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Crystalline topological defects within response theory
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Crystal defects can highlight interesting quantum features by coupling to the low-energy Hamiltonian H .
Here we show that independently of this H coupling, topological crystalline defects can generate new features
by directly modifying the response theory of electric-field probes such as Raman scattering. To show this we
consider an antiferromagnetic spin-1/2 model Hspin on a zigzag chain. Crystalline domain walls between two
zigzag domains appear as at most local defects in Hspin but as topological (not locally creatable) defects in the
Raman operator R of inelastic photon scattering. Using time-evolving block decimation numerics, mean field,
and bosonization, we show that a finite density of crystalline domain walls shifts the entire Raman signal to
produce an effective gap. This lattice-defect-induced Raman gap closes and reopens in applied magnetic fields.
We discuss the effect in terms of photons sensing the lattice defects within R as spin-dimerization domain walls,
with Z2 character, and a resulting shift of the probed wave vector from q = 0 to π + δq, giving an O(1) change in
contrast to local defects. The magneto-Raman singularity from topological lattice defects here relies on the Hspin

spinon liquid state, suggesting future applications using lattice topological defects to modify response-theory
operators independently of H and thereby generate new probes of quantum phases.
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I. INTRODUCTION

Crystalline defects have seen increasing attention for their
potential to serve as probes of quantum effects in quan-
tum phases of matter. Examples of such effects are now
known across various types of quantum phases. For exam-
ple, weak three-dimensional (3D) topological insulators host
a 1D topological modes in dislocation lines [1], spin-1/2
two leg ladders show singlet breaking with few percentage
impurities [2], and defects in quantum spin liquids host low-
energy modes [3,4]. In these and many other examples, crystal
or lattice defects probe a quantum phase by modifying the
wave function of low-energy degrees of freedom or cou-
pling to low-energy excitations. In this work we shift the
focus away from the question of how defects change any
particular low-energy quantum state and instead introduce a
different question: Can some types of crystal defects modify
the results of certain experimental measurements at low en-
ergies, even when they do not modify the low-energy state
itself?

We answer the question in the positive by defining and an-
alyzing a simple model that shows exactly such an effect. The
general principle associated with the effect is that topological
defects in the crystal (lattice) order. can couple directly to
electric fields in experiments with photons or other sources of
electric fields. The defects thereby directly modify the probe
theory operator, independently of whether the defects mod-
ify the original system’s low-energy Hamiltonian. We find
that these modifications of the response theory operator can
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produce features in the measurement results that are different
in significant ways from the defect-free case.

In particular we require topological crystalline defects. For
concreteness we focus on crystalline domain walls of the
two zigzag/zagzig domains of a zigzag chain (a.k.a. sawtooth
chain with mirror symmetries) of a spin-1/2 antiferromag-
net. Such defects may appear in the spin Hamiltonian, but
if so, then only as local defects (i.e., locally creatable, in
contrast to topological defects which are not locally creat-
able). In contrast they can appear in electric-field probes,
such as the Raman operator of inelastic photon scattering,
as true topological defects. As we discuss below, this allows
the topological crystalline defects to shift the effective wave
vector probed by the photons in a manner related to the de-
fect concentration, resulting in an additive contribution in the
probe operator that is O(1) for any defect concentration. This
O(1) effect should be contrasted with the additive effect of
local defects which for defect concentration ε is only O(ε).
This is the case even when local defects give qualitatively
new features, as when locally reduced symmetry near a defect
allows transitions from previously forbidden matrix elements
[5]; these transitions appear with amplitude ε. The O(1) ad-
ditive effects seen here, occurring in a bulk probe even at
small defect concentrations, require each defect to modify
the probe operator on infinitely many sites. This implies de-
fects that are not locally creatable, i.e., topological crystalline
defects.

Below we show that the Raman operator for a zigzag
domain has explicit spin dimerization, and, moreover, zigzag
domain walls manifest as dimerization domain walls. It
is interesting to consider what such dimerization domain
walls would do if they appeared in a Hamiltonian. Previous
studies have shown that dimerization domain walls carry a
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spin-1/2 degree of freedom for protected “topological”
reasons associated with the quantum anomaly of a single spin-
half, with similar effects occurring in 2D frustrated magnets
[6]. Given that dimerization domain walls in a Hamiltonian
carry such topologically protected spin-1/2 modes that re-
spond to magnetic fields, it is interesting to study the dimeriza-
tion domain walls in the Raman operator, induced by crystal
defects, and ask whether they, too, have a magnetic response.
Surprisingly, below we show that nonmagnetic crystal defects
indeed do give rise to a magnetic response within Raman
scattering.

If they are found in experiments on a new unstudied mate-
rial, then the surprising effects we predict—such as a Raman
gap closing and reopening with applied magnetic fields—
could easily be misinterpreted. They could naively be thought
to arise as an intrinsic magnetic signature of some phase
or as effects from magnetic impurities. The framework we
present is necessary for a correct interpretation, in this case
as effects from nonmagnetic crystal defects combined with
1D-fractionalized spinon excitations.

Our main purpose in this work is to argue for the general
effect of crystalline topological defects modifying response
theory operators and to present a proof-of-principle toy model.
This toy model, however, may still adequately describe some
magnetic insulator compounds. Let us suggest some mate-
rials. Rb2Cu2Mo3O12 is a zigzag spin-half chain compound
with a singlet ground state and large couplings (ferromagnetic
J1 ≈ −138 K and antiferromagnetic J2 ≈ 51 K); a Luttinger
liquid phase may arise in a small applied field [7,8]. AgCrP2S6

is a zigzag chain compound where Kramer’s doublet spin-3/2
magnetic sites interact with a nearest-neighbor antiferromag-
netic exchange of order 100 K [9,10]. Copper benzoate [11]
is a spin-1/2 antiferromagnetic chain compound; the Cu-Cu
bonds do not zigzag, but the oxygen octahedra coordinating
Cu have alternating orientations on successive Cu sites, so that
the symmetry is equivalent to a zigzag chain. Coupling of the
lattice to electric fields will generate topological defects in the
Raman operator in exchange paths above lowest order, i.e.,
beyond the Loudon-Fleury approximation [12], for example
through Cu-O superexchange, which gives the Cu-O vector
dotted with photon polarization. (The magnetic field should
be applied in a direction that avoids generating an effective
staggered field [13].) In all these materials, one limiting fac-
tor may be the Raman resolution at low frequencies, which
must be high enough to resolve effects at frequencies set
by typical inverse domain sizes. Nevertheless here resolving
low-frequency features is helped by the strong inelastic sig-
nal at ω → 0, which is not present in typical q = 0 Raman
experiments.

The remainder of this paper is structured as follows. In
Sec. II we present the model (Fig. 1) and discuss its Ra-
man response including in the presence of crystalline domain
walls, through the coupling between crystalline domains and
photon polarizations (electric fields). For each domain the
Raman operator R is a dimerization operator which breaks the
translation symmetry of the spin Hamiltonian H . This is in
contrast with spin-Peierls (dimerized or valence bond solid)
materials such as CuGeO3, where R and H are both explic-
itly dimerized [14,15]. When Hamiltonians or wave functions
show explicit dimerization, it is well known that dimerization

FIG. 1. Top: The lattice-level Hamiltonian HUV for a spin-1/2
zigzag chain contains information on spatial positions. This infor-
mation may be invisible to the low-energy spin Hamiltonian H0

[Eq. (3)] since H0 has identical antiferromagnetic couplings on “zig”
and “zag” bonds. Bottom: Inelastic Raman scattering probes the
Raman operator R dynamical correlations within H0. However, R
knows about HUV spatial positions through the photon electric fields.
For some photon polarizations êi, ês (especially diagonal or cross
polarizations so θi + θs = π/2), the Raman operator is an alternating
dimerization operator RA [Eq. (6)]. Zigzag domain walls in HUV,
separating the two zigzag domains, do not appear as topological
defects within H0. However within R they manifest and become
dimerization domain walls, separating two distinct RA dimerization
domains. Thus RDW contains a topological defect.

domain walls carry protected spin-1/2 modes with a strong
magnetic signal [6]. Surprisingly, here dimerization domain
walls in the Raman operator, created by crystalline domain
walls, also produce a magnetic signal. Using time-evolving
block decimation (TEBD) numerics, bosonization, and mean
field, we find that a density of domain walls creates a gap in
the Raman spectrum. This gap closes and then reopens above
a critical magnetic field set by the typical domain size. We
explain the effects in terms of a shift of the wave vector probed
by the photon scattering, from q = 0 typical in solid-state
Raman to q = π for a single domain to q = π + δq with
multiple domains of typical size π/δq, combined with the
magnetic field response of the fermionic excitations in the
gapless Luttinger liquid phase of a spin-1/2 antiferromagnetic
chain.

In Sec. III we discuss these results and their restrictions and
generalizations. That these features arise from domain walls
rather than local defects is also seen in a Z2 characteristic that
we discuss, wherein two defects brought close together have
no anomalous response. We discuss the effects of local defects
on the 1D spin Hamiltonian, which are known to be renormal-
ization group (RG) relevant in 1D, resulting in a distribution of
finite-size chain fragments, whose finite-size gaps closely mir-
ror the results in the limit discussed above. For both of these
limits (unperturbed and fixed-point-fragmented Hamiltonian)
we discuss the distribution of domain sizes and its effects
on the expected features. Finally, we show that the effects
here arise from domain walls probing the fermionic spinon
excitations by computing the domain-wall Raman response
for other candidate phases—ferromagnets, antiferromagnets,

224414-2



CRYSTALLINE TOPOLOGICAL DEFECTS WITHIN … PHYSICAL REVIEW B 109, 224414 (2024)

and gapped phases of integer spin chains such as the AKLT
phase—and show that the features described above rely on
the gapless spinon phase. Thus the features can also be inter-
preted as a modification of Raman scattering, via crystalline
domain walls, in order to probe the 1D-fractionalized spinon
excitations.

II. RESULTS

A. Introduction to Raman scattering

The inelastic Raman scattering spectrum I (ω) of a sys-
tem is specified by its Hamiltonian H , the ground state,
and a third ingredient, the Raman operator R. This third
ingredient is needed to describe the photon-in-photon-out
scattering process; the wave vector of the photons is suffi-
ciently small that it can be ignored, but photon frequency
and polarizations remain important. In terms of R, the
spectrum I (ω) is computed as the dynamical correlation
function,

I (ω) = 1

2π

∫ ∞

−∞
dt eiωt 〈R(t )R(0)〉0 . (1)

Here we work at zero temperature so 〈· · ·〉0 is the ground-state
expectation value, easily modified for finite temperature. The
key player here is the Raman operator R, which includes
information on the photon polarizations and associated elec-
tric fields. In the simplest limit applicable to a spin model,
the so-called Loudon-Fleury (photon-induced superexchange)
form of the operator [16] is

R =
∑
r1,r2

(êi · r12)(ês · r12)A(r12)Sr1 · Sr2 . (2)

In Eq. (2), êi(s) is the incident (scattered) photon polarization
and r12 = r1 − r2. Ratios of A(r12) on different bonds are of
the order of the ratio of the respective exchange couplings,
since they are similarly generated by superexchange. More-
over, from the definitions above it is evident that two Raman
operators R and R′ yield the same inelastic scattering spectrum
under a Hamiltonian H if there exists a real constant c such
that R′ = R − cH , since cH does not time evolve. A pair of R
and R′ differing by a multiple of H are spectrally equivalent.

Since photon polarizations (êi,s) necessarily couple to spa-
tial degrees of freedom (r12), the Raman operator inherits a
rich structure from the spatial geometry of the system, endow-
ing R with symmetries that are different from the symmetries
of the Hamiltonian H (Fig. 1).

B. Raman response of the clean zigzag chain

We begin by computing the Raman operator and Ra-
man response for a 1D spin-1/2 zigzag chain in the clean
limit, with a single domain. This setup was previously con-
sidered by Ref. [17] for a spin system within bosonization
at zero magnetic field. Here we will consider an effective
1D antiferromagnetic spin-1/2 zigzag chain in the pres-
ence of an applied magnetic field in order to highlight
the interplay between spatial geometry, Raman operator
structure, and the associated Raman response. Importantly,
within a single zigzag domain, the spin Hamiltonian Hspin

for this system is blind to the zigzagging. For simplicity

we focus on nearest-neighbor couplings and take Hspin to
be the conventional 1D antiferromagnetic XXZ spin chain
given by

H0 = J
∑

j

[
S j · S j+1 + (�−1)Sz

jS
z
j+1

] − hz
∑

j

Sz
j, (3)

with J > 0, and where the H0 subscript refers to the clean
limit. Although the ultraviolet Hamiltonian for a spin-1/2
zigzag chain contains information about both spin and lattice
degrees of freedom, at low energies the infrared Hamilto-
nian is an effective 1D spin-1/2 XXZ chain as depicted in
Fig. 1. For the remainder of this section, we take the magnetic
field hz = 0; magnetic field effects will be considered further
below.

The zigzag spin chain geometry and Eq. (2) give the fol-
lowing form for the Raman operator when � = 1:

R ∝
∑

j

[ fθi,θs,θ0 + hθi,θs,θ0 (−1) j](S j · S j+1), (4)

where θi,s is the angle of the incident/scattered photon
polarization (measured from the zigzag chain axis), θ0 is
the zigzag angle (Fig. 1), fθi,θs,θ0 = cos θi cos θs cos2 θ0 +
sin θi sin θs sin2 θ0, and

hθi,θs,θ0 = 1
2 sin(2θ0) sin(θi + θs). (5)

When θi + θs = π
2 , the alternating part of R is maximized.

Physically, this alternating part is maximized, relative to any
other terms which can arise for generic Hamiltonians, for the
physically relevant cases of cross polarizations (θi = 0, θs =
π
2 or vice versa) and parallel polarizations along a diagonal
(θi = θs = π

4 ).
When the alternating part of R is considered, the Raman

operator for this system has a dimerization structure and is
given by

RA ∝
∑

j

[1 + (−1) j](S j · S j+1), (6)

where we recall that Raman operators R and R′ are spectrally
equivalent if they differ by a multiple of H . Unlike the spin
Hamiltonian which has discrete translational invariance by
one lattice site, RA explicitly breaks this translational invari-
ance. In particular RA generally also has lower symmetry than
the full Hamiltonian of the material: For example, the zigzag
chain of Fig. 1 has mirror symmetry across each site, while
RA does not. Its symmetry is reduced through the coupling
of the crystal lattice with photon polarizations or electric
fields.

While typically a Raman response in solids does not
give a gapless inelastic (ω → 0) response, here at T = 0
we capture a gapless inelastic Raman response due to the
alternating structure of RA induced by the zigzag geometry.
The lowest-order nonvanishing contribution to the Raman re-
sponse at the mean-field level (see below and Appendix B) is
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FIG. 2. Top: Inelastic magneto-Raman spectra as a function of frequency ω and applied magnetic field hz, computed numerically using
DMRG and TEBD for a finite-size L = 80 Heisenberg spin-1/2 chain (J = 1, � = 1, open boundaries). Left column: Clean system with
single RA domain. Right column: Three RA domains in the RDW Raman operator, separated by two domain walls (at j1 = 26 and j2 = 54,
giving domain size Ld = 27). In both cases the Hamiltonian H0 is identical; the only difference is in the Raman operator. The line drawing of
the corresponding HUV zigzag chain is shown at top. Upper panel: Line cuts of spectra at zero and nonzero fields show that while the clean RA

is independent of small fields, the domain walls of RDW show a singular response to magnetic fields. Lower panel: Color plots of spectra as
function of magnetic field show the full behavior. At zero field, the presence of domain walls shifts the finite-size gap to higher energy. This
shift persists up to a small critical field; the critical field value is consistent with the theoretical expectation hc = 1

2 vs(π/Ld ) with vs = π/2.
Spectral weight shifts upward with field above hz = 0 for zero defects and above hz = hc for two defects.

given by

I (ω) ∝
√

1 −
(

ω

2vs

)2

. (7)

This continuum is computed at mean field as a two-particle
response. The low-energy effective field theory also predicts
a gapless inelastic response for 0 � � < 1 [17]. We note,
however, that at the SU(2) symmetric point (� = 1) bosoniza-
tion (see below) gives a purely elastic response: I (ω) →
δ(ω). Nonetheless, away from that point, both mean field and
bosonization capture a gapless inelastic Raman response for
RA due to its alternating structure.

C. Raman response of zigzag chains with zigzag domain walls

We now turn to Raman scattering in the presence of crys-
talline topological defects, here zigzag domain walls, i.e.,
multiple zigzag domains. Although zigzag domain walls mod-
ify the Hamiltonian of the system by acting as a local (not
topological) defect, and similarly the local defect part of the

domain wall (e.g., the horizontal bond) can appear in RDW in
a nonuniversal manner, we address these modifications later
and find they do not qualitatively change our conclusions. For
now, let us suppose zigzag domain walls only alter the Raman
operator and only by altering each domain.

1. Numerics (DMRG and TEBD)

Using a combination of denstiy matrix renormalization
group (DMRG) and TEBD, we numerically compute the
T = 0 inelastic Raman scattering spectra as a function of
frequency and applied magnetic field, for both zero domain
walls and two domain walls (Fig. 2). We use spin chains of
length L = 80 with open boundary conditions.

Our numerics for the zero domain-wall case show a promi-
nent low-energy excitation at a frequency ω∗. In applied field
hz, we find ω∗ shifts to higher frequencies linearly with hz.
The finite gap at low frequencies can be attributed to the finite
size of the system. Indeed we find (ω∗/J ) ∼ L−1 as the system
size is increased.
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The two domain-wall case shows a zero field gap that is
larger than the finite-size gap of the zero domain-wall case.
Moreover, for small applied fields the gap shrinks to the finite-
size gap of ω∗. At larger fields, the gap increases.

2. Mean-field theory

To understand these numerical results, let us discuss the
results from a mean-field computation of the effects of do-
main walls on R. For � = 0, the Hamiltonian is an XY
model and the mean-field mapping is exact with Jordan-
Wigner fermions. Within mean field, the Hamiltonian is a
spinon Fermi sea HMF

0 = ∑
k εkc†

kck with spinon field oper-
ators defined by {ck, c†

k′ } = δkk′ , dispersion εk = −vs cos(k),
and spinon velocity vs, with vs = J at � = 0 (we take unit
lattice spacing throughout). In terms of fermions, the Raman
operator RA is a q = π spinon density excitation,

RA =
∑

k

Vk,q=π c†
kck−π , (8)

where the vertex is Vkq = 1
2 (ei(k−q) + e−ik − 1 − e−iq ). (De-

tails are below and, including XXZ anisotropy for R, in
Appendixes B and C.) Note that nonzero � adds interactions
and also modifies the bandwidth; at � = 1, the spinon ve-
locity is given by vs = π

2 J as determined by the exact Bethe
ansatz result for this system [18].

While clean zigzag chains show a gapless Raman response
[Eq. (7)], we find that when there are multiple zigzag do-
mains, and hence multiple domains of RA [Eq. (6)], the Raman
response becomes gapped. The gap occurs at a frequency
ωc where ωc = vs(π/Ld ) where Ld is the size of the do-
main between the two domain walls (unit lattice spacing)
and vs is the spinon velocity. Here we consider domains
of a particular size; the generalization to a distribution of
domain sizes is discussed below. The presence of the gap
in the two-particle continuum may be surprising since in
computing the scattering spectrum, neither the Hamiltonian
nor the ground state are altered. Indeed, the only difference
between these responses is the presence of zigzag domain
walls.

In applied field, we find another surprising result: At a
small finite fields the gap closes and then reopens (Fig. 3,
top row). With Ld the domain size, the gap in the Raman
spectrum closes at a small applied field of hc = 1

2vs(π/Ld )
and reopens for hz > hc. We again emphasize that in this
case, the Hamiltonian is blind to the presence of the zigzag
domain walls. Moreover the domain walls are nonmagnetic
defects, and naively one would not expect such a drasti-
cally different response in the presence of applied magnetic
field.

3. Bosonization

In the clean zigzag chain, we previously stated that the
mean-field spectrum at the two-particle level did not even
qualitatively capture the delta function response computed
using bosonization. This inconsistency begs the question as
to whether these results of a singular magnetic field response
domain walls are robust beyond mean field. We find that they
are.

At low frequencies the Raman response can be described
analytically via bosonization of the interacting spinon model.
(For details such as discussion of renormalization of Luttinger
parameter K with magnetic field, see Appendix D.) At the
two-particle level for R (though Hamiltonian interactions are
captured by K) we use the density-density response func-
tion computed in bosonization. Linearizing momenta about
the Fermi points of the spinon liquid, we find the vertex
contribution Vkq is constant. Hence the two-particle Raman
response of Rq reduces to density-density correlation function
within bosonization. At a temperature T (setting kB = 1) this
correlation function is a textbook computation and is given by
[19]

χρρ (q, ω) ∝ − sin(πK )

vs

(
2πT

vs

)2K−2

F (q, ω), (9)

F (q, ω) =
∏

η=±1

B

(
−i

ω + ηvsq

4πT
+ K

2
, 1 − K

)
, (10)

with B(x, y) Euler’s beta function B(x, y) = �(x)�(y)/�(x +
y). K and vs are Luttinger parameter and velocity. The Ra-
man response of Rq is then −Im[χρρ (q, ω)]. The results for
T → 0, as a function of magnetic field [discussed further in
Appendix D and Eq. (D2)] are plotted in Fig. 3.

D. O(1) additive changes via O(ε) wave-vector shifts

In the previous sections, we described our results that
nonmagnetic crystal defects (zigzag domain walls) in a spin
chain give a singular magnetic-field response as measured by
inelastic Raman scattering. This effect is not only captured
in mean field, but it is also reproducible numerically (via
TEBD) and analytically (at low energies using bosonization)
in the presence of strong interactions. In this section, we de-
scribe the mean-field (and associated setup for bosonization)
analysis in detail to explain how nonmagnetic crystal defects
induce a singular magnetic-field response. These computa-
tional details will anchor the discussions in the following
section.

We capture the effects of defects in the Raman operator by
considering the Raman response of a sum of Heisenberg terms
Rj with coefficients g j :

R =
∑

j

g jR j, Rj ≡ S j · S j+1, (11)

where the couplings g j are specified by the photon polariza-
tion factor of Eq. (2). We will call gj the bond profile of the
Raman operator. For simplicity of notation here we restrict to
Heinsenberg terms in R; XXZ anisotropy in R is discussed in
Appendix B.

By Fourier transforming g j , the operator R can be rewritten
as a weighted sum over its Fourier modes as

R =
∑

q

g̃qRq, Rq =
∑

j

eiq j (S j · S j+1), (12)

where g̃q are the Fourier modes of g. The Raman response of
a generic Raman operator R is then given by

I (ω) =
∑
qq′

g̃qg̃q′

∫
dt eiωt 〈Rq(t )Rq′ (0)〉0 . (13)
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FIG. 3. Low-frequency magneto-Raman spectra computed via field theory bosonization [Eq. (9)] for the clean zigzag chain RA (left column,
blue) versus the RDW chain with multiple zigzag domains (of size Ld = 27) (right column, orange). For ease of comparison, spinon velocity
is fixed as vs = π/2. Top row: XY model, � = 0, where mean field is exact (Luttinger parameter K = 1). Middle: A representative XXZ
response for intermediate � (at K = 3/4). Bottom: The � = 1 SU(2) Heisenberg Hamiltonian (K = 1/2) with a delta function singularity.
Across the interaction range, the clean zigzag spectra shows gapless excitations whose gap increases linearly with applied magnetic field. In
the presence of zigzag domain walls, a Raman gap is opened, but it closes and then reopens with applied magnetic field.

We now compute the correlation function 〈Rq(t )Rq′ (0)〉0.
This object is only nonzero for q + q′ = 0, and so it suffices to
compute 〈Rq(t )R−q(0)〉0. We then define the Fourier transform
of this correlation function to be

χ (q, ω) =
∫

dt eiωt 〈Rq(t )R−q(0)〉0 (14)

so that the Raman intensity of R is given by

I (ω) =
∑

q

|g̃q|2χ (q, ω). (15)

Raman spectra are a weighted sum over finite q probes de-
pending on the functional form of g. Even when photons carry
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FIG. 4. χ (q, ω) two-fermion response function for a mean-field
free spinon Hamiltonian with vs = π/2 at zero field (left) and small
applied field hz = 0.3 (right). At this level the Raman spectrum is
a weighted sum over χ (q) given by Eq. (15). For a clean zigzag
chain, it is just a cut through χ at q = π . In the presence of zigzag
domain walls, the Raman spectrum contains cuts at Fourier modes of
the domain profile, q �= π ; for domains of typical size Ld , the most
significant contributions come from q = π ± π/Ld .

effectively zero momentum, Raman is not always a q = 0
probe.

The response χ is easily understood within mean field. We
use the Jordan-Wigner transformation to map spin operators
to spinless fermionic operators and compute the response
χ to lowest nonvanishing order in fermionic operators (Ap-
pendix B). At this order, χ is a response function involving
four fermion operators. This approximation becomes exact
when R Heinsenberg terms are replaced by XY terms, leading
to χMF(q, ω) given by

χMF =
∑

k0

8

2π

√
[2vs sin(q/2)]2 − ω2

[2vs sin(q/2)]2
f (k0)[1 − f (k0 − q)],

(16)
where f (k) is the Fermi function evaluated at the energy εk ,
with εk = −vs cos k, and k0 are the wave vectors that satisfy
energy conservation ω + εk0 − εk0−q = 0. At low frequencies
the relevant part of χ is just this 2kF response with a Heaviside
step function �,

χ (q, ω) ∼
∑
±

�(ω − v|q ± 2kF |). (17)

We plot χMF in Fig. 4.
Raman scattering of a clean zigzag spin chain with zero

domain walls is a q = π probe. Here RA ∝ ∑
j (−1) jS j · S j+1

with bond profile g j = (−1) j , giving a Fourier transform of
g̃q ∝ δq,π . Thus we use Eq. (16) at zero magnetic field and at
q = 2kF = π . At low frequencies, k0 = ±kF , where the Fermi
wave vector is kF = π/2 at zero magnetic field. We find the
gapless response I (ω) ∝

√
1 − (ω/2vs)2.

Zigzag domain walls create a zero-field gapped response
because the Raman scattering probe for the spin chain is
shifted away from q = π . The amounts of the shift across
various wave vectors is given by the Fourier transform power
spectrum of the bond profile; if domains have a typical size
Ld , then this Fourier transform will be sharply peaked at
π ± π/Ld . For large Ld , the zero-field gap is ωc ≈ vsδq =
vs(π/Ld ). This gap closes and then reopens in applied

FIG. 5. Inelastic Raman spectra computed with DMRG and
TEBD for a finite-size L = 80 Heisenberg spin-1/2 chain with zero
domain walls (solid, blue), two domain walls (solid, orange), and
doubled domain walls (dashed, green). The two-domain-wall system
is the same as shown in the right-hand column of Fig. 2. The doubled
domain-wall system has two domain walls on sites j1 = 39 and
j2 = 41. The three systems have the same Hamiltonian and only vary
in the choice of Raman operator. For doubled domain walls, the zero
magnetic-field gap associated with the presence of isolated domain
walls is no longer observed, showing that the effect of domain walls
arises from their Z2 character as topological defects rather than from
local defect effects.

magnetic field because the Fermi momentum kF of the
fermionic spinons changes in applied field. The magnetic field
is the chemical potential of spinons. In the presence of zigzag
domain walls, the Raman spectrum as probing excitations at q
away from π . In applied field, however, kF also shifts from π

such that the finite momentum probed by Raman scattering
can be in resonance with the new Fermi momentum (i.e.,
q ± δq = 2kF ). Hence the gap closes in applied fields. At
larger magnetic fields 2kF shifts further and the gap reopens.

Creating a small density ε of zigzag domain-wall defects
involves the modification of an order-1 fraction of the system,
i.e., flipping half of the domains. This feature of topologi-
cal defects enables them to modify the Raman response by
an order-1 amount, i.e., the difference between the Raman
response of the ε-density domain-wall system and the clean
system is order-1, R(ε) − R(0) ∼ 1. However, the region in
frequency where this difference occurs is small, extending
over a frequency window of order ε, associated with the order
ε wave vector shifts created by the domain walls.

III. GENERALIZATIONS AND DISCUSSION

A. Z2 characteristic and other distinctions between
topological defects and local defects

Domain walls are topological defects in that to create them
one must create an entire domain. This nonlocality enables
them to produce an O(1) change in the response theory. As-
sociated with that nonlocality, domain walls also have a Z2

character. This Z2 character is indeed seen in the response
to such defects: When the spatial separation between domain
walls becomes small, the anomalous magnetic-field response
is no longer observed in our numerics (Fig. 5). In contrast,
local (nontopological, or, geometric) defects do not show a
Z2 character and only add a small additive component to the
response. We now discuss these two distinctions in detail.

Isolated domain-wall defects shift the probed wave vector.
For a single domain, the wave vector probed in the Raman
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response is q = π . The presence of a topological defect in
the form of a zigzag domain wall causes the Raman response
to shift from q = π to q = π + δq. The length of zigzag do-
mains Ld fixes the small wave vector δq = π/Ld . Put another
way, the Raman operator for the system changes from RA

(or Rq=π ) to Rπ±δq. The subsequent Raman response changes
from χ (q = π,ω) → χ (q = π + δq, ω).

Doubled (nearby) domain walls are a local defect. They
are locally creatable, and thus do not change the wave vector
probed by the clean system, and instead only add a small
amplitude component on top of the clean system response.
In terms of wave vectors, the doubled domain wall is local in
real space and hence spread widely in reciprocal space, mostly
on large wave vectors Q whose response χ (Q, ω) vanishes at
low frequencies. The crossover from the topological nature of
well-separated domain walls to local nature of two domain
walls in close proximity to each other can also be seen numer-
ically (Fig. 5).

Another example of local (nontopological) defects is a
small amplitude variation in the zigzag angle θ0 for the spin
chain. It does not shift the wave vector probed in Raman
scattering for the clean system. Suppose θ j is the bond angle
on the jth bond, and we let θ j = θ0 + ε f j for a mean angle of
θ0, a small amplitude ε, and an arbitrary function of position
f j . In this case, we have [Eq. (G11)]

I (ω) = Aχ (π,ω) + ε2 cos(2θ0)
∑

q

| f̃q|χ (q + π,ω), (18)

where A is O(1). Here the Raman response is composed of the
clean system response at q = π and a small O(ε2) component,
whereas topological defects shift the Raman response to q �=
π , geometric defects only add a small component rather than
shifting the wave vector probed.

B. Role of average symmetry

We note that the disordered system with domain walls still
has an average symmetry which is key to the observations
described above. On average, neither domain is preferred over
the other. This average symmetry ensures that the domains
occur with equal probability and hence that the q = 0 com-
ponent of the domain structure Fourier transform vanishes
exactly. This ensures that the distribution of δq has no weight
at q = 0 and hence no gapless response remains in the Raman
response at zero field.

A related feature is that the average symmetry ensures
exact cancellation of the contribution of each single domain.
Writing the Raman operator R as a sum over domain D1 and
domain D2 terms R1, R2, the dynamical R correlation function
clearly contains a direct term of R1R1 and R2R2, which at zero
field produce a gapless response. What happens to that gapless
response? The answer is that it is exactly canceled out by the
cross terms R1R2. This exact cancellation requires the average
symmetry.

C. Effect of zigzag domain walls as local defects
within the Hamiltonian

Above we consider the effects of domain walls purely in
modifying the domains in the Raman operator in order to

isolate the effects of crystalline topological defects within a
response theory. However in addition to this effect, the do-
main wall does create a local defect both in R and in H . We
now discuss these local effects. In the particular 1D model
considered here, perturbations to the Hamiltonian are easily
RG relevant due to the 1D physics, so we will also discuss
the resulting effects in a 1D chain, noting, however, that local
defects will not have such strong effects in 2D or 3D systems.

Microscopically it is clear that local defect effects arise
at domain walls. Modifications in the Hamiltonian would
arise from changes in the spin exchange coupling due to any
changes in the bond length. The relative orientation of these
bonds with photon polarizations would also affect their bond
strength in the Raman operator.

In 1D, local bond perturbations to the Hamiltonian are
relevant in the RG sense [20]. The fixed point of the RG flow
breaks apart the system into two open chains. For a weak
bond, the end points of the chain are precisely the two adjacent
lattice sites between which the exchange coupling is reduced;
for a strong bond, a singlet is formed, but the chain is cut away
from this singlet.

When zigzag domain walls are present in spin chains and
modify the Hamiltonian locally, the RG fixed point of the
system is a set of fragmented finite-size chains of varying
length given by the size of each zigzag domain. Finite chains
of length Ld have a true finite-size gap, hence a gapped
Raman response, associated with the finite-size wave vector
q = π ± π/Ld . Magnetic fields tune the chemical potential
through these finite-sized wave vectors. Thus in both the limit
where the Hamiltonian breaks apart into fragmented chains
and in the limit where it does not (and, e.g., is unmodified),
the presence of zigzag domain walls gives a Raman response
at a finite wave vector away from the wave vector probed by
the clean system.

Above we have also computed the Raman spectra nu-
merically in finite-size systems. This corresponds to an
intermediate case, where the Hamiltonian perturbation is in-
cluded, but the fixed point of fragmented chains is not yet
reached. This can occur physically if the RG flow is arrested
by some effective finite-size effects, e.g., a moderately weak
bond from a domain wall where the next domain walls have
already completed an RG flow to decoupling, such that the do-
main wall occurs within a finite chain fragment. Numerically
for L = 80 sites, the Raman spectra are quite similar to those
of an unperturbed Hamiltonian. We also look at varying the
strength of the horizontal domain-wall bond within R, which
can vary corresponding to the strength of the corresponding
bond in H , in a manner that also depends on photon polariza-
tions. The results are again qualitatively independent of this
modification (see Fig. 8).

We next turn to comparing the two distributions of wave
vectors in both the unperturbed and perturbed H limits.

D. Distribution of domain sizes

The above sections considered the case of a particular size
of zigzag domains. Here we consider the realistic case of a
distribution of domain sizes. The crystalline domain size is ex-
pected to be a random distribution with a typical length scale
set by the competition between the cost of domain walls and
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the preference to have a single domain. For example, this can
be modeled in an equilibrium approximation by considering a
random “field” that locally prefers one of the two crystalline
domains. The resulting Imry-Ma mechanism [21] for discrete
order in 1D gives domains at the Larkin length. Indeed gen-
erally for disordered elastic media subjected to random fields
(such as a local preference for one crystalline domain), the dis-
order seen by domain walls has long-range correlations even
when the microscopic disorder is short-ranged correlated.

To model a typical length scale arising from various
equilibrium and nonequilibrium mechanisms, we consider a
Gaussian distribution of domain lengths with mean μ and
variance σ 2. In the limit where domain walls do not substan-
tially modify the Hamiltonian, the resulting Raman spectra
are set by integrating over wave vectors weighted by the
Fourier transform power spectrum of the bond profile of
the Raman operator [Eq. (H3)]. Numerically computing the
power spectrum we find it to be approximately a Lorentzian
centered at qL ≈ π/μ. In the fixed point limit where the
Hamiltonian is strongly modified by the domain walls, the
system becomes an ensemble of fragmented spin chains each
with their own finite-size gaps. These finite-size gaps follow
a reciprocal Gaussian distribution, peaked at qR = π (−μ +√

μ2 + 8σ 2)/(4σ 2). As a general statement for the mean of
the reciprocal distribution independent of the Ld distribution,
note that the wave-vector shift is dq = π/Ld for each chain
fragment of size Ld , so its expectation value is bounded from
below by π/Ld by Jensen’s inequality, dq > π/Ld , as indeed
seen for the reciprocal Gaussian. Both distributions (Fig. 6)
are sharply peaked, resulting in magneto-Raman spectra with
a soft gap but still showing the features described above
(Fig. 7).

The importance of the long-range effects that set a typical
domain size can be seen by considering an opposite limit,
where every site has an independent probability of hosting
a domain wall. The resulting distribution of domain sizes
is Poisson. This is unphysical: Crystalline domains would
not form a Poisson distribution, since for example it would
be energetically preferred to shift two nearby domain walls
together and annihilate them at the small cost of flipping an
unfavored domain. A Poisson distribution would, however, be
expected for locations of nontopological local defects with
no associated domains. Such a Poisson distribution (“random
telegraph signal”) would produce a q = 0 centered Lorentzian
power spectrum. It would show a gapless Raman signal at
nonzero fields but would not show the singular gap behavior
of domains with typical length scale.

E. Role of spinon liquid state

The singular magnetic-field responses of zigzag domain
walls described above were computed within the Luttinger
liquid ground state of H0. Here we show that they rely on
the special properties of this gapless spinon phase and in
particular that they are absent in systems with ferromagnetic
order, antiferromagnetic order, and in the gapped AKLT-type
phases allowed for integer spin chains.

For AKLT states, the low-energy responses cannot occur
simply because the gap is too large. For example the gap is
� ≈ 0.41J for S = 1 [22]. In magnetic fields this gap closes

FIG. 6. Distributions of wave-vector deviations from π that are
relevant for zigzag domains whose sizes follow a Gaussian distri-
bution with mean μ = 300 and standard deviation σ = 100. Blue
circles: Numerically averaged power spectrum of Raman operator
bond profile (103 chains of length 105), giving the wave-vector
distribution in the unmodified Hamiltonian limit. Orange dashed:
Lorentzian centered at qL with FWHM � as a guide to the eye. Green
solid: Reciprocal Gaussian distribution, giving finite-size gaps in the
fragmented chain segments limit.

only for h > � at which the system experiences magnon
condensation [23]. Since the AKLT chain remains gapped for
fields below �, the effects above, for small magnetic fields
and small frequencies, cannot occur.

FIG. 7. Magneto-Raman spectrum for zigzag domains of RDW

with a distribution as in Fig. 6, with Luttinger parameter K = 3/4
and spinon velocity vs = π/2.
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To study the magnetically ordered phases we compute the
response of the operator Rq from Eq. (11) within linear spin-
wave theory (LSWT) to compute a four-magnon response
function analogous to Eq. (14). It is well known [24] that
quantum fluctuations in 1D diverge and obstruct magnetic or-
der. Nonetheless, we employ LSWT in order to gain intuition
for how quasi-1D spin chains may behave in the presence of
magnetic order mediated by interactions in 3D. The contrast
with the spinon liquid is clear, whereas an applied magnetic
field shifts the Fermi momentum of a spinon Fermi surface
and may tune gapped excitations to become gapless, bosonic
magnon excitations do not experience such an effect. Indeed,
for 1D magnons we find no similar anomalous magnetic-field
response that is probed by Raman scattering.

We first consider magnons in a ferromagnetic phase in ap-
plied magnetic field. In LSWT, the ground state is the magnon
vacuum. The Raman operator Rq, however, is magnon density
excitations at finite q. Explicitly, we find Rq = ∑

k �kqa†
kak+q,

where the vertex �kq = S[e−i(k+q) + eik − (1 + e−iq )]. Since
Rq annihilates the ground state, the T = 0 Raman scattering
spectrum within linear spin wave theory vanishes at zero
field. Although applied magnetic fields open a gap in the
single-particle spectrum, the classical ground state remains
unchanged.

Next we consider the antiferromagnetic phase. In zero
applied field the Raman response is a four magnon corre-
lator. In an applied field, the classical ground state of the
antiferromagnet cants. Unlike the previous cases, where the
Raman operator Rq is a magnon density excitation, in the
antiferromagnetic phase in an applied field the lowest-order
contribution to the Raman operator is a single magnon exci-
tation (Appendix F 2). As such, the lowest-order contribution
to the Raman response χAFM(q, ω) qualitatively follows the
single magnon dispersion, with a π shift in momentum from
the π wave vector associated with the classical Néel ordered
ground state from which spins cant in applied magnetic field.
For nonzero domain-wall densities, the Raman response mea-
sures especially q = π ± δq with δq small. Antiferromagnetic
magnons at q = π are gapless, and in applied field they re-
main gapless. Excitations away from q = π always remain
gapped. Moreover, since magnons are bosonic and have no
Fermi momentum, applied fields cannot close the gap opened
by the presence of domain walls. Consequently, although do-
main walls open a gap in the spectrum, this gap would not
close in the presence of an applied field.

IV. OUTLOOK

In this work we argued that in certain settings, crystalline
topological defects can modify the response of an electronic
system not just by changing the electronic state but also by
changing the response theory operator. In particular this arises
in experiments that involve electric fields or photon scattering.
We presented a proof-of-principle toy model using Raman
scattering on a zigzag spin half chain with zigzag crystalline
domain walls. In this toy model, even in the limit where
domain walls only enter the Raman operator and not the
Hamiltonian, still they produce singular effects in the Raman
spectra, including singularities in applied magnetic fields.

Such effects may be otherwise unexpected from nonmagnetic
crystal disorder.

One way to understand the response is as arising from
an effective shift of the wave vector probed by the Raman
scattering (which is conventionally at q = 0). Intriguingly,
this wave-vector shift arises from dimerization domain walls,
which are here only within the Raman operator; in contrast
dimerization domain walls in a spin-half Hamiltonian carry
spin-half modes protected by the spin half quantum anomaly.
Is there also an aspect of the Raman response here that is asso-
ciated with a quantum anomaly? The Raman operator is not a
Hamiltonian, so the framework needed to answer this question
does not exist. However, even though Raman is a scattering
experiment, i.e., its theory is not a conventional linear or
perturbative response theory, it could be considered to be a
linear response theory with a contrived probe function which
is the Raman operator. Nonlinear responses at zero frequency
then involve this operator being added to the Hamiltonian.
The resulting modified Hamiltonian would then carry explicit
dimerization, and domain walls of this dimerization could
carry anomaly-protected spin-half modes. Any such effects
would necessarily be nonperturbative. Could there be such
quantum anomaly features associated with response theory
operators? We leave this question for future work.

Other future avenues should explore the modification of
response theories in higher spatial dimensions, and in partic-
ular as a way to modulate experimental response operators
to tailor them as probes of particular otherwise-hard-to-probe
quantum entangled phases. Already even simple Raman spec-
troscopy has been shown to be a useful probe of quantum
spin liquid phases [25–27]. The ability to modify the effec-
tive wave vector probed, or make further modifications with
real space resolution, just by adding crystalline topological
defects, could be of much help. Importantly, crystalline topo-
logical defects may be a mild type of disorder for some
quantum states and hence such defects can be added even
intentionally, without destroying the desired quantum state.
In this way the addition of crystalline topological defect can
serve as a way to tune experimental response theory probes
while preserving the quantum state.
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APPENDIX A: NUMERICAL DETAILS

Numerical simulations of Raman spectra were performed
using the TeNPy library [28]. The ground state |ψ〉 is
computed using DMRG, initialized as a matrix-product state
with Néel order. The Hamiltonian H and Raman operator R
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for a given simulation are written as matrix-product operators.
To compute the Raman intensity, we compute the correlation
function 〈ψ |R(t )R(0)|ψ〉 and Fourier transform to the fre-
quency domain. Magnetic-field values were taken in steps of
0.1 and additional steps of 0.02 at small fields (below 0.2 for
the main text figures and below 0.1 for the Appendix figures).

To compute 〈ψ |R(t )R(0)|ψ〉, we compute the equivalent
quantity eiε0t 〈ψ |R|φ(t )〉, where ε0 is the ground-state energy,
|φ(0)〉 = R |ψ〉, and |φ(t )〉 = e−iHt |φ〉 = e−iHt R |ψ〉. DMRG
produces both |ψ〉 and ε0, and time evolution of |φ〉 is per-
formed using TEBD.

The ground state of a finite-size (N = 80) open S = 1/2
chain was found using DMRG with 10−10 precision in the
ground-state energy ε0. A bond dimension of 100 was found
to be enough for convergence. Singular values were truncated
below 10−10.

TEBD was performed using a time step of dt = 0.0628
at Suzuki-Trotter order 4 with the built-in optimization de-
scribed in Ref. [29]. Numerical time evolution was performed
for 105 time steps. Bond dimension of 100 was again found
to be enough for convergence. (recall we are computing time
evolution with a local Hamiltonian starting from a ground
state, so entanglement growth is relatively weak.) Singular
values were truncated below 10−12. These parameters were
chosen to obtain a frequency resolution �ω ≈ 0.01 and re-
duce Trotterization error.

APPENDIX B: MEAN-FIELD THEORY
AND R XXZ ANISOTROPY

In the main text we compute Raman responses using a
mean-field treatment. In this section for completeness we
walk an interested reader through how to do the mean-field
computation. Within mean field, we take the Hamiltonian to
be a free spinon theory given by

H =
∑

k

εkc†
kck, εk = −vs cos k, (B1)

with spinon operators obtained via a Jordan-Wigner trans-
formation and, for Heisenberg Hamiltonian, the dispersion
bandwidth set to the Bethe ansatz results for the spinon dis-
persion [18]. For the Raman operator Rq = ∑

j eiq j (S j · S j+1)
we then seek to compute the dynamical correlation function
〈Rq(t )Rq′ (0)〉0 on the ground state.

Rq may generically contain XXZ anisotropy, presumably
corresponding to the XXZ anisotropy of the Hamiltonian.
Consider an XXZ operator

Rq =
∑

j

eiq j
(
Sx

j S
x
j+1 + Sy

j S
y
j+1 + αSz

jS
z
j+1

)
VkqVk−q,−q. (B2)

Heisenberg couplings in the Raman operator corresponds to
α = 1. We first express the Raman operator Rq in terms of
Jordan-Wigner spinons,

Rq =
∑

j

eiq j

[
1

2
(S+

j S−
j+1 + H.c.) + αSz

jS
z
j+1

]
, (B3)

=
∑

j

eiq j

[
1

2
(c†

j c j+1 + H.c.) + α

(
n j − 1

2

)(
n j+1 − 1

2

)]
.

(B4)

Next, approximate Rq to quadratic order in spinon operators,

Rq → 1

2

∑
j

eiq j[(c†
j c j+1 + H.c.) − α(n j + n j+1)]. (B5)

We then Fourier transform spinon operators with the con-
vention c j = 1√

N

∑
k eik jck . To lowest order in fermionic

operators, the inelastic part of the Raman operator Rq in terms
of Jordan-Wigner spinons is given by

Rq =
∑

k

Vkqc†
kck−q (B6)

with the vertex given by

Vkq = 1
2 [ei(k−q) + e−ik − α(1 + e−iq )]. (B7)

The Raman operator Rq is a spinon density excitation at
momentum q. At time t , the operator Rq is given by

Rq(t ) =
∑

k

ei(εk−εk−q )tVkqc†
kck−q. (B8)

The desired dynamical correlation function 〈Rq(t )Rq′ (0)〉0 can
then be written as∑

kk′
ei(εk−εk−q )tVkqVk′q′ 〈(c†

kck−q )(c†
k′ck′−q′ )〉0 , (B9)

where the first two fermionic operators are time ordered be-
fore the latter two. We evaluate this expression using Wick’s
theorem which only gives the following inelastic diagramatic
contraction: 〈c†

kck′−q′ 〉 〈ck−qc†
k′ 〉. The propagator for the free

field theory is 〈c†
kck′ 〉 = δkk′ f (k), where f (k) is the Fermi

function evaluated at εk . The above expression reduces to∑
k

ei(εk−εk−q )tVkqVk−q,−q f (k)[1 − f (k − q)]. (B10)

Taking the continuum limit in k and Fourier transforming in
time gives the dynamical correlation function,

χMF(q, ω) =
∫

dk

2π
δ(ω + εk − εk−q)VkqVk−q,−q f (k)

× [1 − f (k − q)], (B11)

where

VkqVk−q,−q =
[
cos

(
k − q

2

)
− α cos

(q

2

)]2
. (B12)

Using a dispersion ε(k) = −t cos(k), the delta function can be
rewritten as

δ(ω + εk − εk−q) =
∑

k0

δ(k − k0)√
[2t sin(q/2)]2 − ω2

, (B13)

where the sum is over the wave vectors k0 that satisfy conser-
vation of energy ω + εk0 − εk0−q = 0, i.e., at low frequencies
k0 is ±kF . Note the identity 2 sin( q

2 ) sin(k − q
2 ) = cos(k −

q) − cos(k). At k0, we also have

cos2(k0 − q/2) = 1

[2t sin(q/2)]2
{[2t sin(q/2)]2 − ω2}.

(B14)
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This allows the result to be simplified, e.g., for the case α = 0,
i.e., XY Hamiltonian and Raman operator, for which

χMF(q, ω) ∝
∑

k0

√
[2vs sin(q/2)]2 − ω2

[2vs sin(q/2)]2

× f (k0)[1 − f (k0 − q)]. (B15)

For q = π and any α, we recover Eq. (7).

APPENDIX C: LINEARIZED MEAN-FIELD THEORY

Here again for completeness we walk an interested reader
through the standard manipulations for computing the low-
energy fermion response function Eq. (B11). At low energies,
the response is proportional to the density-density correlation
function given by

χMF(q, ω) ≈ W (q, ω)χ ′′
ρρ (q, ω), (C1)

where W is an overall function W of q and ω and the density-
density correlation function is

χ ′′
ρρ (q, ω) =

∫
dt eiωt 〈ρ†

q (t )ρq(0)〉
0
, (C2)

with ρq = ∑
k c†

kck+q and ρ†
q = ρ−q.

In the limit where Vkq = 1, Eq. (B11) is exactly the
density-density correlation function. We thus first inspect the
low-energy response of Eq. (C2). In this limit, the dispersion
near the Fermi points is given by εk ≈ ±vk. For ω small, en-
ergy conservation imposes εk−q ≈ εk . Excitations at the same
Fermi point give (ω/v)δ(ω − v|q|), so we must look for exci-
tations across both Fermi points. Suppose k is near one of the
Fermi points, say, k = kF + δk with |δk| small. For q = 2kF +
δq with |δq| small, we have k − q = −kF + δk − δq near the
left Fermi point. For these excitations, we have ω = εk−q −
εk = −v(δk − δq) − (v)(δk) = −v(2δk − δq). Rearranging,
we have δk = 1

2 (δq − ω/v) or k = kF + 1
2 (δq − ω/v). Sim-

ilarly, k − q = −kF + 1
2 (−δq − ω/v). The Fermi functions

place k below the right Fermi point (|k| < kF ) and k − q
above the left Fermi point (|k − q| > kF ). These constraints
give δq − ω/v < 0 and −δq − ω/v < 0. Together, we have
ω > v|δq| = v|q − 2kF |. A similar analysis of excitations
from the left Fermi point to the right Fermi point gives ω >

v|q + 2kF |.
Integration of Eq. (B11) over k yields a proportionality

factor of the product of the vertices VkqVk−q,−q, with k =
± 1

2 (q − ω/v). The product of the vertices thus becomes an
overall function of q and ω given by

W (q, ω) = V± 1
2 (q−ω/v),qV∓ 1

2 (q+ω/v),−q. (C3)

The vertex functions evaluate to an overall function W of q
and ω. The low-energy response of Eq. (B11) is given by

χMF(q, ω) ∼ W (q, ω)χ ′′
ρρ (q, ω), (C4)

where the low-energy response of χ ′′
ρρ is

χ ′′
ρρ (q, ω) ∼

∑
±

�(ω − v|q ± 2kF |) + (ω/v)δ(ω − v|q|),
(C5)

with � being the Heaviside step function. The low-energy
response of χMF thus follows the low-energy response of χ ′′

ρρ .

APPENDIX D: BOSONIZATION

We incorporate interactions beyond mean field to capture
the low-energy Raman response of zigzag domain walls in
bosonization. Recall the Luttinger liquid action which de-
scribes the low-energy physics of the 1D XXZ model [19],

SLuttinger = 1

2πK

∫
dx dτ

[
1

vs
(∂τφ)2 + vs(∂xφ)2

]
, (D1)

which is fully parameterized by the spinon velocity vs and
the Luttinger parameter K . In our notation, at K = 1 the
theory corresponds to the U(1) point (isotropic XY model)
and at K = 1/2 it corresponds to the SU(2) symmetric point
(isotropic Heisenberg model). In the K → 1 limit, mean-field
analysis becomes exact.

While the Luttinger parameter K generically depends on
the applied magnetic field, in small magnetic fields we con-
sider the case where K is not appreciably renormalized. In
applied magnetic field (hz > 0) K is renormalized away from
K = 1/2: As hz approaches the saturation field hsat = 2J , K
approaches the free point K = 1 [30]. However, for small
magnetic fields near the critical field hc = 1

2vs(π/Ld ), where
Ld is the length of a zigzag domain, we may qualitatively
understand the physics at K = 1/2 without renormalization.

In order to capture the effect of small applied magnetic
fields, we track how the wave vector of the Fermi points shifts
due to the chemical potential of fermionic spinons created
by a nonzero magnetic field. Recall that bosonization is the
low-energy field theory at the Fermi points, but the location
(momenta) of the Fermi points is an external parameter that
does not appear within the bosonized theory. Explicitly,

χbos(q, ω, hz ) = χρρ (q − 2hz/vs, ω). (D2)

We capture the effect of domain walls by consider a Raman
response at a shifted wave vector of q = π ± π/Ld with a
zigzag domain length of Ld or a distribution of domain sizes.

APPENDIX E: EFFECT OF ZIGZAG DOMAIN
WALLS ON THE HAMILTONIAN

Domain walls have a local effect in two ways. Modifica-
tions in the Hamiltonian would manifest as changes in the spin
exchange coupling due to any changes in the bond length. The
relative orientation of these bonds with photon polarizations
would also affect their bond strength in the Raman operator.

Even when domain walls appreciably modify the Hamilto-
nian or the Raman operator, we find no qualitative change in
our conclusions. We may capture such changes directly in our
numerics. When only spin exchange couplings in the Hamil-
tonian are modified, the magneto-Raman spectrum (Fig. 8,
left) qualitatively reproduces the spectrum from the main text
(Fig. 2). When both the Hamiltonian and the Raman operator
are modified by zigzag domain walls, we again find the same
qualitative spectral features (Fig. 8, right).

Local modifications to the Raman operator add disorder
which can appear as background noise but do not do much
else. In particular, the qualitative features of the Raman re-
sponse may still be captured by the most dominant Fourier
mode q∗ of the Raman operator by studying χ (q∗, ω).
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FIG. 8. Numerically computed inelastic magneto-Raman spectra
for finite-sized systems (L = 80 sites) where zigzag domain walls
modify the Hamiltonian (color scale is identical to Fig. 2). In both
cases, the system hosts zigzag domain walls on lattice sites j1 =
26 and j2 = 54. The Hamiltonian is Hreal = ∑L

j=1 JjS j · S j+1 with
Jj = 1 for j �= j1, j2 and Jj = 0.3 for j = j1, j2. The Raman oper-
ator RDW is the same as Fig. 2, while the Raman operator RDW,real

is defined similarly to Hreal. Explicitly, RDW,real = ∑L
j=1 gjS j · S j+1

with gj = 1
2 [1 + (−1) j] for j < j1 and j > j2, gj = 1

2 [1 + (−1) j+1]
for j1 < j < j2, and gj = 0.5 for j = j1, j2. Left: Magneto-Raman
spectrum when zigzag domain walls only modify the Hamiltonian.
Right: Magneto-Raman spectrum when zigzag domain walls modify
both the Hamiltonian and the Raman operator. In both cases, we
obtain the same qualitative features as Fig. 2.

Changes to the Hamiltonian, however, are more subtle. We
may consider two limiting cases where domain walls do or
do not modify the Hamiltonian. In one limit, the Hamiltonian
is not modified at all. In this case as discussed in the main
text, we may approximate the Raman response by consider a
Raman operator with a smoothed out bond profile which has
nodes precisely at the defects. In the opposite limit, we may
consider the case where domain walls do modify the Hamil-
tonian locally and consider the 1D case (as in the current toy
model) where such local perturbations are RG relevant and
flow to infinite strength. The fixed point of the renormalization
group flow takes the system to an open chain. This fragmented
chains limit is discussed in the main text.

APPENDIX F: RAMAN IN LINEAR SPIN-WAVE THEORY

In the main text, we demonstrated an anomalous, singular
response to magnetic fields that may be observed by Raman
scattering in phases without magnetic order, but we did not
consider whether such a response could be measured in mag-
netically ordered phases. For completeness, we here study in
detail whether any such responses arise in magnetic order, and
find that they indeed do not.

For magnetically ordered phases spin excitations from the
ground state are described by magnons. In this section, we
compute the Raman response of Rq Eq. (11) using magnons
for the 1D Heisenberg Hamiltonian in applied field. We
compute this response within LSWT and only to lowest non-
vanishing order in bosonic operators.

It is well known [24], however, that quantum fluctuations
in 1D diverge and obstruct the precipitation of magnetic order.
Nonetheless, we employ LSWT in order to gain intuition for
how quasi-1D spin chains may behave in the presence of

magnetic order mediated by interactions in 3D. We find that
bosonic magnon excitations, unlike fermionic spinon excita-
tions, lack the anomalous, singular magnetic-field response
we present in the main text, whereas an applied magnetic
field shifts the Fermi momentum of a spinon Fermi surface
and may tune gapped excitations to become gapless, bosonic
magnon excitations do not experience such an effect. Indeed,
for 1D magnons we find no similar anomalous magnetic-field
response that is probed by Raman scattering.

To begin, we first consider magnons in a ferromagnetic
phase in applied magnetic field. We then consider the antifer-
romagnetic phase at zero applied field. In this case, we find the
Raman response to be nonvanishing at the four-magnon level.
In applied field, however, the classical ground state of the anti-
ferromagnet changes. At finite field, the Raman response then
becomes nonvanishing at the two-magnon level and mimics
the dynamical structure factor probed by neutron scattering.
In all cases, however, the magnetic-field dependence of the
Raman response lacks the anomaly we find for free spinons in
the main text.

1. Ferromagnetic phase

For the spin-S ferromagnetic Heisenberg Hamiltonian
(J < 0) with periodic boundary conditions, we may transform
spin operators to bosonic magnon operators via the Holstein-
Primakoff transformation Eq. (F1),

Sz
i = S − a†

i ai, S−
i = a†

i

√
2S − a†

i ai, S+
i = (S−

i )†, (F1)

with [ai, a†
j ] = δi j . Within LSWT, we expand in powers of

(a†
i ai/2S) and keep bosonic operators up to quadratic order.

For the present case, LSWT yields a free bosonic Hamiltonian
Eq. (F2) after a Fourier transform,

HFM =
∑

k

εka†
kak, εk = 2|J|S[1 − cos(k)] + hz. (F2)

The Raman operator Rq within LSWT reads

Rq =
∑

k

�kqa†
kak+q, (F3)

with the vertex given by Eq. (F4),

�kq = S(e−i(k+q) + eik − 1 − e−iq ). (F4)

The Raman operator Rq is thus a magnon density excitation at
momentum q. To lowest order in bosonic operators, the first
nonvanishing contribution to the Raman response χFM is a
four-magnon response (at finite T ).

We perform calculations analogous to the main text and
find

χFM(q, ω) =
∑

k0

�k0,q�k0+q,−qn(k0)[1 + n(k0 + q)]√
[4JS sin(q/2)]2 − ω2

, (F5)

where k0 ∈ [−π, π ] satisfies ω + εk0 − εk0+q = 0, and Bose
functions are given by n(k) = (eβεk − 1)−1.

At T = 0, however, the ground state is the magnon vac-
uum. The Raman response at this order vanishes since Rq(t =
0) annihilates the ground state. As such we conclude the
magnon-Raman response of Rq vanishes within LSWT for the
ferromagnetic phase.
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2. Antiferromagnetic phase (h = 0)

At zero magnetic field, the classical ground state of the
antiferromagnetic phase is the Néel state. To perform LSWT,
we first apply rotate spins by π about the x axis on every
other lattice site. Under this transformation, spins on one
sublattice transform like Sz

j �→ −Sz
j and S±

j �→ S∓
j . Under this

rotation, Holstein-Primakoff bosons are the appropriate fluc-
tuations about the classical antiferromagnetic ground state.
The Heisenberg Hamiltonian after this sublattice rotation is
given by Eq. (F6),

H = J
∑

j

1

2
(S−

j S−
j+1 + S+

j S+
j+1) − Sz

jS
z
j+1. (F6)

Keeping only quadratic terms in Holstein-Primakoff bosons
and performing a Fourier transform, the Hamiltonian becomes
(up to an overall constant)

H = 2JS
∑

k

a†
kak + 1

2
γk (aka−k + a†

ka†
−k ), (F7)

where γk = cos(k) is the sum of lattice harmonics in 1D.
While the Hamiltonian is not diagonal in these bosonic oper-
ators, we may employ a Bogoliubov transform to diagonalize
it (

bk

b†
−k

)
=

(
cosh φk sinh φk

sinh φk cosh φk

)(
ak

a†
−k

)
. (F8)

The Hamiltonian is diagonalized for γk = tanh 2φk and reads

H =
∑

k

εk (b†
kbk + 1/2), εk = 2JS| sin(k)| (F9)

with [bk, b†
k′ ] = δkk′ .

The Raman operator Rq within LSWT may be similarly
constructed. We find

Rq =
∑

k

�
†
k Mkq�k+q, �k =

(
bk

b†
−k

)
, (F10)

with the vertex given by Eq. (F11). In the expression, σ 0, σ 1

denote the 2 × 2 identity and x Pauli matrices, respectively,

Mkq = σ 0| csc(k)|[ 1
2 (1 + eiq ) − e−i(k+q) cos(k)

]
+ σ 1| csc(k)|[e−i(k+q) − 1

2 (1 + eiq ) cos(k)
]
. (F11)

Time evolution of Rq in this form is straightforward and given
by

Rq(t ) =
∑

k

�
†
k U †

k (t )MkqUk+q(t )�k+q, (F12)

where Uk (t ) = exp(−iσ 3εkt ) and σ 3 is the usual z Pauli
matrix.

The Raman response may then be evaluated diagram-
matically. At T = 0, the ground state of the system is
the magnon vacuum. Hence only correlations of the form
〈ak1 (t )ak2 (t )a†

k3
(0)a†

k4
(0)〉 contribute to a finite response. In

total, we find a finite response Eq. (F13) which follows the

magnon dispersion,

χAFM(q, ω) = 1√
[4JS cos(q/2)]2 − ω2

×
∑

k0∈[0,π],k0∈[−π,0]

(Mk0,q)21

× [(M−k0,−q )12 + (Mk0+q,−q )12]. (F13)

In the response Eq. (F13), the sum over k0 ∈ [0, π ], [−π, 0]
is taken over the right/left halves of the first Brillouin zone,
with k0 satisfying ω − (εk0 + εk0+q) = 0 and (Mkq)i j denoting
the i jth matrix element of the vertex expressed in Eq. (F11).

3. Antiferromagnetic phase (h > 0)

While at zero magnetic field, the classical ground state of
the antiferromagnetic phase is the Néel state, in applied mag-
netic field this is not the case. Classical spins cant by an angle
θc to align with the applied field. Following Refs. [31–33], we
allow spins to cant by an angle θ about the ŷ axis away from
the Néel state. The classical ground-state energy is minimized
for sin θc = hz/4JS.

Within LSWT, the Hamiltonian no longer conserves
magnon number. Indeed, we find

H =
∑

k

Aka†
kak − Bk

2
(aka−k + a†

ka†
−k ), (F14)

where Ak = 2JS[1 + sin2(θc)γk], Bk = 2JS cos2(θc)γk , and
γk = cos(k) is the sum of lattice harmonics for the 1D spin
chain. Note that for h = 0 ⇒ θc = 0, the coefficients Ak, Bk

are precisely those found in the previous section. We may
again employ a Bogoliubov transformation to diagonalize H .
In this case, the Hamiltonian is diagonalized for tanh(2φk ) =
−Bk/Ak . Then

H =
∑

k

εk (b†
kbk + 1/2), (F15)

where

εk = 2JS
√

(1 + γk )[1 − cos(2θc)γk]. (F16)

For θ = θc, the linear magnon terms in H vanish identically.
For the Raman operator Rq, however, this is not the case.
Indeed, to lowest order in Bogoliubov magnons bk , we find

Rq =
√

S3

2
sin(2θc)(1+e−iq )eφ−q+π [bq+π+b†

−(q+π )]. (F17)

Physically, Rq creates a single magnon excitation at ±(q + π ).
The Raman response χAFM of Rq to lowest order is a two-

magnon response. At this order, we find

χAFM(q, ω) = 2JS4 sin(2θc) sin2(q)
δ(ω − εq+π )

ω
. (F18)

At hz = 0, θc = 0 and so this contribution of the response
vanish.

We may follow a similar procedure as in the ferromag-
netic phase to compute the four-magnon response. We find
the response qualitatively follows the hz → 0+ limit of the
two-magnon response, and so we omit the calculation here.
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APPENDIX G: RAMAN RESPONSE OF GEOMETRIC
DEFECTS (SMALL-AMPLITUDE BOND VARIATION)

In this section we will consider small-amplitude bond vari-
ations in a zigzag chain and determine the subsequent Raman
response. We will restrict ourselves to the nearest-neighbor
Heisenberg Hamiltonian H = J

∑
j S j · S j+1. Suppose the

bond angle generically depends on the lattice site

θ j = θ0 + ε f j, (G1)

where θ0 is the equilibrium bond angle and ε � 1. We let the
variation f in the bond angle be arbitrary,

R =
∑

j

(êi · r j )(ês · r j )(S j · S j+1), (G2)

where r j is the bond vector pointing from site j to site j + 1.
For a zigzag chain formed from isosceles triangles with reflec-
tion symmetry identifying zig and zag bonds, we have

r j =
[

cos(θ j )
(−1) j sin(θ j )

]
, êi,s =

(
cos θi,s

sin θi,s

)
. (G3)

When θi + θs = π
2 , to order O(ε2) we find (up to spectral

equivalence)

(êi · r j )(ês · r j ) = (−1) j
{

1
2 sin(2θ0) + ε f ( j) cos(2θ0)

− [ε f ( j)]2 sin(2θ0)
}
. (G4)

We next define the following operators:

Rq =
∑

j

eiq j (S j · S j+1), (G5)

R[ f ] =
∑

j

(−1) j f j (S j · S j+1) =
∑

q

f̃q+πRq, (G6)

where f̃q is the Fourier transform of f j . The Raman operator
then reads

R = 1

2
sin(2θ0)Rπ + ε cos(2θ0)

∑
q

f̃q+π Rq

+ ε2[− sin(2θ0)]
∑

q

˜( f 2)q+π Rq. (G7)

We then compute the Raman correlator 〈Rq(t )Rq′ (0)〉 to find
the Raman response χ (q, ω) as before. The Raman response
with small angle variations is then readily found to be
I (ω) = I0(ω) + εI1(ω) + ε2I2(ω) + O(ε3), where each inten-
sity contribution is given by

I0(ω) = 1
4 sin2(2θ0)χ (π,ω), (G8)

I1(ω) = sin(2θ0) cos(2θ0)
∑

q

f̃q+π

∫
dt eiωt 〈Rπ (t )Rq(0)〉

= sin(2θ0) cos(2θ0) f̃0χ (π,ω), (G9)

I2(ω) = − sin2(2θ0)
∑

q

˜( f 2)q+π

∫
dt eiωt 〈Rπ (t )Rq(0)〉

+ cos2(2θ0)
∑
qq′

f̃q+π f̃q′+π

∫
dt eiωt 〈Rq(t )Rq′ (0)〉

= − sin2(2θ0) ˜( f 2)0χ (π,ω) + cos2(2θ0)

×
∑

q

| f̃q|2χ (q + π,ω), (G10)

I (ω) = sin(2θ0)

[
1

2
sin(2θ0) + ε cos(2θ0) f̃0

− ε2 sin(2θ0) ˜( f 2)0

]
χ (π,ω)

+ ε2 cos(2θ0)
∑

q

| f̃q|2χ (q + π,ω). (G11)

APPENDIX H: MATHEMATICAL TREATMENT
OF POISSON DISTRIBUTIONS

The power spectrum of the Raman operator bond pro-
file can be computed exactly when zigzag domain sizes are
Poisson distributed—an unphysical limit but worth discussing
for mathematical completeness. Consider a random telegraph
signal generated by a Poisson point process.

Let g j take on values of ±1. Suppose the probability of ob-
serving m zigzag domains with positive parity over a distance
x is given by

p(m, x) = (μx)m

m!
e−μx, (H1)

with μ the mean number of positive-parity domains per unit
length. We may then compute the autocorrelation function
φx(g) = g jg j+x. The autocorrelation function φx(g) is +1 if
the number of domains with particular parity found in the in-
terval of lattice sites ( j, j + x) is even. Similarly, φx(g) = −1
if the number is odd. Hence the autocorrelation is given by

φx(g) =
∞∑

k=0

p(2k, x) − p(2k + 1, x) = e−2μx. (H2)

The power spectrum of g j is then the Fourier transform of
φx(g) by the Wiener-Khinchin theorem. This is a Lorentzian
centered at q = 0 whose full-width at half-maximum scales
linearly with μ−1,

|gq|2 ∝ 1/μ

(1 + (q/2μ)2
. (H3)
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