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Phase diagram of the interacting Haldane model with spin-dependent sublattice potentials
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Using the exact-diagonalization (ED) and mean-field (MF) approaches, we investigate the ground-state phase
diagram of the interacting Haldane model on the honeycomb lattice, incorporating spin-dependent sublattice
potentials A, ,. Here « = A,B and o =%, denote the sublattice and spin components, respectively. Setting
Ao a=+A (—A) and A, 5 = —A (+A) for o =1 () results in the system favoring a spin ordered state.
Conversely, introducing the nearest-neighbor Coulomb interaction can induce charge ordering in the system.
Due to the competition between these factors, we observe that in both ED and MF approaches, an exotic state
with Chern number C = 1 survives amidst two locally ordered phases and a topologically ordered phase with
C = 2. In the ED method, various properties, such as the fidelity metric, the excitation gaps and the structure
factors, are employed to identify critical points. In the MF method, using a sufficiently large lattice size, we define
the local order parameters and band gaps to characterize the phase transitions. The interacting Haldane model
and the spin-dependent lattice potential may be experimentally realized in an ultracold atom gas, providing a

potential means to detect this intriguing state.
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I. INTRODUCTION

In contrast to the traditional framework of the Landau-
Ginzburg theory, which relies on locally defined order
parameters resulting from broken symmetries, topological
phases have been identified and characterized based on their
global, nonlocal properties [1,2]. Over the past few years,
the categorization of topologically ordered states in nonin-
teracting systems has been completed, considering various
symmetries [3-8].

On the other hand, there has been extensive research
on the interacting topological insulators, which involve the
interplay between topological properties and electronic corre-
lations [9,10]. Correlation effects are expected to give rise to
exotic states in the presence of topologically nontrivial con-
ditions. Examples include the antiferromagnetic topological
state in the Bernevig-Hughes-Zhang model with the on-site
Hubbard interaction [11,12] and the topologically nontrivial
phase with C = 1 (C denoting the Chern number) in the spin-
ful Haldane-Hubbard model on honeycomb lattice [13-20].
The origin of this C =1 phase is attributed to a sponta-
neous SU(2) symmetry breaking, with one spin component
in the Hall state and the other in a localized state. Similar
investigations include the antiferromagnetic Chern insulator
in Kane-Mele-Hubbard model [21] and C = 1 phase in in-
teracting topological models on the square lattice [22,23].
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Additionally, introducing disorder to the interacting Haldane
model [24] or double exchange processes to the Haldane
Hamiltonian [25] can also break the spin symmetry. However,
interplays between topology, on-site, and nearest-neighbor
interactions do not exhibit such phenomenon [22,26]. In
experimental settings, observing these states remains chal-
lenging in realistic materials. Trapped cold atoms may offer
an alternative and promising approach to achieving this pur-
pose. Notably, the experimental realization of the topological
Haldane model has been reported [27]. Quantum simulations
of strongly correlated systems in ultracold Fermi gases, in-
cluding the Fermi-Hubbard model, have also been reviewed
in Refs. [28-30].

In this paper, drawing inspiration from studies on spin-
dependent optical lattice [31-33], we propose an interacting
Haldane model on honeycomb lattice with spin-dependent
sublattice potentials A, ,, where o =%, | and o« = A,B rep-
resent the spin and sublattice indices, respectively. Setting
Asp=4+A(—A)and Ay, 3 = —A (+A) foro =1 () leads
to the system favoring a staggered spin order (SSO) state.
While introducing the nearest-neighbor Coulomb interaction
V drives the system into a staggered charge order (SCO) state.
Due to their competitions, an intermediate state is expected
and we explore the ground-state phase diagram of this model.
Our findings reveal that, in addition to the topologically
nontrivial phase with Chern number C = 2 and two topolog-
ically trivial phases (SSO and SCO) with C = 0, an newly
generated phase with C = 1 can be observed in both exact-
diagonalization (ED) and mean-field (MF) methods. Various
properties, including the excitation gaps, the structure factors,
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and the fidelity metric in ED, as well as the band gap and local
order parameters in MF, are obtained to characterize the phase
transitions. Especially, an effective potential differences for
the two spin species in MF method are defined to analyze the
origin of the C = 1 phase. Our finding presents a perspective
on the interplay between topology, electronic correlation and
lattice potential, shedding light on the realization of exotic
states.

The presentation is structured as follows: we introduce the
model, methods and relevant quantities in Sec. II. Section III
presents our results based on the ED and MF approaches.
Lastly, a conclusion is provided in Sec. IV.

II. MODEL AND MEASUREMENTS

The Hamiltonian of the interacting Haldane model with
spin-dependent lattice potentials can be written as

A=H+H, ey

where the kinetic part

H = -1 Z(C,M(,JFHc)
—f Z (e“p”,,, 10+HC) )

and the local part

vz

+V Y (= D — 1) + Z Agattio.  (3)
(i,J)

In Eq. (2), ¢ (Cz ) 1s the creation (annihilation) operator for
an electron at site i with spin o =% or |. #; (f;) is the nearest-
neighbor (next-nearest-neighbor) hopping constant and the
Haldane phase ¢; ; = ¢ (—¢) in the clockwise (anticlock-
wise) loop is introduced to the next-nearest-neighbor hopping
terms. In Eq. (3), fi;, = CTU ¢, and A; = ;4 + 1y 3 U and
V are the on-site and nearest-neighbor Coulomb interactions,
respectively. A, is the spin-dependent lattice potential: for
spin 0 =1, Ay4 =+A and A, p = —A; for spin o0 =],
AO’,A = —A and A(T,B = +A.

In what follows, the model in Eq. (1) is named as the
extended Haldane-Hubbard model with spin-dependent lat-
tice potentials. Throughout the paper, we set#; = 1, = 0.2,
¢ = /2 and focus on the ground-state phase diagram of this
model at half-filling.

A. Exact diagonalization in real space

The topological invariant is one of the most important
properties to characterize the topological phase transitions,
which can be quantified by the Chern number in our
model. Given the twisted boundary conditions [34], it can be
evaluated by [35],

C= [ d@d% (05, W[5, W) —

(35, W]95, W), (4

with |V) being the ground-state wave function. Here ¢, and
¢, are the twisted phases along two directions. To avoid the
integration of the wave function |W) with respect to the con-
tinuous variables, we instead use a discretized version [36—38]
with intervals A¢, = 27 /N, and A¢, = 27 /N,. In what fol-
lows, (N, Ny)=(20, 20) is adopted to calculate the Chern
number.

Other properties used to characterize the critical behavior
include the ground-state fidelity metric g, which is defined
as [39-41]

21— (W) + 80)|
N (8x)?

gx, 8x) = , &)
where x represents the parameters V or A, and N is the lat-
tice size. |W(x)) [|W(x + 6x))] is the ground state of H(x)
[H (x + 8x)] and we set 8x = 1073 In addition, the SSO and
SCO structure factors can be used to characterize the spin and
charge ordered states, respectively, and their definitions in a
staggered fashion can be written as

1 . .
Ssso = N Z(-U"((”m — )y — A ),
ij
1 . SRR .
Ssco = N Z (=D + 05,4 +15)),  (6)
i,j
where n = 0 (n = 1) if sites i and j are in the same (different)
sublattice, i.e., A or B.

B. Mean-field method in momentum space

A variational mean-field method is employed to analyze
the ground-state phase diagram of model (1), which has
been reported in studying the extended Haldane-Hubbard
model without lattice potentlals [26] For our model, by in-
troducmg the operators a, , = f D ieaCi T e and bT =

f Sl ¢! ;™" the Hamiltonian can be expressed as

H = Hy + H;, @)
where
Hy = "(my,(®af  axe +m_ ;Kb  bio
k,o
— 18(K)ay ,byo — 18" (K)by, ko), (8)
and

U
_ t +
= N Z Cktq. Ok 1 Chr—q, | KL
k.K.q

Vv .
+ —_— T ]
N : : z g(q)ak+q_gak,(r bk’fq,a’bk/s(’/ . (9)

o,0' kK ,q
Here g(k) = 1 + ¢ %2 4 ¢=K® and we set

me g (k) = +A +m k),

me (k) = —A +my (),
m_+(K) = —A +m_(K),
m_ (k) = +A +m_(K), (10)

235101-2



PHASE DIAGRAM OF THE INTERACTING HALDANE ...

PHYSICAL REVIEW B 109, 235101 (2024)

with my(k) = —2f[cos(k - a; F ¢p) + cos(k - a; = ¢) + cos
(k- (ay —ay) £ 9)].

By decoupling the four-fermion terms in Eq. (9), the mean-
field Hamiltonian can be written as

Hyr = Hy
g ek el &y k)
gk ey gk e
+ i ,
;“"‘ R TR S ] A
gk (D) &L €

where wll' = [aLT, b;i,a; L’blt, l] represents the basis for

each lattice momentum Kk and

\%4 .
£ (k) = = D 8k — )by tq o),
q
¢, +3V Z nt,,
n 43V Z na,,

U .
ety =~ D_1a

q
U .
b f
gy =~y > (bl gt v Y
q
with densities nd =< Z qgaq(, me  and nb =
N Z bq,)mr. The above mean-field equations can

be solved self—cons1stently by making use of the variational
mean-field approach. Once the free energy has converged, the
SSO and SCO order parameters can be obtained by

Osso = |3((Sa)mr — (SB)
Osco = | +n?) — (nf +n}). (12)

Here ;= 33,5 laoa,gciﬁ, and ¢ = (0%, 07, o) is the vec-
tor of spin-1/2 Pauli matrices. Meanwhile, we use the discrete
formulation in its multiband (non-Abelian) version to com-
pute the Chern number [36].

Also, similar to the definitions in Refs. [20,24], we define
the effective potential differences for spin-1 and spin-|, elec-
trons in the MF method as

a b
Al |8T — & + 2A]|
MF 2 ’
|ed — gl —2A|
Al = % (13)

Notice that +2A in A]I,[F and —2A in AK,[F come from the
opposite potential differences for spin 1 and | species.

III. RESULTS AND ANALYSIS

A. Results of the exact diagonalization method

In the ED calculations, we choose the 12A cluster whose
reciprocal lattice encompasses the I', K, K’ points, and one
pair of M points, see more details in Ref. [26]. It has been

FIG. 1. Phase diagram in the parametric space (V, A) of the
model (1) based on the results of fidelity metric g with (a) U = 0.0,
(b) U=1.0, (¢c) U=2.0 and (d) U = 3.0. The blue, green, and
red squares indicate results of Chern number C =2, C =1 and
C = 0, respectively. The black dashed lines in (a) and (d) denote the
parameters we choose to show more details below.

shown that including the high-symmetry K and K’ points
is crucial for studying the quantum phase transition in in-
teracting Haldane models [26,37,42]. The periodic boundary
condition is utilized for the calculation of all properties and
when determining the Chern numbers, we make use of trans-
lational symmetries to reduce the size of the Hilbert space.
The (V, A) phase diagrams are shown in Figs. 1(a)-1(d) with
U=0.0,U=1.0, U=2.0 and U = 3.0, respectively. In
Fig. 1, the phase transition points (black circles) are identified
based on the positions of the peaks of fidelity metric g.

Let us first focus on the U = 0.0 case in Fig. 1(a), where
the Chern number results match the phase diagram obtained
from the fidelity metric very well. Here we use the blue,
green, and red squares to represent the Chern number C = 2,
C =1 and C = 0, respectively. We can observe from Fig. 1
(a) that the Chern insulator phase with C = 2 is present in
a region with small V and A, while the SSO (SCO) phase
with C = 0 dominates the system when A (V) is sufficiently
large. Interestingly, an intermediate phase with C =1 can
be observed surrounded by the three expected phases. This
is different from the phase diagram in Ref. [16], where the
C =1 phase is sandwiched between a band insulator and
Mott insulator. Notice that their charge ordered phase (band
insulator) is governed by the ionic potential Aag which is
not spin-dependent, and their spin ordered phase (Mott in-
sulator) is governed by the on-site Hubbard interaction U.
In contrast, in our case, the SCO phase is governed by the
nearest-neighbor interaction V and the SSO phase is governed
by the spin-dependent lattice potential A, ,. We propose that
the different competition mechanisms result in the different
locations of the C = 1 phase.
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FIG. 2. (a), (e) Four lowest-lying energy levels E,, (b), (f) the
excitation gaps A, (c), (g) the structure factors Sssossco, and (d),
(h) the fidelity metric g of the model (1) with V = 0.4 on the left
panels and A = 1.4 on the right panels. The on-site interaction U =
0 and the parameters are corresponding to the black dashed lines in

Fig. 1(a).

The impact of the on-site interaction U on the phase dia-
gram is depicted in Figs. 1(b)-1(d). In Fig. 1(b) with U = 1.0,
there is a discrepancy between the results of the Chern num-
ber and the phase diagram obtained from the fidelity metric.
Moreover, results of C = 1 (green points) cannot even be
observed in Figs. 1(c) and 1(d) with U = 2.0 and U = 3.0,
respectively. On the other hand, the area of the “intermediate
phase” identified by the fidelity metric decreases but does
not vanishes as U increases from 0.0 to 3.0. We discuss the
(U, A) phase diagram with V = 0 in Appendix A to better
understand the influence of U on the (V, A) phase diagrams.
We must have a statement here that in our ED discussions, the
C =1 phase is equivalent to the “intermediate phase” only
when U = 0.0, and they are not equivalent when U is finite
because of the discrepancies. Similar discussions have also
been reported in Refs. [19,26] and they found that it is better
to use the fidelity results to characterize the phase transitions
in the interacting Haldane models because the discretized
method to calculate Chern number suffers from the finite-size
effect more severely. The MF results in Sec. III B also support
the existence of C = 1 in the case of U = 3.0. Even so, we
still suggest that the question of whether the C = 1 phase can
exist with U increased to 3.0 may be open. This issue is worth
further investigation, especially considering that in materials
U is generally larger than V.

To elucidate the critical behaviors of the phase diagram in
Fig. 1(a) with U = 0.0, we focus on the two black dashed
lines with V =0.4 and A = 1.4 to calculate the relevant
properties. That is, the left and right panels in Fig. 2 are corre-
sponding to the results of V = 0.4 and A = 1.4, respectively.
The first four lowest-lying energy levels E, (¢« = 0, 1, 2, 3 and

o = 0 represents the ground state) are obtained by employing
the Arnoldi [43] method, see Figs. 2(a) and 2(e). In Fig. 2(a),
the system traverses the C = 2, C = 1 and SSO phases as A
increases from 0.6 to 1.4, and two level crossings between the
ground state and one excited state are observed at A ~ 0.9
and A ~ 1.2. In Fig. 2(e), the system crosses the SSO, C = 1
and SCO phases as V increases from 0.0 to 2.0, and two
level crossings occur at V ~ 0.75 and V =~ 1.25. To provide
a more intuitive representation, we exhibit the excitation gaps
A = E| — Ey and A® = E, — Ey, as shown in Figs. 2(b)
and 2(f). It is evident that the excitation gaps exhibit local
minimum values at the critical points where level crossings
occur. It is worth noting that in Fig. 2(f), A{)) becomes very
small when V' > 1.25, owing to the nearly degenerate ground
state and first excited state in SCO phase. Another feature to
characterize the phase transitions is the change of the SCO or
SSO structure factor (Ssco or Ssso), see Figs. 2(c) and 2(g).
Values of Ssco (Ssso) in C = 1 phase is larger than those in
C = 2 phase but smaller than those in the SCO (SSO) phase,
indicating again that C = 1 is an intermediate state resulting
from the interplay between topology, electronic correlations
and lattice potentials. Finally, sharp peaks of the ground-state
fidelity metrics g in Figs. 2(d) and 2(h) can be observed and
used to characterize the critical points. Besides, for U = 3.0
in Fig. 1(d), similar calculations and discussions along the
black dashed lines with A = 0.4 and A = 0.6 are detailed in
Appendix B.

Before closing this section, we would like to note that the
finite-size effect in ED method is discussed in Appendix C.

B. Results of the mean-field method

To contrast the exact results on small lattice above, we now
report the outcomes of the MF method. We use the 180 x 180
lattice to calculate the band gap and the order parameters
(Osco and Ossp), while a 20 x 20 lattice is adopted for the
calculations of Chern number. Despite the differences in lat-
tice size, the critical points identified by the Chern number
and other properties are consistent, as will be shown in Fig. 4.
Phase diagrams with regard to the parameters V and A are
shown in Figs. 3(a)-3(d) with U =0.0, U = 1.0, U =2.0
and U = 3.0, respectively. In comparison to the phase dia-
grams of ED in Fig. 1, similar features can be observed: SSO
and SCO dominate the system for large A and V, respectively,
leaving the C = 2 phase in small (V, A) region; the C = 1
phase are surrounded by the above three phases. While differ-
ences between the MF and ED phase diagrams include:

(1) In the MF method, the increased interaction U does not
eliminate the C = 1 phase at least for U < 3.0.

(2) The C = 1 phase in Fig. 1(a) can exist with very small
V, while in small A region (A < 0.5) it vanishes. This is
opposite to the MF results in Fig. 3(a), where the C = 1 phase
can exist in small A region rather than small V' region.

Taking the U = 0.0 case in Fig. 3(a) as an example,
we show in Figs. 4(a)-4(d) the results of the SCO order
parameter (Ogsco), the SSO order parameter (Osso), the
band gap (A(k)) and the Chern number (C), respectively,
as a function of V and A. It is noteworthy that the phase
boundary between SSO and SCO can only be identified
from the order parameters, and other phase boundaries are
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(b) U=1.0

S50

FIG. 3. Mean-field phase diagram in the parametric space (V, A)
of the model (1) based on the results of Chern number C and the
order parameters (Osco and Osso), with (a) U = 0.0, (b) U = 1.0,
(c)U =2.0,and (d) U = 3.0.

characterized by the results of Chern number, as seen in
Fig. 4(d). Despite some defect points in Fig. 4(d), possibly
attributed to the severe quantum fluctuation near the critical
points, the phase boundaries can be readily identified. In
Fig. 4(a), we observe that Ogco vanishes in the SSO and
C =2 phases, while the C = 1 phase can be regarded as
a zone of transition with Osco changing from 0.0 to 2.0.
For Ossp in Fig. 4(b), the C = 1 phase remains a transition
region with finite values but smaller that those in SSO phase.
These features are similar to the structure factors of ED results
shown in Figs. 2(c) and 2(g). To contrast the excitation gaps

(a) C)S(,‘U 0.4

FIG. 4. Contour plots of (a) the SCO order parameter, (b) the
SSO order parameter, (c) the band gap and (d) the Chern number, as
a function of V and A. The mean-field approach is adopted for the
calculations of the model (1) with U = 0.0.
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FIG. 5. (a) The effective potential differences in units of
t A]I,,F /t, and A]{,,F /t, and (b) the band gap as a function of V €
[0.0, 1.5] [see the black dashed line in Fig. 3(a)]. Other parameters:
U =0 and A = 0.6. The horizontal dashed line in (a) denotes the
value of 34/3 in y axis, and the vertical dashed lines in (a) and (b)
separate the C =2, C = 1 and C = 0 regions.

in ED results, we show the band gap defined as A(k) =
min [E, (k") — E; (k)] in Fig. 4(c). The rapid drop or closing
of the gap size can be observed at the critical values, except for
the phase boundary between SSO and SCO, where only dis-
continuity in gap size appears. This can be connected with the
general picture that the change of a topological invariant is al-
ways accompanied by a single-particle gap closing. While for
the phase transition from SSO to SCO side, the Chern number
does not change (C = 0). This may explain the discontinu-
ity of gap size instead of gap closing, considering that the
SSO and SCO states are all gapped phases with different gap
sizes.

To analyze the origin of the C = 1 phase, we define the
effective potential differences A/ and Ai,lF in Eq. (13),
and here we show A&F/tz and Altm /t» as a function of V
in Fig. 5(a). We set U =0, A =0.6 and V € [0.0, 1.5], see
the black dashed line in Fig. 3(a). It is known that in the
noninteracting spinless Haldane model, the Chern number C
equals 1 under the condition |A|/t, < 3+/3, and C equals 0
when |A|/t, > 3+/3. From Fig. 5(a) we can observe that

Alp/tr <33 and A/t <3v/3 when C =2
Alp/tr > 33 and Alf,[F/tz <33 when C=1;
AII,IF/tz >34/3 and AK,[F/tz >33 when C=0.

Here the vertical dashed lines in Fig. 5(a) separate the
C=2,C=1and C =0 regions. In Fig. 5(b), we show the
band gap A(k) as a function of V, where two gap closures
can be found at the critical points, denoted by the vertical
dashed lines identical to those in Fig. 5(a). These features
indicates that the formation of the C = 1 phase is due to the
spontaneous SU(2) symmetry breaking, with only one spin
species in topological state.

IV. SUMMARY AND DISCUSSION

In summary, we investigated the interacting spinful Hal-
dane model at half-filling on the honeycomb lattice with
spin-dependent sublattice potentials. By employing the exact-
diagonalization (ED) and mean-field (MF) methods, we
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obtained similar ground-state phase diagrams for the nearest-
neighbor interaction V € [0, 3] and sublattice potential dif-
ference A € [0,3]. The staggered spin order (SSO) and
staggered charge order (SCO) phases dominate in the large
A and V region, respectively; the C = 2 phase prevails when
both V and A are small enough; and an intermediate phase
with C = 1 is surrounded by the aforementioned three phases.
Except for the change in the topological invariant, other fea-
tures such as the closure of the excitation gap, changes in
structure factors, and peaks in the fidelity metric were also
observed in the ED results. Meanwhile, we examined the
mean-field Chern number, band gap, and local order param-
eters, also providing clear evidence for the existence of the
C = 1 phase. Especially, by analyzing the effective potential
differences AIT/IF and AltlF, the origin of this exotic phase is
also attributed to the spontaneous SU(2) symmetry breaking.

However, the interaction U suppresses the C = 1 phase,
raising an open question about its potential existence as U
increased to 3.0. In the ED approach, C = 1 can not be found
when U = 3.0 even though the “intermediate phase” can still
be identified from the fidelity metric results. In the MF ap-
proach, the C = 1 phase preserves for U = 3.0, albeit with a
very small area.

Finally, we would like to note that in previous inves-
tigations, the staggered spin order (SSO) has been de-
noted as the antiferromagnetic [21,22] or spin-density-wave
state [13,19,20,24,26], and the staggered charge order (SCO)
has been labeled as the band insulator [16,22] or charge-
density-wave [19,20,22,24,26] state. While in this paper, we
refer to them as SSO and SCO to stress their staggered char-
acteristics on A and B sublattices.
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APPENDIX A: THE ED PHASE DIAGRAM
IN THE PARAMETRIC SPACE (U, A) WITHV =0

To better understand the impact of the interaction parame-
ter U on the phase diagram, we present the ED phase diagram
of our model as a function of U and A in Fig. 6(a), with
V = 0. It can be observed that both U and A favor the SSO
order, and A is more efficient in suppressing the C = 2 phase
compared to U. Specifically, for A =0, the critical point
is located at U = 8.1, while for U = 0, the critical point is
located at A = 1.03. This explains why increasing U from 0
to 3 does not eliminate the intermediate phase in the (V, A)
phase diagram, as depicted in Fig. 1 of the main text.

Furthermore, we choose U =4 [black dashed line in
Fig. 6(a)] to plot the structure factor of SSO in Fig. 6(b), the
excitation gaps in Fig. 6(c) and the fidelity metric in Fig. 6(d).

10
100,\//, 10!
10—1, AE.P i 1071
— A%
0.0 02 04 06 08 L0 00 02 04 06 08 10
A A

FIG. 6. (a) The exact-diagonalization (ED) phase diagram of the
model (1) in the parametric space(U, A) with V = 0. The black
dashed line denotes the parameters we choose to show the structure
factor Ssso in (b), the excitation gaps AY in (c), and the fidelity
metric g in (d).

The rapid change of Ssso, the closure of A{) and the sharp
peak of the fidelity metric g can be observed, respectively.
Notably, no intermediate phase can be identified from these
properties, indicating that the C = 1 phase results from the
competition between V and A.

APPENDIX B: DETAILS OF SOME PROPERTIES
IN ED METHOD WITHU =3

In Fig. 7, considering the case of U = 3.0, we choose
A = 0.4 (left panel) and A = 0.6 (right panel) to illustrate
the relevant properties. The line of A =0.4 (A =0.6) in
Fig. 1(d) crosses the C = 2 phase (SSO phase), the “inter-
mediate phase” and the SCO phase as V increases from 1.0
to 2.0 [see black dashed lines in Fig. 1(d)]. Examining the
fidelity metrics g in Figs. 7(d) and 7(h), we observe sharp
peaks between the “intermediate phase” and the SCO phase,
located at V =~ 1.5 and V = 1.6, respectively. In the vicinity
of the locations of the shape peaks, level crossings between
the ground state and the second excited state can be observed
[Figs. 7(a) and 7(e)], as well as the minimum values of the
second excitation gap A2 [Figs. 7(b) and 7(f)] and sudden
changes in structure factors [Figs. 7(c) and 7(g)]. Notice that
in SCO phase the ground state and first excited state are nearly
degenerate.

On the other hand, only “humps” are observed at the phase
boundaries between the C =2 (or SSO) and the “interme-
diate phase”, locating at V ~ 1.32 in Fig. 7(d) [V ~ 1.27 in
Fig. 7(h)]. Near the positions of the “humps”, level crossings
between the ground state and the first excited state [Figs. 7(a)
and 7(e)], the local minimum values of the first excitation gap
A [Figs. 7(b) and 7(f)] and smooth changes in structure
factors [Figs. 7(c) and 7(g)] can be observed. Similar features
have been discussed in Refs. [19,26], where the reason is
attributed to the finite-size effect, and it can be mitigated by
employing different clusters or twisted boundary conditions.
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FIG. 7. (a), (e) Four lowest-lying energy levels E,, (b), (f) the
excitation gaps AW, (c), (g) the structure factors Sssossco, and (d),
(h) the fidelity metric g of the model (1) with A = 0.4 on the left
panels and A = 0.6 on the right panels. The on-site interaction U =
3 and the parameters are corresponding to the black dashed lines in

Fig. 1(d).

APPENDIX C: THE ED PHASE DIAGRAM
IN THE PARAMETRIC SPACE (V, A) ON A SIX-SITE
LATTICE

In the beginning of Sec. III, we mentioned that we uti-
lized a 12A cluster, whose reciprocal lattice contains the K
points [26], to study the phase transitions of the model (1)
in the main text. Now we would like to discuss the finite-size
effect in our ED study. It is known that during the phase transi-
tion of noninteracting Haldane model, the gap closes at the K
points. It is important to note that the condition for reciprocal
lattice of a cluster to contain the K points can only be satisfied
when the site number of the cluster is a multiple of 6 [42]. This
condition has been demonstrated to be crucial for characteriz-
ing the topological phase transitions in the interacting Haldane

3.0 -8
B

2.5 19
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<115 —16
1.0

—20

10°

1072
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10755 1 2 3

FIG. 8. (a) The exact-diagonalization (ED) phase diagram of the
model (1) in the parametric space(V, A) with U = 0, on a 6-site clus-
ter shown in (c). The black dashed line in (a) denotes the parameters
we choose to show the spectrum in (b), the excitation gap A2 in (c),
and the structure factors Ssso;sco in (d).

models [19,26,37,42]. Unfortunately, due to limitations in
our current computational resources, we are unable to access
an 18A cluster. Therefore, we conducted our phase diagram
analysis on the 6A cluster instead, as shown in a subplot of
Fig. 8(c).

As expected, an intermediate phase can be observed in the
(V, A) phase diagram in Fig. 8(a) and we select the dashed
line with A = 1.5 to illustrate more detailed properties. In
Fig. 8(b), we depict four lowest-lying energy levels, and the
level crossings at two critical points can be observed. It is
worth noting that the ground state E, and first excited state
E, are degenerate in the SCO and intermediate phase, while
the first excited state E; and the second excited state E, are
degenerate in the SSO phase. As a result, it is more appropri-
ate to use the second excitation gap, A2, to characterize the
gap closure at phase transition points, as shown in Fig. 8(c).
Additionally, we present the structure factors Ssso and Ssco
in Fig. 8(d), where the transition nature of the intermediate
phase is clearly visible.
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