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We consider a quantum many-body lattice system that is coupled to ancillary degrees of freedom (“detectors”),
which are periodically measured by means of strong projective measurements. The concentration ρa of ancillae
and their coupling M to the main system are considered as parameters. We explore the dynamics of density and
of entanglement entropy in the chain, for various values of ρa and M for two models of the detector-chain
interaction that couple the local density in the chain to a detector degree of freedom. It is found that, for
the density-density (Szsz-type in spin language) coupling, the critical values Mc for the measurement-induced
entanglement transition depends sensitively on ρa. Moreover, our results indicate that for a sufficiently small
ρa the transition in this model disappears; i.e., a finite density of detectors is needed to reach a disentangling
phase. The behavior is qualitatively different for the second model, with density-hopping (Szsx-type) coupling.
Specifically, the dynamics is much less sensitive to the concentration ρa of detectors than in the first model.
Furthermore, the dependence of entanglement on the coupling strength M is strongly nonmonotonic, indicating
reentrance of the entangling phase at large M.
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I. INTRODUCTION

The dynamics of monitored open quantum systems [1,2]
has been of interest since the early days of quantum me-
chanics. Indeed, the Born rule providing a probabilistic
interpretation of the wave function assumes that the system of
interest is interacting with some external “observer” [3,4] that
can induce wave-function collapse. Recently, a renewed surge
of interest in the topic has emerged because of the relevance
of the problem of quantum information processing [5]. In this
context, one aims at detailed understanding of the effect of
external monitoring (measurements) on the otherwise unitary
dynamics of a quantum many-body system. This effect gener-
ically depends on the type and strength of interaction between
the system and its environment (measurement apparatus).

A key prediction in this field is the existence of a dynam-
ical phase transition in monitored quantum systems. In the
absence of measurements, a generic (highly excited) state in
an interacting many-body system would become highly en-
tangled, with volume-law scaling of the entanglement entropy
[6]. This behavior is closely related to the eigenstate thermal-
ization hypothesis [7,8]. The transition is driven by the rate
and strength of measurements, with sufficiently strong and
frequent measurements driving the system to a disentangled
state. Hence, this type of phase transitions has been dubbed
a measurement-induced entanglement transition, which has
been theoretically studied in various settings [9–84]. Exper-
imental studies of the measurement-induced entanglement
transition have been undertaken in superconducting qubit
[85,86] and trapped-ion [87,88] architectures.

It is understood that the volume-law behavior shows up
only in the presence of interparticle interaction. At the same

time, numerical modeling of interacting many-body systems
is very costly from the point of view of computational re-
sources. For this reason, most of the previous numerical
works on measurement-induced transition in interacting sys-
tems were carried out for special models that are particularly
convenient for exact simulations of quantum dynamics. Only
a few works have addressed measurement-induced transitions
in interacting models described by “conventional” time-
independent Hamiltonians. Hence, only little is known about
sensitivity of the transition in such systems to the specifics of
the measurement protocol. These include implementation of
measurements (e.g., projective or generalized ancilla-based,
continuous or stroboscopic), type and strength of coupling
between the system and ancillae, and concentration of the
detectors.

In a previous work [67], we have started to address
this problem by considering an interacting chain, with ev-
ery site coupled to an ancillary degree of freedom (the
concentration of two-level detectors ρa = 1). To overcome
very stringent system-size limitations in exact simulations
of quantum dynamics, we have applied the matrix-product-
state (MPS) approach to the measurement-transition problem.
The results exhibited clear signatures of a transition between
area-law and volume-law phases, driven by strength M of the
system-ancilla coupling. This coupling was chosen to be of
density-density type (i.e., of Szsz type in the spin language),
and the ancillae were projectively measured in the sz basis.
Interestingly, it was also found in Ref. [67] that, even if only
one or two ancillae of this type are coupled to the system
(close to the bipartition cut), the entanglement increase after
a quench gets strongly suppressed by the measurements at a
strength M close to the critical Mc for the transition at ρa = 1.
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This poses a question about the dependence of Mc on the
concentration of detectors ρa.

One can note a certain similarity between ρa and the
probability p of measurement in models with random loca-
tions and times of measurements such as random quantum
circuits where the entanglement transition driven by p was
originally studied [9–11]. However, there is a clear dif-
ference between these two situations: in the first one, the
positions of measurements are fixed, while in the second
one, they change randomly in time. In particular, the im-
portance of this difference manifests in the case of special
one-dimensional (1D) circuit models that can be mapped to
percolation [10,14,47,48]: while in the random case, there is
a two-dimensional (2D) percolation transition, fixed positions
of detectors “cut” the system, implying an area law for the
entanglement.

Another important question concerns the dependence of
the entanglement dynamics on the measurement operator (in-
cluding the ancilla Hamiltonian in the case in which the
measurement is implemented with the help of an ancilla).
Specifically, one can choose different monitored observables
in the system and also different ancilla degrees of freedom
involved in the coupling to the system (for a fixed projection
basis of the ancilla). It is a priori unclear how this choice
would influence the measurement-induced transition.

In this paper, we investigate the sensitivity of the en-
tanglement dynamics in an interacting chain subjected to
ancilla-based measurements (Fig. 1) with respect to the con-
centration ρa of detectors and to the type of measurement.
We use a numerical approach involving the MPS formalism
to study sufficiently large systems. Starting with the model
introduced in Ref. [67] with the density-density coupling at
ρa = 1 (this was the only case of finite ancilla density ad-
dressed in Ref. [67]) as a reference point, we first decrease
ρa in this setup to ρa = 1/2 and ρa = 1/4. Next, we modify
the model by replacing the density-density coupling with the
density-hopping one, where the occupation of the chain site
affects the hopping in the ancilla. In the latter setup, we also
consider ancilla concentrations ρa = 1, 1/2, and 1/4. For both
models and for each value of ρa, we scan over a broad range of
the coupling strength M. This allows us to construct qualita-
tive phase diagrams of entanglement entropy in the parameter
planes ρa, M for both models.

II. MODEL

We consider a lattice system of hard-core bosons that con-
sists of a main chain coupled to ancillary qubits. The choice
of the model is motivated by the fact that the hard-core boson
chain is equivalent to a spin-1/2 chain and, hence, to a chain
of qubits. Further, this model is simpler than the model of
interacting spinful fermions. At the same time, it is directly
applicable to experimentally studied chains of cold atoms.

The main chain is defined by the Hamiltonian

Hs =
L−1∑
i=1

[
−J

2
(b†

i bi+1 + H.c.) + Un̂in̂i+1

]
, (1)

where L is the chain length, b†
i creates a hard-core boson on

lattice site i, n̂i ≡ b†
i bi is the density, J is a hopping parameter,

FIG. 1. Schematic depiction of the setup (shown here for system
size L = 8 and the ancilla concentration ρa = 1/2). The main chain
(cyan symbols) is characterized by Hamiltonian (1) with hopping
J and nearest-neighbor interaction U . Detectors (two-level ancillae,
each represented by a pair of red and blue sites) are coupled pe-
riodically to the main chain (the system-ancilla coupling indicated
by green dashed lines). Projective measurements are performed on
the red ancillary site at regular intervals �T . At the beginning
of the protocol, the chain is initialized in the ground state of its
Hamiltonian, while each ancilla is initialized in the state with its red
site occupied and the blue site empty. We consider the two models
of detectors: model (i) with density-density (Szsz-type) coupling,
Eqs. (3) and (4) (top panel), and model (ii) with density-hopping
(Szsx-type) coupling, Eq. (5) (bottom panel). The bipartite entropy of
entanglement is computed with respect to the division in the middle
of the chain (as indicated by the thick green line). In the numerical
implementation of the model, the main chain and ancillary pairs are
mapped onto a single 1D chain, with the ancilla sites folded to the
right of the corresponding monitored site. The sequence of colors in
the resulting chain for the example with ρa = 1/2 is as follows (from
left to right): cyan, red, white, cyan, cyan, red, white, and so on.

and U is the nearest-neighbor interaction strength. Below we
set J = 1 to fix the energy units. The measurement procedure
is implemented by performing projective density measure-
ments on the ancillary sites coupled to the main system, as
schematically depicted in Fig. 1. We consider two different
types of coupling of the ancillae to the main system.

The first measurement protocol [model (i)] involves a
density-density interaction between the system and the ancil-
lae, with the total Hamiltonian given by

H = Hs +
∑

j

′[
H( j)

a + H( j)
sa

]
, (2)

where the sum goes over sites coupled to ancillae, where

H( j)
a = − 1

2 (a†
j,1a j,2 + a†

j,2a j,1) model (i) (3)

is the own ancilla Hamiltonian (with the hopping parameter
equal to that in the main chain), and

H( j)
sa = −Mn̂ja

†
j,1a j,1 model (i) (4)

describes the system-ancilla coupling. Here aj,1, a j,2 are anni-
hilation operators of a hard-core boson in the ancillary pair.

For the second measurement protocol [model (ii)], the
Hamiltonian has the same form (2), where now H( j)

a = 0 and
H( j)

sa describes a density-hopping coupling:

H( j)
sa = −M

2
n̂ j (a

†
j,1a j,2 + a†

j,2a j,1), model (ii). (5)
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In this setup, the hopping between the ancilla sites is mediated
by the coupling to the density on the main chain: the ancilla
sites are connected only when the corresponding system site
is occupied. This also means that the ancillae are effectively
frozen in the limit of zero coupling M → 0.

For both models, a projective Born-rule measurement of
the density a†

j,1a j,1 on ancilla sites 1 is performed at regular
intervals �T . When the model (1) is represented in terms of
spin-1/2 operators Si, one can view the coupling (4) in setup
(i) as Szsz coupling, and the coupling (5) in setup (ii) as Szsx

coupling, where s refers to the ancilla and sx corresponds to
hopping between the ancilla sites.

We consider the ancilla concentrations ρa = 1, 1/2, and
1/4, where ρa is equal to the number of ancilla pairs divided
by the length L of the main chain. The number of ancillae
therefore scales extensively with L, and the total number of
lattice sites is Ltot = (1 + 2ρa)L. We choose L divisible by 4
and attach the ancillae starting from the first site; see Fig. 1.

The final ingredient of the protocol is absence of reset-
ting of the ancillae after measurements [89]. This induces
feedback loops, with the measurement of the ancilla affect-
ing the dynamics in the main system, which in turn affects
consecutive measurement results, and so on. When the mea-
surement frequency and the ancilla Rabi oscillation frequency
are commensurate, this leads to very long-lived correlations
between measurements, that can significantly affect the dy-
namics of the system. In Ref. [67], this was observed for
setups with one and two detectors (with density-density cou-
pling) and dubbed the quantum-Zeno-valve effect (QZVE).
For ρa = 1, this effect was smeared out. Here we will in-
vestigate whether this effect shows up in the entanglement
dynamics for smaller ρa and also for an alternative [model (ii)]
coupling [90].

The dynamics is computed using the time-dependent vari-
ational principle (TDVP) [91], with a procedure similar to the
one used in Ref. [67]. The whole setup (main chain and an-
cillary pairs) is mapped onto a 1D chain using matrix product
operators, where the ancillae are “folded” into the chain on
consecutive sites, and the main chain sites are then coupled
through next-next-nearest neighbor terms. The numerical ap-
proach is based on MPS [92,93], a type of tensor network
wherein we consider a variational subspace of the whole
Hilbert space of the system. The particle-number conservation
is automatically respected within this approach; we further
constrain the Hilbert space to the subspace with a fixed total
particle number [94], which greatly accelerates computations.
The total Hilbert space of the model scales as ∝ 2Ltot ; in
the MPS approximation, we consider only a subspace with
polynomial complexity, controlled by a numerical parameter
χ called the bond dimension. The lower computational com-
plexity of the cases ρa = 1/2 and 1/4 allows us to consider a
larger size of the main chain (L = 40) than in Ref. [67].

III. RESULTS

A. Observables

We focus on the following observables. To quantify entan-
glement, we compute the von Neumann bipartite entropy of
entanglement S(t ), where the bipartition is taken in the middle

of the main system as indicated in Fig. 1,

S(t ) = −Tr(ρA ln ρA), ρA = TrBρ. (6)

Here ρ is the density matrix of the whole system (includ-
ing the detectors), and ρA is the reduced density matrix
corresponding to a part A of a bipartition in parts A and B. Fur-
thermore, we track the dynamics of the density ni(t ) ≡ 〈n̂i〉(t )
at every site in the system (where 〈. . .〉 denotes the averaging
over a quantum state), as a function of time t . From this,
we can also compute the probability density function P(n; t ),
which quantifies the fluctuations of the density throughout the
system.

For each choice of parameters ρa and M, we numerically
compute an ensemble (typically ∼40, in some cases up to
200) of quantum trajectories with the measurement interval
�T = 2. In what follows, we use the MPS bond dimension
χ = 128, which establishes an upper cutoff for the entangle-
ment entropy S = ln 128 	 4.85.

B. Setup (i): Density-density coupling

We first consider model (i) with the density-density inter-
action, as defined in Sec. II. We start with the case where
there is an ancilla pair at every site, ρa = 1, as in Ref. [67].
(Note that our definition of the system-ancilla coupling is
different by the sign from that in Ref. [67]. This, however,
does not lead to any essential difference in the results.) For
ρa = 1, the data provide evidence for a measurement-induced
entanglement transition at Mc ≈ 5; see Ref. [67]. Specifically,
M > Mc leads to disentangling behavior, with S(t ) saturating
at a relatively small value, smaller than S(t = 0) and way
smaller than the cutoff set by the MPS bond dimension χ .
On the other hand, for M < Mc, the entanglement entropy
S(t ) grows with time, providing an indication of the volume
law. For sufficiently large systems and moderate times, the
volume-law phase manifests itself in the linear growth of S(t )
with time until it approaches the saturation cutoff set by the
bond dimension χ .

We now proceed by analyzing the effect of reduction of the
ancilla concentration ρa. In Fig. 2, we show the entanglement
entropy S(t ) averaged over quantum trajectories for ρa = 1/2
and ρa = 1/4. First of all, the average entropy is higher for
smaller ρa, so that having fewer ancillae disentangles less, as
may be expected. From this, we can infer that the transition,
if any, will be at a larger value of M.

For ρa = 1/2, the behavior of entanglement is qualitatively
similar to that for ρa = 1: the entangling behavior for small
M and disentangling behavior at large M are clearly visible.
This provides an indication of the entanglement transition at
Mc ≈ 7–8 (see also the phase diagram in Sec. III D below
and plots in the Supplemental Material [95]). Importantly,
this value of Mc is significantly larger than the critical value
Mc ≈ 5 observed for ρa = 1. Thus, Mc in model (i) strongly
depends on the ancilla concentration ρa.

To further explore the evolution of entanglement with de-
creasing ρa, we show in the right panel of Fig. 2 S(t ) for
ρa = 1/4. We observe a drastic change in its behavior: all
curves show that S(t ) increases with time, even for such a
large coupling as M = 20. Although for large values of M the
growth is relatively slow (and we cannot exclude saturation at
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FIG. 2. Average entanglement entropy S(t ) for model (i) at various values of the system-ancilla density-density coupling M for system
length L = 40. Left panel: ρa = 1/2; an entangling trend is observed for coupling strength M = 3 and 5, while disentangling behavior is
observed for stronger coupling, M = 10, 15, and 20; for M = 7, the entanglement entropy stays approximately constant as a function of time.
Right panel: ρa = 1/4; all curves show an entangling trend.

longer times), we do not have clear evidence of the transition
at all. This further confirms that Mc increases with decreasing
ρa and probably diverges at some ρa not far from 1/4.

In both cases of ρa = 1/2 and ρa = 1/4, the entropy in
Fig. 2 is well below the maximum entanglement reachable by
the MPS, S ≈ 4.85. Importantly, the most entangling curves
show a nearly linear growth characteristic of the volume-law
phase, without any signature of bending down, up to the max-
imum value at t = 50. This observation allows us to conclude
that the chosen finite bond dimension is sufficient for studying
entanglement for the parameters of Fig. 2. As we show in
Sec. III C below and in the Appendix, the MPS cutoff is
largely inessential for the values of the entanglement entropy
below S ≈ 3.

In order to shed more light on the physics behind the en-
tanglement dynamics, we illustrate in Figs. 3–5 the temporary
evolution of the density ni(t ) for ρa = 1/2 at relatively weak
coupling M = 3 and relatively strong coupling M = 10, as
well as for ρa = 1/4 at M = 10 (plots for other representative
values of the parameters can be found in the Supplemental

Material [95]). In each of the figures, the left panel shows ni(t )
averaged over the ensemble of quantum trajectories, while the
second (third) panel shows ni(t ) for the quantum trajectory
with the smallest (respectively, largest) value of S(t = 50).
The two extreme cases of quantum trajectories differ in the
contrast of density patterns. Importantly, for the most dis-
entangling quantum trajectories, the bipartition cut for the
entanglement entropy is located within the spatial region char-
acterized by the high contrast in the density pattern. This
relates the entropy with the density fluctuations; see below.
Finally, the fourth panel presents the density distribution func-
tion P(n) at times corresponding to the beginning, midpoint,
and end of evolution.

Compared to the corresponding plots for ρa = 1 (see
Ref. [67]), we see a striking difference. While for ρa = 1
clusterization of the density was found at large M, here we
observe a well-pronounced striped structure. This is related to
the fact that the ancillae are coupled only to a subset of sites
of the main chain. Long-lived metastable “pajama” structures
consisting of vertical stripes of alternating red (n ≈ 1) and

FIG. 3. Time evolution of the density ni(t ) for model (i) with parameters ρa = 1/2, M = 3, L = 40, �T = 2. The coupling strength here
is relatively weak, corresponding to the most entangling entropy curve in the left panel of Fig. 2. First panel: ni(t ) averaged over the ensemble
of quantum trajectories; second panel: ni(t ) for the quantum trajectory with the smallest S(t = 50); third panel: ni(t ) for the quantum trajectory
with the largest S(t = 50); fourth panel: density distribution function P(n; t ) for t = 0.25, 25, and 50 shows broadening with time, as well as
the appearance of a peak near n = 1 (red stripes in the other panels).
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FIG. 4. Evolution in time of the density for model (i) with ρa = 1/2, L = 40, �T = 2, as in Fig. 3, but for a stronger ancilla-chain
coupling M = 10, corresponding to a disentangling entropy curve in the left panel of Fig. 2. Compared to the case of weaker coupling, Fig. 3,
the density pattern for the least entangled quantum trajectory (second panel) reveals extensive frozen regions (alternating dark red and blue
stripes forming a “pajama” structure); the pattern of the most entangled trajectory (third panel) has a higher level of contrast than for M = 3.
These features are reflected in the appearance of two peaks, near n = 0 and n = 1 in the density distribution function P(n) (fourth panel), as
well as by the absence of a maximum around n = 0.5 at longer times.

blue (n ≈ 0) colors form beyond the size of a single site. (The
clearest example of the striped “pajama” density modulations
is seen in the second panel of Fig. 4 between sites 6 and
22.) These structures prevent entanglement growth and can
be attributed to the QZVE, discovered in Ref. [67] for setups
with one or two ancillae.

The QZVE originates from the formation of a quasibound
state of particles in the sites coupled by the system-ancilla
interaction [67]. The bound state immobilizes the particle in
the main chain, preventing other particles from crossing the
occupied site. The site of the main chain involved in the
bound state is then occupied, while the neighboring sites are
largely empty, giving rise to the red-blue pajama-like stripes
in Figs. 3–5. As a result, both the density and entanglement
dynamics become blocked by the bound state. This blocking
is particularly important when the frozen region overlaps with
the bipartition cut used to calculate the entanglement entropy,
as exemplified in the second panels of Figs. 3–5: the emergent
barrier effectively cuts the main chain into two.

Further measurements of the ancilla site typically find
the ancilla particle bound in this state, which maintains this
configuration (hence, “quantum Zeno”). Very rarely, the mea-
surements of the ancilla pair may nevertheless find the red
site (see Fig. 1) empty, which immediately breaks the

quasibound state and removes the barrier for dynamics in the
main chain (hence, “valve”). Similarly, the blocking regions
can be established by the measurements, when the particle is
measured in the ancilla site while the corresponding site of
the main chain is occupied. This is the origin of metastability
of some pajama stripes seen in the panels showing individual
trajectories in Figs. 3–5 (see, e.g., the red stripe in the second
panel of Fig. 4 at site i = 3, which emerges at t = 36, and
the red stripe in the third panel of Fig. 5 near site i = 32,
which abruptly terminates at t = 34). In the Supplemental
Material [95], we show, in addition to the density patterns in
the main chain, the evolution of occupation of the measured
ancillary sites. The QZVE is clearly seen there in the corre-
lations between the long-living stripes in the main chain and
ancillae.

For both cases ρa = 1/2 and ρa = 1/4, the contrast of
plots for individual trajectories is enhanced with increasing
M, which implies stabilization of the QZVE. We further
note that, for not too strong coupling M = 3, the least and
most entangled quantum trajectories produce similar density
plots. On the contrary, for M = 10, we observe much stronger
fluctuations within the ensemble of quantum trajectories, as
visualized by the striking difference between the second and
third panels of Fig. 4.

FIG. 5. Evolution of the density for model (i) with M = 10, L = 40, �T = 2, as in Fig. 4, but for a lower concentration of ancilla pairs,
ρa = 1/4, corresponding to a disentangling entropy curve (right panel of Fig. 2). Lowering the ancilla concentration reduces the contrast of
the individual density patterns, which is reflected by the bell-shape distribution P(n) in the fourth panel, with the maximum around n = 0.5; at
longest times a narrow peak in P(n) near n = 1 is developed. The difference between the patterns for the least (second panel) and most (third
pattern) entangling trajectories is much less pronounced for ρa = 1/4 than for ρa = 1/2.
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FIG. 6. Average entanglement entropy S(t ) for model (ii) at various values of the system-ancilla density-hopping coupling M for L = 40.
Left panel: ρa = 1; middle panel: ρa = 1/2; right panel: ρa = 1/4. All three panels demonstrate a nonmonotonic dependence of S(t = 50) on
the coupling strength, with the most disentangled curves corresponding to M = 15.

For ρa = 1/4, the effect of measurements on the density
profiles is considerably weaker: even for M = 10, the least
and most entangled trajectories are characterized by visually
similar densities; see the second and third panels in Fig. 5.
The large difference in entanglement in these two trajectories
is because the bipartition cut in the third panel (most entangled
trajectory) occurs in the middle of the pajama-free region.

The averaged (over the ensemble of quantum trajectories)
densities shown in the left panels of Figs. 3–5 also exhibit
pajama-like patterns but with much weaker contrast. This re-
duction of contrast originates from the two possibilities of the
metastable frozen states formed by the ancilla site and the site
of the chain to which it is attached: either an ancilla-particle
or an ancilla-hole quasibound state. This is well seen in all
panels showing individual quantum trajectories, where the red
vertical stripes correspond to particles and the blue stripes
to holes. Red stripes are somewhat more stable, leading to
residual pajamas in the panels for averaged densities.

Averaging of the density profiles (or other “conventional”
observables) over quantum trajectories (i.e., over sequences
of measurement outcomes) can be expressed in terms of
the averaged density matrix whose evolution is described by
the Lindblad equation. In the field-theoretical representation
of the measurement problem, such averaged quantities cor-
respond to replica-symmetric correlation functions, whereas
the information about the measurement-induced transitions is
contained in replica-asymmetric correlations that are nonlin-
ear in the density matrix [78]. The difference observed when
comparing the first panels of Figs. 3–5 with the second and
third panels is exactly of this origin.

The qualitatively different physics of quantum states at
small and large M is reflected also in the distribution function
P(n; t ) of n(t ); see the fourth panels in Figs. 3–5 and plots in
the Supplemental Material [95]. For sufficiently small M, this
distribution is relatively narrow and peaked at n = 1/2. On
the other hand, at large M the distribution broadens over the
whole range [0,1] of densities, with peaks emerging at n = 0
and n = 1 that reflect the high-contrast pajama structure. The
emergence of these peaks in P(n; t ) is correlated with the sup-
pression of the entanglement growth; see the above discussion
of the QZVE.

Finally, we recall that the initial state in our protocol is
chosen so that the measured ancilla site is occupied at t = 0,
i.e., sz = +1. If the ancillae were prepared in a different initial
state, it would not affect qualitatively the long-time dynamics

in model (i). Indeed, the measurements of the ancillae are
always performed in the sz direction, without resetting the
ancilla pair after the measurement. Since the quasibound state
responsible for the QZVE is formed only for the sz = +1
state of the ancilla pair, the initial state of the ancilla is not
essential (does not affect the state of the system after a long
time). If the ancilla pair is initialized in the sz = −1 (empty
measured ancilla site), the hopping between the ancilla sites is
not blocked and the ancilla will be eventually measured in the
sz = +1 state (our initial state), which will be then maintained
by the QZVE. Similar considerations apply to any other initial
states and result only in a small delay of the setting-in of the
dynamics described in this section.

C. Setup (ii): Density-hopping coupling

We turn now to model (ii), in which the density on a site of
the main chain is coupled to ancilla hopping; see Sec. II. The
time dependence of the average entanglement entropy for this
model with ρa = 1/2 and 1/4 and various values of coupling
M is shown in Fig. 6. For the most entangling curves, we
observe a nearly linear growth up to S ≈ 3, after which the
curves start bending down as a result of proximity to the max-
imum possible value S ≈ 4.85 imposed by the chosen bond
dimension χ = 128 of the MPS approach. Thus, the entropy
curves below S ≈ 3 are largely unaffected by the MPS cutoff,
similar to the curves in Fig. 2. This conclusion is confirmed in
the Appendix by comparing the curves obtained with χ = 128
and higher bond dimension χ = 256.

Comparing to Fig. 2, we observe an essential difference
between the models (i) and (ii). While an initial increase of
M in model (ii) leads to a suppression of the entanglement, a
reentrant behavior is observed when M grows further. This
nonmonotonic behavior can be related to the “frustration”
between the coupling term and the measurement in model (ii):
in the spin language, the former involves the sx component
and the latter the sz component of ancilla spin. While the
measurements try to freeze the ancilla in the z basis, the large-
M coupling leads to rapid oscillations in this basis, precluding
the formation of a quasibound state, in contrast to model (i).
It is only for certain special (“commensurability”) conditions
on the product M�T that resonant dynamics may take place:
when the hopping within the ancilla pair yields the same
configuration of the ancilla spin after the measurement time
interval �T , the dynamics appears “stroboscopically frozen.”
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FIG. 7. Evolution of density for the same parameters as in Fig. 3, ρa = 1/2, M = 3, L = 40, and �T = 2, but now for model (ii). The
coupling strength corresponds to the most entangling entropy curve in the middle panel of Fig. 6. The contrast of the density patterns is
significantly reduced compared to that for model (i) in Fig. 3. The patterns for the least and most entangling quantum trajectories (second and
third panels, respectively) are now qualitatively similar. The density distribution P(n) for longer times has a pronounced bell-like shape that
does not change with time, with no peaks at n = 0 and n = 1.

This is similar to the commensurability effects studied in
Ref. [96] in a “toy model” of a monitored qubit. In the present
model of a large correlated system, such commensurability
effects are washed out by the correlated dynamics within the
main chain: different ancilla pairs are not independent of each
other. Therefore, for much larger values of M no further reen-
trant behavior is expected, in contrast to the case of a single
qubit. Another clear difference is that the results in model (ii)
are much less sensitive to the ancilla concentration.

Results for the density evolution in model (ii) are presented
in Figs. 7 and 8 for ρa = 1/2. For relatively small coupling,
M = 3, we observe a very low contrast: the density is typically
close to its average value ni = 1/2, as also seen in the distri-
bution function P(n; t ); see also the Supplemental Material
[95]. This is in correspondence with a fast increase of the
entropy S(t ) in the left panel of Fig. 6. On the other hand,
for M = 10 a pajama-like pattern is seen as for the model (i).
There is, however, a difference as compared to model (i): the
long-lived metastable structures in the case of model (ii) are
statistically particle-hole symmetric (red and blue stripes in
the color density plot have similar appearance). In terms of
the P(n; t ), this manifests itself in the approximate symmetry
n → 1 − n. As in model (i), the initialization of the ancilla
pair in a state different from sz = +1 is not expected to change
the dynamics, since the Szsx system-ancilla coupling does
not discriminate between sz = ±1 states (this holds true in
addition to the no-resetting argument).

D. Phase diagram

Based on the dynamics of the entropy, we are now in a
position to investigate the phase diagrams for both models.
Figure 9 shows the average entropy S at the final time t = 50
of the simulation, for various choices of the ancilla concen-
tration ρa and measurement strength M (the color-coding in
the figure is obtained by interpolation between discrete points
by using a routine specified in the figure caption). Of course,
strictly speaking, this value does not automatically distinguish
between the possible phases. However, inspecting the entropy
curves in Figs. 2 and 6, we clearly see that large values of
S(t = 50) correspond to unsaturated growth of S with time,
while low values are associated with decreasing entropy that
tends to saturate at long times. With this indicator, in both
panels of Fig. 9, we find a qualitative change between disen-
tangling (blue regions) and entangling (yellow regions) types
of behavior, with the border between them belonging to the
green regions.

This border is additionally visualized by a red line corre-
sponding to S(t = 50) = 1.0 (this value is close to the value
of the entropy in the initial state at t = 0), which can be
viewed as an estimate of the boundary between the disen-
tangling and entangling types of behavior. In turn, based on
the general hypothesis that the entanglement-entropy growth
in generic monitored interacting systems is a manifestation
of the volume-law phase [97], this line also gives a rough

FIG. 8. Evolution of density for model (ii) with ρa = 1/2, L = 40, �T = 2, as in Fig. 7, but for a stronger coupling, M = 10. The contrast
of the patterns is increased, as reflected by the flattening of the distribution P(n) with time in the fourth panel. Still, no peaks are developed in
P(n) at n = 0 and n = 1, as opposed to Fig. 4 for model (i) with the same parameters. Contrary to model (i), this set of parameters for model
(ii) yields entangling behavior of entropy; see Fig. 6.
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FIG. 9. Qualitative phase diagrams for models (i) (left) and (ii) (right) in the parameter plane (ρa, M ) based on finite-size finite-time
numerical data obtained in this work. The color code shows the value S(t = 50) of the entanglement entropy at the end of time evolution
(dark blue: most disentangling behavior; yellow: most entangling). The square symbols indicate the points for which MPS calculations were
performed; the remainder is obtained by interpolation. The interpolation in between the data points is performed using the TRICONTOURF

routine [98]. The red lines correspond to S(t = 50) = 1.0 and serve as a rough estimate of the phase boundaries between the disentangling
(area-law) and entangling (presumably, volume-law) phases.

estimate for the phase boundary between the area-law and
volume-law phases.

For model (i), the increase of Mc with increasing ancilla
concentration ρa is clearly visible. Moreover, the red line
for this model goes almost vertically at ρa ≈ 0.4 starting at
M = 12.5. This provides a hint at a possible divergence of
Mc at a finite ancilla concentration in this model. The phase
diagram for model (ii) has a more complex structure, reflect-
ing the reentrance and weaker dependence on ρa discussed
above. This structure is somewhat reminiscent of the phase
diagrams obtained for a single monitored qubit in Ref. [96],
where the same system-ancilla coupling was addressed (but
with resetting of the ancilla pair after measurements).

We would like to reiterate that the phase diagrams obtained
in this work and shown in Fig. 9 are intended to demonstrate
a clear qualitative difference in the entanglement dynamics
for the two models, as well as the role of the detector con-
centration in each of them. Obviously, they characterize the
behavior of the systems at moderately large length scale and
moderately large times, thus representing “finite-size finite-
time phase diagrams.” For a quantitative determination of the
critical line separating distinct phases in the thermodynamic
limit, much more involved computational efforts are required,
in combination with analytical input.

At this point, it is worth recalling the situation for moni-
tored 1D free fermions, where numerical analyses (naturally
restricted to computationally accessible system sizes) sug-
gested a phase transition between an area-law phase and a
phase with an unsaturated entanglement. It was, however,
analytically demonstrated recently that, in the thermodynamic
limit, a 1D free-fermion system is in the area-law phase for
an arbitrary strength (frequency) of measurements [78]. For
rare measurements, the system sizes required to detect the
area law turn out to be exponentially large, which makes it ex-
tremely difficult to determine the thermodynamic-limit phase
diagram by purely computational means. This emphasizes the
necessity of an analytical background providing key input for
solid quantitative computational studies of the transition. The

present work provides important evidence regarding the role
of the system-detector couplings and detector concentrations
in the dynamics of ancilla-measured chains. We expect that
this can be employed as a building ingredient for prospective
theories of the transition in correlated systems.

IV. SUMMARY AND DISCUSSION

A. Summary

In this paper, we have numerically modeled a quantum
many-body lattice system (with a conserved particle number)
coupled to a finite concentration of detectors (“ancillae”) that
are subject to periodic measurements. The central questions
that we addressed are how the dynamics of the entropy and
of the density depend on the ancilla concentration ρa, the
ancilla coupling M to the main system, and on the type of this
coupling. Specifically, we considered two types of coupling:
model (i) with a density-density coupling, i.e., Szsz-type in
the spin language, and model (ii) with a density-hopping cou-
pling, i.e., Szsx-type, where S and s refer to the lattice site and
to the detector coupled to it, respectively. In both models, the
detectors are measured in the sz basis, so that the measured
operator commutes with the coupling in the first model but
does not commute in the second model. By using the MPS-
based computational approach, we studied correlated chains
of the length L = 40 for ρa = 1, ρa = 1/2, and ρa = 1/4 (i.e.,
with L, L/2, and L/4 detectors represented by ancilla pairs,
respectively).

We have found that, for model (i), the critical value Mc of
the measurement-induced entanglement transition is strongly
dependent on the ancilla concentration ρa; see Fig. 9. Further-
more, our results indicate that Mc diverges at some critical
concentration ρ (c)

a (which is close to 1/4), so that for ρa < ρ (c)
a

the system is in the entangling phase for any value of M.
For model (ii), the behavior is different in two key as-

pects. First, the dependence on M is strongly nonmonotonic,
suggesting a reentrance of the entangling phase at large M.
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Second, the system is much less sensitive to the concentration
of detectors ρa than in the case of model (i).

We have complemented the analysis of the entanglement
entropy with the particle density n j (t ) in the chain. Impor-
tantly, we studied nj (t ) for individual quantum trajectories,
as the average of n j (t ) over trajectories misses the physics
related to the entanglement transition. For relatively weak
couplings M, i.e., in the entangling phase, the density ni(t )
for a given quantum trajectory fluctuates weakly around n =
1/2. On the other hand, for large M, we observe clear long-
living striped (“pajama”) patterns. This freezing of density
suppresses the entanglement growth and is attributed to the
QZVE.

B. Outlook

Let us conclude by briefly discussing prospects for fu-
ture research. We expect that results of this work will be
instrumental in boosting computational, analytical, and exper-
imental studies in the directions outlined below.

An important open question in the physics of
measurement-induced transitions is the effect of particle-
number conservation. For monitored noninteracting fermions
(with explicit particle-number conservation), the behavior of
the entanglement entropy can be captured by the analysis of
the particle-number cumulants [78], with the entanglement
transition in 2D systems coinciding with the transition for
the density correlations [79,82]. At the same time, in a
certain special class of random quantum circuits representing
interacting systems (involving Haar-random gates and qudits
with d → ∞ states), a related “charge sharpening” transition
was predicted to be distinct from the entanglement transition
and to take place within the volume-law phase [47,48].
It is thus a key open question whether the entanglement
transition and the particle-number-fluctuation (or “charge
sharpening”) transitions coincide or are distinct for a realistic
problem of interacting fermions (or hard-core bosons), like
the one considered in the present work. In both cases, it is
also important to understand how the entanglement and the
density correlations influence each other (and, in particular,
the corresponding scaling behavior), as well as whether
the violation of the particle-number conservation could
drastically affect the results obtained in the present work.

Importantly, the above density correlations should be eval-
uated in a given quantum state (and only after this can be
averaged over quantum trajectories), in similarity to density
patterns for individual trajectories and to the distribution func-
tion P(n; t ) discussed in this paper (and also to the density
clusterization that was observed for ρa = 1 in Refs. [58,67]).
We expect that the MPS-based approach developed in this
work may be extended to study quantitatively density fluc-
tuations in models of monitored interacting 1D fermions or
bosons and, in this way, to provide responses to the above
questions from the computational perspective. It remains to be
seen how universal the resolution of the above dichotomy (one
vs two transitions) is and, in particular, whether it may depend
on the interaction strength, the type of the measurement pro-
tocol [like models (i) and (ii) in this paper], and on resetting
(as in this paper) or non-resetting of detectors. Finally, it is

FIG. 10. Time dependence of the entanglement entropy calcu-
lated with the two values of the MPS bond dimension: χ = 128 (as
used in the main text; solid curves) and χ = 256 (dashed curves).
Upper panel: model (i) at ρa = 1/4. Lower panel: model (ii) at
ρa = 1/4. For S(t ) � 3, the results for χ = 128 and χ = 256 are
essentially identical (up to small statistical fluctuations related to a
finite number of quantum trajectories), implying that the numerical
cutoff set by χ = 128 does not affect the entropy curves.

interesting to study whether a commensurability of the ancilla
periodicity with that of the main lattice is important in this
context and whether random placement of ancillae would lead
to any essential modifications.

Note added. Recently a preprint appeared [99] that studies
the problem of monitored interacting chains also utilizing an
MPS-TDVP computational technique. This reference intro-
duces an alternative approach (specific to MPS methods) to
identifying measurement-induced transitions and distinguish-
ing the entanglement transition from the charge-sharpening
transition in interacting models. It will be interesting to apply
this approach to ancilla-based measurements.
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APPENDIX: BENCHMARKING THE ROLE
OF THE MPS BOND DIMENSION

Here, we explicitly demonstrate that the bond dimension
χ = 128 used in the main text is sufficient for the analysis
of the entanglement behavior in both models addressed in
this work. In Fig. 10, we present the time dependence of
the entropy S(t ) for several parameter choices, including both
models (i) and (ii), with the bond dimension χ = 128 (as in
the main text) and with a twice larger bond dimension χ =
256. The figure demonstrates the convergence of the entropy
curves with bond dimension for S(t ) � 3. (There are only
small random deviations related to a finite size of the statistical

ensembles. We do not enforce the measurement outcomes to
be equal for different bond dimension, as the time evolution
itself depends on the state of the system.) Only for S(t ) �
3 systematic deviations of the χ = 128 curves don from the
corresponding χ = 256 curves start to develop.

The range S(t ) � 3 where the convergence up to t = 50
is achieved covers all the values of parameters for model
(i) used to construct the phase diagram in the left panel of
Fig. 9, including the most entangling curve shown in Fig. 2
(ρa = 1/4 and M = 3). For model (ii), the numerical cutoff
imposed by the bond dimension affects the most entangling
curves when S(t ) � 3, leading to a certain reduction of the
calculated values of S(t = 50). These values, however, cor-
respond anyway to the parameters located deeply inside the
yellow regions [S(t = 50) > 2] in the right panel of Fig. 9, so
that the numerical cutoff does not affect the obtained phase
diagram.
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