned in a bound-to-continuum design of terahertz
QCLs [21], the impact of which on QCL performance was
overlooked due to an assumed wider linewidth of 15–25 meV
induced by the IFR scattering.

Each intersubband transition can be broadened by the
collisional dephasing of electrons in the upper lasing subband
due to the scattering by ionized impurities, IFR, phonons,
and other electrons [2] as well as the nonparabolicity of
subbands, which has been regarded as negligible. Here,
we examine the effect of the nonparabolicity of the lasing
subbands on broadening the emission linewidth by neglecting
the collisional dephasing factors. In the context of QCLs, the
one-band effective mass approximation models [21,76] are
exclusively employed to describe the electronic structure, in
which an energy-dependent mass is used to correct the energy
levels of subbands. However, the deviation from the parabolic
energy dispersion gives rise to nonparabolicity, which
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FIG. 2. Oscillator strengths of the optical transitions from the upper lasing level |12〉 to all lower-lying levels |1〉–|11〉 in comparison with
the experimentally measured emission spectrum [21] for a double-phonon resonance design under external biases of (a) 6 V, (b) 8 V, and
(c) 10 V. To have a better alignment, we redshift the experimental spectrum by 14–17 meV, which is responsible for the slight underestimation
of the quantum cascade laser (QCL) emission energy by our atomistic simulation.

occurs even in the simplest band of the lowest conduction
band of semiconductors near the � point. However,
the nonparabolicity is frequently ignored in subbands,
between which the electrons transition to emitting photons.
Specifically, the nonparabolicity of the conduction subbands
becomes essential as the in-plane wave vector gets far away
from the zone center or the � point, resulting from high carrier
concentration or high temperature. The nonparabolicity of
subbands has been examined to broaden the transition as
�E = EF

E21
EG

according to the effective mass approximation
(where EF is the Fermi level, E21 the band edge separation
between subbands 1 and 2, and EG the bulk band gap of the
well material). Considering the nonparabolicity of subbands,
an overestimated linewidth of 20 meV was predicted in
comparison with an experimentally measured linewidth of
6.6 meV [77] for an InAs/AlSb QW doped to a sheet electron
density of 1012 cm−2. It was subsequently argued [77] that the
depolarization effect [78] remarkably narrows the absorption
peak due to a high-density electron gas screening of the
incident field. Since then, the band nonparabolicity has been
completely excluded as a potential factor broadening the
intersubband transitions in QCLs [2]. However, there is
renewed interest in the impact of band nonparabolicity on the
optical and transport properties of semiconductors [79–82]
and the properties of thermoelectric materials [83,84]. We
also note that Załużny [78] has demonstrated that the depo-
larization effect depends sensitively on the electron density
and is negligible for a low density of Ns = 1 × 1011 cm−2,
which is on the order of electron densities in the upper lasing
subband for operating QCLs [21,32,85,86]. By considering
the nonparabolicity, authors of a very recent study illustrated
that the IFR scattering contributes to only ∼50% of the
optical linewidth for a QCL emitting at ∼5 µm wavelength
[26]. It thus becomes necessary to accurately descibe the
nonparabolicity of subbands in QCLs.

Figure 3(a) shows our atomistic-simulation-predicted non-
parabolic dispersions of the lasing subbands |12〉 and |10〉.
The upper lasing subband |12〉 has a stronger nonparabolicity

in energy dispersion than that of the lower lasing subband
|10〉, leading to a smaller emission energy of the vertical tran-
sitions as wave vector k|| moves away from the � point. Such
nonidentical optical transition energy at different k points
could broaden the emission peak of a single intersubband tran-
sition. Such broadening gets wider by lifting the temperature
at which more electrons on the upper lasing subband n2(k‖)
can be thermally excited with a large momentum wave vector,
as shown in Fig. 3(b). According to Fermi’s golden rule, the
gain spectrum is [3]

g(h̄ω) = −α(h̄ω), (5)

where α is the absorption coefficient:

α(h̄ω) = C0
2

V

∑
ka

∑
kb

|ê · Pab|2δ(Eb − Ea − h̄ω)( fb − fa),

(6)

FIG. 3. (a) Atomistic pseudopotential method calculation pre-
dicted nonparabolic energy dispersions of two lasing subbands 2, 1
(here, |12〉 and |10〉 subbands) for a double-phonon resonance design
of quantum cascade laser (QCL) given in Ref. [21]. (b) Nonparabol-
icity induced linewidth broadening of a single intersubband optical
transition between two lasing subbands |12〉 and |10〉 at temperatures
of 243, 300, and 400 K, respectively.
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FIG. 4. Atomistic simulation predicted spectra of the two-phonon design of quantum cascade laser (QCL) at 300 K under external bias
voltages of (a) 6 V, (b) 8 V, and (c) 10 V, broadened by the nonparabolicity of the subbands in comparison with the experimental spectra [21].

with coefficient C0 = πe2

nr cε0m2
0ω

. Here, V is the volume of the
space, ê is a unit vector in the direction of the optical electric
field, fb and fa are the occupation possibilities on the initial
and final levels following the Fermi-Dirac distribution, nr

is the refractive index, c is the speed of light in the free
space, m0 is the free electron mass, e is the charge of an
electron, and ε0 is the vacuum permittivity. The light emis-
sion occurs in a QCL when electrons are injected from the
injector (also the collector in the preceding stage) into the
upper lasing subband at a rate given by bias current. From
Eq. (4), the oscillator strength Fab is proportional to the square
of the momentum matrix element Pab and inversely propor-
tional to the frequency ω. The absorption coefficient can be
simplified as

α(k‖) ∝ Fab(n2 − n1). (7)

Here, the occupation on the lower lasing subband n1 is as-
sumed zero considering the swift extraction. The occupation
number of the upper lasing subband is weighted by

n2(k‖) = Ns · f (k||) · g(k||), (8)

where f (k||) = (1 + exp{[E2(k||) − E2(kF )]/kBT })−1 is the
Femi-Dirac distribution with Femi wave vector k f = √

2πNs

determined by electron density Ns, and g(k||) is the electron
density of states (DOS) proportional to the in-plane wave
vector k||. The electron densities in the upper lasing sub-
band in operating QCLs are usually on the order of Ns =
1 × 1011 cm−2 [21,32,85,86]. As the momentum k|| gets
away from the � point, the occupation number on the up-
per lasing subband decreases monotonically accompanied by
an exponential reduction in the occupation probability ac-
cording to the Fermi-Dirac distribution and a linear increase
of DOS.

Figure 3(b) shows the simulated emission spectra for elec-
tron transitions from the upper lasing subband |12〉 to the
lower lasing subband |10〉 at the threshold bias voltage of 8
V vs temperature. The nonparallel dispersion gives rise to the
spectrum in a half-Gaussian lineshape, as shown in Fig. 3(b),
rather than in the rectangular shape expected before [2]. The
emission spectrum is thoroughly broadened by the nonparallel

dispersion of two lasing subbands; otherwise, it is an impulse
peak even without considering any scattering mechanism, as
shown in Fig. 2. We must stress that the intrasubband and
intersubband scatterings, which have been excluded in our
simulations but exist in experiments to some extent, will
smear the nonparallel dispersion-induced half-Gaussian line-
shape into a full Lorentzian lineshape [2]. Rising temperature
will thermally excite more electrons to higher-energy states
on the upper lasing subband, broadening further the emis-
sion peak, as shown in Fig. 3(b). However, the broadening
of the emission with increasing temperature observed exper-
imentally has been completely attributed to the intrasubband
and intersubband scatterings dominated by the IFR-induced
scattering [21,87,88].

Figure 4 shows the theoretically predicted emission
spectra, considering the broadening of each intersubband tran-
sition by the nonparabolicity of intersubbands compared with
the experimentally measured emission gain spectra [21]. The
impulselike isolated peaks of multiple intersubband transi-
tions presented in the theoretically predicted oscillator spectra
(shown in Fig. 2) are now remarkably broadened by non-
parabolic energy dispersions of the subbands and tend to
overlap each other to give rise to a single broad peak.
In our atomistic simulations, we have neglected the colli-
sional dephasing the collisional dephasing of electrons in
the upper lasing subband due to the scattering by ionized
impurities, phonons, other electrons, and IFR [2], which
are always presented in real QCLs and will certainly fur-
ther broaden the optical transitions. If we consider these
broadening factors, multiple peaks of different intersubband
transitions will finally emerge to a single broad with a high
overlap with the experimental spectra after a slight redshift.
Subsequently, we can safely conclude that the experimentally
observed broad spectrum in at least two-phonon resonance
and bound-to-continuum designs of QCLs is an envelope
of discretely spaced multiple peaks, with each being broad-
ened by the nonparallel dispersions of the subbands and
dephasing time induced by intrasubband and intersubband
scatterings.

Since the peak gain cross-section gc is inversely propor-
tional to the emission linewidth γ and wavelength λ [3], the
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multiple intersubband-transition-induced linewidth broaden-
ing should be a critical issue to hinder the achievement of
high-performance long-wavelength QCLs. This implies that
the design principle for long-wavelength QCLs should try to
reduce the number of subbands in the collector region (or
extraction region) to narrow the emission linewidth, lower the
threshold, and enhance the operation temperature. Franckié
et al. [41] achieved a temperature enhancement of 10 K for ter-
ahertz QCLs by replacing the prevailing bound-to-continuum
design with a two-well design in a dramatic sacrifice of ex-
traction efficiency. Khalatpour et al. [12] further improved the
performance of this two-well design to report a high-power
terahertz (at ∼4 THz) QCL with a maximum operation tem-
perature exceeding 250 K. The improvement of the operating
temperature should also benefit from the significantly nar-
rowed gain spectrum by reducing the number of subbands
in the extraction region, although it was attributed to the
suppression of the carrier leakage over barriers [12]. Franckié
et al. [41] also found that the temperature degradation of
the two-well design is dominated by level broadening and
illustrated the enhancement in the optical gain by reducing the
number of QWs in each stage of QCLs but with an argument
that the carriers are more concentrated to the upper lasing
subband [40].

IV. CONCLUSIONS

In this paper, we uncovered a lower bound to the linewidth
broadening of the gain spectrum of the QCLs induced by
multiple intersubband optical transitions and nonparabolicity
of energy subbands by performing full-zone and multiband
electronic structure calculations using a sophisticated atom-
istic pseudopotential method. Our atomistic simulations could
reproduce the experimental results on both emission peaks
and emission linewidths for a wide range of temperatures
and applied bias voltages in the absence of IFR, which is
commonly believed to be the leading factor for linewidth
broadening in QCLs. Specifically, we found that the optical
transitions arise from multiple pairs of subbands instead of
what is commonly believed to be a single pair of subbands.
These multiple intersubband optical transitions, broadened
each by the nonparabolicity of subband dispersions, yield
a very broad emission spectrum and could explain the ex-
perimentally measured spectra for a wide external bias even
without considering the IFR. We must address that uncovered
multiple intersubband transitions in QCLs and their impact
on emission linewidth broadening can also be obtained from
the calculation based on the eight-band k · p Hamiltonian
irrespective of their accuracy. Therefore, we can draw a
conclusion that the previously ignored multiple intersubband
optical transitions give rise to an intrinsic lower bound to
the emission linewidth in QCLs. These findings imply that
the IFR may play a minor role in broadening the emission
linewidth in state-of-the-art QCLs and shed light on the design
of QCLs.
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APPENDIX: NONPARABOLIC IN-PLANE
DISPERSIONS IN QWS

In this appendix, we seek to figure out how to restrain the
broadening due to the nonparabolic dispersion relationship
of the lasing subbands. Figure 5 shows the band structure of
bulk GaAs and in-plane energy dispersions of the conduction
subbands for a GaAs/AlAs QW with a 4-nm-thick well.

The nonparabolicity of the lowest conduction band induced
by the k · p coupling with other bands becomes particularly
strong for narrow-gap semiconductors [89]. In the effective
mass approximations, an energy-dependent mass is used to
consider the effect of the nonparabolicity on energy levels
in finite gap semiconductors. In the context of QCLs, the
one-band effective mass approximation models [21,76] are
exclusively employed to describe the electronic structure, in
which an energy-dependent mass is used to correct the energy
levels of subbands. However, the deviation from the parabolic
energy dispersion gives rise to nonparabolicity, which occurs
even in the simplest band of the lowest conduction band near
the � point in semiconductors. However, the nonparabolic-
ity is frequently ignored in subbands, between which the
electrons transition to emitting photons. Specifically, the non-
parabolicity of the conduction subbands becomes important
as the in-plane wave vector gets far away from the zone center
or the � point, resulting from high carrier concentration or
high temperature. The nonparabolicity of subbands has been
examined to broaden the transition as �E = EF

E21
EG

according
to the effective mass approximation (where EF is the Fermi
level, E21 the band edge separation between subbands 1 and 2,
and EG the bulk band gap of the well material). Considering
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FIG. 6. Dispersion relationship of subbands along (1, 0) direction in kxky plane in AlAs/GaAs quantum well with well widths L = 79, 91,
102, 124, and 147 Å.

the nonparabolicity of subbands, an overestimated linewidth
of 20 meV was predicted in comparison with an experimen-
tally measured linewidth of 6.6 meV [77] for an InAs/AlSb
QW doped to a sheet electron density of 1012 cm−2. It was
subsequently argued [77] that the depolarization effect [78]
remarkably narrows the absorption peak due to the screening
of the incident field by a high-density electron gas. Since then,
the band nonparabolicity has been completely excluded as
a potential factor broadening the intersubband transitions in
QCLs [2]. However, there is renewed interest in the impact of
band nonparabolicity on the optical and transport properties of
semiconductors [79–82] and the properties of thermoelectric
materials [83,84]. We also note that Załużny [78] has demon-
strated that the depolarization effect depends sensitively on
the electron density and is negligible for a low density of Ns =
1 × 1011 cm−2, which is on the order of electron densities
in the upper lasing subband for operating QCLs [32,85,86].
By considering the nonparabolicity, authors of a very recent
study illustrated that the IFR scattering contributes to only
∼50% of the optical linewidth for a QCL emitting at ∼5 µm
wavelength [26]. Furthermore, linewidth broadening induced
by optical transitions rather than two lasing subbands has
been observed experimentally in state-of-the-art QCLs with
the bound-to-continuum design [21].

Figure 6 shows the atomistic calculation results of the
in-plane energy dispersions of the ground and first excited
conduction subbands in finite GaAs/AlAs QWs with well
widths varying from 79 to 14.7 Å. In all QWs, the excited
conduction subbands have energy dispersions that are flatter
than those of the ground subband, giving rise to a heavier
effective mass. This nonparallel dispersion of two subbands
is a manifestation of the nonparabolicity in their parent bulk
band (here is the lowest conduction band of bulk GaAs),
which is described by an energy-dependent effective mass in
k · p approximation. The deviation of two subbands from par-
allel dispersions gets larger with increasing energy separation,
which results from the stronger confinement in the narrower
QW. It indicates that, in addition to the nonparabolicity of
the parent bulk band, there is another factor that contributes
to the nonparallel dispersion of two subbands. As the energy
of the excited subband approaches the barrier energy to be
less confined inside the well, the band dispersion will get flat.
The nonparallel dispersion of two transition subbands not only
arises from the nonparabolicity of the parent bulk band but
also from the electronic delocalization due to the finite barrier
height. It demonstrates that a wider QW is preferred to reduce
the linewidth broadening caused by the nonparallel dispersion
of the two lasing subbands in QCLs.
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