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Subsystem symmetries are of peculiar interest as their relation to many exotic phenomena. However, realistic
models hosting such symmetries are rare. Here we propose an extended compass model that hosts subsystem
symmetries and has potential experimental relevance to 3d transition metal compounds. The subsystem sym-
metries strongly constrain the mobility of spin excitations and lead to profound consequences. At the quantum
critical point, we find the presence of a “critical Bose surface” along the entire k, and k, axes, and across this
quantum critical point, we find a nodal-line spin liquid that undergoes nematic instability at low temperatures.
In the ferroquadrupole phase, we find that one excitation is immobile individually analogous to “fractons”. We
discuss the relevance of our model to transition metal compounds.
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I. INTRODUCTION

Symmetries lie at the heart of the fundamental principles
in condensed matter physics. For example, global symmetries
play an essential role in classification of matters and critical
behaviors within and beyond the Landau paradigm [1-8],
while local symmetries are responsible for various emergent
gauge structures with fractionalization in spin liquids [9-15]
and fractional quantum Hall systems [16,17]. Recently, there
has been intense interest in symmetries that interpolate be-
tween global and local ones. These symmetries are called
“subsystem symmetries” (or “quasilocal symmetries”), where
symmetry operations are implemented only on subsets of
the system [18,19]. A well-known example is the “Bose
metal” [18,20-23], that preserves U(1) boson number con-
servation within each row and each column. These subsystem
symmetries strongly constrain the boson dynamics, resulting
a peculiar critical phase where bosons are neither gapped
nor condensed. More generally, subsystem symmetries have
been shown to be indispensable in fracton topological orders
[24-38] and certain higher-order symmetry-protected topo-
logical phases [39,40]. More intriguingly, they lead to exotic
physical behaviors such as dimensional reduction [41] and
UV-IR mixing [42,43] that even challenge the conventional
renormalization group paradigm. However, concrete micro-
scopic models with such symmetries are not common, and
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most of them contain multiple spin interactions [44-47],
which make them difficult to realize in experiments.

In this paper we propose an extended compass model
[19,48—-71] that hosts subsystem symmetries within each row
and column. This model only contains bilinear spin inter-
actions and single-ion anisotropy, and is potentially relevant
with 3d transition metal compounds. We demonstrate that
these subsystem symmetries strongly constrain the quantum
dynamics and impose profound physical consequences: At
the quantum critical point, the system exhibits “critical Bose
surface” excitations located along the entire k, and k, axes in
the reciprocal space. The nodal-line degeneracy is protected
by one-dimensional subsystem symmetries hence cannot be
broken at any finite temperatures [41]. Across the transition,
we find a peculiar liquid phase with the spin structural factor
peaked along the entire k, and k, axes, which we dubbed as
“nodal-line spin liquid”. At low temperatures, the strong spin
fluctuations further lead to nematic instabilities via order-by-
disorder mechanism [72-77]. Besides, in the ferroquadrupole
phase, we find that a branch of excitation, which is initially
completely immobile individually, becomes mobile once such
two excitations move simultaneously. This phenomenon is
akin to that of “fractons.” The symmetry-imposed immobility
of spin excitations within the ferroquadrupole and quantum
paramagnet phase is presented in Fig. 1.

The rest of the paper is arranged as follows. In Sec. II,
we first introduce the extended compass model and its
symmetries. In Sec. III, we establish the full phase dia-
gram of the model through the semiclassical Monte Carlo
method. In Sec. IV, utilizing the linear flavor-wave theory, we

©2024 American Physical Society
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FIG. 1. Mobility of excitations within (a)(b) the ferroquadrupole
and (c)(d) the quantum paramagnetic phase. In particular, the immo-
bility of the 8, excitation in the ferroquadrupolar phase (a) resembles
“fractons”. Here the ellipse with two excitations only indicates that
two flavor-wave excitations living in the same row (or column) that
can cooperatively move along the transverse direction, and do not
imply any physical bound state.

elaborate on several peculiar physical phenomena observed
in this model: restricted mobility excitations, critical Bose
surface, nodal-line spin liquid, and fracton-like excitations.
Finally, we discuss the relevance of our model to transition
metal oxide systems in Sec. V.

II. EXTENDED COMPASS MODEL

We propose an extended spin-1 compass model on a square
lattice

H= Y (iS5, +8i80) — D) ()

where S (o = x,y, z) denotes the spin-1 operator at site r,
J term represents the compass exchange coupling, and D is
the single-ion anisotropy. We find that the global Z, operation
G =exp[)_, iM - r)Si] with M = (i, ) changes the sign of
J while leaving D invariant. Without loss of generality, we
choose a ferromagnetic / = —1 and set |J| as the energy unit.

The extended compass model [Eq. (1)] hosts remarkable
Ising subsystem symmetries defined on each row and column
[58]: for each row j, we define P; as 7 rotation about the y
axis acting on this row,

Py=[]e ™. )
rej

Similarly, for each column /, we define Q; as 7 rotation about
the x axis acting on this column,

Q =[Je ™. 3)
rel

Note that P’s and Q's are Ising symmetries of the
Hamiltonian [P;, H] = [Q;, H] = 0, 77]2 = le =1, and are

mutually commutative [P;, Py]1 = [Q;, Qr] = [P;, Qi1 =0.
Moreover, this system hosts time-reversal symmetry ® and a
spin-orbit-coupled Cy4 rotational symmetry,

Cii S5 S8 — —S5 8 = &, )

where r’ is the image of r under the C, rotation. Note that the
subsystem symmetries [Egs. (2) and (3)] were first discovered
in Ref. [58] for the pure compass model D = 0, and we point
out that they still hold with finite D. The presence of the
D term in Eq. (1) offers quantum tunability to the original
compass model while keeping all the symmetries intact, hence
one can keep track of the effects of subsystem symmetries by
tuning this parameter. In the next section, we construct the
full phase diagram of this model, where D varies from —oo
to +o00 and temperature ranges from zero to sufficiently high
temperatures.

III. SEMICLASSICAL PHASE DIAGRAM

To establish the finite-temperature phase diagram of the
extended compass model [Eq. (1)], we first employ the semi-
classical Monte Carlo method (sMCM) [78] accompanied
by the parallel tempering. This semiclassical treatment is a
powerful tool that can faithfully describe various quadrupole
orders of spin-1 systems. In this section, we first describe
the details of the sSMCM, and then present the phase diagram
obtained using this method.

A. The semiclassical Monte Carlo method

Before we introduce SMCM, we first discuss the represen-
tation of a single S = 1 spin. A general spin-1 state can be
expressed as

Id) = di 1) +do|0) +ds 1), &)

where |1),0), |1) are eigenstates of the operator S? with
eigenvalues 1,0, —1 respectively. Hence the state of a sin-
gle spin can be represented by a three-dimensional complex
vector d = (d, dy, di) satisfying the normalization constraint
d-d=1.

In sMCM, we assume that the variational state of the many-
body system is entanglement-free between different sites,
hence take the direct product form,

V) = Qrld): ©)

where |d), is a state on site r. Under this approximation, the
expectation value of the Hamiltonian (1) can be computed as

H = (V|H|W¥)

= Y W (ReRese, + Ieles,) — D(1 = |deo))]. ()

In this equation, Ry = N[dyo(dr1+d,7)*] and I =
Sldro(dr,1 — d,1)*] where 9N[-] and J[-] are the real and
imaginary part of a complex number respectively. To address
the finite-temperature properties, we rewrite the partition
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FIG. 2. Semiclassical phase diagram of the extended compass
model [Eq. (1)]. Red-solid lines correspond to continuous phase
transitions while the green-solid lines correspond to the first-order
transitions. The blue-triangle points denote the crossover between
nodal-line spin liquid and the paramagnet phase determined by the
peak of the fluctuation xo, (see Appendixes B and C). The orange-
solid line denotes the schematic thermal Ising phase transitions of
the ferroquadrupole phase at large D values, where this boundary

is set to that of the effective classical Ising model [Eq. (20)], T. =
1 J?
2In(14+/2) 2D*

function as

2 =Trexp(-p#) ~ [ []Pa, (@1exp(-p70) )

R f l_[ Dq, exp [—BH], 3

where Dy, = 27 )*[[]5__, ddr.» dd?,,18(d - d; — 1), which
means to perform an integration over the unit complex sphere
in three dimensions. We do not encounter a sign problem
because H is real and a conventional Metropolis update can be
implemented, which updates |d), on site r according to the de-
tailed balance equation. Note that there is an additional U (1)
gauge redundancy on each site: the U (1) gauge transforma-
tions d, — d,e’’r, where 6, are angular variables. This subtle
redundancy, however, will not affect the sMCM simulations if
we restrict our measurements to gauge-invariant observables.
To overcome the ergodicity near the phase transition and at
low temperatures, a general trick, the parallel tempering, is
employed as well [79]. In Appendix B, based on the sym-
metries of the extended compass model, we give definitions
of the observables measured in our simulations, such as the
specific heat, Ising nematic order, and one-dimensional spin
correlations, which are used to determine phases and phase
boundaries.

B. Semiclassical phase diagram

Figure 2 shows the finite-temperature phase diagram ob-
tained through sMCM simulations. We begin by providing
a qualitative discussion of the phase diagram at tempera-
ture T — 0, followed by a more quantitative analysis of the

finite-temperature phase diagram obtained from the sSMCM
simulations. The qualitative phase diagram at 7 — O re-
veals three distinct regimes: the regime where D — —oo,
the regime where D — 400, and the intermediate regime. In
the D — —oo limit where single-ion D term dominates, the
system sits in the so-called “large-D quantum paramagnetic
(QP)” phase, a trivial product state of SZ = 0 at each site.
The quantum paramagnetic state is protected by an energy
gap D, hence it remains as the ground state with finite J.
In the D — 400 limit, the semiclassical approximation fails
to predict the correct ground state since it ignores quantum
entanglement (see Appendix A). However, degenerate pertur-
bation theory predicts a twofold ferroquadrupole (FQ) order at
low temperature. In the intermediate D regime, we find a Ising
nematic liquid [57,63,64,69], which preserves time-reversal
symmetry but breaks the spin-orbit-coupled C4 symmetry
down to G, [Fig. 3(c)]. The C4 symmetry is restored upon
increasing temperatures via a phase transition (the red and
green lines in Fig. 2), and in a temperature window, we find
the “nodal-line spin liquid” regime where the spin structural
factors are sharply peaked along the entire k, and k, axes
[Fig. 3(b)], much analogous to the spiral surface in “spiral spin
liquids [80-90].

IV. RESTRICTED MOBILITY OF EXCITATIONS
AND CRITICAL BOSE SURFACE

To understand the implications of the subsystem sym-
metries, we investigate the spin excitations of the quantum
paramagnetic phase and the ferroquadrupole phase with the
flavor-wave theory [91-93]. In this section, we first present
the details of the linear flavor-wave theory, and then re-
veal that there exist restricted mobility of excitations in the
quantum paramagnetic phase, a nodal-line spin liquid in the
intermediate regime and fracton-like excitations above the
ferroquadrupole state.

A. Linear flavor-wave theory

Here we present the details of the flavor-wave theory
[91-93]. For spin-1 systems, the local basis of a spin at site
r can be expressed in terms of three flavors of bosons,

bl Ivac) = m)y, )
where |vac) indicates the bosonic vacuum, |m).(m =
1,0, —1) are the eigenstates of SZ with eigenvalue m. The
Hilbert space of the bosons is larger than the original spin
Hilbert space and includes unphysical states. To limit the
boson Hilbert space to its physical sector, a hard constraint
must be imposed on each site r,

1
> b b =1. (10)

m=—1

Within the flavor-wave formalism, the relevant on-site spin
operators can be expressed as quadratics of flavor bosons

§¢ = b{by — biby,
(5% = biby + blby,
St = V2(bibo + biby),
S™ = V2(biby + bby). (1)
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FIG. 3. Spin structural factors measured (a) at the transition point D = D, with the temperature 7'/|J| = 0.01, (b) inside the nodal-line
spin liquid, (D, T /|J]) = (—0.5, 0.2049), and (c) inside the Ising nematic phase, (D, T/|J|) = (—0.5, 0.1016). The simulations are performed
with linear size L = 48 and (c) is measured in the symmetry breaking sector.

where S* = §* 4+ iS”. Here the site index r is omitted for
simplicity. To simplify our discussions, we further define a
rotated basis

1

B 7 AW
Bo| = 1 1 1 bo (12)
ﬂi 'JE -33 bj

for the extended compass model.

In flavor-wave theory, different magnetic orders can be
obtained by condensing the corresponding flavor bosons. In
the following, we discuss the quantum paramagnetic and the
ferroquadrupole phases, respectively.

B. Restricted mobility of excitations in the quantum
paramagnetic phase

In the quantum paramagnetic phase, the Sy (bo) flavor is

condensed
By =Bo~\/1— BB — BB

while the other two boson flavors B, and f; are viewed as the
excitations above the quantum paramagnetic state. Rewriting
the spin Hamiltonian of Eq. (1) in terms of the flavor bosons,
and then expanding it in terms of 8; and B up to the quadratic
order, and then performing the Fourier transformation, we
obtain the linear flavor-wave Hamiltonian

"

A (13)

1 —D +2Jcosk 2J cosk
_ i X X
Hop= 2 ; l/jk’( 2J cos k, —D +2J cos kx> Vi
1 —D +2J cosk —2J cosk
— T y y B
t3 ; Vi ( —2Jcosk,  —D+2Jcos ky> Vit

(14)

where we denote wli,m = (ﬁ]i’m, B_xm) for m=1,1. We
find that in Eq. (14) the B; and B; branches are decou-
pled at the quadratic level for the reason that will be
discussed later. The dispersions of the 8; and f; excitations
can be directly obtained from Bogoliubov transformation,
Ex,1 = vD?> —4DJ cosk, and Ey ; = /D?> — 4DJ cos k,, see
Fig. 4(a).

The excitations acquire a gap A = \/D? — 4|DJ|, dictating
the discrete symmetries of the model. For the ferromagnetic

J < 0 case, the band minima of the two modes are located
at the entire k, =0 and k, = 0 lines in the Brillouin zone,
respectively, in contrast with usual models where the mini-
mum locates only at some discrete points. Moreover, we note
that both flavor-wave excitations become dispersionless along
a particular direction, which indicates that the excitations are
mobile only along one direction, and becomes immobile along
another direction [Figs. 1(c) and 1(d)]. We point out that this
feature is not an artifact of the linear flavor-wave approxima-
tion, but deeply rooted in the subsystem symmetries of this
system.

Here we derive the symmetry representations of the flavor-
wave excitations under subsystem symmetries [Eqs. (2) and
(3)]. All flavor-wave excitations have definite parities under
subsystem symmetries [Egs. (2) and (3)]. Due to the presence
of the condensate f, in the quantum paramagnetic phase, the
flavor-wave excitations can be approximated in the operator
form B1 ~ B} B1 = §(S* — iQ%) and f; ~ B} p; = L(—0% +
i8”). Here O = {$*, §°} and Q”° = {§”?, $°} correspond to
on-site xz and yz spin quadrupole operators, respectively. It
is straightforward to verify the following algebraic relation:

[Br.1, Pil = [Be1. Pil =0, j# 1y, (152)
[Br1, Q] =B 1, Q1 =0, I # 1y, (15b)
{Be1, Pr} = [Br1, Qr 1 =0, (15¢)
{Be1, Qnt = [Br1, Pr1 =0. (15d)

From the above relation, we can see that the B 1 (B, 1) exci-
tation is even under all subsystem symmetries except the P at
the same row P, (the Q at the same column Q,.).

Now the immobility nature of flavor-wave excitations be-
comes clear: Subsystem symmetries strongly constrain the
linear mixing of flavor bosons, as only bosons carrying exactly
the same symmetry representations are allowed to hop or
pair. We can see that all §; along the same row (and all B85
along the same column) carry exactly the same representation
hence can be mixed linearly, while all other combinations
are disallowed. This is precisely reflected in the flavor-wave
Hamiltonian [Eq. (14)]: the B; excitation is mobile along
the x direction and becomes immobile along the y direction;
Similarly, the B; excitation is mobile along the y direction
and becomes immobile along the x direction. As a result,
a single flavor-wave excitation is effective one-dimensional
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FIG. 4. Dispersions of flavor-wave excitations (a) in the quantum paramagnetic phase D = —5.0, (b) at the quantum critical point D, =

—4.0, and (c) in the ferroquadrupole phase D = 5.0.

that can only propagate along one direction. However, a pair
of B; excitations at the same row (or a pair of B; at the
same column) commute with all subsystem symmetries hence
can cooperatively propagate throughout the 2D plane, see
Figs. 1(c) and 1(d).

Although the previous derivation was based on the linear
flavor-wave framework, our conclusion on the mobility of the
flavor-wave excitations is deeply rooted in symmetries [19]
that goes beyond the naive linear flavor-wave approximation.
In Appendix D, we will show that this conclusion still holds
in the presence of flavor-wave interactions.

C. Critical Bose surface and nodal-line spin liquid

The symmetry-protected immobility of excitations have
profound implications on the nature of criticality and the
proximate phase. Here we analyze the magnetic instabilities
of the quantum paramagnetic state. As we turn on larger |J|/D
in the quantum paramagnetic phase, the bands become more
dispersive. Until we reach a critical value of D, the excitations
become gapless, and the transition occurs. At the quantum
critical point D,, the gapless modes constitute the “critical
Bose surface” along the entire k, and k, axes [Fig. 4(b)], and
is protected by the subsystem symmetries as well as the C4
symmetry. The existence of the Bose surface can be further
illustrated by measuring the spin structural factor

1 iQ-(r—r’
SQ =5 D (SeSr)e). (16)

rr’

From Fig. 3(a) we see that S(Q) is clearly peaked along
the entire k, and k, axes, consistent with the Bose surface
scenario. The direction-dependent immobility renders the ex-
citations 1D-like, and implies the specific heat scaling C, ~
T at low temperatures. More discussions about the nature of
this transition will be given in the follow-up paper [94].

The intermediate phase can be understood from prolifer-
ation of B; and Bj excitations in the quantum paramagnetic
phase. Due to the nodal-line degeneracy, the structural factor
should be peaked along the entire k, and k, axes, which
signifies absence of magnetic long-range order. In fact, the
above scenario only holds at a finite-temperature window as
shown by the “nodal-line spin liquid” regime in Fig. 2, with
spin structural factor shown in Fig. 3(b). Upon decreasing
temperatures, the strong spin fluctuations spontaneously lift
the degeneracy between the 8, and B; bands and develop an

Ising nematic order. The nematic order parameter takes the
form

A 1

O = 5 D (i, = 8iS),2) (17)

r

that breaks the C4 symmetry down to C,. From the structural
factor inside the nematic phase [Fig. 3(c)], we observe that
spins are completely uncorrelated along the x or y direction,
hence can be regarded as decoupled 1D chains.

D. Fracton-like excitations above the ferroquadrupole state

Here we discuss the ferroquadrupole phase, which can be
well understood from the limit of D — +o0. In the large-D
limit the S% = O state has a large energy penalty of D and the
low-energy subspace is spanned by S? = %1 states. One can
thus define effective spin-1/2 operator 7, acting on the S7 =
=+1 subspace

2z 1 Z
7 = 5 PeSiPr. (18)

1
= EPr<Sf)2Pr, (19)

where P is a projection operator onto the low-energy S% =
41 subspace.

The low-energy effective Hamiltonian can be obtained
from second-order perturbation theory in the limit D > |J|.
With straightforward calculations, we find that it turns out
to be a ferromagnetic Ising model of the t variables (see
Appendix A),

(e, + T Thye)- (20)

Therefore, the ground state should be 7% ~ (%)% — (§¥)?
ferroquadrupole ordered. The twofold ferroquadrupole order
breaks the same symmetry as the Ising nematic phase, but
described by an on-site order parameter 7*.

Here we discuss the flavor-wave excitations above the
ferroquadrupole order. From the perturbation analysis in Ap-
pendix A, we can know that the ferroquadrupolar order arises
purely from the quantum perturbative effect that involves mu-
tual entanglement between different sites, which is ignored
in the linear flavor-wave formalism. To obtain the correct
result, such perturbative corrections [Eq. (20)] must be taken
into account in the flavor-wave calculations. Without losing
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generality we investigate the t¥ = —1/2 ground state where

B = i ~\/1— BB — Bl i 1)

is condensed. With the second-order perturbative corrections
[Eg. (20)] taken into account, the resulting linear flavor-wave
Hamiltonian of ferroquadrupole order takes the form

1 . M) —2J cosk,
Heq = 2 Xk: wko(—Z] cos k, M(K) )wk 0
JZ
+ 5 ;ﬂglﬁk,l, (22)

where 1/}120 = (/3120, B_xo0) and M(k) =D + % + 2J cos ky.
From the energy dispersions [Fig. 4(c)], we find that the exci-
tations are spatially anisotropic, reflecting the nematic nature
of the ferroquadrupole phase.

Surprisingly, we find that the 8, band is completely flat,
indicating that a single §; excitation is completely immobile
individually. To understand the symmetry imposed mobility
constraint, we analyze the parities of the flavor-wave ex-
citations under subsystem symmetries. For the ¥ = —1/2
state where S is condensed, B &~ ,BTT B = —%(Sz +iQY) and
Bo ~ ﬂ;ﬂo = —1(0% +iS”). Here Q% = {§%, §*} is the xy-
type spin quadrupole operator. The algebraic relation becomes
the following:

[Br.1s Pil = [Bro, Pi1 =0, j #ry, (23a)
[Br.1, Q] = [Bro, Q1 =0, I # 1y, (23b)
{Be1s Pr} = {Br1, Qr} =0, (23¢)
[Br.0s Pr] = {Bro, 9} =0 (23d)

We find that a single S, ; excitation is odd under the P the
same row P, and the Q at the same column Q,, , while it com-
mutes with all other subsystem symmetries. This means that
the B excitations at different sites carry different represen-
tation under subsystem symmetries [Eqgs. (2) and (3)], hence
could not hop or pair between different sites and become
completely immobile. However, a pair of 8; excitations at the
same row (or at the same column) can propagate along the
direction transverse to the row (or column). The mobility of
the B; excitations is much analogous to the “type-I fractons”.
Notwithstanding, it is different from fractons since it belongs
to nontopological excitations that can be created/annihilated
individually.

V. DISCUSSIONS

A. Summary

In this paper, we propose an extended compass model that
hosts subsystem symmetries on each row and column. The
single-ion anisotropy D term offers extra tunability to the
original compass model while preserving the subsystem sym-
metries, and leads to interesting physical consequences such
as excitation immobility, critical Bose surface, and fracton-
like excitations. Subsystem symmetries have been regarded
indispensable to many interesting physical phenomena such
as Bose metal and fracton topological order. We hope that our
paper can shed light on experimental realization of subsystem
symmetries in cold atom and condensed matter systems.

B. Relevance to transition metal compounds

Our extended compass model [Eq. (1)] has potential rel-
evance to 3d transition metal compounds. Considering a
layered perovskite structure where transition metals are ar-
ranged a layered square lattice, each transition metal ion is
surrounded by a distorted octahedra of O>~ (like La,CuQy).
We assume the #,, orbital is partially filled, e.g., with tzlg, t22g,
tfg, tzsg filling, so that the orbital angular momentum is active
and can be described by an effective spin-1 operator. The
single-ion anisotropy D term arises from the energy splitting
between the xy and xz/yz orbitals. Without loss of generality
we consider the tzlg filling case, which is relevant to V3t or

Ti**. The total orbital and spin angular momentum are defined
as

L:iZdj,xda, (24)

Zd‘ Gooduc. (25)

where we denote dy = (dyo, iz, diyo)”. The index o =
Xy, yz, xz sums over orbitals and o =1, | sums over spins.
The effective orbital angular momentum / comes from pro-
jecting total orbital angular momentum L onto #,, manifold

Bzg LP[zg = _l

where [ carries effective spin-1.

Then let us analyze the superexchange process between
TM local moments. We first consider two TM local moments
connected by a x bond, with the O?~ ligand located at the bond
center. The hopping is dominated by

Z (diTxyadjvx}’U + d:ngdj,xza + HC)

i, j=i+éy,o

Hx,hap = —1

(26)
We notice that only hopping between the same orbital species
is allowed. The direct 7-bond d,; — d,, hopping has negli-
gible magnitude hence is not considered here. Similarly, the
hopping on the y bond reads

Z ( i,xyo JX}U + dl vzadf,}’za +H.c.).

i,j=itey,0

yhOP =

27)
Hopping process beyond nearest neighbor is not considered
due to the strong localization of 3d electrons. The spin-orbit
coupling is also weak for 3d electrons hence is also ignored
here. The tetrahedral environment of the magnetic ion induce
a small splitting A between d,, and d,;/d,, orbitals,

Hy=—AY d  dio. (28)

The on-site interaction of #,, orbitals takes the complicated

Kanamori form [95]
Y+ YU

mt = Z |:
a>f
1
— 2Ju | Sia - Sip + 2 tialip

+ J/(C;(mcjﬁTCiaTciai + HC):| 29)
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withU = U’ + Jy + J' and Jy = J' for rotationally invariant
orbitals.

The magnetic exchange of the full Hamiltonian Hiy =
Hin + HA + Hy nop + Hyhop can be obtained from second-
order perturbation theory. Following Kugel and Khomskii,
the effective exchange interaction at the strong-coupling limit
U >t,Jy, |D| takes the form

2
Her = Z E(l +48S; - Sj)[lz”; + (l;c)z(lj'c)z

i, j=ite,

+qlz vz +q, zzq§2—22 i (l,x)z . (l;)2]
+ > —(1 +48:-SH[EE + (1) (1)

i,j= 1+e‘

X7 X x2— 2
+4q Z+61, () - ()]
—ay @) (30)

Here g% = I*I° + 5%, ¢ =PI+ 1P, ¢ = (I)? —
()2, and ¢" =" = (I*)? — (I%)? are quadrupole operators of
the orbital angular momentum. From the effective model we
find that the system is invariant under the following subsystem
symmetries, analogous to our extended compass model in the
main text: for each row r we define P, as 7 rotation about the
y axis acting on each orbital at this row,

Pr=]]e™. 3D
ier
Similarly, for each column ¢ we define O, as 7 rotation about
the x axis acting on each orbital at this column,

=[] (32)

iec
If we focus on the orbital degrees of freedom and perform a
simple mean-field treatment on the spins, ;7 (1 +4S;-Sj) =

J, we find that the orbital exchange part takes the followmg
form:

HGP = " J[LE+

i, j=ite,

y X. X. ,2 .XZ—ZZ
+ Z l\ly (l}) +qlijz+ql -z j ]

i,j=i+e,
-D> (i) (33)

with D= A —2J. This orbital model is very much
like the extended compass model [Eq. (1)], with addi-
tional quadrupole-quadrupole interactions. However, such
quadrupole-quadrupole interactions also preserve the sub-
system symmetries [Eqgs. (31) and (32)]. More properties
associated with this model will be discussed in a follow-up
paper [94].

@ +aiq +q ¢ ]
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APPENDIX A: EFFECTIVE HAMILTONIAN OF THE
LARGE-D FERROQUADRUPOLE PHASE

The effective Hamiltonian of the ferroquadrupole phase
can be derived from the second-order perturbation theory in
the large-D limit. To perform the perturbation theory, we
split the model [Eq. (1)] into two parts: Ho = —D) . (SZ)2
as the the unperturbed part and V = Y J(SySy,, + SiS; +2,)
as the perturbation. The leading nontrivial contribution of
V appears at the second-order perturbation, which takes
the form

HO 1

Hey QV@EO — QHoQ
where &P = ®,. 9, represents projection onto the ground-
state manifold of Hy, @ = 1 — P, and E| is the ground-state
energy of Hy. After straightforward calculations, the result-
ing effective theory turns out to be a ferromagnetic Ising
model of the 7 variables, as described in Eq. (20) in the
main text.

It should be noted that the ferroquadrupolar ordering here
arise purely from the perturbative effect, which involves mu-
tual quantum entanglement between different sites. However,
such mutual entanglement effect has been ignored in the
semiclassical approximation as well as the linear flavor-wave
theory, in which the quantum entanglement is restricted within
each site. Therefore, the ferroquadrupolar order cannot be di-
rectly obtained in our semiclassical Monte Carlo simulations.
To produce the correct results the second-order corrections,
Eq. (20) must be explicitly added in the Hamiltonian in our
calculations.

QVP, (A1)

APPENDIX B: SAMPLED QUANTITIES IN
NUMERICAL SIMULATIONS

The symmetries of our model [Eq. (1)] have already been
analyzed in the main text. However, for the sake of clarity
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FIG. 5. Temperature evolution of the specific head C,, the Ising nematic order Oy and its fluctuation xo, with different systems and D
values. The D values of different columns are —2.0, —0.5, and 2.0 sequentially. The dashed lines indicate the C, peaks of the system size
L = 48, which are used as the phase boundary, the solid line, shown in Fig. 2.

and to provide a better understanding of why we are measur-
ing certain observables, we will provide a brief analysis of
these symmetries again. As stated in the main text, there are
Ising subsystem symmetries, which are described by operators
P; and Q;. According to Ref. [41], these one-dimensional
subsystem symmetries will not be spontaneously broken at
any finite temperatures. Besides, the system also host time-
reversal symmetry ® and a spin-orbit-coupled Cy4 rotational
symmetry. In the D — —oo limit, the single-ion D term dom-
inates, and in the ground state, all spins are in a state of S7 = 0,
which is called “large-D quantum paramagnetic” phase. When
D — 400, a twofold ferroquadrupole order are predicted by
degenerate perturbation theory. In the intermediate D regime,
in which region the sMCM simulation is mainly performed,
the model enters an Ising nematic liquid which preserves
time-reversal symmetry but breaks the C;, symmetry down to
the C; symmetry. With increasing temperature, the system first

steps into an intermediate phase, called as a nodal-line spin
liquid, where the C4 symmetry is recovered. For detecting this
transition, the Ising nematic order Oy, the fluctuation of x e,
and the specific heat C, are measured in SMCM simulations.
Analogous to the “spiral spin liquid”, in the nodal-line spin
liquid, the spin structural factors are peaked not in some
momentum points but sharply peaked along the entire k, and
ky axes. The difference is that the nodal-line spin liquid has no
spiral textures and that the nodal-line degeneracy is protected
by subsystem symmetries, while for spiral spin liquids the
spiral degeneracy is accidental. Further increasing the temper-
ature, we find a big hump in the specific heat, which signals
a crossover to the high-temperature paramagnetic phase (see
Fig. 5). From the spin structural factors (Fig. 7), we ob-
serve that the high-temperature paramagnetic phase shows
quite diffusive feature, while the intermediate nodal-line spin
liquid is sharply peaked along the k, and k, axes, indicat-
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FIG. 6. The fluctuation xo, of the 1D order over temperature. The D values of (a), (b) , and (c) are —2.0, —0.5, and 2.0 respectively. The
dashed lines indicate the peak of the specific heat. The dash-dotted lines indicate the maximum value of xo, of the system size L = 48, which
are used to determine the crossover, the blue-triangle points, shown in Fig. 2.

ing well-established 1D correlation. As a result, the onset
to the nodal-line spin liquid can be detected by measuring
the fluctuations of the 1D correlation O; along the x and y
directions.

Here we give the definitions of observables mentioned
above and other helpful quantities are given as well.

(1) Specific heat

1
C=q (H?) — (H)?).

(2) The Ising nematic order parameter

1 !
Oy = N Z (Sjshéx - S¥Si+éy)‘

r

(3) Fluctuation of the Ising nematic order
1
xou = 3 ((08) — ©7).
(4) The 1D spin correlation

1
O1=0:+0,, Ou=5 > S8ty a=xy.
r
Here O, and O, measure the 1D spin correlations along the x
and y directions, respectively.
(5) Fluctuation of the 1D spin correlation

1
Xo, = ]V«O%) —(01)?).

APPENDIX C: MORE NUMERICAL RESULTS

We simulate the model on square lattice with periodic
boundary conditions and with the linear system sizes L =
16, 32, 48. Except for the standard Metropolis update, the
parallel tempering is employed to overcome the nonergodic
problem. After thermalizing systems to equilibration, about
4 x 10° independent samples are collected for each single-ion
anisotropy D and each temperature 7.

1. Thermal phase transition and crossover

To detect the thermal phase transition of the Ising nematic
liquid, the specific heat C,, the Ising nematic order Oy and the
fluctuation xo, of the Ising nematic order Oy are measured,
and results of several D values are shown in Fig. 5.

It is obvious that there is a divergent peak in the specific
heat at low temperatures indicating a phase transition, and
their locations are changed with varying D values. Besides,
the Ising nematic order Oy increases rapidly near the tran-
sition as temperature decreases. This suggests that the Cy4
symmetry is broken to C, at low temperatures. What is more,
the divergent peaks of xo, are consistent of the peaks of Cy,
which implies these are phase transition points further. The
phase boundary of the Ising nematic spin liquid is identified
as the locations of the peaks in the specific heat of the system
with size L = 48. These results are shown in Fig. 2 in the main
text as indicated by a red-solid line.

Above the phase transition, the C4; symmetry is recovered
as the temperature increases and no more symmetry is ex-
pected to restore. As expected, in the specific heat data we
observe no further phase transitions at higher temperatures.
Due to the presence of the 1D subsystem symmetries, the
system tends to adopt a nodal-line spin liquid state with the
spin structure factor sharply peaked along the entire k, and k,
axes, where the sharp peaks indicate well-established 1D cor-
relations. However, at sufficiently high temperatures, such 1D
correlations must be melt by the strong thermal fluctuations.
Therefore, we anticipate that there is a crossover between the
nodal-line spin liquid and the high-temperature paramagnet.
From the specific heat data Fig. 5, we indeed find a big hump
above the nematic transition that suggests such crossover.
To confirm that the crossover is associated with the lost of
1D correlations, we measure the fluctuation of the 1D spin
correlation xo, as shown in Fig. 6. We also find peak-hump
structure, where the positions of the peak and hump basically
coincides that in the specific heat C, as indicated by dashed
lines in Fig. 6.

2. Spin structural factor

To clarify the spin structure in different phases, we measure
the spin structural factor (SSF), which is defined by Eq. (16).
For the convenience of the reader, we repeat its definition here,

1 iQ-(r—r’
SQ) =5 3 (Se - Se)e . (C1)

rr’
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FIG. 7. The temperature evolution of the SSF when D = —4.5, —0.5, 4.5. The white-dashed line is the boundary of the first Brillouin zone.

In Fig. 7, it shows the evolution of SSF over tempera-
ture when D = —4.5, —0.5, 4.5. First we demonstrate that
the 1D subsystem symmetry along the x or y axis al-
ways holds at all temperature. Secondly, as the temperature
decreases, the width of SSF near the k, =0 or k, =0
axis becomes smaller, which means the 1D nematic or-
der gradually becomes apparent. Noticeably, for D = —0.5
case, the C; symmetry breaks to the C, symmetry after

the system enters the Ising nematic liquid at low tempera-
ture.

For the D = —4.5,4.5 cases, there is no apparent
difference between the high-temperature and low-temperature
SSFs. We also detect the specific heat and find no
finite-temperature peaks indicating that there is no
finite-temperature transition, which is consistent with our
expectation.
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APPENDIX D: VALIDITY OF EXCITATION MOBILITY
WITH FLAVOR-WAVE INTERACTIONS

In the main text, our central conclusion on the mobil-
ity of the flavor-wave excitations was derived with linear
flavor-wave approximation, in which the effect of flavor-wave
interaction is ignored. Here we show that our conclusion still
hold in presence of flavor-wave interactions. We start with the
complete flavor-wave Hamiltonian,

HFlavor wave = H2 + Hint 4 const., (D1)

where H, is the two-body linear flavor-wave Hamiltonian
taking the form of Egs. (14) and (22) in the quantum para-
magnet and the ferroquadrupole phases, respectively. Hiy

denotes the flavor-wave interaction that contains four-body
and higher-order terms. Note that both H, and H;, respect
Ising subsystem symmetries [Eqgs. (2) and (3)], hence linear
mixing between the (bare) single flavor-wave excitation and
(bare) flavor-wave pair is not allowed.

We start with the quadratic limit H;, = 0, and then turn
on H;, adiabatically. As the interactions are turned on, the
wave functions of the single flavor-wave bosons will become
dressed with interactions. However, the symmetry represen-
tations of the wave functions are not expected to have any
sudden change during this adiabatic process. Therefore, the
symmetry relation [Egs. (15) and (23)] still holds, and that
our conclusion about the mobility of flavor-wave excitations
still remain valid.
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