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Anatomy of the spin Hall effect in ferromagnetic metals
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The spin Hall effect (SHE) is one of the most important spin-to-charge conversion mechanisms in spintronics
and has been intensively investigated in nonmagnetic materials. However, the SHE in ferromagnetic metals
has been rarely studied and remains obscure. Here, we clarify that the SHE in ferromagnetic metals can be
classified into three categories including conventional-, spin anomalous-, and magnetic spin Hall effect. By using
first-principles calculations, we find the above three spin Hall mechanisms do coexist in common ferromagnetic
metals. Particularly, for Pt-based ferromagnetic alloys, comparable conventional and magnetic spin Hall angles
have been predicted. In addition, we investigate the temperature dependence and scaling behavior of different
types of spin Hall conductivity by taking into account the lattice vibration and spin disorder scattering. Finally,
we argue that ferromagnetic metals with remarkable unconventional SHE may be efficient spin current sources
with out-of-plane spin polarization for spin-orbit torque-induced switching and spin terahertz emission. This
work provides a comprehensive understanding of the SHE in ferromagnetic metals and may pave the way for
promising applications in spin-to-charge conversion spintronics devices.

DOI: 10.1103/PhysRevB.109.224401

I. INTRODUCTION

In nonmagnetic materials, the conventional spin Hall effect
(CSHE) originates from the asymmetric deflection of elec-
trons with opposite spin in the presence of spin-orbit coupling
when charge flows [1]. A transverse spin current with the spin
polarization perpendicular to the plane of charge and spin
current will be generated by spin Hall effect (SHE), which
can be described as Js = θCSH(h̄/2e)Jc × Ŝ, where θCSH is
the conventional spin Hall angle, Jc is charge current density,
Ŝ is the spin-polarization direction, h̄ is the reduced Planck
constant, and e is the elementary charge. CSHE and inverse
CSHE in nonmagnetic heavy metals like Pt, Ta, W, and alloys
have been intensively studied for spin-to-charge conversion
in spintronics [2]. Especially, in “heavy-metal–ferromagnet”
bilayer, a charge current in heavy metal produces spin current
through CSHE mechanism and generates spin-orbit torque
(SOT) on adjacent ferromagnets (CSHE-SOT), leading to
magnetization switching [3–5]. The CSHE-SOT provides an
efficient writing scheme for the next-generation magnetic ran-
dom access memory [6]. However, the charge current, spin
current, and its spin polarization generated by CSHE must be
mutually orthogonal, which has largely impeded its efficiency.

Conventional spin Hall was first experimentally discov-
ered in ferromagnetic permalloy [7], which was found to be
magnetization independent. The spin current associated with
anomalous Hall effect [8] in ferromagnets was proposed later,
known as spin anomalous Hall effect (SAHE) [9]. Subse-
quent experiments have demonstrated that the spin current
generated by SAHE can also exert an SOT on ferromagnets
[10,11], and if sufficiently strong, it will be able to switch the
magnetization [12–15]. Recently, SAHE in ferromagnets Fe,
Co, Ni, and L10-(Fe, Co, Ni)Pt has been investigated by
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first-principles calculations [16,17]. Imposed by magnetic
point-group symmetry [18], there is a third type of SHE called
magnetic spin Hall effect (MSHE) in ferromagnetic metals
[19–21]. The MSHE was first experimentally observed in
noncollinear antiferromagnet Mn3Sn [22], and theoretically
investigated in Fe, Co, Ni [21].

The features of the spin current generated by different spin
Hall mechanisms in practical ferromagnetic metals still re-
main unclear and have been ignored in spin Hall experiments
for a long time. In this work, using first-principles calculations
we investigate the SHE in representative ferromagnetic alloys
including (Fe, Co, Ni)Pt, NiFe, and CoFe. We first clarify and
analyze the different SHE mechanisms in ferromagnetic met-
als. Then, the spin Hall conductivity and spin Hall angle are
evaluated based on the Kubo-Bastin linear response formal-
ism [23]. Our results indicate that the Pt-based ferromagnetic
alloys exhibit a significant conventional and magnetic spin
Hall effect, comparable to that of pure Pt. Furthermore, we
analyze the finite-temperature transport properties by consid-
ering phonon- and spin-disorder scattering, and derive the
scaling behavior of spin Hall conductivity. Finally, we discuss
the perspective applications of SHE in ferromagnetic metals
including the field-free switching of perpendicular magneti-
zation by SOT and spin terahertz (THz) emission.

II. THEORY METHODS

A. Calculation details

The first-principles calculations were performed by using
fully relativistic multiple scattering Korringa-Kohn-Rostoker
(KKR) Green’s function method [24,25]. The cutoff lmax = 3
was used for the angular momentum expansion of Green’s
function. For the self-consistent calculations the Vosko-Wilk-
Nussair parametrization was employed for the exchange-
correction potential in the local density approximation [26].
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The involved energy integration was performed on a semi-
circle in the complex plane by using 50 energy points and
45 × 45 × 45 k points in the Brillouin zone (BZ). Using these
self-consistent field potentials, the spin Hall conductivity was
calculated based on the Kubo-Bastin linear response formal-
ism [23]; approximately 107 k points in the BZ were found to
be sufficient for convergence of spin Hall conductivity. The
finite-temperature effects were treated within the so-called
alloy analogy model based on the coherent potential approxi-
mation theory [27–29].

In Cartesian coordinates, the linearly responsive spin cur-
rent propagates along the μ axis with spin polarization in the
ξ direction stimulated by electric field in the ν axis, and can
be expressed as

Jξ
μ=

∑
ν

Jξ
μν=

∑
ν

σ ξ
μνEν (μ, ν, ξ ∈ {x, y, z}). (1)

The spin Hall conductivity σ ξ
μν is a third-rank tensor and

can be evaluated from Green’s function based on Kubo-Bastin
formalism [23]. For alloy, we perform two separate calcu-
lations with and without vertex correction. The calculated
conductivity with vertex correction (VC) contains both intrin-
sic and extrinsic contribution, while the conductivity without
vertex correction (NVC) contains only intrinsic contribution.
Therefore, the intrinsic and extrinsic spin Hall conductivity
can be obtained by σ intr = σ NVC, and σ extr = σ VC − σ NVC.
Our calculations indicate the dominant intrinsic contributions
of SHE in ferromagnetic metals (see Appendix A) [23,30].
The spin current calculated in this work accounts only for the
conventional bulk component and neglects the spin torque that
is quadratic in spin-orbit coupling (SOC) strength and as a
higher-order correction to the spin Hall effect [31–33].

B. Symmetry analysis

The A1 phase of (Fe, Co, Ni)50Pt50 alloy in fcc crystal
structure belongs to the magnetic Laue group 4/mm′m′. The
direction of magnetic moment M has been set to be along the
x direction in our calculations. Thus, the symmetry-imposed
spin conductivity tensor can be written as [18]

σ x
μν =

⎛
⎝σ x

xx 0 0
0 σ x

yy σ x
yz

0 σ x
zy σ x

zz

⎞
⎠

σ y
μν =

⎛
⎝0 σ

y
xy σ

y
xz

σ
y
yx 0 0

σ
y
zx 0 0

⎞
⎠

σ z
μν =

⎛
⎝0 σ z

xy σ z
xz

σ z
yx 0 0

σ z
zx 0 0

⎞
⎠. (2)

The diagonal elements σ x
xx, σ

x
yy, and σ x

zz are trivial and
describe the spin-polarized longitudinal conductivity in fer-
romagnetic metals. The off-diagonal elements σ ξ

μν are spin
Hall conductivities and can be classified into three spin Hall
mechanisms, i.e., CSHE, MSHE, and SAHE.

By taking Fe50Pt50 as an example, the classification of spin
Hall conductivities and the schematic diagram of spin current
are shown in Table I. The elements of σ ξ

μν with Levi-Civita
symbol εμνξ �= 0 indicate the charge current, spin current,

and spin polarization are mutually orthogonal. Those elements
are even with respect to time-reversal operation (T-even), i.e.,
σ ξ

μν (M) = σ ξ
μν (−M). Among them, σ z

yx, σ
y
zx, σ z

xy, and σ
y
xz can

be exclusively attributed to CSHE contribution. Notably, σ z
yx

and σ z
xy are not identical in ferromagnetic metals due to the

lower symmetry in the presence of magnetic moment and
SOC.

The other two elements σ x
zy and σ x

yz contain contributions
from CSHE as well as SAHE since now the spin current
propagates along the m̂ × Jc direction. Thus, the element only
corresponding to SAHE, i.e., spin anomalous Hall conductiv-
ity (σSAH), can be obtained by

σSAH = σ z
yx(m̂||ẑ; CSHE + SAHE) − σ z

yx(m̂||x̂; CSHE)

= σ x
zy(m̂||x̂) − σ z

yx(m̂||x̂). (3)

The remaining four elements σ
y
xy, σ

y
yx, σ

z
xz, and σ z

zx can be
attributed to MSHE. They are odd respecting time-reversal
operation (T-odd), i.e., σ ξ

μν (M) = −σ ξ
μν (−M). It is worth

pointing out that for MSHE, the charge current, spin current,
and spin polarization are not mutually orthogonal. Instead,
two of them can be parallel to each other. As shown in
Table I, the spin current corresponding to σ z

zx(σ y
yx ) exhibits

the spin polarization parallel to the spin current propagation
direction, while the spin current corresponding to σ z

xz(σ y
xy) has

the spin polarization aligned with the direction of the charge
current. From this perspective, the spin current generated by
MSHE could break the restriction on spin polarization by
CSHE and SAHE mechanisms and extend its potential appli-
cations for emergent spin-to-charge conversion phenomena as
we will discuss later.

For ferromagnetic Fe50Pt50 alloy, the conventional spin
Hall and magnetic spin Hall conductivities have similar mag-
nitude, indicating the coexistence of dominant CSHE and
MSHE mechanisms in FePt alloy. Although the absolute value
of conventional spin Hall and magnetic spin Hall conductivity
for Fe50Pt50 is around a one-quarter of the spin Hall conduc-
tivity in Pt (4336 h̄/2e(� cm)−1 in our calculation), Fe50Pt50

has comparable spin Hall angle as Pt due to its relatively lower
longitudinal conductivity.

III. RESULTS AND DISCUSSION

A. SHE for different FM alloys

In order to obtain a universal understanding on SHE
in practical ferromagnetic metals, we calculate the spin
Hall conductivity and evaluate the spin Hall angle for
(Fe, Co, Ni)50Pt50, Ni80Fe20, and Co50Fe50 alloys. For each
alloy, the calculated longitudinal conductivity σxx and spin
Hall conductivities in comparison with typical nonmagnets,
antiferromagnets, and magnets can be found in Tables II and
III attached in Appendix B. Here, we use the representa-
tive elements σ z

yx and σ z
zx to denote the conventional (σCSH)

and magnetic spin Hall conductivities (σMSH); the defini-
tion of spin anomalous Hall conductivity (σSAH) has been
given above. Thus, the spin Hall angles for CSHE, SAHE,
and MSHE can be defined by the characteristic spin Hall
conductivity as θCSH = σCSH/σxx, θSAH = σSAH/σxx, θMSH =
σMSH/σxx and the results are shown in Fig. 1. It can be
seen that the conventional spin Hall angle θCSH for Fe50Pt50
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TABLE I. Classification of SHE in Fe50Pt50. The calculated spin Hall conductivities (unit: h̄/2e(� · cm)−1) for A1 phase Fe50Pt50 (the
conductivities in the parentheses can be obtained by symmetry operation) and the schematic diagram of spin current generated by CSHE,
SAHE, and MSHE, where the green and blue arrows indicate the directions of charge current Jc and magnetization M. The black and red
arrows represent the directions of spin current Js and the spin polarization S.

Direction
Classification of SHE Spin Hall conductivity relationship Schematic diagram

σ z
yx

( − σ y
zx

)
1195

Jc//M
S⊥Js⊥Jc

CSHE
(T-even)

σ z
xy

( − σ y
xz

) −1073
Jc⊥M

S⊥Js⊥Jc

SAHE+CSHE (T-even) σ x
zy

( − σ x
yz

)
1354

Jc⊥M
S⊥Js⊥Jc

σ z
zx

(
σ y

yx

)
788

Jc//M
S//Js⊥Jc

MSHE
(T-odd)

σ y
xy

(
σ z

xz

) −657
Jc⊥M

S//Jc⊥Js

(θFe50Pt50
CSH

= 0.065) and Co50Pt50 (θCo50Pt50
CSH

= 0.071) alloys are
comparable to that of Pt (θPt

CSH
= 0.08 ± 0.02 from experiment

[3]). In addition, the magnetic spin Hall angles θMSH for
Pt-based alloys are also sizable (θFe50Pt50

MSH
= 0.044, θCo50Pt50

MSH
=

FIG. 1. The spin Hall angles corresponding to CSHE (θCSH),
MSHE (θMSH), and SAHE (θSAH) for (Fe, Co, Ni)50Pt50, Ni80Fe20,
and Co50Fe50 alloys. The green column indicates the conventional
spin Hall angle for Pt as reference.

0.043, and θNi50Pt50
MSH

= −0.032), which are in the same order of
magnitude as θCSH. The relative magnitude of spin Hall angles
and the main spin Hall mechanism in ferromagnetic metals
depend on specific materials. For example, the leading spin
Hall mechanism in Fe50Pt50 and Co50Pt50 is CSHE, followed
by MSHE, and the SAHE is the smallest, while for Ni50Pt50

the relative values of spin Hall angle are θMSH > θCSH > θSAH.
Interestingly, the spin Hall angles in typical 3d ferromagnetic
metals are also pronounced. For Ni80Fe20, it has comparable
values of θCSH and θSAH but small θMSH, while for Co50Fe50

the θMSH is the largest.

B. Alloy composition dependence on SHE

The relative strength of SHE can also be optimized by
varying the composition of ferromagnetic alloy. Figure 2(a)
shows the spin Hall angles as a function of Fe composition
in FePt alloy. One can find the conventional spin Hall an-
gle decreases monotonically by around a factor of 8 with
increasing Fe concentration. Similar behavior also appears
in spin anomalous Hall angle but with less decreasing ten-
dency. In contrast, the magnetic spin Hall angle does not show
significant change ranging between 0.03 to 0.045 with in-
creasing Fe concentration in FePt alloy.

With the Fe concentration increasing in FePt alloy, various
spin Hall related electronic structure properties change, such
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FIG. 2. (a) The conventional, spin anomalous, and magnetic spin Hall angles and (b) The spin Hall and longitudinal conductivity as a
function of Fe composition in FexPt100−x alloys. The conductivity refers to the right axis. (c) The Bloch spectra of FePt alloy with increasing
Fe composition.

as band-energy broadening, spin-orbit coupling strength, etc.
Before analyzing the composition dependence of spin Hall
effect in FePt alloy, we first adopt magnetic Rashba models
to derive analytical expressions on spin Hall conductivity
and try to understand the general features of various spin
Hall mechanisms in magnetic systems (see Appendix C). In
Rashba models, the conventional and spin anomalous Hall
conductivity can be calculated in the clean limit, i.e., the band-
energy broadening h̄� → 0, which turns into the summation
of spin Berry curvature in the Brillouin zone. Therefore, both
the conventional and spin anomalous Hall conductivity show
no explicit dependence on �. In contrast, to evaluate magnetic
spin Hall conductivity and longitudinal conductivity, a con-
stant energy broadening h̄� must be taken into account, and
both of them are inversely proportional to �. We now try to
qualitatively understand the different dependency of spin Hall
effect on FePt alloy composition. As one can see in Fig. 2(c),
when the Fe composition increases, generally the band-energy
broadening around Fermi energy decreases, which leads to the
increase of σMSH and σxx as shown in Fig. 2(b). Meanwhile,
the magnetic spin Hall angle does not show obvious depen-
dence on alloy composition as shown in Fig. 2(a). On the other
hand, conventional and spin anomalous Hall conductivity are
more susceptible to the SOC strength (see Appendix D for
the dependence of various spin Hall effect on SOC strength).
Thus, with larger Fe composition in FePt alloy, it results in
weaker average SOC strength and the decreasing of σCSH and
σSAH as shown in Fig. 2(b).

C. Temperature dependence and scaling behavior of SHE

To further have an in-depth understanding on SHE in
ferromagnetic metals, we separately consider two dominat-

ing scattering mechanisms at finite temperatures, namely
magnetization-independent lattice vibration (phonon) scatter-
ing and magnetization-dependent spin disorder scattering. We
calculate the spin Hall conductivity of Fe50Pt50 alloy in the
presence of the above two scattering mechanisms by em-
ploying the alloy analogy model [34]. Figure 3(a) shows the
calculated longitudinal electrical resistivity ρxx of Fe50Pt50 as
a function of temperature, where ρph and ρmag are the resis-
tivity corresponding to phonon and spin disorder scattering,
respectively. Similar to common ferromagnetic metals, ρph of
Fe50Pt50 is linearly proportional to temperature (T) when T is
larger than its Debye temperature (325 K). ρmag can be well
described as ρmag = ρpara{1 − [M(T )/M0]2}, and approaches
to constant paramagnetic resistivity ρpara above Curie temper-
ature Tc.

The temperature-dependent spin Hall conductivity of
Fe50Pt50 is shown in Fig. 3(b). When only phonon scattering
is considered, all three types of spin Hall conductivities show
linear dependence on temperature. However, in the presence
of spin disorder scattering, the conventional spin Hall con-
ductivity first decreases with increasing temperature and then
remains constant when T is above Tc. In contrast, both mag-
netic and spin anomalous conductivity vanish when Fe50Pt50

alloy becomes paramagnetic (T > Tc), which confirms that
the presence of magnetic order is necessary to have nonzero
magnetic and spin anomalous conductivity.

We then discuss the scaling behavior of spin Hall con-
ductivity with longitudinal conductivity σxx. As shown in
Fig. 3(c), in the conductivity range of phonon scattering, the
spin Hall conductivities can be linearly scaled as σSH∼aσxx +
b, with different a and b parameters for CSHE, MSHE, and
SAHE. It is also worth noting that in this conductivity range,
the spin Hall conductivities fall into the same curve regard-
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FIG. 3. (a) The temperature dependence of electrical resistivity and (b) spin Hall conductivity for Fe50Pt50 alloy. The inset in (a) shows
the experimental M(T) curve we adopted in the spin disorder scattering calculations. The terms with superscript “mag” and “ph” represent
the quantities corresponding to spin disorder and lattice vibration, respectively. (c) The calculated spin Hall conductivity as a function of
longitudinal conductivity σxx , where the black dashed line indicates the linear fit with σSH∼aσxx + b. (d) The calculated σ

mag
MSH and the fitting

curve.

less of phonon- or spin disorder scattering, which suggests
that temperature-dependent magnetization does not have sig-
nificant impact on spin Hall conductivity in this region. In
the lower-conductivity region which can only be reached by
considering spin disorder scattering, the spin Hall conductiv-
ities deviate from linear dependence on σxx. For instance, the
conventional spin Hall conductivity now has quadratic term
on σxx, while the magnetic and spin anomalous Hall con-
ductivities are also dependent on magnetization M(T )/M0.
Especially as shown in Fig. 3(d), the magnetic spin Hall
conductivity is found to be proportional to the magnetization
M(T) and can be scaled by σ

mag
MSH∼M(T )/M0(aσxx + b), where

a and b are the linearly fitting parameters from the above
phonon-scattering conductivity region.

D. Practical application of multi-SHE

Finally, we focus on the practical application of the co-
existing multi-SHE mechanisms in ferromagnetic metals. As
shown in Fig. 4(a), if the electric current is applied along the
x direction in (001)-oriented FePt film and the magnetization
M can rotate in xy plane by magnetic field, when the magne-
tization is set to be perpendicular to the charge current Jc, the
spin current Js along the z axis will be produced by CSHE
and SAHE with spin-polarization S only having y component.

FIG. 4. (a) Illustrations of ferromagnetic metals being used as
spin current source for SOT switching. The directions of charge cur-
rent, the magnetization, and spin current have been marked with blue,
green, and black arrows, respectively. The spin-polarization S of the
spin current has been shown in red arrow. (Left) The magnetization
M is perpendicular to Jc. (Right) The magnetization M is parallel to
Jc. (b) Schematic of THz emission in FM/NM structure (Left) and
single FM layer (Right) with synergetic spin Hall mechanisms.
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In contrast, when the magnetization is set to be parallel to the
charge current Jc, the spin current Js with spin-polarization
S have both y and z components originating from CSHE
and MSHE mechanism, respectively. Importantly, the spin-
polarization component Sz is desirable for field-free switching
of perpendicularly magnetized free layer by SHE-SOT mech-
anism [5], which cannot be acquired in nonmagnetic heavy
metals Pt, Ta, etc. Depending on the direction of in-plane

magnetization direction m̂, the spin-polarization
⇀

S of the spin
current propagates along the z axis and can be described
as

⇀

S = θCSHŷ + θSAH(m̂ · ŷ)m̂ + θMSH(m̂ · x̂)ẑ (4)

A recent experiment indeed demonstrates the efficient
field-free switching of perpendicular magnetization by taking
advantage of the multiple spin polarization of spin current
generated by SHE in ferromagnetic metals [35]. There is also
experiment confirming that the ferromagnet can generate spin
current with spin polarization noncollinear to its magneti-
zation and the transverse spin component can be protected
from dephasing [36]. In addition, as shown in Fig. 4(b), the
spin terahertz (THz) emission has been widely studied in
ferromagnet/nonmagnet bilayers, in which the spin current
generated in ferromagnet will be converted to THz charge
current in nonmagnetic heavy-metal layer via the inverse
spin Hall effect [37–39]. Due to the elimination of inter-
facial backflow as in bilayer, the spin-to-charge conversion
and the spin THz emission in ferromagnetic single layer like
FePt alloy with prominent spin Hall effect will be greatly
enhanced (see Appendix E for spin THz emission in single
ferromagnetic layer). On the other hand, in ferromagnetic
single layer it allows for spin-to-charge conversion via syner-
getic spin Hall mechanisms, which will further enhance THz
emission.

IV. CONCLUSION

In summary, we have investigated all types of spin Hall
effect which coexisted in ferromagnetic metals and classified
them into CSHE, MSHE, and SAHE. By using first-principles
calculation, we explicitly evaluated the spin Hall conductivity
and spin Hall angle corresponding to the three types of SHE
for practical ferromagnetic alloys. The calculations unveiled
the large conventional and magnetic spin Hall angle ap-
peared in Pt-based alloys, comparable to that of nonmagnetic
heavy metals. The presence of remarkable unconventional
SHE in ferromagnetic metal makes them an efficient spin
current source with out-of-plane spin polarization for SOT-
induced switching and spin THz emission. Furthermore, we
have investigated the finite-temperature transport properties
by considering phonon- and spin disorder scattering, and
derived the scaling behavior of SHE. Our results provide a
comprehensive understanding and highlight the significance

FIG. 5. The spin Hall conductivity for the FexPt100-x (20 < x <

80) alloys. The red, blue, and black lines are corresponding to con-
ventional, magnetic, and spin anomalous Hall conductivities. The
hollow circle represents the intrinsic contribution, and solid circle
indicates the total contributions including both intrinsic and extrinsic
contributions.

of the SHE in ferromagnetic metals, which may promote the
future research progress on ferromagnet-based spin-to-charge
conversion in spintronics.
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APPENDIX A: THE INTRINSIC AND EXTRINSIC SPIN
HALL CONDUCTIVITY FOR FexPt100-x ALLOY

To further analyze the intrinsic and extrinsic contributions,
we perform two separate calculations with and without vertex
correction. The calculated conductivity with vertex correction
(VC) contains both intrinsic and extrinsic contribution, i.e.,
σtotal, while the conductivity without vertex correction (NVC)
contains only intrinsic contribution, i.e., σintr.. As shown in
Fig. 5, our calculations indicate the dominant intrinsic contri-
butions of SHE in ferromagnetic metals (See Fig. 5).

APPENDIX B: THE SPIN HALL CONDUCTIVITY AND
LONGITUDINAL CONDUCTIVITY σxx FOR FM ALLOYS

For each alloy, the calculated longitudinal conductivity σxx

and spin Hall conductivities are listed in Table II. And the spin
Hall conductivities in comparison with typical nonmagnets,
antiferromagnets, and magnets are shown in Table III, one
can notice that the significant magnetic spin Hall conductivity
exists in A1 FePt alloy, which will make it as an efficient spin
current source with out-of-plane spin polarization.
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TABLE II. The calculated spin Hall conductivity components (unit: h̄/2e(� · cm)−1) and the longitudinal conductivity σxx (unit:
(� · cm)−1), the available calculated and experimental values are also listed for reference) of (Fe, Co, Ni)50Pt50, Ni80Fe20, and Co50Fe50

alloys.

σ ξ
μν Fe50Pt50 Co50Pt50 Ni50Pt50 Ni80Fe20 Co50Fe50

CSHE σ z
yx (−σ y

zx ) 1195 2039 2315 12446 1802
(T-even) σ z

xy(−σ y
xz ) −1 073 −1897 −566 −12682 −2139

SAHE+SHE σ x
zy(−σ x

yz ) 1354 1993 2755 989 260
(T-even)
MSHE σ z

zx (σ y
yx ) 788 1222 −4513 1904 3720

(T-odd) σ y
xy(σ z

xz ) −657 −932 4277 −5106 −4221
Longitudinal σxx 18452 28675 139375 421537 302776
conductivity σ ref

xx 13513 [40] 34482 [41] 452488 [43]
18867 [40] 23557 [42] 238095 [44]

TABLE III. The spin Hall conductivities (unit: h̄/2e(� · cm)−1) for other materials.

Materials σCSH σMSH σSAH

Nonmagnets
Pt 4324 [23] 0 0
W 2540 [45] 0 0
Ta 631 [46] 0 0
Antiferromagnets
Mn2Au 541.16 [47] 0.04 [47]
Ferromagnets
Fe 241.52 [47] 5.74 [47] −838 [16]
L10 FePt 324 [17] 564 [17]
A1 FePt 1195 788 159
(this work)

APPENDIX C: MAGNETIC RASHBA MODEL

The spin Hall conductivity can also be evaluated from the
eigenstates of a system by decomposing spin Hall conductiv-
ity into T-even and T-odd contributions as follows [48]:

σ ξ,even
μν = − h̄

V

∑
n,m,k

( fmk − fnk )
Im

(〈n|Ĵξ

k,μ
|m〉〈m|Ĵk,ν |n〉)

(εnk − εmk )2 + (h̄�)2 ,

(C1a)

σ ξ,odd
μν = h̄2�

V

∑
n,m,k

fmk − fnk

εnk − εmk

Re
(〈n|Ĵξ

k,μ
|m〉〈m|Ĵk,ν |n〉)

(εnk − εmk )2 + (h̄�)2 ,

(C1b)

where fnk = 1
1+eβ(εnk −εF ) is the Fermi-Dirac distribution, Ĵk,ν =

−ev̂k,ν = −eh̄−1 ∂Hk
∂kν

, and Ĵξ

k,μ
represents the electric- and spin

current operators, respectively. v̂k,μ is the velocity operator
and h̄� is an artificial energy broadening by taking into ac-
count the electron scattering and finite lifetime.

The T-even and T-odd spin Hall conductivity can be fur-
ther decomposed into intraband (m = n) and interband (m�n)
contributions. The T-even spin Hall conductivity σ ξ,even

μν , such
as conventional and spin anomalous Hall conductivity for

ferromagnets, only has interband contribution. And, in the
clean limit � → 0, it can be calculated by spin Berry curva-
ture as follows:

σ ξ,even(inter)
μν = eh̄

V

∑
n �=m,k

( fmk − fnk )
Im

(〈n|Ĵξ

k,μ
|m〉〈m|v̂k,ν |n〉)

(εnk − εmk )2 .

(C2)
The T-odd spin Hall conductivity σ ξ,odd

μν , i.e., magnetic spin
Hall conductivity for ferromagnets, in the almost clean limit,
is mainly contributed by the intraband (m = n) transition [20]:

σ ξ,odd(intra)
μν = −e

�V

∑
n,k

〈n|Ĵξ

k,μ
|n〉〈n|v̂k,ν |n〉

(
−∂ fnk

∂ε

)
(C3)

It is worth noting that T-odd spin Hall conductivity σ ξ,odd
μν is

proportional to 1/� and will diverge in the clean limit � → 0.
As shown in Fig. 6, we employ Rashba models that are

applicable for systems without inversion symmetry to have
an intuitive understanding on the general features of various
spin Hall mechanisms in magnetic systems. The case 1 is the
standard Rashba model without magnetization [49]

H0 = h̄2

2m
k2 + α(kyσx − kxσy) (C4)
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FIG. 6. The schematic diagrams of spin Hall effect for Rashba
models. The directions of charge current Jc, the magnetization M,
and spin current Js have been marked in blue, green, and black
arrows, respectively. The spin polarization σ of the spin current has
been shown in red.

where m is the electron effective mass, α is the Rashba param-
eter, and σx,y are the Pauli matrices. In this case, there is only
conventional spin Hall effect. The spin Hall conductivity can
be calculated based on Eq. (C2):

σ z
yx = eh̄2

16πmα
(k−

F − k+
F ) = e

8π
(C5)

where k+
F and k−

F indicate the Fermi wave vector for two
branches.

Case 2 as shown in Fig. 6(b) is the magnetic Rashba
model with out-of-plane magnetization, which may be re-
alized at “nonmagnetic metal/ferromagnetic insulator with
out-of-plane magnetization” interface:

H0 = h̄2

2m
k2 + α(kyσx − kxσy) − Jσz (C6)

where J represents the proximity magnetic exchange energy.
In this case, there is conventional spin Hall as well as spin
anomalous Hall effect. The eigenstates of the above out-of-
plane magnetic Rashba model are

ε±
k = h̄2

2m
k2 ±

√
J2 + (αk)2 (C7)

|ψ+
k 〉 =

(
i sin θ

2

eiφ cos θ
2

)
, |ψ−

k 〉 =
(

−i cos θ
2

eiφ sin θ
2

)
, (C8)

where cos θ = J/
√

J2 + (αk)2, kx = k cos φ, and ky =
k sin φ.

According to Eq. (C2), the spin Hall conductivity can be
calculated as

σ z
yx = eh̄

V

∑
n �=m,k

( fmk − fnk )
Im

(〈n|Ĵ z
s,y|m〉〈m|v̂x|n〉)

(εnk − εmk )2

= 2eh̄

(2π )2

∫ k−
F

k+
F

kdk
∫ 2π

0
dφ

× Im
− h̄2

2m sin θky × (−i α
h̄ sin φ − α

h̄ cos φ cos θ )

4(J2 + α2k2)

= eh̄2

16πmα2

(√
J2 + α2k2 + J2

√
J2 + α2k2

)∣∣∣∣
k−

F

k+
F

(C9)

where k+
F and k−

F indicate the Fermi wave vector for two
branches. One can clearly observe that the spin Hall conduc-
tivity is a function of J2, which is T-even as expected.

FIG. 7. The conventional (red), magnetic (blue), and spin anoma-
lous Hall conductivity (black) as a function of the SOC strength ξ/ξ0.
The result at nonrelativistic limit is shown on the left (ξ/ξ0 → 0)
in (b).

Case 3 as shown in Fig. 6(c) is the magnetic Rashba
model with in-plane magnetization, which may be realized
at “nonmagnetic metal/ferromagnetic insulator with in-plane
magnetization” interface:

H0 = h̄2

2m
k2 + α(kyσx − kxσy) − Jσx (C10)

In this case, there is conventional spin Hall as well as mag-
netic spin Hall effect. When the electric current is along the x
direction, the transverse spin current generated by MSHE will
flow along the y direction with σy spin polarization.

The eigenstates of the above Hamiltonian are

ε±
k = h̄2

2m
k2 ±

√
J2 + (αk)2 − 2Jαky, (C11)

|ψ+
k 〉 = 1√

2

(√
(J2−2Jkyα+k2α2 )

(J+iαkeiφ )
1

)
. (C12)

The corresponding magnetic spin Hall conductivity σ
y
yx can

be calculated based on Eq. (C2) as

σ y
yx = −e

�V

∑
n,k

〈n|Jy
s,y|n〉〈n|vx|n〉

(
−∂ fnk

∂ε

)

= e

4�π2

∑
δ=±

kδ
F

∫ 2π

0

×
[

h̄
(
αkδ

F

)3
cos2φ sin φ

2m
[
J2 + (

kδ
F

)2
α2 − 2J

(
αkδ

F

)
sin φ

]
− Jh̄3k2

x k2
y α

2

2m2(J2 + k2α2)3/2

]
dφ

≈ eh̄

32πm�

∑
δ=±

[
J
(
kδ

F

) + α4
(
kδ

F

)5

J3

− h̄2Jα2
(
kδ

F

)5

m
[
J2 + (

αkδ
F

)2]3/2

]
. (C13)

In order to obtain the above analytical expression of σ
y
yx, we

assume J � k and ignore Jαky in the energy-band dispersion.
One can observe that the magnetic spin Hall conductivity is a
function of J and J3, which is T-odd as expected. Meanwhile,
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the corresponding longitudinal electric conductivity can be
calculated as

σxx = e2

�

∑
n,k

〈n|vx|n〉〈n|vx|n〉

= 4e2π

�

∑
δ=±

(
kδ

F

)3

[
h̄2

m2
+ α4

h̄2
[
J2 + (

αkδ
F

)2]
]
. (C14)

It can be seen that both σ
y
yx and σxx are proportional to 1/�;

in consequence, the magnetic spin Hall angle θMSH = σ
y
yx/σxx

will not depend on �.

APPENDIX D: THE DEPENDENCE OF SPIN HALL
EFFECT ON SPIN-ORBIT COUPLING

Figure 7 shows the spin Hall conductivities as a function of
SOC strength (ξ/ξ0). One can see that all three types of spin
Hall conductivities are proportional to the SOC strength, and
vanish at the limit ξ/ξ0 → 0.

APPENDIX E: THE SPIN THZ EMISSION
IN SINGLE-LAYER FERROMAGNET

Similar to the model of ferromagnet/nonmagnet bilayers
[38,50], the emitted THz electric field in a single-layer ferro-
magnet can be described as

ETHz = Pabs

dFM
λFM tanh

(
dFM

2λFM

)
θ

1

nair + nsub + Z0(σFMdFM)
,

(E1)

where Pabs indicates pump-pulse absorbency, dFM is the thick-
ness of FM layer, and λFM is relaxation length, which depends
on materials and frequency. θ represents the total spin Hall
angle originating from multiple spin Hall mechanisms. nair

and nsub are the refractive indices in air and substrate, Z0 is the
impedance of vacuum, and σFM is the electrical conductivity.
The first term indicates absorption of the optical pump pulse,
the second term denotes spin diffusion in FM layer, and the
third term represents spin-to-charge conversion, as well as the
last term, which shows that the charge current acts as a source
of a THz electromagnetic pulse. From the above equation, one
can find that the efficiency of the THz emitter is proportional
to spin Hall angle.
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