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Thermodynamic and electronic properties of (Bi1−xSbx)2Se3 topological insulator alloy
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We present a theoretical study of the structural, electronic, and topological properties of the ternary alloy
(Bi1−xSbx )2Se3 at the rhombohedral phase through the generalized quasichemical approximation (GQCA)
statistical approach and first-principles calculations, including approximate quasiparticle corrections with density
functional theory (DFT)-1/2 method. Our results predict good miscibility along the entire composition range.
The system exhibits an increase in the inverted energy gap with the increase of the antimony concentration in the
alloy. We predict a maximum band gap of 0.28 eV for the Sb concentration x = 0.7, as well its variation along
the entire alloy composition. The inversion of the atomic orbital character of the valence and conduction band is
observed for any considered composition, as well nontrivial Z2 topological invariant. The system (Bi1−xSbx )2Se3

is a promising candidate to be a topological insulator without topological phase transition, maintaining its
topological order with Z2 = 1 for the entire alloy composition.
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I. INTRODUCTION

The interest in topological insulators (TI) has risen in re-
cent years due to their exotic properties, which make them
possible platforms for technological applications in quantum
computing, spintronics, thermoelectrics, and renewable en-
ergy [1,2] due to their robust and special edge and surface
states.

One of the challenges for the TI applications in devices
is related to the need to increase the bulk band gap of
these materials [3]. Thus, mapping new TI candidates has
been a challenge for theoretical and experimental research.
In this context, alloys that can exhibit topological phase
transition [4], as well as maximization of specific electronic
properties, and greater flexibility in the choice of materi-
als [5,6], have received much attention in recent years.

Since the discovery of three-dimensional (3D) TI, such
as tetradymites of the bismuth telluride family (Bi2Te3) with
relatively high experimental energy gap, in the order of
0.3 eV, the interest in these materials suffered a significant
increase [7]. Thus, other compounds involving these elements
or combinations of them in ternary and quaternary systems
and alloys have been the subject of different research [8–11].

The first experimental and theoretical studies on the
topological properties of alloys already pointed to materi-
als such as Bi1−xSbx and elevated them to the category of
candidates for the realization of “topological insulator ma-
terials” [12]. The first two theoretical calculations involving
(Bi1−xSbx )2Se3 had as a fundamental purpose the study of
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the topological phase transition in this material [13,14]. Both
authors agreed that there was a trivial-to-topological transition
at x ≈ 0.6, with the band gap closing at this concentration.
Although the phase transition makes sense if one considers
the Sb2Se3 compound as a conventional insulator (CI), more
recent results suggest otherwise [15].

For a long time, several authors classified pure Sb2Se3 as
a CI [16], highlighting the possibility of topological phase
transitions due to pressure [17] and strain [18]. Even later,
in recent reviews, Sb2Se3 continued to receive the classi-
fication of CI, in contrast with other similar tetradymites.
However, we have to point out that all these studies considered
its most stable crystallographic phase, the so-called stibnite
structure [7]. Recently, however, it was shown that the Sb2Se3

system exhibits robust TI characteristcs in its rhombohedral
crystalline structure [15]. It is obvious that, in a sense, inaccu-
rate structural parameters are equivalent to the application of a
strain, and therefore, can lead to different and incorrect judg-
ments of the topological class of material under theoretical
approaches.

This evidently does not mean that there is an error in
previous works that considered the Sb2Se3 as a CI, but only
predictions for a distinct crystalline phase of this material.
Since now the Sb2Se3 is found to be a TI in the rhombohedral
crystalline phase, we can construct the (Bi1−xSbx )2Se3 alloy
using as a basis the structure of the bismuth selenide (Bi2Se3)
family. In this way, the structure and atomic arrangement
remain the same over the entire range of the composition.

In this paper, we present detailed results of the struc-
tural properties, electronic structure, and topological order of
(Bi1−xSbx )2Se3 alloys in the rhombohedral structure, com-
bining a statistical approach with results from the formalism
of density functional theory (DFT), including approximate
quasiparticle corrections. We also present results for the topo-
logical invariant Z2 for the alloy.

2469-9950/2024/109(23)/235150(12) 235150-1 ©2024 American Physical Society

https://orcid.org/0000-0001-8148-8930
https://orcid.org/0000-0002-8713-2094
https://orcid.org/0000-0002-5305-9693
https://orcid.org/0000-0001-8882-4490
https://ror.org/05vh67662
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.109.235150&domain=pdf&date_stamp=2024-06-27
https://doi.org/10.1103/PhysRevB.109.235150


MOTA, TELES, MATUSALEM, AND GUILHON PHYSICAL REVIEW B 109, 235150 (2024)

FIG. 1. Illustration of a 3D periodic system for a specific atomic
configuration, class j = 11. In this supercell, the atomic sites are
represented by labels 1,2,3,...,8. Consequently, we adopted “BBB-
SBSSS” to describe this configuration, considering B to represent Bi
atoms and S to represent Sb atoms.

II. METHODOLOGY

A. Generalized quasichemical approximation

Dealing with nonperiodic systems and also with random
ordering can be a hard task for first-principles calculations
based on the density functional theory (DFT) [19,20], when
periodic boundary conditions are used. This circumstance
can limit the correct description of alloys. To overcome
this problem, we use the generalized quasichemical approx-
imation (GQCA) [21] a formalism able to do a statistical
treatment of the results obtained from the DFT. In summary,
the alloy can be described by an individual arrangement of en-
ergetically independent clusters. GQCA makes it possible to
determine thermodynamic properties, excess properties, phase
decomposition, and electronic properties for the entire alloy
composition. Within this method, each independent cluster j
with a specific number of Bi and Sb atoms is associated with
a probability x j .

The clusters that represent (Bi1−xSbx )2Se3 are defined
from the expansion in supercells of 2 × 2 × 1 of the bismuth
selenide unit cell, as shown in Fig. 1 and their appropriate
labels. A total of 34 different possible configurations for the
clusters are taken into account and are listed in Table I. These
cluster classes and their degeneracy g j are sufficient to encom-
pass all possible combinations for the positions of Bi and Sb
atoms in the supercell.

The excess energy �ε j is calculated to evaluate the relative
stability of the alloy for each cluster formation j:

�ε j = ε j − n j

n
ε34 −

(
1 − n j

n

)
ε1, (1)

where n = 8 is the number of atoms belonging to group 5A in
each cluster and ε1 and ε34 are the total energies of the cluster
configurations relative to Bi2Se3 and Sb2Se3, respectively.

To determine the probability that an individual cluster
x j (x, T ) belongs to the class j, where j = 1, 2, . . . , J for an
average alloy composition x in a temperature T , we have [22]

x j (x, T ) = g jλ
n j exp(−β�ε j )∑J

j=0 g jλ
n j exp(−β�ε j )

, (2)

TABLE I. The 34 different classes of 20-atom supercell clusters
for 3D alloy study. Table constructed based on the “Sb atoms” col-
umn. Labels for the sites occupied by Sb atoms in the cluster can be
found in Fig. 1.

j n j g j Sb atoms j n j g j Sb atoms

1 0 1 − 18 4 4 8,7,4,3
2 1 8 8 19 4 8 8,6,4,3
3 2 8 8,7 20 4 16 8,5,4,3
4 2 4 8,5 21 5 16 8,7,6,4,3
5 3 8 8,7,6 22 4 4 8,6,3,1
6 4 2 8,7,6,5 23 5 16 8,6,5,4,3
7 2 4 8,4 24 6 8 8,7,6,5,4,3
8 2 8 8,3 25 4 2 8,5,4,1
9 3 16 8,7,4 26 5 8 8,7,5,4,1
10 3 8 8,5,3 27 4 2 8,5,3,2
11 4 8 8,7,6,4 28 5 8 8,7,5,3,2
12 2 4 8,1 29 6 4 8,7,6,5,3,2
13 3 8 8,5,4 30 6 4 8,7,6,4,3,2
14 3 16 8,6,3 31 6 8 8,7,5,4,3,2
15 4 16 8,7,5,4 32 6 4 8,6,5,4,3,1
16 4 8 8,6,5,3 33 7 8 8,7,6,5,4,3,2
17 5 8 8,7,6,5,4 34 8 1 8,7,6,5,4,3,2,1

for which β = 1/kT , with k the Boltzmann constant, and the
factor λ is determined from the average composition. This
expression is determined by minimizing the mixing free en-
ergy of the alloy system with two conditions [23], the first
associated with a normalization condition

N∑
j=1

x j (x, T ) = 1, (3)

and the second to the concentration of Bi in the alloy

N∑
j=1

n jx j (x, T ) = nx. (4)

It is possible to map certain properties of the alloy p(x, T )
through an average of the values of this property pj weighted
by the occurrence probabilities x j (x, T ),

p(x, T ) =
J∑

j=0

x j (x, T )Pj, (5)

where Pj is the arbitrary property of each j cluster class.
The composition fluctuation effects can be estimated by

considering mean-squared deviations around the average
value for a given property

�p(x, T ) =

√√√√√ J∑
j=0

x jP2
j −

⎛
⎝ J∑

j=0

x jPj

⎞
⎠

2

. (6)

As each cluster configuration j can be considered individ-
ually as an infinite and periodic system, its physical properties
can be calculated via DFT individually. For more details, the
formalism of the GQCA method and the cluster expansion
approach are extensively discussed elsewhere [21–24].
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B. DFT and DFT-1/2 method

Although the DFT is quite successful in describing a large
set of properties, this is not true for the band gap of conven-
tional semiconductors, which is usually underestimated [25].
In the case of topological insulators, due to the inversion of
the orbital character of the bands, there is an overestimation
of the gap [26]. Thus, a correct description of the topological
character of the systems requires a reliable band structure of
the material.

This problem can lead to false-positive or false-negative
signatures of topological order [27]. To overcome this
problem we use the DFT-1/2 method, which successfully
describes the electronic properties of alloys, two-dimensional
(2D), and 3D materials [28,29]. Furthermore, its low compu-
tational cost is an essential factor since the present work deals
with 34 calculations of individual clusters, where the inclusion
of spin-orbit coupling (SOC) is mandatory.

Since we are dealing with topological insulators in all
clusters of the alloy, all configurations receive individual DFT-
1/2 corrections, following the procedures and specificities
described in Ref. [30].

In DFT-1/2 the formalism of the one-particle Kohn-Sham
equation becomes[ − 1

2∇2 + VKS(�r) + Ṽs(�r)
]
φi(�r) = εiφi(�r), (7)

where Ṽs is the DFT-1/2 correction potential.
The only parameter to be determined in DFT-1/2 is related

to a cutoff function �(r), which exists to adjust the potential
Ṽs, in the form Ṽs = �(r)Vs(r), thus avoiding self-energy in-
teractions at neighboring atom sites

�(r) =
{

A
[
1 − (

r
CUT

)8]3
if r � CUT,

0 if r � CUT,
(8)

where A is a constant and represents the correction amplitude.
In the context of topological insulators, we are in a state of
inverted bands, so we take A as −1 (minus one) since the
correction is performed using the valence band as a reference.

More details regarding the formalism and implementation
of DFT-1/2 are widely discussed elsewhere [31,32].

In the analyzes regarding the changes provided by the
DFT-1/2 over the standard DFT, we observe how the degree
of inversion remains (or not) in the clusters despite the change
in the gaps and energy levels. Calculating the band inversion
level by observing the last occupied band for each cluster class
as follows:

ηinv(�k) = N · [ζinv(�k)/ζM]2, (9)

where N is a normalization factor and ζinv(�k) is the orbital
contribution of the p orbital in the formation of the valence
band that is inverted.

C. Computational details

The ab initio calculations based on the density functional
theory formalism are performed using the Vienna Ab initio
Simulation Package (VASP) code. The exchange-correlation
functional (XC) was treated within the Perdew-Burke-
Ernzerhof [33], in the generalized gradient approximation
(GGA-PBE), and in this work it is also called the “standard
DFT.” To obtain the convergence of the complete system

the relaxation of the atomic coordinates of the unit cell is
carried out until the forces are less than 0.001 eV/Å. In
all self-consistent calculations (DFT GGA and DFT-1/2) a
6 × 6 × 6 �-centered k-point mesh is employed. The adopted
energy cutoff for the plane-wave expansions was 400 eV.
The Kohn-Sham formalism is solved using the projector
augmented-wave (PAW) scheme [34,35].

Although the pure Bi2Se3 and Sb2Se3 systems exhibit
spatial inversion symmetry, expanding the unit cell of these
systems to represent individual alloy clusters, with their in-
termediate concentrations, removes the symmetry from the
system. Thus generalized methods for determining the topo-
logical invariant Z2 are needed.

To obtain topological invariant results for the 34 different
cluster configurations, the Z2PACK software package [36,37]
implemented in VASP code was used. This package builds
on results from the WANNIER90 package to generate Wannier
functions (WFs) from the outputs of the DFT calculation [38],
where it can generate maximally localized WFs and provide
Wannier charge centers (WCC) [39,40]. For the formal de-
termination of the Wannier function centers [41] scripts were
used to calculate the evolution of the WCC [30,42].

III. RESULTS AND DISCUSSION

For all cluster configurations, we consider the crystalline
structure of the Bi2Se3 family, i.e., binary tetradymites com-
pounds, e.g., Bi2Te3 and Sb2Te3, which has a rhombohedral
primitive cell, with a hexagonal unit cell, belonging to the
space group D5

3d (R3̄m) [43]. This system is organized in quin-
tuple layers (QL) with two inequivalent Se sites in the form
Se1-Bi-Se2-Bi-Se1.

Caution is needed when analyzing the synthesis of the
system (Bi1−xSbx )2Se3, especially in concentrations with a
predominance of Sb, which is an analog to the synthesis of
the Sb2Se3 rhombohedral phase [44,45]. Despite this issue, a
detailed theoretical investigation through DFT and molecular
dynamics calculations of Sb2Se3 in a rhombohedral structure
confirms that it is both energetically and kinetically stable
at finite temperatures [15]. Recently, experimental work was
successful in growing rhombohedral Sb2Se3 for an ultrathin
film. Although they did not identify signatures of the non-
trivial topology of Sb2Se3, the authors highlighted that the
main possibility of making Sb2Se3 a topological insulator is to
choose an appropriate substrate, capable of overcoming “the
orthorhombic phase issue” [46].

Before these works, thin films of (Bi1−xSbx )2Se3 were also
prepared showing the coexistence of the rhombohedral and
orthorhombic in the alloy at specific concentrations in which
the rhombohedral phase was considered stable for x up to
0.5 [47]. However, other work demonstrated the successful
growth of molecular beam epitaxy (MBE) of rhombohedral
thin films of (Bi1−xSbx )2Se 3 with high concentrations of Sb
(with high x up to 0.8) [45]. From an experimental standpoint,
the synthesis of a rhombohedral (Bi1−xSbx )2Se3 phase in the
entire range of compositions might be induced by the choice
of favored substrate, strain, or appropriate experimental tech-
niques. However, this problem is still an open question.

We would also like to emphasize that the methodology
adopted in this paper, the GQCA, requires the same atomic
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TABLE II. Equilibrium lattice parameters a and c of the supercell
used in the alloy for the 34 clusters configurations.

j a (Å) c (Å) j a (Å) c (Å)

1 4.143 28.636 18 3.975 27.880
2 4.117 28.445 19 4.040 27.879
3 4.069 28.262 20 4.007 27.901
4 4.091 28.278 21 3.979 27.698
5 4.065 28.081 22 4.039 27.920
6 4.039 27.920 23 4.016 27.720
7 4.091 28.250 24 3.949 27.538
8 4.103 28.263 25 4.039 27.920
9 4.037 28.065 26 4.048 27.741
10 4.040 28.099 27 4.039 27.920
11 4.040 27.882 28 3.977 27.741
12 4.091 28.278 29 3.988 27.562
13 4.076 27.919 30 3.999 27.369
14 4.069 28.080 31 3.947 27.541
15 4.005 27.902 32 3.988 27.562
16 4.045 27.920 33 3.962 27.359
17 4.014 27.720 34 3.936 27.204

arrangement for all the cluster configurations. There-
fore, a comparison between rhombohedral and
stibnite/orthorhombic (or coexistence of these phases)
demands another thermodynamic framework and goes beyond
this work. However, experimental results indicated that this
synthesis could be, in principle, achieved under proper
conditions and the presented. Thus, the presented formalism
is valid for any (Bi1−xSbx )2Se3 alloy in its rhombohedral
phase.

For pure Bi2Se3 ( j = 1), we identified a = 4.143 Å and
c = 28.636 Å, values equal to or very close to experimen-
tal [48,49], and theoretical results [50,51]. For the other pure
compound, Sb2Se3 ( j = 34), the lattice parameters are also
reasonable, we obtain a = 3.936 Å and c = 27.204 Å, a
difference less than 2% when compared to another theoret-
ical result [18]. The lattice parameters a and c are in broad
agreement with other references and experimental results. The
lattice parameter for the other 32 atomic arrangements with
intermediary compositions stands between values calculated
for the end components. The lattice constants of these and
other configurations are listed in Table II.

As the presence of Sb atoms increases in the class of
individual clusters, a reduction in the lattice constants of that
configuration is observed. Nevertheless, the parameters a and
c of the hexagonal cell continue to show good agreement
with other theoretical results when comparing configura-
tions with an intermediate or predominant presence of Sb
in the cluster with results from other works on the pure
Sb2Se3 [15,17,18,43,52]. These cited works show that de-
pending on the chosen XC functional and whether or not
the van der Waals interaction (vdW) is included, the lattice
parameters can vary widely for a in Sb2Se3 ranging from
3.99 [18] to 4.10 Å [15], and c = 27.56 [18] to 30.56 Å [15]
(see on the right axis of Fig. 2), thus becoming similar to those
of Bi2Se3.

For a detailed result of the structural properties of all con-
figurations Fig. 2 depicts all individual parameters of each

FIG. 2. Lattice parameters a and c of (BixSb1−x )2Se3 alloy as
a function of Sb concentration in the alloy, compared with experi-
mental data. The scatter symbols (circle and diamond) represent data
from an individual cluster and its composition.

calculated cluster class and its trend lines, in comparison with
results from other works and experimental results.

The most favorable specific cluster atomic configurations
are determined by the thermodynamics of the alloy in the
GQCA. Thereby, the plot of excess energies (�ε j) of the 34
cluster classes as a function of Sb concentration is depicted in
Fig. 3. The excess energies show that all configurations rep-
resenting mixtures have negative energies, and must therefore
be stable against phase separation into pure compounds. As
can be seen in Fig. 3, there are two classes of configurations
( j = 18 and j = 27) with more negative values with compo-
sition equal to 50%. The most negative one, j = 27, presents
a configuration that is very symmetrical, where the elements
Bi and Sb are stacked in groups of three atoms (see Fig. 4)
and in the quintuple layers these elements appear alternately
in the pnictogens layer.

FIG. 3. The thermodynamic stability of the system can be eval-
uated through the excess energies of the alloy (�ε j) [presented in
Eq. (1)], for each configuration (Bi8−n jSb n j)Se.
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FIG. 4. Optimized crystal structures of special clusters in the
alloy in different views of the primitive cell. In (a) the class j = 27
is considered the most thermodynamically stable according to the
results of the GQCA approach. In (b) the class j = 32 is the one
that maximizes the inverted band gap from the DFT-1/2 method. We
highlight the formation of the QL and their interlayer distances d.

We did not identify classes of configurations for the alloy
that are energetically unfavorable and our results indicate easy
miscibility since the calculated excess energies are negative
for the entire composition range.

In the case of the electronic properties of the alloy, the
results of the standard DFT indicate that the majority (more
than 95%) of the cluster configurations have an indirect gap,
in which the valence band of these systems takes an “M-
shape, also known as the “Mexican hat,” in the center of the
Brillouin zone. We find that the average band gap of these
configurations is 0.33 eV. However, as we emphasize that the
quasiparticle correction is essential for these systems, when
we apply the DFT-1/2 we obtained several changes in the
indirect (direct) gap determination, in the shape of the valence
and conduction bands, and also the energy gap.

The electronic band structures of the standard DFT show
that the projected bands on the atoms for all systems have
the Se states forming the last occupied bands. The p-Se states
dominate the valence band (except in the inversion regions)
and the other occupied bands (by more than 75% of the
calculated orbital character of crystalline states), in any al-
loy composition. The DFT-1/2 method considers the orbital
composition of the valence band maximum (VBM) and of
the conduction band minimum (CBM) to define the degree

TABLE III. DFT-1/2 cutoff radius (CUT) calculated in this work
considering a complete correction for the level of valence and con-
duction associated with the inverted gap of the topological insulators.
In addition to the pure systems Bi2Se3 and Sb2Se3, the intermediate
classes j = 2 to j = 33 are listed and include the CUT parameter for
the three atomic species. The distance of the first neighbors of the
same atomic species is also listed (d).

Material Class j CUT (a.u.) d (Å)

Bi 3.00 4.14
Bi2Se3 1 Se 1.25 3.48

Bi 3.00 -
Sb 4.00 -

(Bi1−xSbx )2Se3 2 to 33 Se 1.25 -
Sb 4.00 3.93

Sb2Se3 34 Se 1.25 3.18

of correction for each orbital. However, for TI systems this
region has an inverted orbital character. In this region, the
p-Bi states dominate with more than 60% when it is a majority
composition of Bi in the cluster, while in compositions where
Sb predominates, the presence of p-Sb is also observed with a
contribution of 50% to 60% on band formation. As expected,
in intermediate compositions of Bi and Sb, the contributions
are divided by the p orbitals of the three elements, in addition
to s-Se.

In the Table III we list the obtained DFT-1/2 cutoff param-
eters (CUT) of all calculated cluster classes. We detail that
for all the configurations the transferability of this parameter
to the atomic species was adopted, that is, in the intermediate
configurations ( j = 2 to j = 33) we always take fixed CUTs.
Furthermore, the few differences in the orbital character of the
bands of these configurations allowed us to construct a unique
correction potentials for all clusters.

The band structures calculated via DFT-1/2 presented sev-
eral differences in comparison with the standard DFT one.
Beyond the change in the band-gap size, a change in the
type of transition from indirect to direct was observed in 35%
of the configuration classes. The direct-to-indirect transition
also occurs in a single class ( j = 12). As expected, in all
configurations there was a reduction of the fundamental gap
with the inclusion of the quasiparticle correction, as expected
since, for topological insulators, the character of the bands
is inverted. Furthermore, close to the � point, the region
where the band inversion takes place, the shape of the conduc-
tion band minimum (CBM), and the valence band maximum
(VBM) undergoes more pronounced changes, in comparison
with other regions of the BZ.

In Fig. 5 we show four cluster configurations and their
respective electronic bands, highlighting the comparison be-
tween DFT-1/2 and DFT results. It is notable how the
M-shape of the VBM is swept and the band assumes a
parabolic-like format, even with an indirect gap as in the case
of class j = 2, as depicted in Fig. 5(a). For the pure compound
Bi2Se3, this type of behavior has already been widely dis-
cussed in other theoretical [30,52–54] and experimental [55]
works. This type of behavior, generally observed in materials
of this type, is a direct consequence of the band inversion due
to spin-orbit interactions and the subsequent applications of
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FIG. 5. Electronic band structure with SOC, a comparison be-
tween DFT (black dotted line), and DFT-1/2 (solid blue line), for
different classes of clusters, in (a) class j = 2, (b) j = 22, (c) j = 30,
and (d) j = 32.

corrections to the DFT. This effect was extensively investi-
gated and originally illustrated using models with the k · p
Hamiltonian for the Bi2Se3-family [43,56]. However, this re-
sult is new to intermediary concentrations of the alloy.

This behavior also happens in all other 30 configurations,
where an average reduction of 0.07 eV in the fundamental gap
and significant changes in the shape of the bands around the
� point are observed.

We also analyzed the orbital projected bands for the 34
different configurations. We highlight in Fig. 6 two configu-
rations, j = 25 and j = 34, with clear changes in the format
and character of VBM and CBM. In DFT results it is already
possible to notice the inversion of the character of the bands
around the � point, with the Se-p orbital giving place to
the Sb-p orbital. However, this intrinsic property of the TI
becomes even more significant after the correction provided
by the DFT-1/2. While in the class configuration j = 34 the
inversion in the conduction band occurs at a level with more
energy than the CBM (still at the � point) in the DFT-1/2 the
inversion is clearer and present in CBM around �.

For the j = 25 class, the inversion is also more evident
from a simpler behavior of the bands at k-points around the
VBM and CBM, where there is a detachment of the occupied

FIG. 6. Electronic band structure with orbitals projections, a
comparison between DFT and DFT-1/2. Colors are proportional to
the p-states of Sb (magenta) and Se (cyan). For system j = 25:
(a) DFT GGA and (b) DFT-1/2, for system j = 34 (equivalent to
pure Sb2Se3): (c) DFT GGA and (d) DFT-1/2.

band lower than the VBM and also from more energetic un-
occupied bands.

We can see, comparing the Figs. 6(a) and 6(c) with
Figs. 6(b) and 6(d) a detachment of the bands forming both
the VBM and CBM, after the inclusion of the DFT-1/2 cor-
rection. In Fig. 6(a) both VBM and CBM are formed by
the crossings of two bands, but becomes single band formed
after the inclusion of the DFT-1/2 correction, as we can see
in Fig. 6(c). It happens due to the inverted character of the
bands around �. While Se-p-like parts of the bands are pulled
down in the energy scale the Sb-p-like ones are pushed in the
opposite direction. This behavior is an intrinsic characteristic
of the DFT-1/2 method that was conceived to reduce the
self-interaction energy that consequently pulls down in the
energy scale the states belonging to the VBM and pushes up
the states belonging to the CBM.

One of the desirable results for 3D topological insulators
is that they have large band gaps. To enable technological
applications at higher temperatures. Figure 7 depicts the curve
of this property provided by GQCA. We compare the gap
results of the DFT and those provided by the DFT-1/2 correc-
tion. The curves are described as a function of the antimony
concentration at room temperature (300 K).

The Sb concentration for which the gaps are maximum is
shown in Fig. 7. This result is calculated through a statistical
average of individual energy gaps Egj of individual clusters,
as described in the methodology section. While DFT predicts
a maximum gap of around 57% of Sb, the DFT-1/2 correction
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FIG. 7. Comparison between the energy gaps of the alloy in the
two approaches, the standard DFT (blue dashed line) and DFT-1/2
(red solid line) and respective mean-square deviation (shaded region)
at room temperature. The maximum points are 57% in antimony con-
centration for the standard DFT and 70% in the DFT-1/2. Symbols
in other colors and markers represent available experimental data for
x = 0.0, 0.25, 0.32, 0.45, and 0.70 [45,47,53,57–65].

defines a maximum gap for a concentration of Sb of 70%. We
also verified this behavior in a wide range of higher tempera-
tures. Nevertheless, as there is a random alloy behavior, there
are no significant differences considering temperatures greater
than 100 K, according to our model.

Bi2Se3 is reported with experimental results of
0.17–0.38 eV [53,57–65], also compatible with ab initio
results including GW of 0.19 eV [53], which, in turn, are very
close to the band gap calculated via DFT-1/2 of 0.18 eV. For
Sb2Se3, in the same structure as the present work, a band-gap
result of ∼0.17 eV through the GW was reported [44] and
0.18 eV via the optB86b-vdW functional [15]. These results
are compatible with our results from DFT-1/2 of 0.25 eV
for this system. Figure 7 illustrates the statistical average,
obtained through GQCA, of the fundamental energy gap
Eg and its root mean square deviations (�Eg) calculated
via DFT and DFT-1/2, compared with the experimental
data for the alloy (Bi1−xSbx )2Se3. The lines represent the
theoretical results and the light red shaded area indicates
the rms of the calculations. A good correspondence of the
DFT-1/2 results with experimental data for intermediate Sb
concentrations is observed, indicating an improvement over
the pure DFT results. The experimental data are marked with
colored symbols corresponding to different references and
show ARPES measurements with dispersions up to 0.1 eV,
a considerable value given the generally low values of their
gaps. For Sb concentrations of 0.25, 0.45, and 0.70, the
measured gaps range from 0.22 eV to 0.28 eV, while DFT-1/2
calculations present values of 0.24 eV, 0.26 eV, and 0.28 eV,
respectively. Additionally, for the pure compound Bi2Se3,
there is a wide variation in experimental data, ranging from
0.17 eV to 0.38 eV. This analysis demonstrates that despite
the large uncertainties in experimental measurements, the
DFT-1/2 correction results are in satisfactory agreement

TABLE IV. Bowing parameter b according to the expression
Eg(x) = E 1

g x + E 0
g (1 − x) − bx(1 − x), and the maximum gaps Eg

between cluster configurations for the two approaches used.

(Bi1−xSbx )2Se3

DFT GGA DFT-1/2

Bowing parameter b −0.17 eV −0.23 eV
Maximum Eg 0.383 eV 0.313 eV

with the available experimental data, with all calculated
values falling within the experimental range. We estimated
a bowing parameter (b) for the energy gap dependency
with composition for DFT and DFT-1/2, considering the
expression present in Table IV.

We highlight the two classes of special configurations, j =
27 and j = 32, for which the gap is maximum according to
the DFT-1/2, in Fig. 4, where two views of the primitive cell
of these configurations are presented.

Also, a detailed record of all calculated fundamental gaps
for all 34 cluster configurations from DFT-1/2 and DFT is
presented in Table V. In addition, the table also contains the
excess energies calculated through Eq. (1).

To investigate the importance of these completely rela-
tivistic calculations for the alloy, we compared the results
calculated for all the individual clusters without considering
the SOC, and then the gap curve for the alloy at room temper-
ature and higher temperatures (see Fig. 1 in the Supplemental
Material Ref. [66]). It is clear that when the SOC is turned
off, there are strong changes in the band-gap values. For some
concentrations, such as 25% Sb in the alloy, the gap is close
to 0 eV, and additionally, the band gap becomes direct for
all classes of clusters. Furthermore, it is notable that there is
an opposite behavior (practically inverted) in the gap curve
without SOC both when comparing DFT-1/2 and standard
DFT, both with SOC. Something that was already expected
since the strong spin-orbit interaction for heavier elements,
and in particular, for these specific materials [54,67], plays a
fundamental role in the determination of electronic properties.

Determining topological invariants can be computationally
expensive depending on the complexity of the material and
chosen approach. In addition, the mandatory inclusion of the
SOC, the number of cluster configurations of the alloy (34),
and the spatial inversion symmetry breaking that naturally oc-
curs in certain individual clusters make it difficult to determine
the topological invariant Z2.

We determine the Z2 invariant through the Wannier func-
tions (WF) methodology, in which the evolution of the charge
centers of the WF through a direction in the BZ are taken into
account in the determination of the topological invariant [41].
The WF functions are first constructed from the DFT wave
function in such a way as to correctly represent the hamilto-
nian of the system.

Figure 8 depicts a comparison between the band structure
results from standard DFT calculations and WFs for the class
j = 13, where a good agreement is observed, confirming
that the representation of the system in the WF space is
satisfactory.
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TABLE V. Energy gap from DFT GGA (EGGA
g j

), DFT-1/2 (EDFT−1/2
g j

) approach (in eV), excess energy �ε j (eV), and degeneracies (gj) of
cluster configurations (Bi1−xSbx )2Se3.

(Bi1−xSbx )2Se3

Class j �ε j g j EGGA
g j

EDFT−1/2
g j

Class j �ε j g j EGGA
g j

EDFT−1/2
g j

1 0.0 1 0.2873 0.1758 18 −0.1525 4 0.3210 0.2690
2 −0.0584 8 0.2975 0.2138 19 −0.1374 8 0.3319 0.2880
3 −0.0887 8 0.3045 0.2305 20 −0.1416 16 0.3448 0.2849
4 −0.0920 4 0.3220 0.2251 21 −0.1349 16 0.3341 0.2830
5 −0.1010 8 0.3219 0.2394 22 −0.1222 4 0.3605 0.2523
6 −0.0956 2 0.3230 0.2450 23 −0.1189 16 0.3399 0.2957
7 −0.1111 4 0.3094 0.2372 24 −0.0962 8 0.3228 0.2805
8 −0.1112 8 0.3144 0.2512 25 −0.1330 2 0.3830 0.2486
9 −0.1353 16 0.3139 0.2553 26 −0.1253 8 0.3590 0.3042
10 −0.1381 8 0.3313 0.2569 27 −0.1571 2 0.3449 0.2740
11 −0.1396 8 0.3222 0.2583 28 −0.1371 8 0.3422 0.2883
12 −0.0971 4 0.3454 0.2773 29 −0.1008 4 0.3358 0.2843
13 −0.1322 8 0.3410 0.2880 30 −0.1136 4 0.3206 0.2998
14 −0.1210 16 0.3399 0.2861 31 −0.1068 8 0.3364 0.2979
15 −0.1264 16 0.3438 0.2811 32 −0.0923 4 0.3420 0.3139
16 −0.1251 8 0.3405 0.2845 33 −0.0594 8 0.3135 0.2781
17 −0.1116 8 0.3342 0.2756 34 0.0 1 0.2966 0.2567

The Z2 result for class j = 34, equivalent to pure Sb2Se3,
is depicted in Fig. 9. In this methodology, the determination of
the trivial or topological character of the material is made by
drawing an arbitrary reference line parallel to the horizontal
axis and observing if the number of crossings of this line in the
centers of the WFs is odd or even. An odd number of crossings
characterizes topological insulator materials. In this way, the
class j = 34 has a nontrivial topological order since it has a
single crossing in the plane kz = 0 and a crossing equal to
zero in the plane kz = 1. We highlight one of the classes in
the figure, however, the result of this invariant is the same for
the other 33 different classes (see Supplemental Material Ref.

FIG. 8. Band structure of an individual alloy cluster, class j =
13, comparing that obtained in a DFT calculation (blue solid
line) with that obtained from Wannier functions (WFs) (orange
dashed line).

[66]). The results indicated by the WCC dispersion are the
same, which shows the robustness of the topological order of
this family of alloys in any considered concentration and in
the different atomic arrangements of the individual clusters.

To further evaluate the differences between DFT results
and the DFT-1/2 correction regarding orbital character in
the valence band, we calculate the level of band inversion
for the 34 cluster configurations. In Fig. 10 some results of
this degree of inversion are shown for five specific classes
( j = 5, 13, 22, 25, and 26). For most classes, the results are
quite similar to those shown for classes j = 5 and j = 22,
where there is a peak and a narrowing of the inversion level
around the � point when the DFT-1/2 is applied; a result
that is similar for both methodologies most of the time. For
the classes j = 13, j = 25, and j = 26 the DFT calculations
result in two peaks forming a kind of M-shape around �.
However, after the inclusion of the DFT-1/2 correction only
one peak appears. This change occurs due to the different
degree of contribution of each orbital forming the band in
afunction of the distance to the � point, i.e., the two peaks
region has a lower concentration of the Sb-p like orbital than
the valley at �, resulting in the valley being pushed higher
in energy than the peaks. The inverse behavior also occurs in
the CBM.

Since we know that the pure end components of the al-
loy are TI, and after the approximate quasiparticle correction
calculation with DFT-1/2 as well as the calculation of the
topological invariant Z2 show all 34 clusters considered to
be TI, the results represent strong evidence that the topo-
logical properties of this family of alloys are quite robust
in terms of atomic arrangement and chemical concentration.
Thus, these considerations combined with the thermodynamic
results clearly indicate that a TI-CI phase transition should not
occur in the (Bi1−xSbx )2Se3 alloy.
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FIG. 9. Evolution of the Wannier charge center (WCC) in two different planes for an individual cluster, class j = 34, equivalent to pure
Sb2Se3. On the left graph kz = 0 and on the right kz = 1. The reference line (dashed red) crosses an odd number of times in the result of the
plane with kz = 0, which indicates that it is a material with a nontrivial topology.

IV. CONCLUSION

In summary, we combine the first principles calculations
based on the DFT formalism with the statistical treatment

FIG. 10. Band inversion level ηinv(�k) calculated from Eq. (9) for
five different cluster configurations. The results for the classes j = 5,
13, 22, 25, and 26 are portrayed from the two methodologies of this
work, DFT-1/2 (solid blue line) and DFT (dashed black line) in the
path F ← � → L.

provided by the GQCA to obtain reliable results from
(Bi1−xSbx )2Se3 topological alloys. The results of the topo-
logical invariant Z2 for all GQCA cluster configurations of
the alloy indicate that there is a robustness of the proper-
ties and nontrivial topological character of the alloy along
the entire composition range. The thermodynamic stability
against composition phase separation of these systems is
demonstrated.

An accurate and computationally cheap description of the
electronic band structure is obtained by the application of
the DFT-1/2 method. Our results indicate that the alloy has
a maximum gap of 0.28 eV for an Sb concentration of x =
0.70 at T = 300 K, which is 60% larger than pure materi-
als. Considering the isolated systems of individual clusters at
temperature T = 0 K , the maximum energy gap Egj obtained
through DFT-1/2 was 0.31 eV. These larger gaps in topolog-
ical materials are desirable for technological applications at
higher temperatures.

Our work proposes a combination of efficient ab initio
calculations with approximated quasiparticle correction and
a robust thermodynamic statistical approach for topological
alloys. Its application on (Bi1−xSbx )2Se3 provides exper-
imentalists valuable information about how the energy
gap can be chemically controlled, as well as the behav-
ior of other physical properties along the entire chemical
composition.
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