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Dipolar background field theory and dipolar braiding statistics
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We analyze the recently proposed dipolar background field (BF) theory with couplings to charge and dipole
currents. The quasiparticles of the theory are either chargelike or dipolelike, and the mutual braiding statistics
between chargelike and dipolelike quasiparticles are dipolar, meaning that it depends on the position of the
quasiparticle being encircled. The braiding statistics between two dipolelike quasiparticles is that of ordinary
anyons. We further prove that the dipolar BF theory is equivalent to the rank-2 tensor BF theory developed
earlier as an effective theory for the rank-2 toric code. Although the two theories are equivalent, the dipolar BF
formulation embodies the dipole symmetry explicitly and gives a clean insight into the way the dipole symmetry
manifests itself in various conservation laws and the dipolar braiding statistics.
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I. INTRODUCTION

Extending the horizon of existing many-body models by
incorporating dipolar, multipolar, or general modulated sym-
metries has been a fruitful theme of condensed matter theory
in recent years. It was driven in part by a desire to incorpo-
rate fractonic behavior [1,2] into field-theoretic formulations
[3-5], and was further fueled by the experimental realization
of tilted optical lattice and some interesting phenomena found
in such systems [6—15]. Now the converging view is that these
extensions can be systematically categorized by the order of
the multipole symmetry [16—19] being incorporated in the
theory. Examples of extensions include rank-2 gauge theory
coupled to fractonic quasiparticles [3,4,20], Hubbard models
with pair-hopping fermions or bosons [12—-14], Chern-Simons
theory with dipolar symmetry [20-23], and a 1D SPT model
protected by multipolar symmetry [24], to name a few.

Following an unrelated line of reasoning, we have written
down a variant of the toric code called the rank-2 toric code
(R2TC) [25] by building on some earlier works [26,27]. Any-
onic excitations in the R2TC have mobility restrictions not
unlike the fractons and are forced to hop only by N sites at a
time in a Zy stabilizer model of R2TC [25,28]. Several other
stabilizer models with similar mobility restrictions on anyonic
excitations were discovered [29-33]. The braiding statistics
among the anyons in R2TC displayed unusual position de-
pendence, distinct from the ordinary anyon braiding statistics
that are purely topological. Attempts to explain the position-
dependent braiding in the field theory framework were made
by several authors [28,34]. In particular, the dipolar BF theory
proposed in [34] had rank-2 tensor gauge fields coupled to
rank-2 tensor matter currents, and embodied dipole symme-
try in its symmetry structure although the R2TC model had
no such symmetry to begin with. In that regard the dipole
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symmetry appeared to be “emergent” rather than imprinted
on the lattice Hamiltonian of R2TC from the outset.

Quite recently, topological Chern-Simons and BF theories
incorporating multipolar symmetries explicitly at the level of
the effective action have been put forward [35,36]. They are
indeed lucid representations of topological systems embody-
ing both charge and dipole symmetries and are claimed to be
equivalent to certain rank-2 Chern-Simons or BF theories after
suitable transformations [20-22]. Here we look into this issue
further and prove that the dipolar BF theory put forward in
[36] is in fact equivalent to the effective theory of the R2TC
previously suggested in [34], which was also dubbed the dipo-
lar BF theory. To avoid the confusion, here we dub the new
action the dipolar BF (dBF) theory, and rename the rank-2 BF
theory of [34] as the rank-2 BF (R2BF) theory. The origin
of dipolar braiding statistics, first discussed field-theoretically
in [28,34], is given a more transparent interpretation in the
framework of dBF theory thanks to the dipole symmetry being
embedded in the action from the outset.

In Sec. II we revisit the dBF action [36] and analyze it
in greater depth than [36] with additional coupling to matter
fields. A complete set of conservation laws related to charge
and dipole symmetries are derived. In Sec. III we show that
the dBF action can be transformed into the R2BF action and
prove their equivalence. Some aspect of this analysis has been
done in [36], but we perform a more complete analysis with
the full set of gauge-matter coupling allowed by the theory.
Then in Sec. IV we revisit the issue of dipolar braiding statis-
tics and rederive the results on the basis of insights gained
from the analysis of dBF action. The paper is summarized in
Sec. V.

II. DIPOLAR BF THEORY

The purpose of this section is to introduce the dipolar
BF theory and outline its basic properties. Some outstanding
features of dBF theory is shared by the dipolar Chern-Simons
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(dCS) theory [35], which is simpler and discussed first as a
way of illustrating the main principle.

The dCS theory consists of two parts £ = Lacs + Lay,
where

N
['dCS = ESA;LvAia/LAﬁ»

Loy = —Audy — ASJE. 2.1)

For each spatial direction a = x, y we have the gauge field Aj,
described by the Chern-Simons (CS) action with level N. Two
kinds of matter fields (J,,,J l’j) are introduced, corresponding
to the charge and the dipole current associated with each
dipole moment orientation a and coupled to the gauge fields
A, and A7, respectively. The summation over the spacetime
indices @, v = t, x, y and the spatial index a = x, y is implicit.

The gauge fields A, Aj are not totally independent. Their
gauge transformations are linked by the dipole conservation,
and follow [23,35,36]

AL = A+ 9,8,

Ay — Ay + 0+ B 2.2)

Here 8" is nonzero only for the spatial components © = x, y.
There is no temporal component in the dipolar gauge fields,
ie., AL = 0. The dCS action given above is invariant under
the transformation (2.2). There can be no CS term for A, or a
mixture of A, and Aj, since such terms fail to remain invariant
under (2.2). Although A, does not participate in the CS action,
it can still couple to the charge current J,, and have a nontrivial
effect. Throughout the paper we refer to quantities without
the superscript a as “charge” and those with the superscript as
“dipole” or “dipolar.”

Requiring the invariance of the dCS action under the trans-
formation (2.2) gives the continuity equations

apu];t =0, au-];i =J, 3HJZL = Jy. 2.3)

While the charge current satisfies the usual continuity equa-
tion, the dipole currents J;;,J,'ﬁ satisfy modified continuity
equations with source terms coming from the charge current.
Physically, it means that when a charge moves in a certain
direction it will violate the dipole moment conservation in that
direction and must act as a source term in the dipole continuity
equation. One can rewrite (2.3) in a more suggestive form

[Ty — x —x0)u] = [T, — v — o) ] =0, (24)

where xg, yo are some constants. We will make heavy use of
this form when we discuss dipolar braiding in Sec. IV.
We move to examine the dipolar BF theory given by [36]

L = Lagr + Laj + Lok, (2.5)
where
N N 4 “
CdBF = Egkuvb)»(ay,Av +Al;) + nguvaauAva
Loy =—Auly —AZJZ,
Ly =—b, K, — bZKZ. (2.6)

Quantization of the coefficient to N in the BF theory follows
from the invariance of the action under the large gauge trans-
formation. Though the dipolar BF action in the first line looks

different from the standard BF action, the gauge transforma-
tion argument applies exactly in the same manner, leading to
the same quantization of the coefficient to N. Two species of
charge and dipole matter currents, (J,, J,‘j) and (K, K g), are
introduced. The last term L,x was not included in [36] but is
necessary for a complete analysis. The gauge transformation
properties of the dBF action are as follows:

A/"L — A/”L +0.8"
Ay — Ay + 0+ B
b, — b, + 9,0

b, = b, + 0,9 — 05,4 2.7
It is again assumed that 8’ = 0 = A7 .

Requiring the invariance of the dBF action under the trans-
formation (2.7) gives several continuity equations:

8J, =0, 8,k =0,
Au[Js — = x0) ] = [, — O —y0)u] =0,

0u[Ku + (x —x0)KE + (y —yo)K}] = 0. (2.8)

These equations play vital roles in deducing braiding statistics
among charge and dipoles, as discussed in Sec. I'V.

III. EQUIVALENCE OF DIPOLAR BF THEORY
TO RANK-2 BF THEORY

We show how to gradually morph the dBF action in (2.6)
into the R2BF theory, written in terms of rank-2 tensor gauge
fields and rank-2 tensor currents. In the end, we find that
dBF action is in complete agreement with the R2BF action
constructed in [34] as an effective field theory of R2TC. Some
aspect of this transformation was worked out in [36] for the
pure gauge part Lqgg without the coupling terms L4y + Lk-

The proof proceeds by first integrating out b, from the dBF
action (2.6) where it appears linearly. The resulting constraint
can be conveniently expressed if we first introduce rank-2
gauge fields A,

Aap = 8.Ap — A, 3.1)
which transforms under (2.7) as
Agp = Aup + 9,0px. 3.2)
The constraint can be conveniently expressed now as
Ay — Ay = Qr/N)K,. (3.3)

Note that only the charge sector shows up in the trans-
formation of A,,. This is the well-known transformation
associated with the tensor gauge fields previously used in frac-
tonic field theories [3,20-22]. The new insight here is that the
tensor fields A, are not the fundamental objects themselves,
but are constructed from the underlying vector gauge fields Aj,
and A,. Although both A,,, A,, transform in the same way,
they are not the same fields when K, # 0. The definition of
Agp in (3.1) does not guarantee such symmetry either. We will
proceed for the time being by treating A,, and A, as two
distinct fields.
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Among the remaining terms in the action £ (after integrat-
ing out b,), terms containing A; can be collected into

%[At“ (8xb§ — 9yb) — byAT + bei'] —AlJ. (34
Integrating out A? from (3.4) enforces two relations:
axby — dyby, — by = (27 /N)JT,
by — by + by = (2m /N)J; . (3.5)

Since b, has been integrated out already, ¢;,,0,9,A, be-
comes by (d,A; — 9;A,) + b, (0;,Ax — 9:A;). We can use (3.5)
to write by, by in this action in terms of other fields:

N
E[bx(ayAt - alAy) + by(atAx - 8xAt )]

N
g 2_[b§(ayatAx - axavAt) - b);(axatAy - axavAt)
T ) ) )
— DU(3;A; — 9,0,A,) + b} (374, — 0:0,A,) ]
— A (0 + 0J)) + A0, + Ay, (3.6)
In the meantime, the coupling —JYA{ — JJAT is rewritten,
using Az = 9,4, — AL as
—(JEAY + JPAY) = Ac(0u)F + 00J7) + Ay (0:) + 8,JT)
+ AL, + Ayyj)%’ +AnJ) + A),XJ;‘ .
3.7
(Note that A is already integrated out and no longer present in
the action). Collecting terms proportional to A, from the last
line of (3.6) and the first line of (3.7) and combining them with
—A,J,,, we conclude that A,,J,, is modified to A,.J,, where
Jo =+ 0] + 8,7,
Jo=J — ady, =0,
Jy=Jy—9,J); =0. (3.8)

The last two lines come from invoking the dipole current
conservation (2.3). We thus arrive at the very simple result
that only the temporal coupling —A,J; survives in the charge
sector of L, after integrating out some fields. In the end we
find

Las = =Adi + Aud + Agdiy + Apdyc + Aydyy,  (39)
with
Jo =0+ 0J5 + 9,07,
Jo=J5 dy =T, Loy =T, Jy =T (3.10)

Other terms in the dBF action can be rearranged as well,
for instance,

b;‘(BxA;’ - BYA;’) — b);(_axAyx + ayAxx)

+ B (0Axy — 0:A,y) (3.11)
using
Ay — DAY = =0, Ay + 0yAsy,
A, — AL = =0, Ay, + DyAyy. (3.12)

The other terms, bj 0,AY — b BZA;‘., can be combined with (3.6)
to give

By Ayx — 0:0yA;) — BY(3,Ary — D50A;)
+ By (0Ayy — 0;A;) — By (A — 07A,).
Finally, adding (3.11) and (3.13) gives

(3.13)

N ,

‘CdBF = E[bf(avA,\x - axAyx) + b;(ayAxy - axAyy)
+ b);(atAyx - axayAt) - b;(atAxy - axayAt)
+ DY (0,Ayy — 07A,) — By (A — 07A;)].

In this form, b,, has been completely integrated out and some
second derivatives of the tensor gauge fields A,;, appear in the
action.

So far we have avoided the assumption of symmetry A, =
Ay, and the action (3.14) is valid even for Ay, # A,,. To
proceed further, we solve the constraint (3.3) by rewriting

(3.14)

Ay = Ay + Ko Ay — Ay — K. (3.15)
The new tensor is symmetric, A,, = A,,. We caution the
reader that the symmetric part A, is a dynamical gauge
field but the antisymmetric part K; is not, rather it is the
background gauge field introduced in the dBF action (2.6).
We can rewrite the action (3.14) in light of the substitution
(3.15). In addition to the second line of (3.14) simplifying to
(bE — by)(3,Ayy — 0x0yA,), there are additional terms showing

up in the action due to K;:
—3 D0 K; — 3B K, + 360K, + 5b)0,K. (3.16)

We can also rewrite (by, b,) in terms of other fields using
(3.5), and transform the K coupling to

bKy + byKy — DKy + bLo,K, — DL3,K, — blo.K,,

(3.17)
where some integration by part has been performed. An
additional term ~J; K, — —J'K, following from the transfor-

mation is a coupling between two background matter fields
and can be left out of further consideration. Combining (3.16)
and (3.17) with b7 K/ gives

by (K = 39:K) + b (Ki = 30,K1)
+ be(Kf +0,K, + %8th) + b)yc(K;C - 3xKy)
+ bY(K) — 0,K,) + by (K} + 0K, + 39, K, )

= bZKZ (3.18)
and the action L,k is modified to
Lk — —b‘;l?l‘j. (3.19)

The charge part —b, K, has been integrated out. Meanwhile,
the L4, action in (3.9) is modified by K; # 0,
- T,
EAJ - _At-]t + Axx-]xx +Axy-]xy +Ayy-]yy + N(J; - J_V)I(t’
(3.20)

with A,y = A,y and J,, = J; + J5.
It turns out K; appears linearly in (3.19) and (3.20) but
does not appear elsewhere. However, integrating out K; is
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not justified as it is not a dynamical gauge field. The terms
multiplying K; can be written as

(9yb7 (3.21)

x Y

—0B) — (b — 07) — (17— ).

This term, fortunately, is zero as the constraints arising from
integrating out Af, A{ in the full action gives

ayby — 8,b§ = 2 /N)JY,
3 — acby = (21 /N)JT. (3.22)

The equality of (3.21) to zero follows as a special case.
Finally, we can arrange the two actions L4; and Lk as

LAJ = _Atj; +Axxex +Axy-]xy +Anyyy’

Lk = —bKS, (3.23)
with
Jo=J +0Jf +0,J7,

Jo =00 Dy =T+ Ly =R, (324)
and

K =K,

K =K +0,K,, K} =K;—0dK,

K =K) —0,K,, K’ =K)+03K. (3.25)

We note that Lqgr and L4y are by now written in terms of
tensorial gauge fields and currents, but L,k is not.

J

To remedy this problem, we redefine certain variables
(b1, 8)) = (E/, =E),

(bf; - b;v bfp b;) - (_Ex ) _Eyys Exx)v (3'26)
and further rewrite
(Exm Eyya Exy) g (Eyy7 Exm _Exy)’
(Axxs Ayys Axy) = (Ayy, Ax, —Ayy). (3.27)

This gives
Lagr — Axy0Exy + Ay 0, Eyy + A0, Exx
+ E (A + Ay) + E] (3)Ayy + 3:Ay)
+ A (07 Exy + 07 Eyy — 0,0,Eyy), (3.28)
and
Laj = —Ad; + Apdiy + Audyy — Agydry. (3.29)
Meanwhile, rewriting L,x with these new variables gives
Lk = —E'K' + E'K] + E.K) — E\\K}
SE(R - K) - L0+ B) (R4 K. (30)
The last line cannot be written in terms of any of the variables

in (3.26). Luckily, bt + by does not appear elsewhere in the
action and can be integrated out to yield

KI+K =K' +K) +0,K, =0, (3.31)

which is nothing but the K-current conservation already de-
rived in (2.8).

Combining all three remaining actions, the full action £ =
Lagr + L4 + Lk becomes

N :
‘CRZBF ZZ[AxyatExy + AyyatEyy + AxxatExx + Etx(axAxx + 8yA)ry - )Ox) + Ety(ayAyy + axAxy - :0")

+ 4 (33 Exx + 83 Eyy - axayEx,v - ft)] - AXyJXy +A,vijx +Axnyy — Bk — EXyKXy - Ey,vK,vw

with
(onv Py) = ( - IZ[y’ Ietx)

(Ker, Koy Ky) = (= KL AR - K. K). (333)

The final action Lgopp is in complete accord with the R2BF
action derived in [34] [Eq. (5.2)]. The R2BF action sup-
ports a scalar charge J, and the associated tensor current
(Jxx, Jxys Jyy), as well as vector charges (p*, p”) and the asso-
ciated tensor current (K, Ky, Ky,). Although there are two
vector charges, only one tensor current K, exists for both of
them.

There are three conservation laws, one for each of the three
charges. One of them is given by Wy, Jixs Jxy, Jyy), satisfying
the equation

atjt + 3)?Jxx + 8x8y~]xy + a}?‘]y)’
= 0 + 3.:(3.73) + 3,(9,73)

=0 + 8., + 8,Jy = 0. (3.34)

(3.32)

(

The relation 9,,J;; = J, was used to reach the second line. The

charge density J; is the sum of J,, the bare charge density,
and the dipole-induced charge density d,J* + d,J;. A charge
(J;) by itself cannot move due to the dipole moment conserva-
tion and must be accompanied by dipole motion. This forces
charge to form a composite object with a dipole in order to
move freely. Although the observation that a free object in
dipole-constrained theory is a charge-dipole composite has
been made in [34] already, the dBF formulation is helpful in
clarifying the nature of this composite charge as the sum of the
bare charge (J;) and the dipole-induced charge (3.J;" + 9,J;)
through the formula (3.24). The tensor currents (Jyy, Jxy, Jyy)
and (K., Ky, K,y), introduced through heuristic reasoning in
[34], are also given concrete definitions in terms of underlying
dipole currents.

The second continuity equation follows from defining a
three current

(0", Kue. Key) = (— K, K. (KX = K))/2)
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and working out
0 ;OX + 0y Ky + anyy
= 00" + 0:Kx + 0Ky — %8y (Kf + K»y)

= -9,k = —9,K, = 0. (3.35)

Note that in the second line we added an extra term 3 (KF +
K})/2 to complete the continuity equation. This is allowed
since the added term is zero by the constraint (3.31). It also
implies a degree of flexibility in defining K,, as
_ _ 0 .. =
Ko= Y& -R)+2(R4E) (36

with 6 being an arbitrary real number.

A third conservation law exists for the three current

(p)" nye Kvy) = (ktx’ (IZ; - Kvy))/z’ K)X)’
obeying the continuity equation
90" + 0Ky + 0,Kyy
=90 + 8xny + ayK.V}' + %ax (Kf + ky})

=8,k = 9,K} =0. (3.37)

In conclusion, we have derived all three conservation laws
as well as the exact form of the R2BF given in [34] by starting
from the dBF action of [34] and integrating out some degrees
of freedom. In the course of the transformation we found
explicit representations of the various charge densities and
tensor currents in the R2BF in terms of the charge and dipole
currents of the original dBF—see (3.24) and (3.33). These
expressions will play a vital role in deriving dipolar braiding
statistics.

IV. DIPOLAR BRAIDING

A key feature of the dBF (or R2BF) theory is that its quasi-
particles show braiding statistics that depend on the location
of the particle being braided around [25,34]. This point can be
highlighted already in the dCS theory, which we discuss first
due to its simplicity.

It is well known that 9,,J,, = 0 admits a solution

TG = (1, &, )87 (x — re(t)),

where r.(¢) is the position of the charge at time ¢, and (x., y.)
is its velocity. By virtue of continuity equation d,[J,, — (x —
x0)J,,] =0 and 3M[Jﬁ — (y —y0)Ju]1 =0 [Eq. (2.4)], one has
solutions for the dipole currents:

Ty = (xe — x0)JS + I,

“.1)

T = (e =y, + 3, 4.2)
with J§ given in (4.1) and
T = (1, X, )87 (r — r (1)),
TP = (1, &y, 3,)8% (6 = 1, (1)) 4.3)

representing currents associated with a single x or y dipole lo-
cated at r(¢) and r,(¢), respectively. We will refer to solutions
given in (4.1) and (4.3) as single-charge and single-dipole
solutions, respectively. Current due to a single-charge motion

J;, generates accompanying dipole current J; = (x — xo)Jj,
and let =y - yo)JfL. To distinguish them from the intrinsic

dipole currents J. l‘f”‘ and Jff‘y, we refer to them as orbital dipole
currents of a orientation. The name has been suggested in
[35].

We examine the consequence of inserting various solutions
of the charge and the dipole currents into the action Ly, . First,
inserting the single-charge solution J,, = J into J,A,, (and
integrating over spacetime) gives

f ALk )dx, + A, (£)dy,] = / (@A, — 8,A)dx.dye,
4.4

where the integral is over the area encompassed by the closed
trajectory of r.. Since there is no Chern-Simons term for A,
this flux is not quantized. In fact, 9,A, — d,A, is not even
gauge invariant under the dipolar gauge transformation by g
in (2.2), and will soon be combined with another term to make
it fully gauge invariant.

When we insert the single-dipole solution (4.3) into the
action J l‘jAZ, we find for a = x,

d,x Ax __ X x
/JM AM = / (8xAy — ayAx). 4.5)
Invoking the flux attachment rule,
2
S Ay = —J7, 4.6)

N

which can be derived by integrating out A7 from the dCS
action, one can further write

/ (BXA;C - Bij) = Zﬁﬂ g5

showing that the geometric phase is 27 /N per x dipole en-
closed within the path. We conclude that an a-dipole braiding
around another dipole of the same orientation results in the
fractional phase of 27 /N.

When a charge is being braided, there is an accompanying
orbital dipole current (x — xo)J/;, contributing to J;;. Its contri-
bution to the phase is

A.7)

o=y = [ - wlairodn + A30dy.]
= %(x - xo)[axA; - ayA;]dxdy
+ /A;dxdy. (4.8)

There is also the orbital y-dipole current (y — yo)J;, contribut-
ing the phase

jﬁ O = yol Ay, = y{ (v — y0)[0:A) — 9,A} Jdxdy
- / Avdxdy. 4.9)

Overall, there are three different contributions to the phase,
given in (4.4), (4.8), and (4.9), as a charge is moved
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adiabatically around. Combining all three contributions gives

Fo—fann; - a7Jaxay
+ o -l - aadxdy

+ / (9,Ay — ByA + A} — AY)dxdy. (4.10)
The second line represents a contribution from the gauge-
invariant flux [37] Fy, = 0,A, — 9yA, + AT — Ay, but the value
is not tied to the charge density as there is no CS term in-
volving A, in the dCS action. The first line, after substituting
0AY — 0yAY = (27 /N)JY, gives

2
_Wﬂ |:Z(xi —xo) + Z(y,- — )’0):| 4.11)

where x; (y;) is the a coordinate of the ith a dipole inside
the loop. The minus sign occurs because the action is L4; =
—A,J, — AjJ;,. The braiding statistics between a charge and
the dipoles are therefore dipolar, in the sense that the phase
acquired in the braiding process depends linearly on the coor-
dinates of the particles.

In summary, when an a dipole is adiabatically moved, it
picks up the fractional phase of 2w /N by braiding around
other a dipoles. Meanwhile, a charge braiding around dipoles
picks up dipolar phase because the charge motion induces or-
bital dipole current. The orbital dipole current accompanying
the charge current is necessitated by the need to satisfy the
dipole symmetry.

Next we examine the braiding statistics in the dBF (or
R2BF) theory. From the various conservation laws of J cur-
rents and K currents derived in (2.8), we can write down the
solutions

J, =7,

T =T+ o) B= T+ 6 = o)

Ko =Ko,
K, =K — (x —x)K" — (y — yo)K”, (4.12)

where J¢, K;,Jl‘f*“, K/ff"‘ are the single-particle solutions of
(4.1) and (4.3).

Since our focus is on the dipolar braiding statistics, we
can “turn off” the intrinsic dipolar current Jl‘f"’ and write the
orbital dipole currents as

Ty = (x = xo)f, = (x = x0)(1, ke, 30 )8%(r — 1),
D= = x0)p = (v = x0)(L, e, )83 (r — reo).
This gives
Jo=J 4+ 0Jf + J]

(4.13)

=1+ (x — x0)dx + (y — ¥0)3,187(r — ),
Joe = JY = (x — x0)%c8°(r — 1),
Tog =T+ T3 = [(x = x0)ye + (v — o)k I8 (r — o),
Jy =) = (0 =0y (r — o). (4.14)

Inserting  (Jy, Jxy, Jyy) obtained here into the action
[ (Adyy + Ayydix — Arydyy) gives
%a(rc) -dr,, 4.15)

where

a=((x—x0)Ay — V= Y0)Axy, (V= y0)Axx — (x — x0)Axy).
Taking the curl of a gives

V xa=(y—y0)@0Awu + dAy) — (¢ —x0)(%:Asy + 0)A,y)

2m :
= [0 =y0)p" — (x —x0)p’]. (4.16)
where we used the relations 9,Ay, + 0,A, = p* and d,A,, +
dyA,y, = p¥ obtained from integrating out E;*, E;’ in the R2BF
action. Since we further have p* = —K; and p” = K, we can
rewrite the curl

2 . y
Vxa= —W[(x—xo)K, + (& —y0)K/]. 4.17)
The Berry phase acquired by moving a J charge along a closed
path is therefore

2
_WH[Z()@' —x0) + Y _ (i —yo)}, (4.18)

where x; (y;) are the x (y) coordinate of the x dipole (y dipole)

enclosed inside the path. Adiabatic motion of J charge is

interpreted as that of a bare J charge and J-dipole composite.
We next turn to single-dipole solutions for 9, Kj; = 0:

d,x __ . . 2
Kﬂx - (lvxxv Yx)3 (r - rx)v

K& = (1, %, 3,)8°(r — 1y). (4.19)
The K dipoles, being exempt from dipole constraint, can
move freely. The solution for 9,,[K), + (x — x0)K}; + (v — Yo)
K, 1=0is

K, = —(x—x))Ki" — (y —yo)Ki.  (4.20)
It is the sum of contributions from x dipoles and y dipoles.
One can keep only one of the terms on the right when there
are dipoles of one orientation present but not the other.

The two vector charges p* = —K) = —8%*(r — ry) and
P’ =K'= 82(r — r,) refer to situations where there is only
a single y dipole or a single x dipole. When we work out
the associated K currents (K, Ky, K,y), we can separately
consider situations with only the x dipole or the y dipole
present. For instance, we choose p* = —8%(r — ry), and the
associated K currents are

Ky =—K — —K% — (y — y0)3,K*,
ny = va - _(y - yO)ayK;i’y’

Ky =K} = (= y0)d.K". 4.21)
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That is, from the generic definition of (K}, I?;‘ , 1%;) given

in (3.33), we extract those single-dipole solutions associated

with the y dipole (terms on the right side of the arrow).
Inserting (4.21) into the R2BF action gives

— /(EXXKXX + E Ky + EyyK,y) — fay -dry,, (4.22)
where

a’ = (Exx — (v = ¥0)OyEx, (v — y0)(0xEyy — 0yExy)).
(4.23)

Taking the curl of a” gives the dipolar flux attachment rule:

V xa = (y - yo)(a)%Eyy + 83Exx - 8x8yEX>’)

=2~y (4.24)
=N Y = YoMt- .
The second line follows from integrating out 4, in the R2BF
action which gives 02E,, + BfExx — 3,8yEyy, = 27 /N)J,.
The phase picked up by a y dipole is

%T Z()’i = Yo)

from braiding around the composite J particles enclosed in-
side, in addition to the fractional phase 27w /N acquired by
braiding around other y dipoles.

A similar conclusion is reached for the braiding of x
dipoles. For p* = 8%(r — r,), we find

(4.25)

Ko = K = —(x = x0)3, K™,
Ky = K — (x — x0)3:K",
Ky =Ky — K;i’x + (- 960)3)(1(;[’)r (4.26)

as the K current associated with the adiabatic motion of x
dipoles. Inserting (4.26) into the R2BF action gives

- / (EwKo + ExKy + EpK,y) — f a*-dr,, (427)

where
a’ = ((x - xO)(axExy - 8yExx)7 ()C - xO)axEyy - E)y)
(4.28)

Taking the curl of a* results in the dipolar flux attachment rule:

2 -
V xa* = W(x — x0)J;. (4.29)

Braiding an x dipole around the composite J particles results
in the dipolar phase

%T Z(xi — Xo), (4.30)

in addition to 27 /N from braiding around other x dipoles.

To conclude, dipolar braiding occurs between a composite
J charge and K dipoles and are proportional to the x (y)
coordinate of the particle being braided around when the K
dipole involved is an x dipole (y dipole). The braiding statis-
tics between K dipoles of the same orientation is that of the
usual anyons with fractional phases.

V. DISCUSSION

The picture underlying the rank-2 toric code was that of
two layers of Zy lattice gauge theories being coupled through
some constraint [25,38]. The constraint was not related to
the dipole symmetry in any way, or at least the connection
to dipole symmetry was not obvious. The dipolar braiding
statistics among the anyonic excitations in the rank-2 toric
code was therefore an unexpected surprise, and its understand-
ing prompted the formulation of BF-like theory employing
rank-2 tensor gauge fields [34]. The dipolar braiding among
the quasiparticles was derived from the rank-2 BF theory,
but the precise relation between the dipolar braiding statistics
and the dipole symmetry of the action remained obscure. In
this work, the origin of dipolar braiding among the anyons is
clarified as a direct consequence of the dipole symmetry built
into the dipolar BF theory.

Analysis of the present paper suggests that dipolar braiding
is a natural consequence of topological models with dipole
symmetry. Extension of the ideas and techniques explored in
this paper to the BF theory with quadrupolar symmetry [36]
with the resulting quadrupolar braiding statistics should be
straightforward, albeit technically challenging.
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