
PHYSICAL REVIEW B 109, 214313 (2024)
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Using local quantum fidelity distances, we study the dynamical quantum phase transition in integrable
and nonintegrable one-dimensional Ising chains. Unlike the Loschmidt amplitude, the standard measure for
distinguishing between two quantum states to describe the dynamical quantum phase transition, the local fidelity
requires only a part of the system to characterize it. The nonanalyticities in the quantum distance between two
subsystem density matrices identify the critical time and the corresponding critical exponent reasonably well
in a finite-size system. Moreover, we propose a distance measure from the upper bound of the local quantum
fidelity for certain quench protocols where the entanglement entropy features oscillatory growth in time. This
local distance encodes the difference between the eigenvalue distribution of the initial and quenched subsystem
density matrices and quantifies the critical properties. The alternative distance measure could be employed to
examine the dynamical quantum phase transitions in a broader range of models, with implications for gaining
insights into the transition from the entanglement perspective.
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I. INTRODUCTION

Conventional symmetry breaking quantum phase transi-
tions are described within the Landau-Ginzburg paradigm,
where the free energy density becomes nonanalytic at the
transition point [1,2]. Unlike the symmetry breaking quantum
phases, the topological phases are understood from the re-
sponse of the wave function under small adiabatic changes of
the Hamiltonian and are characterized by topological invari-
ants [3–5]. In contrast, an out-of-equilibrium phase transition
signaled by the nonanalyticities in time, such as the dynam-
ical quantum phase transition (dQPT), is characterized by
the zeros of the boundary partition function in the complex
time plane [6–9]. The boundary partition function is defined
via the Loschmidt amplitude L(z) = 〈ψ0| e−zH |ψ0〉, where
z = it is the imaginary time, and ψ0 is the initial state; the
nonanalyticities of the boundary partition function translate
as the singularities of the rate function,

λ(t ) = − lim
L→∞

1

L
log | 〈ψ0| e−iHt |ψ0〉 |2, (1)

which defines the critical time t∗ of such phase transi-
tion [6,10–15]. The λ(t ) obeys dynamical scaling laws in
accordance to conventional phase transition and provides the
initial framework to analyze, predict, and classify the dQPTs.

For example, the dQPT observed in one-dimensional
(1D) integrable and nonintegrable transverse field Ising mod-
els (TFIMs) during a global quench between paramagnetic
and ferromagnetic phases falls in the Ising universality
class, where λ(t ) follows a power-law scaling in time with
an exponent, ν � 1 [10,16]. Conversely, the dQPT in the
two-dimensional (2D) Ising model belongs to a different uni-
versality class that is characterized by logarithmic scaling
of λ(t ) in time [10]. Moreover, in systems with under-
lying equilibrium topology, the dQPT is characterized not
only by λ(t ) but also by a dynamical topological order

parameter [17–25]. Even though the condition of observing
dQPT was initially associated with the presence of an equilib-
rium critical point [11,26,27], it has now become accepted that
dQPTs are fundamentally nonequilibrium phenomena that can
occur without any equilibrium counterpart [28–33].

However, relying solely on λ(t ) and the topological order
parameter presents challenges in fully understanding dQPTs,
primarily for two reasons. First, these observables fall short
in distinguishing dQPTs resulting from distinct quenches that
exhibit apparent differences in entanglement entropy and the
dynamics of local correlations [34–38]. The entanglement
echo, a rate function analog that encodes the deviation of
the initial entanglement ground state from the instantaneous
value associated with the time evolved entanglement state,
partially addresses the above-mentioned issue by distinguish-
ing dQPTs with and without oscillations in the entanglement
entropy growth in time [37]. Secondly, global observables are
usually challenging to access in generic experiments.

Recently, Jurcevic et al. [39] simulated the temporal dy-
namics of an interacting transverse field Ising model in a
finite number of trapped ions. The appearance of dQPT
was revealed through the nonanalyticities in the rate func-
tion within the degenerate ground state manifold, λp(t ) =
−minp ∈ (↑,↓) log | 〈ψp| e−iHt |ψp〉 |2/L, where |ψ↑(↓)〉 is the
symmetry breaking doubly degenerate state and in the ther-
modynamic limit L → ∞ the finite-size λp(t ) converges to
the rate function (1). This paper further establishes a di-
rect connection between this microscopic probability and
the macroscopic observables by demonstrating a repeated
crossover in magnetization dynamics between positive and
negative sectors, along with entanglement production near the
critical time.

There are also a few theoretical advances in defining
local observables to characterize dQPTs. For instance, a
real-space local effective free energy [40] and a quasilo-
cal string measure [16,41], have been introduced as local
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FIG. 1. Entanglement entropy and mutual information for TFIM. (a), (e) Entanglement entropy with oscillatory and nearly linear growth
with time under quench I and quench II (see text for the definition of the quench protocols) for the transverse field Ising model, defined in
Eq. (6). (b)–(d) Change in mutual information between two spins during quench I at three instants of time, where tc is the critical time. (f), (h)
Mutual information change for the opposite quench. The change in long-range correlations observed for quench II is almost fives times more
than that for quench I.

observables to characterize dQPTs. The real-space lo-
cal effective free energy, λM (t ) = − log |LM (t )|2/M where
|LM (t )|2 = 〈ψ (t )| Pz

M |ψ (t )〉, M is the subsystem size in the
real space, and Pz

M = 1
L

∑L
i=1

1
2M �i+M

i (Ii + σ z
i ) is the projec-

tor, can be thought of as the rate function corresponding to
a smaller part of the system, such that in the limit M →
L, λM (t ) ≈ λ(t ). Furthermore, the momentum local coun-
terpart of λM (t ), which is calculated in terms of two point
single-particle correlations in the integrable limit, facilitates
the experimental detection of dQPT, particularly in scenarios
where measurement of local observables in k space is in-
volved [16,40]. However, it is not evident whether these local
order parameters will be sufficient to distinguish dQPTs with
different behavior of entanglement entropy and subsystem
correlations in time.

Here, we propose two local quantum distance measures,
quantum reduced fidelity distance (qRFD) and minimum
reduced fidelity distance (mRFD), to characterize dQPTs
observed in integrable and nonintegrable spin models. We
investigate two quench protocols that show distinct behav-
iors in entanglement entropy growth: one showing oscillatory
growth and the other exhibiting linear growth near the critical
time as shown in Figs. 1(a) and 1(e). The qRFD quantifies
the distinguishability between reduced density matrices be-
fore and after the quench and displays nonanalytic behavior
associated with the corresponding dQPT, regardless of the
quench protocol. In contrast, the mRFD differentiates between
the eigenvalue distribution of initial and quenched reduced
density matrices, characterizing the oscillatory entanglement
growth, and therefore the dQPT.

The computation of mRFD requires only the eigenvalues
of the reduced density matrices. It implies that for integrable
models (with and without nontrivial underlying momentum

space topology) the single-particle correlation matrix, which
scales with the linear dimension of the system, is sufficient to
find the relevant scaling exponents.

II. LOCAL DISTANCE MEASURES

A. Quench protocols

We consider two quench protocols that show dQPT
in spin and fermionic chains. The first type, quench I,
from the paramagnetic (trivial) to ferromagnetic (topologi-
cal) phase, shows oscillations [see Fig. 1(a)] in the growth
of entanglement entropy at initial times and concomitantly
avoided level crossings in the reduced density matrix spec-
trum near the transition time (see Sec. III A 2 for details).
Quench II exhibits a linear increase in entanglement S (t ) =
−Tr[ρ�(t ) log ρ�(t )], where ρ�(t ) is the time dependent sub-
system � density matrix, as seen in Fig. 1(e) with time, and
a gap in the reduced density matrix spectrum. A further
differentiation can be made between these two quenches by
understanding the spatial entanglement structure after the
quench, which we discuss in the following.

Local entanglement correlation

The spatial entanglement structure is fundamentally differ-
ent depending on the direction of the quench. We quantify
these correlations through mutual information I (A, B) =
S (A) + S (B) − S (A ∪ B), where A and B are two subsys-
tems with S (A) being the entanglement entropy of subsystem
A [42]. Figure 1 shows the change in mutual information
between two spins at sites i, j; 	I (t ) = Ii, j (t ) − Ii, j (0), after
quench I [Figs. 1(b)–1(d)] and quench II [Figs. 1(f)–1(h)] at
three instants of time.
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The emergence of long-range correlations in the
ferromagnetic-to-paramagnetic quench, as seen in
Figs. 1(f)–1(h), emphasizes the importance of employing
measures beyond the local fidelity distance between diagonal
reduced density matrices to probe such correlations at longer
times. Conversely, when the spatial entanglement remains
local, we show that a minimum local distance enables the
characterization of dQPTs at finite times for a finite-size
system. This approach has practical value, particularly in
experimental investigations.

B. Quantum reduced fidelity distance

The Loschmidt amplitude, L(t ) = 〈ψ0| |ψ (t )〉, which
defines the rate function (1), is the quantum fidelity.
For a quenched system, the quantum fidelity, F (t ) =
[Tr

√√
ρ0ρ(t )

√
ρ0]2, measures the distinguishability between

the initial and quenched state with density matrices ρ0 and
ρ(t ) respectively [43,44]. Similar to the rate function, the
quantum fidelity is also a global observable that requires ac-
cess to the entire many-body wave function.

We define a local quantum reduced fidelity for a subsystem
size � as

F�

(
ρ�

0, ρ
�(t )

) =
(

Tr

√√
ρ�

0ρ
�(t )

√
ρ�

0

)2
. (2)

It corresponds to the fidelity between initial (ρ�
0 ) and time

evolved [ρ�(t )] reduced density matrices with ρ� = TrL−�ρ,
ρ being the total density matrix, � the subsystem size, and
L the size of the system. It is known that, in the context of
equilibrium quantum phase transitions, the quantum reduced
fidelity of a subsystem size as small as two sites characterizes
the critical point and exponent [45–48]. The corresponding
quantum distance is defined as

dq
� (t ) = −1

�
log

(
F�

(
ρ�

0, ρ
�(t )

))
, (3)

a local observable defined from the quantum reduced fidelity
of the subsystem �. Similar to a quasilocal string observ-
able [16] and real-local effective free energy [40], for large L
and as � → L, the local distance also approaches the rate func-
tion dq

� (t ) = λ(t ). Here we show that this quantum reduced
fidelity distance exhibits nonanalyticities and obeys scaling
laws near the critical point of dQPTs occurring under different
quenches in integrable and nonintegrable models.

C. Minimum reduced fidelity distance

The entanglement entropy plays a crucial role in identify-
ing and characterizing dQPTs, and is discussed in Sec. II A.
Additionally, the observation that the quantum reduced fi-
delity is bounded by the fidelity of the associated diagonal
states [49] motivates us to develop a distance measure similar
to the qRFD, however, utilizing only the eigenvalues of the
reduced density matrices.

For instance, if η�
↑(↓) and τ �

↑(↓) are the eigenvalues of re-
duced density matrices ρ�

0 and ρ�(t ) respectively, then

M�(η�
↑, τ �

↓ ) � F�

(
ρ�

0, ρ
�(t )

)
� M�(η�

↑, τ �
↑ ), (4)

where ↑ / ↓ represent ascending/descending order of the
eigenvalues and M�(η�

↑, τ �
↑ ) = [

∑2�

p=1

√
(η�

↑)p(τ �
↑ )p]2 is the fi-

delity between the initial and quenched diagonal states. From
the upper bound of the local fidelity, we propose the minimum
reduced fidelity distance:

dm
� (t ) = − log(M�(η�

↑, τ �
↑ )). (5)

This distance is an effective measure, as seen in subsequent
sections, to study and distinguish the quenches that cause
minimal changes in long-range correlations in the system
after the quench shown in Figs. 1(a)–1(d) and have avoided
crossings in the reduced density matrix spectrum. In the limit
� → L → ∞, the eigenvalues of the density matrix are either
zero or one, as they represent the occupation of the states.
Therefore, in this limit, the mRFD is necessarily zero.

III. RESULTS

In this section, we show that irrespective of the nature of
the quench, the qRFD serves as a local measure for dQPT,
as observed in both integrable and nonintegrable models. We
also explain the category of quenches in which mRFD approx-
imates the critical time and exponent.

A. dQPT in the integrable Ising model

We consider the 1D TFIM with the following Hamiltonian:

H = −
N∑

i=1

(
σ z

i σ z
i+1 + hσ x

i

)
, (6)

where σ ’s represent the Pauli matrices, h the transverse field
strength, and N the size of the spin chain.

The corresponding momentum space Hamiltonian reads

H (k) = d (k, h) · σ = 2 sin kσ y + 2(h − cos k)σ z, (7)

with d (k, h) = (0, 2 sin k, 2(h − cos k)) and σ =
(σ x, σ y, σ z ). The equilibrium model shows a quantum phase
transition from paramagnetic to ferromagnetic behavior
when h changes across the critical point hc = 1(−1). The
quenches across hc lead to dynamical quantum phase
transitions [6,11,50]. The rate function can be obtained in
momentum space owing to the translation symmetry of the
model,

λk (t ) = − 1

π
Re(log

∫ π

0
dk

(|gk|2 + exp−2iε f
k t |ek|2

)
, (8)

when the system is quenched from Hinitial(k) = di(k, hi ) · σ
to Hfinal(k) = d f (k, h j ) · σ with |gk|2 = 1

2 [1 + d̂i(k) · d̂ f (k)],

|ek|2 = 1
2 [1 − d̂i(k) · d̂ f (k)], and ε

f
k = | d f (k)| [14]. The rate

function exhibits nonanalyticity at the critical time,

tc = π

ε
f
k∗

(
n + 1

2

)
, n = 0, 1, 2, 3, . . . , (9)

where k∗ = cos−1[ hih f +1
(hi+h f ) ] is the momentum for which the

Loschmidt amplitude vanishes at critical time tc [6,7,11,14].
The scaling analysis yields the following power-law scaling
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FIG. 2. qRFD for TFIM. (a), (b) Quench I with hi = 4 and hf =
0.25. (c, d) Quench II with hi = 0.25 and hf = 4. (a), (c) qRFD,
along with the rate function in momentum space (8). Inset: Magnified
area near the first critical point, where the peaks of qRFD approach
that of the rate function as the subsystem size � increases. (b), (d)
Scaling analysis of qRFD in both quenches. The blue dash dotted
line is the scaling of λk (t ) which has a slope equal to 1. The curve
fitting of scaling plots of qRFD corresponding to subsystem sizes
� = 1 (or 2 for ferromagnetic-to-paramagnetic quench) and � = 10
is shown as gray dashed lines. We observe the exponent value to
reduce significantly from 1.95(1.85) to 1.53(1.49) as subsystem size
increases from � = 2 to L/2 for quench I (quench II). The system
size for this calculation is L = 20.

close to the transition:

λk (t ) − λk (tc) ∼
(

t − tc
tc

)ν

, (10)

with an exponent ν = 1 in one dimension [10]. In two di-
mensions the scaling law is logarithmic, λ(t ) − λ(tc) ∼ (t −
tc)2 log |t − tc|. See Appendix E for more details on the scal-
ing of the λ(t ) in the 2D Ising model.

1. qRFD for quench I and quench II

The qRFD (3) identifies the critical time and the exponent
in dQPT observed under both quenches. The system is ini-
tialized in a paramagnetic phase (|hi| > 1) and quenched to
ferromagnetic phase (0 < |h f | < 1) in quench I, while quench
II is from the ferromagnetic to paramagnetic phase. Consid-
ering that the ferromagnetic ground state is degenerate when
h = 0, all calculations for realizing the ferromagnetic phase
are carried out with a nonzero value of h. Additionally, the
values of hi and h f for which quench I and quench II are
realized are considered along the same transition line back and
forth, although the results do not explicitly depend on this.

Figures 2(a) and 2(c) show the quantum reduced fidelity
distance (3) for different subsystem sizes � for quench I and

quench II, respectively. The initial reduced density matrix ρ�
0

and time evolved reduced density matrix ρ�(t ) are evaluated
exactly. The rate function (8) corresponding to these param-
eters is shown in Figs. 2(a) and 2(c). The qRFD faithfully
approaches the rate function λ(t ) at the critical time when
the subsystem size increases to � → L/2, where L is the
system size.1 In this particular quench setup, the postquench
correlations are local; therefore, even a subsystem as small as
a single spin can also signal the approximate transition time as
seen in Fig. 2(a). However, from Fig. 2(c), a minimum of two
spins are required to characterize the critical time for quench
II, where the quench results in development of long-range
correlations.

In Figs. 2(b) and 2(d), the scaling analysis of qRFD and
the rate function near the critical point for two quenches is
shown. Similar to λk (t ), the qRFD obeys the expected power-
law scaling,

dq
� (t ) − dq

� (t∗
c ) ∼

(
t − t∗

c

t∗
c

)ν

,

where ν ≈ 1.95(1.85) for � = 2 and ν ≈ 1.53(1.49) for � =
10 for paramagnetic to ferromagnetic (ferromagnetic to para-
magnetic) quench and t∗

c is the time corresponding to the
maximum value (peak) of qRFD corresponding to different
subsystem sizes. The t∗

c approaches the critical time, tc (9)
as � → L/2. We observe a steady decrease in the exponent
value towards the expected Ising universality value ν ≈ 1 as
the subsystem size � increases towards L/2. The observed
discrepancy is related to limited access to large system sizes,
which we address through mRFD in the next section.

2. mRFD for quench I

The mRFD (5) distinguishes and characterizes the dQPT
resulting from quench I, which has nearest-neighbor dom-
inated spatial entanglement structure after the quench as
seen in Fig. 1. For the integrable model, the initial (η�

↑)
and quenched [τ �

↑(t )] reduced density matrix spectrum and
hence the mRFD are calculated from the single-particle cor-
relation matrix [51]. For details of the calculation, refer to
Appendix A. Unlike qRFD, this allows us to go to larger
system sizes with the following condition �/L << 1.

We now discuss the evolution of eigenvalues τ �
↑(t ) of re-

duced density matrix ρ�(t ) for quench I as shown in Fig. 3(a).
The spectrum exhibits avoided crossings near the critical time
of dQPT as shown in the inset in Fig. 3(a). The inset in
Fig. 3(b) shows the mRFD (5) calculated from the reduced
fidelity between initial and time evolved diagonal states with
eigenvalues, η�

↑ and τ �
↑(t ). The blue dashed lines in the inset

represent the critical time calculated using Eq. (9). With in-
creasing subsystem sizes �, the time t∗

c at which the mRFD
peaks approaches the critical time, tc. Nonetheless, we observe
deviation from the exact critical time in the avoided cross-
ings (critical time) in the reduced density matrix spectrum

1Though the subsystem size is taken to be simply connected in
all the data shown in the main text, the qRFD averaged over a few
combinations of random partitions also identifies the transition times
as shown in Appendix B.
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FIG. 3. mRFD for TFIM. (a) Reduced density matrix spectrum
of ρ�(t ), corresponding to quench I with hi = 4, hf = 0.25 and
� = 8, L = 64. The blue dashed lines represent the critical times.
Close to the critical times, the spectrum exhibits avoided crossing
as shown in the inset. The inset in (b) is the mRFD for the same
quench parameters. The dashed lines correspond to the critical time
calculated using Eq. (9). (b) Scaling analysis of mRFD near the first
critical point. The slope varies between 2.02 for � = 1 to 1.02 for
� = 8, 16. The gray lines represent the curve fitting corresponding
to � = 1 and 2. The blue dash dotted line represents the scaling of
the rate function.

(mRFD) as seen in Figs. 3(a) and 3(b). However, it van-
ishes for quench I with hi = 4 and h f = 0, where the return
amplitude peaks do not decay and the avoided crossings in
the reduced density and mRFD show nonanalyticity precisely
at the critical time calculated using Eq. (9). Such discrep-
ancies, appearing as deviations in the critical time of local
observables from that of the rate function, are also observed
in Ref. [37] for topological models under quenches with os-
cillatory degeneracies in the entanglement spectrum. This is
believed to be attributed to the distinctive characteristics of
the propagation of the mutual information or entanglement
between different parts of the subsystem as time evolves.

The scaling analysis of mRFD near the time t∗
c at which it

peaks gives

dm
� (t ) − dm

� (t∗
c ) ∼

(
t − t∗

c

t∗
c

)ν

,

with the critical exponent ν ≈ 1 for � = 8 and 16, which is
what one would expected and as seen in the rate function
Fig. 3(b). Hence, though mRFD is a finite-size observable,
for quench I in TFIM, it serves as an efficient local quantity
that reproduces the scaling and universality of dQPT. For
quench II, where the change in long-range correlations is
significant, the information in diagonal states is insufficient
to understand the dQPT fully. Like entanglement entropy,
the mRFD exhibits linear growth near the critical time for
quench II.

Here we considered the dQPT observed during quenches
across the equilibrium critical point in 1D TFIM. The effi-
ciency of qRFD and mRFD in more general scenarios, such
as understanding anomalous dQPTs, where the quenches are
done within the same equilibrium phase, and the 2D Ising
model is discussed in Appendixes D and E respectively.

FIG. 4. mRFD for the topological model. (a, b) Reduced density
matrix spectrum and mRFD calculated for quench I. The inset
in (a) shows the avoided level crossing near the critical time. The
spectrum is for � = 8 and L = 64. The scaling analysis of mRFD
gives a critical exponent ν ≈ 0.96 for � = 8 and similarly for � = 16.
The blue dash dotted line in (c) represents the scaling of return
amplitude calculated in momentum space.

3. mRFD and topological dQPT

The fermionic momentum space Hamiltonian in Eq. (7)
has a well-defined topology. The topological order parameter,
winding number νD = 1

2π i

∫ π

−π
dk d

dk log[h(k)], where h(k) =
dx(k) − idy(k), identifies the trivial and topological
phases [52]. Quench I in the spin chain (6) corresponds
to a quench from the trivial (νD = 0) to topological phase
(νD = 1) in the momentum space Hamiltonian. Under this
quench, the correlations are local while the presence of
edge states in the initial phase contributes to long-range
correlations for quench II [35]. Hence, the mRFD is a useful
measure for detecting the occurrence of a topological dQPT
in fermionic models under quench I.

Figures 4(a)–4(c) show the quenched reduced density ma-
trix spectrum, mRFD, and its scaling for the topological chiral
symmetric fermionic model under quench I. Appendix C in-
cludes a detailed description of the model and the efficiency
of qRFD in capturing the critical time and exponent of dQPT
resulting from quench I and quench II. In the vicinity of the
critical point of quench I, avoided crossings and sharp kinks
are seen in the quenched reduced density matrix spectrum and
the mRFD, respectively. The mRFD displays much faster con-
vergence to the expected power-law scaling with an exponent
ν ≈ 0.96 for � = 8 compared to qRFD.

B. dQPT in the nonintegrable model

We consider the following transverse axial next-nearest-
neighbor Ising model:

H = −
N∑

i=1

hσ x
i + σ z

i σ z
i+1 + 	σ z

i σ z
i+2. (11)

In the 	 = 0 limit, the model assumes the same form as
TFIM (6) and can be solved analytically. However, for 	 �=
0, the Jordan-Wigner transformation translates the model to
an interacting fermionic chain which does not allow an ex-
act solution. Depending on the strength of this integrability
breaking interaction, 	 and the transverse field strength h,
the equilibrium model exhibits four distinct phases: paramag-
netic, ferromagnetic, floating phase, and an antiphase [50,53].
The dQPT arises when any or both parameters, 	 and h, are
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FIG. 5. qRFD for the nonintegrable model. (a), (c) qRFD (3)
for different subsystem sizes and the real-space rate function (1).
The quench parameters are hi = 2(0), 	i = 0.5(0), hf = 0.5(4),
	 f = 0.5(0.6) for quench I (quench II). (b), (d) Scaling analysis of
qRFD near the time at which the first peak appears. The slope of the
curve varies from 1.75(1.65) for � = 2 to 1.20(1.10) for � = 10 for
quench I (quench II). The blue dash dotted lines are reference curves
with the slope 1 and the gray dashed lines represent the curve fitting
corresponding to subsystem sizes � = 2 and 10. The system size is
L = 20.

quenched across an equilibrium critical point [16,50]. It is
observed that the increase in the absolute value of 	, the inte-
grability breaking term, along the positive (negative) direction
manifests as a decrease (increase) in the critical time scale.
Unlike the critical time, tc (9) of the TFIM, there is nonequal
spacing of tc when 	 �= 0 [50].

1. qRFD for quench I and quench II

We follow a similar philosophy as in the previous section to
choose parameters such that they represent the quench I and
quench II protocols and show dQPT. Instead of momentum
space, here, we calculate all the density matrices directly in
the real space. This severely limits the accessible system sizes
in exact diagonalization calculations.

Figures 5(a) and 5(c) show the quantum reduced fidelity
distance (3) along with the rate function for quench I and
quench II. As the subsystem size, �, increases, the time t∗

c
at which the qRFD peaks approaches the critical point at
which the rate function shows nonanalyticities in time. The
scaling analysis of qRFD near the first critical point, shown in
Figs. 5(b) and 5(d), indicates a similar scaling law; the qRFD
follows a power-law scaling, dq

� (t ) − dq
� (t∗

c ) ∼ [(t − t∗
c )/t∗

c ]ν ,
with ν ≈ 1.75(1.65) for l = 2 and ν ≈ 1.20(1.10) for � = 10
for quench I (quench II). The blue dotted line in Figs. 5(b)
and 5(d) is the curve that has a power-law behavior with
exponent 1.

FIG. 6. (a), (b) mRFD for the nonintegrable model showing the
qRFD (3) and the mRFD (5) for quench I for different 	, hi =
1.3, hf = 0.2, � = 10, and L = 20. The nonanalyticities of mRFD
display a shift compared to the transition time of qRFD, and it
depends on 	. (c) The reduced density matrix spectrum for the
quenched state corresponding to 	 = −0.15. Inset: Change in mu-
tual information after the quench. (d) Scaling analysis for the mRFD
for 	 = −0.05, −0.15. For 	 = −0.05 the slope is 1.17 and for
	 = −0.15 it is 0.95 for subsystem size � = 10. The blue dash
dotted line indicates a slope of 1.

For this particular model, [16] showed that for a chain
with L = 16 spins and a local string size ranging as 10 �
� � L, the quasilocal observable exhibits power-law scaling
with an exponent ν ≈ 1. Similarly, as the subsystem size �

increases, the critical exponent of qRFD of the nonintegrable
model gradually approaches that of the qRFD of the integrable
model, but with visible finite-size effects.

2. mRFD for quench I

Figures 6(a) and 6(b) are the qRFD and mRFD correspond-
ing to quench I with varying 	 (	i = 	 f = 	), with dotted
lines representing critical time obtained from the rate function.
The critical time scale of qRFD and mRFD increases upon
increasing the strength of the integrability breaking term, 	.
No simple quantitative relation exists for tc like in Eq. (9) for
the 1D TFIM, and the dQPT appears at unequal time intervals.
Similar to the integrable case, the transition time of the quench
I dQPT in mRFD experiences a shift dependent on 	 relative
to the critical time of the rate function or qRFD. Figure 6(c)
shows the reduced density matrix spectrum with avoided
crossing near the critical time. The inset in Fig. 6(c) reveals
that, even in the presence of integrability breaking terms,
the mRFD identifies and distinguishes quench I, scenarios
where postquench changes in quantum correlations are local.
Figure 6(d) shows the scaling analysis of mRFD for differ-
ent 	’s. The mRFD obeys the power-law scaling, dm

� (t ) −
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dm
� (t∗

c ) ∼ [(t − t∗
c )/t∗

c ]ν , with ν ≈ 1.17 for 	 = −0.05 to ν ≈
0.95 for 	 = −0.15.

IV. CONCLUSION

In this paper, we have demonstrated the efficacy of the
quantum reduced fidelity distance as a local observable for
understanding the dQPT that occurs in diverse models, includ-
ing integrable and nonintegrable spin chains and topological
systems. The quantum distance metric is defined based on the
reduced fidelity between the initial and quenched states for
finite subsystems. Notably, as the subsystem size (� ∼ L/2)
increases, the critical time and the critical exponents identified
by the qRFD gradually converge to the point where the rate
function exhibits nonanalytic behavior.

Moreover, the local observable derived from the diagonal
states, with minimum reduced fidelity distance, distinguishes
dQPTs arising from different quenches. The rationale for
introducing mRFD comes from the observation that for a
specific quench protocol (quench I), the entanglement spec-
trum features avoided level crossings near the transition time
during the time evolution. Additionally, the quantum corre-
lations developed after quench I remain local. Another key
insight is that irrespective of the nature of the quench, the
fidelity between diagonal states or eigenvalue distributions
sets an upper limit on the quantum reduced fidelity. These
findings underscore the importance of local observables, par-
ticularly mRFD, in effectively probing and characterizing the
diverse dynamical phases that arise during quantum quench
processes.

While the qRFD and mRFD have proven valuable in com-
prehending dQPT by exhibiting cusps at critical times, some
areas will benefit from further improvements. First, due to
limited access to large system sizes, the critical exponent, ν,
obtained from the scaling analysis of qRFD does not precisely
match with the expected exponent ν � 1. However, the rela-
tive error in calculating the exponent, δν = ν − 1, decreases
from 0.95 to 0.53 (0.75 to 0.20) upon increasing the subsystem
size from � = 2 to L/2 for the integrable (nonintegrable) spin
model. The finite-size effects observed for the nonintegrable
model are less compared to the integrable model. It is inter-
esting to note that similar finite-size effects are also observed
in the real-space local effective free energy proposed by Hal-
imeh et al. [40]. Though the critical time is reliably found
from the effective free energy corresponding to subsystem
size as small as � = 2, the nonanalytic behavior becomes
more evident as the subsystem size increases to � � 32. In
this respect, mRFD effectively addresses the finite-size effects
in integrable models by calculating the eigenvalues of the
reduced density matrix from the single-particle correlation
matrix, enabling access to large system sizes. For instance,
we successfully identified the critical time and precise critical
exponent for a subsystem size of � = 8 for L = 64.

Finally, note that with the emergence of techniques ca-
pable of measuring reduced density matrices, the qRFD and
mRFD can serve as convenient methods for experimentally
detecting dQPTs [54–56]. For instance, the local projective
measurements were performed on a subset of Bose-Einstein
condensates of 87Rb atoms in an optical lattice [57] and the
investigation of the propagation of nonlocal correlations in

the trapped 171Yb
+

ions [58] provides information about the
subsystem density matrix at finite time and thus exemplifies
the practical applicability of the qRFD and mRFD.
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APPENDIX A: REDUCED DENSITY MATRIX SPECTRUM
FROM A TWO-POINT CORRELATION FUNCTION FOR

AN INTEGRABLE MODEL

The initial ground state of Eq. (7) at hi = 4,

|ψk〉 = ukc†
kc†

−k |0〉 + vk |0〉 , (A1)

is used to calculate the one-body correlation matrix,

Cinitial =
(
C F
F† I − C

)
,

where

Ci j = 〈c†
i c j〉 = 2

L

∑
k∈BZ/2

|uk|2 cos(k(i − j)),

Fi j = 〈c†
i c†

j 〉 = 2

L

∑
k∈BZ/2

u∗
kvk sin(k(i − j)), (A2)

and i and j run over the subsystem size �. The entanglement
spectrum (ε) is calculated from the eigenvalues of the correla-
tion matrix (ζ ),

ζ �
q = 1

eε�
q + 1

,

where q ∈ 0, 1, . . . , �. The 2� eigenvalue of the initial reduced
density matrix (ρ�

0) is then obtained from the entanglement
spectrum as [61]

η�
p = 1

Z�qe−ε�
qn(p)

q ,

where n(p)
q ∈ 0, 1 are single level occupation numbers. Z

is the normalization constant such that
∑

p η�
p = 1. To ob-

serve dQPT, the ground state (A1) is time evolved with
respect to the Hamiltonian (7) at h f = 0.25. At any in-
stant of time, the quenched state is |ψk (t )〉 = uk (t )c†

kc†
−k |0〉 +

vk (t ) |0〉. From these time-dependent coefficients, the correla-
tion matrix [C(t )], and hence the quenched reduced density
matrix spectrum with eigenvalues arranged in ascending or-
der, τ �

↑(t ) is calculated using the same procedure described
above.
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FIG. 7. qRFD for random partitions. (a), (b) qRFD averaged over
ten random partitions of size � = 4, 10 for integrable and noninte-
grable spin chains. The quench parameters chosen for integrable (6)
and nonintegrable (11) models are hi = 4.0, hf = 0.25 and hi =
2, h − f = 0.5, 	i = 	 f = 0.5 respectively. The blue dashed lines
represent the critical time. As � increases, the qRFD approaches the
critical time.

APPENDIX B: QRFD FOR RANDOM PARTITIONS

Here we show the qRFD calculated for dQPT observed in
both integrable (6) and nonintegrable (11) spin chains when
the choice of subsystem sites is random. Consider the para-
magnetic to ferromagnetic quench discussed in Secs. III A 1
and III B 1. We consider ten configurations of random subsys-
tem sites of size � = 4, 10 for L = 20. The qRFD (3) values
averaged over these random configurations for the integrable
and nonintegrable models are plotted in Figs. 7(a) and 7(b),
respectively. The blue dotted lines represent the critical time.
As the subsystem size increases, the qRFD averaged over ran-
dom partitions approaches the critical time. For the opposite
quench also, qRFD averaged over random partitions picks up
the critical time efficiently.

APPENDIX C: FERMIONIC TOPOLOGICAL MODEL

We consider the chiral symmetric Hamiltonian in class AIII
of topological insulators and superconductors [62],

H =
N∑

i=1

(
1

2
c†

i (σ x + iσ y)ci+1 + H.c.) +
N∑

i=1

mc†
i σ

yci, (C1)

where c†
i (ci ) are the fermion creation (annihilation) operators,

σ ’s are the Pauli matrices, m is the complex dimerization
amplitude, and N is the number of unit cells. In the Fourier
space,

H (k) = d (k) · σ = cos kσ x + (m − sin k)σ y, (C2)

where d (k) = (cos k, (m − sin k), 0) and σ = (σ x, σ y, σ z ). In
equilibrium, the model has a nontrivial topological index for
0 < m < 1 and a trivial topological index for m > 1. Quench-
ing the parameter m across the equilibrium critical point
mc = 1 results in dynamical quantum phase transitions. By
changing mi = 0.25(4) to m f = 4(0.25), we get topological
(trivial) to trivial (topological) quench.

Figures 8(a) and 8(b) correspond to the qRFD (3) calcu-
lated for both quenches for different subsystem sizes. The

FIG. 8. qRFD for the topological model. (a), (c) qRFD calculated
for different subsystem sites for quench I and quench II. It also has
the rate function calculated in real space. The total number of sites
is L = 20. The quench parameters are mi = 0.25, mf = 4.0 (a) and
mi = 4, mf = 0.25 (c). (b), (d) Scaling analysis of qRFD for both
quenches. The slope of the curve changes from 1.86(1.98) for � = 4
to 1.63(1.74) for � = 10 during quench II (quench I). The blue dash
dotted line in (b) and (d) is the slope 1 curve.

rate function calculated in real space is also plotted for both
quenches. The qRFD captures the critical point efficiently.
The scaling analysis of both quenches shows a power-law
behavior, with the critical exponent ν ≈ 1.86(1.98) for l = 4
to ν = 1.63(1.74) for l = 10 for topological to trivial (trivial
to topological) quench. The mRFD and its scaling for the
quench from the trivial to the topological phase where only
local correlations are present [35] are explained in Sec. III A 3.

APPENDIX D: QRFD IN ANOMALOUS dQPT

When the quench parameters do not cross the equilibrium
quantum critical point, we get the anomalous dQPT [31]. The
spin Hamiltonian,

H =
N∑

i=1

−hσ z
i + Jxσ

x
i σ x

i+1 + Jyσ
y
i σ

y
i+1, (D1)

exhibits anomalous dQPT. Since this is an integrable model,
the diagonalization in momentum space is possible with

H (k) = d (k, h) · σ = 2γ sin kσ y + 2(h − cos k)σ z, (D2)

where d (k, h) = (0, 2γ sin k, 2(h − cos k)), σ = (σ x, σ y,

σ z ) are the Pauli matrices, Jx = (1 + γ )/2, and Jy = (1 −
γ )/2. Consider the quench, γi = 1.6, hi = 1.5 to γ f =
−4, h f = 3, which is within the paramagnetic phase [31].
Figure 9(a) corresponds to the qRFD (3) for different sub-
system sizes. The return amplitude is calculated in the
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FIG. 9. qRFD for anomalous dQPT. (a) qRFD for different sub-
system sizes and the rate function. The quench performed is from
γi = 1.6, hi = 1.5 to γ f = −4, hf = 3. The total system size is L =
20. (b) Reduced density matrix spectrum calculated from the single-
particle correlation matrix for the same quench. The subsystem size
is � = 8, and the total system size is L = 64. The blue dashed lines
indicate the critical time at which the rate function diverges.

momentum space using Eq. (8). As the subsystem size in-
creases, the maximum value of qRFD moves towards the peak
value of the rate function, thus identifying the critical time
efficiently.

The reduced density matrix spectrum calculated us-
ing the single-particle correlation matrix, as explained in
Appendix A, is shown in Fig. 9(b). Though the spectrum
shows a single avoided crossing at some time, it lies much
away from the critical time indicated by the blue dotted line
and does not show oscillations like Fig. 3(a). Hence the mRFD
fails to capture the anomalous dQPT.

APPENDIX E: QRFD IN TFIM ON A SQUARE LATTICE

Consider the TFIM (6) on a square lattice,

H = −
∑
〈i j〉

Ji jσ
z
i σ z

j − h
L∑

i=1

σ x
i , (E1)

where the nearest-neighbor hopping takes value Ji j = J along
the rows and Ji j = Jp along the columns, and L is the total

FIG. 10. qRFD for 2D TFIM. (a) qRFD for different subsystem
sizes and λ(t ) calculated in real space for a 4 × 4 square lattice. The
system is quenched from hi = 1.5J to hf = 0.25J for J = Jp = 1.
The subsystem size chosen is � = 2 sites and areas with size � =
4(2 × 2) and 9(3 × 3). (b) Scaling analysis of qRFD for different
subsystem sizes. As the subsystem size increases, the qRFD also
shows similar logarithmic scaling as λ(t ).

number of lattice sites. During the quench from hi = 1.5J to
h f = 0.25J and for J = Jp = 1, the model undergoes dynam-
ical quantum phase transition. Near the critical point, the rate
function obeys the following scaling relation [10]:

λ(t ) − λ(tc) ∼ (t − tc)2 log |t − tc|, (E2)

where tc is the critical time. The quantum fidelity distance
for different choices of subsystem size, along with the rate
function, is shown in Fig. 10(a). The critical point is identified
well by the local quantum distance. Figure 10(b) shows that
similar to the scaling of λ(t ) (E2), the qRFD also exhibits
logarithmic scaling:

dq
� (t ) − dq

� (t∗
c ) ∼ (t − t∗

c )2 log |t − t∗
c |. (E3)

The reduced density matrix spectrum does not show
avoided crossings at the critical time for this quench. Hence,
the minimum reduced fidelity distance (5) is not a reliable
local measure. The quench at which mRFD can capture dQPT
in this model needs to be studied further.
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