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Vertical optical transitions of helical Majorana edge modes in topological superconductors
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The search for evidence of Majorana states on the edges of topological superconductors is challenging due
to the difficulty of detecting such charge-neutral electronic quasiparticles. Local microwave spectroscopy has
been shown to be a possible method to detect propagating Majorana modes, where a spatially focused light
beam must be used. Here, we show that helical Majorana modes in topological superconductors contribute to the
optical conductivity under a spatially uniform light. The existence of such a signal requires the system to break
certain symmetries so that the projection of charge current operator onto helical Majorana edge states leads to
interbranch hybridization terms. The general form of this contribution under a tunable time-reversal breaking
field is obtained, which is valid in the subgap low-frequency regime where the edge energy spectrum is linear.
In comparison, the current operator for normal helical edge states, such as in quantum spin Hall insulators, does
not cause interbranch transitions and the related optical conductivity vanishes unless the time-reversal symmetry
is broken. Our results may help guide feasible experiments to provide evidence of Majorana edge modes in
topological superconductors.
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I. INTRODUCTION

The search for Majorana modes in condensed matter
physics [1–9] has been a critical and challenging problem.
Such quasiparticles are believed to exist in topological su-
perconductors (TSCs) where they may show up as one-
dimensional (1D) propagating modes as well as zero-
dimensional bound states.

Various systems have been predicted to host propa-
gating helical [10–22] or chiral [23–31] Majorana modes
with or without time-reversal symmetry, respectively. There
have been experimental results [32–34] consistent with
propagating-Majorana scenarios, but conclusive evidence of
such exotic states in TSCs is yet to be achieved. The diffi-
culties not only exist in experimental techniques but also in
theoretical principles to interpret or predict Majorana signals.
Despite possessing nonzero velocity, propagating Majorana
modes do not carry any charge because their particles and an-
tiparticles are identical [1]. The neutrality makes the detection
of Majorana edge modes in TSCs much harder than normal
edge states.

Strictly speaking, however, the neutrality is true only on
average since Majorana modes alone do not preserve the U(1)
gauge symmetry. This makes it possible for them to couple
with external electromagnetic field, leading to particular opti-
cal responses that may serve as evidence of chiral Majorana
modes [35,36]. In this case, translation symmetry needs to
be strongly broken to see the predicted optical signal due
to the absence of vertical optical transition. As a result, a
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highly focused light beam, such as in microwave impedance
microscopy [37], is required.

Here, we show that, without breaking the transnational
symmetry along the edge, the microwave absorption of helical
Majorana modes (HMMs) in time-reversal invariant TSCs is
nonzero and may be used as an effective detection method.
We begin with a generic discussion with an effective theory
containing only the edge states. The edge current operator,
which should be a projection of the bulk current operator onto
the edge states, is directly written down by physical arguments
at this stage. A general form of the optical absorption is
obtained, which is a result of the transition processes where a
Cooper pair is broken into two Majorana modes that propagate
in opposite directions. Such processes are vertical transitions
from holes to electrons in the Nambu basis. Then we investi-
gate this phenomenon in several models of TSCs supporting
HMMs, including p ± ip-wave superconductors, topological
insulator (TI) thin films in proximity to superconductivity, and
doped quantum spin Hall (QSH) insulators, with or without
perturbations that break the time-reversal symmetry. We show
that they all share the same features predicted by the effective
edge theory in the subgap low-energy region where the optical
transitions happen among the Majorana edge states whose
dispersion relations are approximately linear.

II. EFFECTIVE EDGE THEORY

A minimal theory of the helical Majorana edge states of a
time-reversal invariant TSC may be described by the follow-
ing Hamiltonian [10],

H =
∑

−k0<k<k0

�
†
k (vkσ3 + Mσ2)�k, (1)
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FIG. 1. (a) The energy spectra of the helical Majorana modes
with (M = 0) and without (M �= 0) time-reversal symmetry. Here
the involving two bands correspond to opposite Fermi velocity
±v at M = 0. Intrabranch and interbranch optical transitions are
schematically shown where Cooper pairs are broken into two Ma-
jorana modes. (b) The real-part homogeneous optical conductivity,
�[σ (ω, 0)], as a function of the frequency ω given by Eq. (4).

where �k = [γ1k, γ2k] denotes the edge HMMs with γ1/2

being the left-/right-moving branch. σ1,2,3 are the Pauli ma-
trices, k0 is the momentum cutoff, and M is a time-reversal
breaking term that opens a gap in the 1D spectrum. Generally,
the momentum cutoff k0 in Eq. (1) originates from an energy
cutoff � = vk0 which corresponds to the topological gap of
a TSC. This gap is usually smaller than the SC gap and is
often of the order of 0.1 meV, corresponding to microwave.
When M = 0, one readily finds that the time-reversal sym-
metry T = iσ2K and the particle-hole symmetry P = K are
both preserved. When M �= 0, the energy eigenvalues are ±ξk

with ξk =
√

(vk)2 + M2, which has a gap of M, as shown in
Fig. 1(a).

The corresponding current density operator j(x) is more
conveniently written down in the real space. Considering its
sign flip under both T and P , applying the Majorana algebra
{γi(x), γ j (x′)} = δi jδ(x − x′), and keeping up to the first-order
spatial derivative, one obtains the only possible form

j(x) = −ia(γ1∂xγ1 + γ2∂xγ2 − h.c) − ibγ1γ2, (2)

where a and b are real. Terms similar to γ1∂xγ2 are absent
due to the Majorana commutation relations. And the term
proportional to b may exist due to spin-orbit coupling (SOC).

The current operator in the momentum space is given
by Fourier transformation jq = ∫

j(x)e−iqxdx and the optical
conductivity is given by the Kubo formula,

�[σ (ω, q)] = 1

ωL
�

∫ kBT

0
dτeiωτ 〈Tτ j−q(τ ) jq(0)〉, (3)

with � (�) denoting the real (imaginary) part. L is the system
length, kB is the Boltzmann constant, T is the temperature,
ω is the frequency, τ is the imaginary time, and q is the
transferred momentum during a photon absorption. For a
uniform detecting light,we only need to consider the q = 0
component. Equation (3) is calculated using Wick’s theorem
and Mastubara Green’s function, yielding

�[σ (ω, 0)] = b2

4vω2

√
ω2 − (2M )2 tanh

ω

2kBT
. (4)

When the temperature T → 0 and M = 0, the �[σ (ω, 0)]
curve decreases as 1/ω. For nonzero M, �[σ (ω, 0)] van-
ishes when ω < 2M, which is the lowest energy to break a
Cooper pair into two edge states with the same energy and

opposite momenta. �[σ (ω, 0)] reaches the maximum value at
ω = 2

√
2M and decreases with further increasing ω, as shown

in Fig. 1(b).
Note that the right-hand side of Eq. (4) vanishes if b = 0,

and thus the last term in Eq. (2) is crucial for the interbranch
transitions. This term has been taken for granted up to now.
In the following, we study concrete TSC models where the
interbranch term of j(x) appears by breaking the inversion
symmetry.

III. p ± ip SUPERCONDUCTORS

As the simplest case, let us first consider a p ± ip-wave
TSC described by the following Hamiltonian [38]:

Hp±ip =
(

h̄2k2

2m
− μ

)
τ3σ0 + Ap(kxτ0σ1 + kyτ3σ2)

+ �p(kxτ1σ0 − kyτ2σ3), (5)

with the basis �†(k) = [ψ†
k↑, ψ

†
k↓, ψ−k↑, ψ−k↓]. Here τ and σ

are Pauli matrices acting on the particle hole and spin degrees
of freedom, respectively. A pair of gapless helical Majorana
states appear at the boundary of the 2D system and are pro-
tected by the time-reversal symmetry T , which can be broken
by a small Zeeman term Hz = Bpτ3σ1. The spin-orbit coupling
term proportional to Ap is necessary in order to induce optical
response to a uniform light, because the Hamiltonian (5) with
Ap = 0 commutes with the spin operator σ3 and there is no
mixing between ↑ and ↓, indicating b = 0 in Eq. (2) and thus
vanishing vertical transition. Note that an edge gap can be
opened by a Zeeman field in an arbitrary direction when SOC
is present, unlike in the case of Majorana Ising spin [39–42].

In the following, we calculate the optical absorption on the
edges with the light linearly polarized along the edge. The
relevant current density operator is

jx =
(

jn(k)
− jT

n (−k)

)
, (6)

where jn(k) = ekx/h̄σ0 + Apσ1 is the k derivative of the
normal state Hamiltonian Hn = (h̄2k2/2m − μ)σ0 + Bpσ1 +
Apk · σ. We take open boundary conditions along the y di-
rection while kx remains a good quantum number. The Kubo
formula calculated in the energy eigenstate basis under uni-
formly distributed detecting light becomes

σ (ω) = ih̄



∑
kx,m,n

|〈nkx| jx|mkx〉|2
ξmkx − ξnkx

f (ξnkx ) − f (ξmkx )

h̄ω + ξnkx − ξmkx + iη
, (7)

with  the area of the shining light, ξnkx the eigenenergy of
the eigenstate |nkx〉, η � �p a small real constant, and f (ξ )
the Fermi distribution function. At low temperatures, we get
the δ function δ(h̄ω + ξnkx − ξmkx ), revealing the energy con-
servation during the optical process. Note that, in the absence
of SOC effect, jx is proportional to the identical matrix and no
interbranch transition occurs due to the orthogonality of |nkx〉
and |mkx〉. Adding SOC terms breaks the inversion symmetry
and produces spin-mixing terms in the current operator. Then,
we expect nontrivial interbranch transition described by the
effective 1D theory in the previous section.
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FIG. 2. (a) The frequency dependence of optical conductivity for
various values of the edge gap Eg. The common parameters: pairing
amplitude � = 0.2, SOC strength Ap = 0.05, mass term m = 1,
chemical potential μ = 0.5, and kBT = 10−4. kB is the Boltzmann
constant. The inset shows the corresponding energy spectra. (b) The
numerical (dots) and the analytical [lines, obtained with Eq. (4)] of
the real-part conductivity for both the time-reversal invariant (red)
and the time-reversal broken case (blue). (c) The corresponding peak
position ωnu(th) where the real-part conductivity reaches its maximum
under various values of Eg.

Figure 2(a) shows the real-part conductivity �[σ (ω)]
obtained numerically. When the Zeeman field Bp = 0, the
optical absorption induced by the in-gap HMMs diverges
at ω → 0. This is in agreement with the prediction of the
effective theory in which �[σ (ω)] ∼ 1/ω. For nonzero but
small Bp, the edge states acquire a gap, denoted by Eg. Thus,
there is no absorption for ω < 2Eg unless thermal excitation
from finite temperature effects. �[σ (ω)] rapidly increases
near ω > 2Eg and reaches a maximum at ωnu(th). It decreases
as ω further goes up until it reaches the bulk gap, where the
contribution of the bulk states dominates. For the topologi-
cally trivial phase, no optical response is observed inside the
bulk gap. Figure 2(b) shows the real-part optical conductivity
contributed by the edge states, with or without time-reversal
symmetry, together with the corresponding analytical results
of the effective 1D theory. Figure 2(c) shows the positions
of the maximum �[σ ] for various values of the energy gap.
They both show great agreement between the numerical and
the analytical results.

The optical conductivity of the p ± ip-wave supercon-
ductor in response to a locally distributed detecting light
is also studied by transforming Eq. (5) into a tight-binding
model. The current density along the x direction is jx(r) =
ieh̄
2m ψ†

r ψr+x̂ + Apψ
†
r ψr + H.c. The vector r = xx̂ + yŷ (x and

y being integers, x̂ and ŷ being unit vectors along the x and
y directions, respectively) denotes the position on a square
lattice. The system is assumed infinite along the x direction
but has a finite number of sites, Ly, along the y direction. The
size of the detecting area is determined by the confinements

FIG. 3. The frequency dependence of the real-part local con-
ductivity �[σl (ω)] of the p ± ip-wave superconductors system. The
results for different values of the shining length lx are plotted in
different colors. Other related parameters are set to be the same to
those in Fig. 2 with Eg = 0.

1 � x � lx and 1 � y � ly, where the integer ly is chosen to
cover the spread of the edge state wave functions. The current
operator to calculate the optical response in the detecting area
is obtained by confining the current operator to the shined
region [35]

Jx = 1

lx

lx∑
nx=1

ly∑
ny=1

jx(r + nxx̂ + nyŷ). (8)

Figure 3 shows the results for different shining lengths
lx obtained using the recursive Green’s function method.
For small lx we get a similar shape of the �[σl (ω)] curve
compared to the chiral case [35]. A major difference is the
nonzero value of �[σl (ω = 0), which is a consequence of the
interbranch term (∼b) in the current operator of Eq. (2). As
lx increases, the peak shifts toward a lower frequency and
the peak height increases. For very large lx, the result be-
comes similar to the uniform case, as expected since the limit
lx → ∞ recovers uniformity.

IV. TI THIN FILM

The surface states of TIs can be used to design a
time-reversal invariant TSC by proximity to conventional su-
perconductors. If the SC order parameters induced on the two
surfaces of a TI thin film are different by a phase π , a pair
of HMMs appear on the edges [12,18]. With only the surface
states considered, the normal state Hamiltonian can be written
as

HTF
0 (k) = 2Atτzd · σ + mkτxσ0 (9)

under the basis �
†
k = [c†

k,+,↑, c†
k,+,↓, c†

k,−,↑, c†
k,−,↓], where ±

denotes the two surfaces. The vector d = [kx, ky, 0] and the
function mk = m0 − t f (k2

x + k2
y ). The first term of Eq. (9)

describes the two Dirac cones located at the two surfaces
and the second term represents the intersurface coupling.
An inversion-symmetry-breaking term (originating from the
substrate, for example) is needed to induce vertical optical
transition [43,44], which may be, for example, a Rashba SOC
on one surface,

HTF
R (k) = αt f (τ0 + τz )d × σ. (10)
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FIG. 4. The frequency dependence of the real-part conductivity
of the HMMs in the TI thin film model given by Eqs. (9) and (10),
with the parameters At = 1, t f = 1, αt f = 1, m0 = 3, and � = 2. The
inset is the energy spectrum where the edge states are highlighted by
corresponding colors.

Equations (9) and (10) added by an s-wave pairing, �(k) =
i�τzσy, form the total Hamiltonian. The sign difference of the
order parameter between the upper and lower surfaces guaran-
tees the time-reversal symmetry, which can be slightly broken
by an external Zeeman field Hz = Bτ0σz or by a deviation
from the exact π -phase difference.

Adding time-reversal breaking terms will open small gaps
at these points. As shown in Fig. 4, the frequency dependence
of the real-part conductivity near the kx = 0 point (i.e., near
ω = 0) has a similar functional form to that of the p ± ip-
wave TSCs and agrees with Eq. (4).

V. DOPED QSH INSULATOR

Quantum spin Hall insulators are proposed to be a TSC
through correlation effects [15]. With this model system, one
can directly compare the optical response of the HHMs to
that of helical normal fermions, which could be achieved in
different parameter regimes.

Consider the following Hamiltonian describing a QSH in-
sulator [45]:

H0 = M(k)σ0τ3 + A(kxσ3τ1 − kyσ0τ2), (11)

where the Pauli matrices σi and τi (i = 1, 2, 3) act on the spin
and orbital spaces, respectively. M(k) = m0 − t (k2

x + k2
y ) and

m0t > 0 is required to guarantee the nontrivial topology of
the normal state. It has been predicted that a TSC phase with
�12

μν (k) = �c1,kμc2,−kνδμν is favored at certain doped regions
with an inversion-breaking Rashba SOC [15],

HR = A1(kxσ2 − kyσ1) ⊗ (τ3 + τ0). (12)

Here the subscript μ(ν) labels the electron spins and the
superscript 1(2) represents different orbitals.

The TSC phase has a pair of helical Majorana states
propagating along the boundary, which is replaced by
normal-fermion edge states when the pairing term vanishes
and the system transforms into a QSH phase. In the presence
of a time-reversal breaking term HZ = Zσ3τ0, the edge states
develop new features including a small gap, as shown in
Figs. 5(c) and 5(d).

(c) (d)(c) (d)

(b)

(a)

FIG. 5. (a) The frequency dependence of real-part conductivity
of the doped QSH system in the QSH phase and in the TSC phase.
For the TSC state the parameters are A = 2, � = 0.5, t = 2, m0 =
0.1, A1 = 2, Z = 0 (for the red line), and Z = 0.2 (for the blue
line). For the QSH state: A = 2, � = 0, t = 2, m0 = 0.7, A1 = 2,
Z = 0 (for the purple line), and Z = 0.2 (for the yellow line). (b) The
real-part conductivity at fixed frequency ωTSC

0 = 0.15 for the TSC
phase and ω

QSH
0 = 0.05 for the QSH phase. (c) and (d) are the energy

spectrum of the TSC phase and the QSH phase, respectively, where
the time-reversal invariant (broken) edge states are in red (blue).

The frequency dependence of real-part conductivity for the
TSC phase and the QSH phase are shown in Fig. 5(a), where
the TSC results share similar features to the former TSC mod-
els, consistent with Eq. (4). The results for the QSH phase are
rather different, with the optical conductivity inside the topo-
logical gap vanishing if Z = 0. When Z �= 0, it has a sharp
peak at 2Eg, where Eg is the gap of the edge states. Above
2Eg it decreases as ω goes up. As another major difference
between the TSC phase and QSH phase, the fixed-frequency
responses with increasing external Zeeman field are shown in
Fig. 5(b). For the TSC phase, �σ0 at a fixed frequency ωTSC

0
keeps decreasing with increasing Zeeman field, reaching zero
when ω0 < 2Eg. For the QSH phase, however, �σ0 starts to
increase from zero and reaches its maximum at ω

QSH
0 = 2Eg.

Then it drops to zero sharply after ω0 < 2Eg.
The differences inside the bulk gap between the QSH phase

and the TSC phase originate from the different mechanisms
through which the edge states couple with electromagnetic
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waves. While the light coupling of the HMMs relies on the
bulk system and the corresponding current operator must be
obtained by projecting the bulk version to the edges, the
current operator of the QSH edge states may be directly
derived within the effective edge theory which preserves
the U(1) gauge symmetry. By introducing a gauge field to
the edge theory, the current operator, jn ∼ v(ψ†

1 ψ1 − ψ
†
2 ψ2),

can be readily obtained without referring to the bulk. It is
simply the k derivative of the edge Hamiltonian hedge(k) =
vk(ψ†

1 ψ1 − ψ
†
2 ψ2). Following the same procedures in the

previous effective 1D theory of Majorana edges states, we
get the optical absorption for the QSH edge states at zero
temperature, �[σQSH (ω)] ∼ ω−2(ω2 − 4M2)−1/2, where M is
the edge gap opened by time-reversal symmetry breaking.
Note that, besides the above major difference, the optical
responses of the QSH edge states and the HMMs may happen
in different ranges of wavelength since a QSH insulator may
have a much larger topological gap.

VI. CONCLUSION AND DISCUSSION

We have demonstrated that helical Majorana modes induce
microwave absorption. It originates from interbranch optical
transition processes that are made possible by the broken
U(1) gauge and spatial-inversion symmetries. The analytical
form of the resulting optical conductivity is obtained with
an effective edge theory, which is qualitatively confirmed
by numerical calculations with several models of topologi-
cal superconductors. The zero-temperature real-part optical
conductivity �[σ (ω)] induced by the helical Majorana modes
under uniform light is proportional to ω−1. When the time-
reversal symmetry is broken and an energy gap of M is opened
on the edge, �[σ (ω)] has a maximum value at ω = 2

√
2M. In

comparison, vertical optical transitions in helical normal edge
states in quantum spin Hall insulators are forbidden unless the
time-reversal symmetry is broken after which the functional
form of �[σ (ω)] becomes similar to that of Majorana modes.
This difference originates from the different mechanisms of
coupling with the U(1) gauge field.

Our results show that optical measurements may provide
evidence of Majorana edge states in time-reversal invariant
topological superconductors. Different from Ref. [35], the
detecting light here is uniform and experiments will not en-
counter the difficulty of focusing a light beam into a tiny
spatial region. A possible difficulty may come from the back-
ground optical absorption signal induced by the bulk Cooper
pairs, which may be much larger than the edge-state con-
tribution and make the Majorana signal hard to distinguish.
One way to overcome this problem is to tune the external
magnetic field which changes the functional form of the
Majorana contribution qualitatively while its effect on the
background signal is only quantitatively. In this way, it is
possible to extract the Majorana contribution.
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APPENDIX: DERIVATION OF THE OPTICAL
CONDUCTIVITY WITH THE EFFECTIVE EDGE THEORY

To illustrate the optical response of the HMMs, we start
from the real space current operator j(x) = ja(x) + jb(x)
including both intrabranch and interbranch current. Unlike
the normal electronic states where the current operator of
involves the coupling between fermionic modes and the exter-
nal electromagnetic field, here j(x) is obtained by projecting
of the bulk current onto the edge states. By further consid-
ering the Majorana algebra, the surviving terms of j(q) =∫

dx j(x)e−iqx only contains

ja(q) = a
∑

k

k(γ1,q−kγ1,k + γ2,q−kγ2,k ), (A1)

jb(q) = −ib
∑

k

γ1,q−kγ2,k . (A2)

We define the current-current correlation �(q, τ ) =
−〈Tτ j†(q, τ ) j(q)〉, and we discuss the effects of both
intrabranch and interbranch process denoted as a
and b, respectively. Under the Fourier transformation
�(iωn) = ∫ kBT

0 �(q, τ )eiωnτ , the correlation function in
the frequency space at T → 0 is given by

�a(iωn) =−a2
∑

k

(2k2 − kq)[θ (k) − θ (k − q)]

×
(

1

iωn + vq
+ 1

iωn − vq

)
, (A3)

�b(iωn) = −b2
∑

k

θ (−k) − θ (k − q)

iωn − 2vk + vq
. (A4)

Thus, only the interbranch process contributes to the q = 0
optical response. According to Eq. (3), the corresponding
optical conductivity is

�[σ (q = 0, ω)] = b2

4ωv
. (A5)

We now generalize our calculation to the TRB case. The q = 0
current operator is given by

j(k) = akσ0 + bσ3 (A6)

under the basis �
†
k = [γ †

1,k, γ
†
2,k]. Under the Bogoliubov trans-

formation we can diagonalize the 1D Hamiltonian H → H̃ =
UHU †, �† → �̃† = [γ̃ †

1 , γ̃
†
2 ]. The current operator should

become

j̃(k) = akσ0 + b

(
uk vk

v∗
k −u∗

k

)
σ2

(
u∗

k vk

v∗
k −uk

)

= akσ0 + b

(
i�(vku∗

k ) i(u2
k + v2

k )

−i(u∗2
k + v∗2

k ) −i�(u∗
kvk )

)
(A7)

in the new basis. To maintain the Majorana algebra of
the new quasiparticle states {γ̃ik, γ̃ jk′ } = δi jδk,−k′ the param-
eters uk = |uk|eiφu vk = |vk|eiφv should satisfy |uk|2 = 1

2 +
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1
2

εk
ξk

, |vk|2 = 1
2 − 1

2
εk
ξk

, and φu − φv = π
2 where εk = vk and

ξk =
√

ε2
k + M2.

The akσ0 term from Eq. (A7) does not contribute to the
current-current correlation because it only involves terms
like 〈Tτ γ̃

†
i (τ )γ̃i(τ )γ̃ †

i γ̃i〉 (i = 1, 2). Such terms vanish under
Wick’s theorem since the involving Green’s functions belong
to the same Majorana operator. However, the second term of
Eq. (A7) will cause connected diagrams

�21(τ ) = −4b2
∑
k>0

∣∣u2
k + v2

k

∣∣2〈Tτ γ̃
†
2k (τ )γ̃1k (τ )γ̃ †

1k γ̃2k〉 (A8)

to correspond to the interbranch transition. In the frequency
space we have

�21(iωn) = −b2
∑
k>0

ε2
k

ξ 2
k

f (ξk ) − f (−ξk )

iωn − 2ξk
, (A9)

and the real-part optical conductivity is given by

�[σ (ω)] = − 1

ωL
�[�21(iωn)],

= b2

4vω2

√
ω2/4 − M2 tanh

ω

2kBT
. (A10)
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