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Quantum acoustics of the Jahn-Teller complexes in doped crystals: Configurational
relaxation time as indicator of the complex
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Experiments carried out with the use of ultrasonic technique in doped crystals have established three mech-
anisms of relaxation of the Jahn-Teller subsystem at low temperatures. All of them have a quantum nature.
The Debye relaxation function fD = 1/(1 + iωτ ) is changed due to the temperature-dependent relaxation time
τ (T ) provided the frequency ω is fixed. The dependence of τ (T ) derived in an experiment on dissipation
or/and dispersion of an ultrasonic wave makes it possible to obtain the temperature dependence of fD(T ). As
a consequence of quantum nature of the relaxation mechanisms, the dependence of τ (T ) at low temperatures
is an immanent characteristic of the system of Jahn-Teller complexes in a given matrix. Therefore graphical
representations of −Im fD(T ) and −Im fD(T )/T can serve as fingerprints of a certain Jahn-Teller complex.
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I. INTRODUCTION

The term “Jahn-Teller effect” (JTE) embraces a range of
phenomena related to the theorem formulated by Hermann
Arthur Jahn and Edward Teller in 1937 [1]. Actually usage
of “effect” is not quite correct in this case. “Effect” as a
noun (meaning “phenomenon”) should relate to a process
taking place in time and should represent a response to a
certain impact. Regarding the conventional meaning of the
JTE, we deal with the symmetry properties that the object
possessed before the external action. However, the object does
not change these properties after the external action and they
manifest themselves in various experiments.

The theorem asserts that a high-symmetry state of a
molecule with the orbital degeneracy is unstable, and a stable
state is achieved due to deformation that lowers the symmetry
of the molecule. Subsequently, this theorem was also applied
to crystals in which the Jahn-Teller (JT) center is embedded
in the elementary cell, as well as to dilute crystals with small
concentration of intentionally introduced impurities [2].

Starting from 1939, experimental works appeared on man-
ifestation of these symmetry properties. It proved to be
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that a number of techniques can be used for this aim.
The results of investigation of EPR spectra [3–9], ultra-
sonic attenuation [10,11], quasistatic magnetic and thermal
properties [12,13], and optical absorption or fluorescent
spectra [14–17] were published along with their theoretical
treatment [18–25] (see also references in reviews [26,27] and
bibliographic review [28]). In spite of long historical period,
attention to such studies is not weakening [29–33]. Contem-
porary studies of the JTE take place in a number of fields.
A few examples relating to solids: cooperative JTE [34–39],
anti-JTE [40], JTE in piezoelectrics [41].

At present, optical and magnetic resonance techniques are
considered as the most informative methods of investigation
of point defects with orbitally degenerated states. The reason
of such a reputation is the quantum nature of the resonance
transitions between the energy levels Ei of the JT complexes
and small uncertainty of the energies δ Ei with respect to the
differences between the excited and ground states Ei − Ej .
The other mentioned methods were not widely used. This
should be accepted as surprising, particularly with regard
to the physical acoustics technique habitually used in solid
state research (see, e.g., Refs. [42–48]). Moreover, quantum
phenomena, such as acoustic EPR and acoustic NMR also
were studied in an ultrasonic/hypersonic experiments (see,
e.g., Refs. [49,50] and references therein) and theoretical
prediction of resonance absorption of ultrasound by the JT
complexes was done in 1963 [51].

Probably, such an attitude was due to nonresonant re-
laxation nature of the JTE manifestation that was found
in the first experiments [10,11]. The relaxation implies the
redistribution of the JT complexes over the lowest energy
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FIG. 1. Three-horn adiabatic potential energy surface of the JT complex subject to the quadratic E ⊗ e problem (a) and its variation caused
by an external deformation along a tetragonal coordinate induced by an ultrasonic wave (b). The green arrow shows a tunneling transition to a
lower energy state.

ground states modified by the external parameters, e.g.,
temperature [11] or magnetic field [13]. The status of ig-
norance of ultrasonic methods remained till 2000s. The
tendency to change it was displayed starting with publication
of experimental data on manifestation of the JTE in such
3d-doped crystals as AIIBVI (tetrahedral complexes in zinc-
blend [52,53] and in wurtzite-type [54] matrices). Later cubal
complexes in fluorites [55–57] and tetrahedral complexes in
barium hexaferrite with the magnetoplumbite structure [58]
were involved in the research orbit of ultrasonics. We should
emphasise that the studied relaxation presupposes an es-
tablishment of equilibrium over the states corresponding to
equivalent JT deformations that carried out an external (me-
chanical) effect caused by ultrasonic wave propagation. The
process is characterized by a macroscopic parameter, i.e., the
relaxation time of a distribution function which can be de-
fined as a configurational (Jahn-Teller or vibronic) relaxation
time stressing its nature and distinguishing it from ones that
describe vibrational, spin-spin, or spin-lattice relaxation (see,
e.g., Refs. [59,60]).

The question is what parameter (or a number of them)
of the JT ensemble as a subsystem of a crystal or of the
JT complex itself can be used for its identification in an
experiment? Such parameters could be ones entering the vi-
bronic Hamiltonian, namely, the vibronic coupling constants
and primary force constants. Combinations of these constants
give quantitative characteristics of the adiabatic potential en-
ergy surface (APES): the values of global minima and saddle
points as well as their positions in symmetrized displacement
coordinates. However, the primary force constants should
be calculated with the use of optical data and the vibronic
coupling constants can be obtained while processing the ul-
trasonic experimental data only if concentration of the JT
complexes is reliably known [61]. The last is actually impos-
sible to realize with the required accuracy if the dopant can
form a number of charge states [56].

The configurational relaxation time is the parameter which
is free of these disadvantages. Its temperature dependence
can be obtained completely in the framework of ultrasonic

experiment regardless of (i) concentration of the dopant, (ii)
the polarization of the wave used in the measurements, and
(iii) its frequency. In the present paper, we show how the
temperature dependence of the configurational relaxation time
can be used for the identification of the JT complexes in doped
crystals.

II. METHODOLOGY OF DATA ANALYSIS FOR
DETERMINATION OF CONFIGURATIONAL

RELAXATION TIME

In the very first publications, the temperature-dependent
ultrasonic attenuation αβ was described by Sturge in general
terms (Eq. (9.8) in review [26]). In Refs. [10,11], experi-
ments on Al2O3:Ni3+ were discussed in which the octahedral
complex Ni3+O6 relates to E ⊗ e JTE problem. It has the
APES defined in tetragonal symmetrized coordinates Qθ , Qε

(in Ham’s notation [25]). Such APES is shown in Fig. 1. It
has three global minima and three saddle points (see also
Ref. [62]). Generalization of this approach to a more com-
plicated APES (namely, defined in the five-dimensional space
Qθ , Qε, Qξ , Qη, Qζ ,) and accounting of both dispersion and
dissipation lead to the following expression for the JT con-
tribution to the complex wave number of the β normal mode
(see, e.g., Eqs. (77) and (78) in Ref. [61]):

kJT
β

k0
= −1

2

(
cJT
β

)T

c0

1

1 + iωτ
, (1)

where kJT
β = −k0 (vJT

β /v0) − iαJT
β , ω is a cyclic frequency,

τ is the mentioned configurational relaxation time. (cJT
β )T

is the isothermal contribution of the JT subsystem to the cβ

component of the elastic modulus tensor of a crystal c. Phase
velocity v0, k0, and c0 are reference magnitudes (the subscript
β is omitted for simplicity). vJT

β and αJT
β are contributions of

the JT subsystem to the phase velocity and the attenuation of
the β normal mode associated with the β component of c,
respectively. In Eq. (1), the isothermal modulus describes the
quasistatic elastic properties of the JT subsystem while the
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dynamic properties are determined by the Debye relaxation
function fD, which can be introduced with the help of real
(and positive) functions f1 and f2 as

fD = 1

1 + iωτ
= 1 − iωτ

1 + (ωτ )2 = f1 − i f2. (2)

The functions f1 and f2 depend on the factor of temporal
(frequency) dispersion ωτ . If we fix ω and change τ by means
of temperature variation, the low-temperature region will cor-
respond to ωτ � 1 and oppositely to the high-temperature
region ωτ � 1. Besides, we introduce T = T1, which corre-
sponds to ωτ = 1. Note, f1(T1) = f2(T1).

The explicit form of the isothermal modulus (see, e.g.,
Ref. [54] for a hexagonal crystal and Ref. [55] for a cubic
one) is the following:

(
cJT
β

)T = −aS
β

nF 2
i a2

0

kBT
= −AS

β

T
, (3)

where aS
β is a certain (positive) coefficient depending on (i)

symmetry properties of the APES global minima, (ii) the crys-
tal symmetry, and (iii) the elastic modulus tensor component
β. n is the concentration of the JT complexes, Fi is the vibronic
coupling constant (tetragonal FE or trigonal FT ), a0 is the
distance between the JT ion and the nearest neighbor, and kB is
the Boltzmann constant. So, if to discuss temperature effects,
the scale of vJT

β /v0 and αJT
β /k0 variations depend upon AS

β/c0,
while functional dependencies on T are governed by fD/T .

The τ (T ) dependence can be retrieved in an ultrasonic
experiment, namely, with the use of the data either on attenu-
ation αJT

β (T )/k0 or on phase velocity vJT
β (T )/v0 [61]:

τ (T ) = 1

ω

⎧⎪⎨
⎪⎩

αJT
β (T1) T1

αJT
β

(T ) T
±

√√√√[
αJT

β
(T1) T1

αJT
β

(T ) T

]2

− 1

⎫⎪⎬
⎪⎭, (4)

τ (T ) = 1

ω

√√√√2
vJT

β
(T1) T1

vJT
β

(T ) T
− 1. (5)

the sign “+” is used for T < T1 and “−” is used for T � T1

due to physical reason: relaxation time is increased with the
temperature lowering.

We should emphasize that T1 enters Eqs. (4) and (5). In the
first papers on the JTE (see, e.g., Eq. (14a) in Ref. [11]), the
position of the attenuation peak Tm was used instead being an
approximate value of T1. The procedure of T1 determination
was also described in detail in Ref. [61]. This adjustment
was used in all our papers. It is particularly important if the
attenuation peak is observed below 10 K.

III. UNIVERSAL MECHANISMS OF CONFIGURATIONAL
RELAXATION

While discussing the JTE in Al2O3:Ni3+ [26], Sturge
considered three mechanisms of configurational relaxation:
thermal activation, tunneling through the potential energy
barriers (analogous to the “direct process” in spin-lattice
relaxation), and the two-phonon mechanism (analogous to
“Raman” process). The last two mechanisms were analyzed
in Ref. [63]. They are accompanied by absorption of one
or two phonons, therefore, corresponding relaxation rates are

temperature-dependent. The mentioned three mechanisms (in
Sturge notation) are characterized with corresponding relax-
ation rates, respectively:

τ−1
a = τ−1

0 exp (−V0/kBT ), (6)

τ−1
t = BT, (7)

τ−1
R = (B/�2)T 3, (8)

where τ−1
0 is the attempts frequency, V0 is the activation

energy, B and � are constants. In the discussed by Sturge
quadratic E ⊗ e problem, B ∝ F 2

E /h̄4 and B/�2 ∝ F 4
E /h̄7.

The question was: whether the mentioned mechanisms of
relaxation are so universal that they describe relaxation in both
cases of linear or quadratic T ⊗ (e + t2) JTE problem?

The results of our former investigations [56–58,64,65] and
initially reported in the present paper (see Figs. 2 and 3 along
with Fig. 4 curve 2) give a positive answer to this question at
least in the low-temperature region. Certainly, the expressions
for B and B/�2 (see Ref. [26]) in other than E ⊗ e cases
should differ.

The universal form of relaxation mechanisms that we are
discussing has been confirmed in one more hexagonal crystal
with tetrahedral JT complexes subject to the quadratic E ⊗ e
problem (BaFe12−xTixO19 [58]), in the fluorite-structure crys-
tals with cubal JT complexes subject to the quadratic T ⊗
(e + t2) problem listed in Table I, in AIIBVI:Cr2+ crystals with
tetrahedral JT complexes subject to the linear T ⊗ (e + t2)
problem in sphalerite (Fig. 2) and wurtzite (Fig. 3) matrices.

An analysis of Eq. (1) with account of three mechanisms
of relaxation given by Eqs. (6)–(8) in the low-temperature
region ωτ � 1 revealed a linear temperature dependence of
velocity and a constant value of attenuation (meaning the JT
contribution for both):

vJT
β

v0
+ i

αJT
β

k0
= AS

β

2c0

[
−B2T

ω2
+ i

B

ω

]
. (9)

The last conclusion (nonzero attenuation at T → 0) seemed
surprising. However, in the first papers, it was believed that the
value of αJT

β (T → 0) is rather small due to small relaxation
rate provided by quantum tunneling process. This belief lasted
untill the analysis of experimental data of the temperature
dependence of attenuation in doped fluorite CaF2:Cr2+ [66].

The conclusion about the finite value of low-temperature
attenuation has two consequences: cognitive and practical
ones. They are (i) the recognition of a valuable impact of
quantum effects in physical acoustics of the JT subsystems at
low temperatures and (ii) the necessity to take into account the
value of low-temperature attenuation αβ (T → 0) while deter-
mination of the JT contribution αJT

β (T ) to the total attenuation
αβ (T ). The last is actually measured in an experiment. The
JT contribution to attenuation is a must for constructing the
dependence τ (T ) because it is αJT

β (T ) that enters the Eq. (4).
Disregard of the finite value of low-temperature attenuation
has led to overestimation of the relaxation time magnitude
by one or two orders at low temperatures (see, e.g., Fig. 3 in
Ref. [55] and Fig. 10 in Ref. [64], Fig. 2(b) (here) and Fig. 4 in
Ref. [67], Fig. 3(b) (here) and Fig. 7 in Ref. [54]). However,
activation mechanism parameters have been obtained rather
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TABLE I. Parameters which characterize configurational relaxation of the JT subsystem in some doped crystals with the fluorite structure.
The upper bound of the error is estimated as 5%.

Host crystal JT ion V0, cm−1 τ0, s B, s−1 K−1 B/�2
0, s−1 K−3 Ref.

CaF2 Cr2+ 92 3.0 × 10−13 5.3 × 106 3.2 × 105 [56]
BaF2 Cu2+ 94 2.0 × 10−11 1.4 × 106 2.0 × 104 this paper
CaF2 Cu2+ 1.2 × 102 3.3 × 10−12 1.5 × 106 5.0 × 102 [57]
SrF2 Cr2+ 2.6 × 102 7.1 × 10−13 3.6 × 104 2.9 × 102 [65]
CaF2 Ni2+ 4.0 × 102 1.0 × 10−13 5.6 × 105 6.7 × 101 [64]

accurately due to domination of the activation mechanism at
T nearby T1 [i.e., in the vicinity of attenuation peak ≈ αβ (T1),
which is larger than αβ (T → 0)].

(a)

(b)

FIG. 2. (a) Temperature dependencies of 
α/k0 for ZnSe:Cr2+

obtained at 56.6 MHz. 
α = α(T ) − α(T0), 
v = v(T ) − v(T0),
k0 = k(T0), and T0 = 50 K. Transverse normal mode propagating
along [110] crystallographic axis with polarization parallel to [11̄0]
associated with the modulus cE = (c11 − c12 )/2. (b) Configurational
relaxation time vs inverse temperature (circles) in ZnSe:Cr2+. Model
curves τa (curve 1), τR (curve 2), τt (curve 3) are defined by Eqs. (6)–
(8). The total relaxation time τ = (τ−1

a + τ−1
t + τ−1

R )−1 (curve 4).
Curve 5 shows simulation of relaxation time without account of τR,
i.e., τ = (τ−1

a + τ−1
t )−1. τ0 = 2 × 10−11 s, V0 = 68 K = 47.3 cm−1,

B−1 = 5 × 10−6 s K, (B/�2)−1 = 9 × 10−5 s K3. The red square
symbol corresponds to ωτ = 1 at ω/2π = 56.6 MHz.

Determination of the finite value of αJT
β (T → 0) can be

done with the aid of two independent procedures: (i) simula-
tion of the experimentally obtained a dependence of αβ (T )
with the use of the mentioned relaxation mechanisms (like
it was done in Ref. [66]) and (ii) construction of the de-
pendencies of vJT

β (T )/v0 with the use of the data obtained
on the doped and nominally pure crystals [64], evaluation
of configurational relaxation time temperature dependence
[using Eq. (5)], and fitting the obtained curve τ (1/T ) as
well with account of the relaxation mechanisms (6)–(8). The
fitting procedure can be done with the use of the curve pre-
sented in semilogarithmic and linear scales (see Fig. 3). The
first variant is useful for exponential τa(1/T ) determination
(at high temperatures), the second one helps to define lin-
ear τt (1/T ) (low-temperature mechanism). The two-phonon
“Raman” mechanism is important in the intermediate range
[compare the curves 4 and 5 in Fig. 2(b)].

In ZnSe:Cr2+ [Fig. 2(a)], ultrasonic attenuation at T >

40 K approaches to a constant value. We interpret this fact
as vanishing the JT contribution to the total attenuation and
negligible (with respect to the JT contribution) temperature
dependence of the background attenuation at least below
70 K. It makes it possible to assume αJT

β (T ) = 
αβ (T ) with
T0 = 50 K.

In CdSe:Cr2+ [Fig. 3(a)], high-temperature attenuation
does not approach a constant value. It means that additional
subsystems (e.g., initiated by excited states, the last are due to
high energy barrier V0) can contribute to attenuation. There-
fore the procedure of τ (T ) determination was the following.

(1) Simulation of αJT
55 (T ) at low temperatures with the use

of three mechanisms of relaxation [Eqs. (6)–(8)] and one more
fitting parameter given by Eq. (3) was applied for determina-
tion of the low-temperature limit of αJT

55 (T → 0).
(2) Thereafter, JT contribution was introduced as

αJT
55 (T ) = αJT

55 (T → 0) + 
α55(T ), where 
α55(T ) =
α55(T ) − α55(T = 4 K) is the measured attenuation with
respect to its level at T = 4 K.

(3) Evaluation of τ (T ) [given in Figs. 3(b) and 3(c)] with
the use of Eq. (4). This procedure was initially applied for
processing the data obtained in doped fluorites and described
in Refs. [57,66].

We would like to emphasize that we obtained only the
low-temperature dependence of τ (T ) at stage 1. At stage 3,
τ (T ) was evaluated (using the experimental data) in a more
wide temperature range. In this temperature range, accurate
consideration requires account for at least part-occupied ex-
cited states. As a result we have a number of subsystems with
different potential energy barriers (which are lower for the ex-
cited states) and, therefore, different values of relaxation time,
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(a)

(b)

(c)

FIG. 3. (a) Temperature dependence of αJT
55 (T )/k0 for the c55

mode in CdSe:Cr2+ (circles) and model curve (1). Configurational
relaxation time vs inverse temperature (circles) displayed in semilog-
arithmic (b) and linear (c) coordinate systems. Model curves τa

(curve 2), τR (curve 3), τt (curve 4) are defined by Eqs. (6)–(8).
The total relaxation time is shown by curve 5. τ0 = 0.6 × 10−12 s,
V0 = 175 K = 120 cm−1, B−1 = 7.0 × 10−7 s K, (B/�2)−1 = 1.2 ×
10−3 s K3. The green square symbol corresponds to ωτ = 1 at
ω/2π = 55.3 MHz.

which contribute to attenuation. So in the case of CdSe:Cr,
our consideration of the system as described by one relaxation
time is not correct at high temperatures. This is the reason why
the experimental curve and the model one differ at T > 25 K.

The number of parameters, τ0, V0, B, and B/�2, (and AS
β

in the case of CdSe:Cr2+) seem to be too many and give
a wide field for simulation. However, thermal activation is
represented by a linear dependence on the semilogarithmic
scale [see Fig. 2(b), curve 1 and Figs. 3(b) and 3(c) curve 2]
at high temperatures and it can be processed with the least
squares method (actually, meaning measurement not fitting).
In CdSe:Cr2+, activation energy is 173 K (see description to
Fig. 3). It means that the potential energy barrier is high, as
a result we have a broad temperature range where the one-
phonon mechanism dominates. In this case, the corresponding
linear dependence of relaxation time at low temperatures
[Fig. 3(c), curve 4] can be also processed with the least
squares method (actually, measured as well) and fitting will
give the single remaining parameter B/�2 (and one more, AS

β ,
in the case of CdSe:Cr2+).

Figures 2(b), 3(b) and 3(c) show that the relaxation time,
which characterizes activation mechanism τa, exceeds τt and
τR below T = 7 K in ZnSe:Cr2+ and below T = 12 K in
CdSe:Cr2+ at approximately 55 MHz. Relaxation always is
determined by the fastest mechanisms which in the JT sub-
systems at low temperatures are represented by quantum
(tunneling) processes. In view of the variety of the studied
types of crystals, we consider this feature as a universal one.

IV. UNIVERSAL FORM OF EXPERIMENTAL DATA
REPRESENTATION

Ultrasonic investigation of the JTE in doped crystals is
based mostly on temperature dependence of contribution of
the JT subsystem to attenuation and phase velocity of a normal
mode (or to a complex wave number, or to a complex dynamic
modulus). The expression for a relative wave number is given
by Eq. (1) while the other ones can be obtained with the use
of this equation.

The scope of changes of these parameters is determined by
(cJT

β )T /c0 [given by Eq. (3)] while the position in a T scale
of their most noticeable variation (peak or smoothed step) is
determined by the Debye relaxation function fD expressed by
Eq. (2) and occurs at T = Tm which corresponds to ωτ ≈ 1.
The approximate equality is due to the temperature depen-
dence of the isothermal modulus.

The configurational relaxation time is completely de-
fined by the parameters which describe the quantum-nature
processes and activation over the potential energy barrier.
Therefore it cannot vary from sample to sample of the same
compound. However, it is not convenient to compare the de-
pendencies τ (T ) obtained in various crystals. We suggest two
versions of representation in the form of graphical tempera-
ture dependencies for this aim, namely, f2(T ) and f2(T )/T ,
i.e., the functions which contain the obtained in experiment
τ (T ) but the magnitude of ω for calculation of f2 is chosen by
the researcher.

The first one presents the peaks of the same maximum at
different positions on the T scale [max f2 = f2(T1) = 1/2].
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(a) (b)

FIG. 4. Variants of graphical representation of the JTE manifestation in an ultrasonic experiment. The fluorite-structure crystals are taken
as examples. (a) Temperature dependence of f2 defined by Eq. (2) as the result of τ (T ) fitting with account of three mechanisms of relaxation
described by Eqs. (6)–(8). (b) Temperature dependence of f2/T ∝ α(T ). Both were calculated for f = ω/2π = 50 MHz. Curve 6 is the
hyperbola 0.5/T on which all the points lay corresponding to ωτ = 1. The parameters which characterize configurational relaxation in these
crystals are given in Table I.

Actually, it is determination of T1 at a given frequency and
characterization of the complex by this parameter. The De-
bye function can be obtained by “normalizing” the measured
ultrasonic attenuation 
α(T ) to force f2(T1) = 1/2. Such
approach is acceptable provided that the value of attenuation
at low temperatures is known. In the case of temperature de-
pendence of background attenuation is negligible in the range
of the JTE manifestation in an ultrasonic experiment, we can
evaluate attenuation with respect to the high-temperature level
and assume the measured attenuation as the JT contribution
to the total one. In the case of the noticeable temperature
dependence of the background attenuation (a conventional
situation), it is impossible to use such an approach. Therefore
we have to use either (i) simulation of the attenuation curve
with the use of three relaxation mechanisms or (ii) the data on
ultrasonic velocity (real part of the modulus) and obtain the
temperature dependence of the relaxation time with the use of
Eq. (5). In both the cases, we construct τ (T ) and afterwards
f2(T ).

The experiments are carried out at the frequencies de-
pending on the available piezoelectric transducers. As usual,
the fundamental resonant frequency is used (in the range of
10–50 MHz) but sometimes the transducers are excited at
the multiple harmonics. Actually we possess the experimental
data for each specimen obtained at a certain frequency (or a
few number of frequencies). The position of the attenuation
peak Tm on the T scale is frequency-dependent. So, we have
to find the method for presentation of the data at a fixed
frequency (chosen by investigator) while initially the data
for different crystals were obtained at different frequencies.
The proposed method enables to calculate the dependencies
for a given ω (which actually can be arbitrary as well as
corresponding to the frequency related to the experiment on
a new specimen for further comparison). The second variant
reproduces the form of attenuation curve at a given frequency:

f2(T )

T
= 2c0

AS
β

αJT
β (T )

k0
. (10)

Both the forms of the data presentation do not depend nei-
ther on concentration of the dopant nor on the polarization and
frequency of the wave used in an experiment; the requirements
are (i) (cJT

β )T 	= 0 meaning aS
β 	= 0 in Eq. (3) and f2 should be

calculated with the use of one chosen frequency.
The example of this approach is shown in Fig. 4 related

to the doped fluorite-structure crystals. The magnitudes of
the activation energy V0 are given along with the type of a
crystal in Fig. 4(a). At temperatures which are higher than
the region of tunneling mechanism domination, activation
relaxation prevails since τ−1

a > τ−1
t , τ−1

R . Exponential τa(T )
dependence leads to fast variation of configurational relax-
ation time and while passing the point ωτ = 1 to construction
of the peak of f2(T ). Domination of tunneling relaxation at
low temperatures is clearly seen in Fig. 4(b): f2/T has finite
value at T → 0.

Such type of the curves can be considered as indicators
of definite JT complexes in a given matrix because the po-
sition of the peak on the T scale at a fixed ω is completely
determined by the parameters τ0, V0, B, and B/�2 which
are actually the fingerprints of the complex (in our exam-
ple, Me2+F8, where Me is 3d metal). Since the discussed
transitions occur between the levels of vibronic (electron-
vibrational) origin and are initiated by the acoustic wave
propagation (in a wide interpretation of the term “acoustic
wave” meaning elastic waves in the whole possible range
of frequencies), the phenomenon does completely relate to
the field of quantum acoustics. We believe that quantitative
information about the attempt frequency τ−1

0 , the activation
energy V0, and the constants B and B/�2 can help theorists
to construct the APES (similar to one shown in Fig. 1) even
in the case when it is defined in fiv-dimensional space of
symmetrized coordinates after obtaining the explicit forms of
the constants B and B/�2 like it was done for the E ⊗ e JTE
problem.

Figure 4 shows that the position of the peak of f2 or f2/T
on the T scale is determined by the magnitude of activation
energy V0. So, in a case the experimentalist possesses only the
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data on α(T ) measured at the frequency � in a crystal doped
by a JT ion which is not studied yet, V0 can be estimated on the
basis the figure similar to Fig. 4 but constructed for the same
matrix with f2 calculated for ω = �. We should emphasize
that in this case, the experimentalist does not need to process
the data to obtain τ (T ) dependence with subsequent fitting the
curve to derive the parameters which characterize relaxation
time.

Actually, the figures similar to introduced by Fig. 4 as
example, should be drawn separately for CaF2:3d , CdF2:3d ,
SrF2:3d , BaF2:3d , ZnSe:3d , ZnTe:3d , CdTe:3d , CdSe:3d ,
etc., to make it possible to recognize the JT impurity in a
specimen using the data of ultrasonic experiments without the
chemical analysis of the crystal content. It is a significant work
which requires proper efforts and time. We hope it will be
done in future.

V. CONCLUSION

(1) We have undertaken analysis of the results of ultra-
sonic investigation of a number of crystals which contain the
cubal or tetrahedral complexes subject to the quadratic E ⊗ e
JTE problem or the T ⊗ (e + t2) one (in linear and quadratic
cases). In all the studied crystals, our experiments proved
the existence of relaxation mechanisms revealed in the first
papers related to octahedral complex subject to the E ⊗ e JTE
problem. All of them have a quantum nature that makes it pos-
sible to recognize that such experiments appertain to quantum
acoustics. The graphical representation of ωτ/[1 + (ωτ )2] or
ωτ/[1 + (ωτ )2]/T versus temperature at fixed ω can serve as
fingerprints (or relaxation signature) of a certain JT complex
in a given matrix.

(2) The representation of the results in the form shown
in Fig. 4 is given with the use of Eqs. (2), (6)–(8) and the
magnitudes of τ0, V0, B, and B/�2 obtained with the help of
either fitting or the least squares method. Actually, it is the
analytical form of the representation, which makes it possible
to display the curves from T = 0 K for any desired temper-
ature. However, the results can be shown without simulation
but with the use of the experimental data on τ (T ) similar to
ones introduced by the symbols in Figs. 2(b) and 3(b). In this
case, we do not restrict ourselves by the definite mechanisms
of relaxation but only have an opportunity of identification
of the unknown JT complex in a given matrix. Simulation

enables quantification of analytical results, i.e., it makes it
possible to retrieve the magnitudes of the parameters which
characterize the mechanisms of relaxation (provided they are
verified). Such quantification is a must for further comparison
of different JT complexes. The last relates to very crucial
issues.

(3) Tunneling transitions between the energy levels lo-
cated in different minima of the APES can be observed not
only in the JT complexes but in any system which possess
a simply connected (1-connected) potential energy surface
with the minima depending on the orientation or mechanical
deformations. In essence, the ultrasonic investigation of all
such systems should be referred to quantum acoustics despite
the fact that the transitions have a relaxation origin but not a
resonant one.
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APPENDIX: EXPERIMENTAL DETAILS

Temperature dependencies of the ultrasonic attenuation
and phase velocity were measured with the use of frequency-
variable bridge [58,68], LiNbO3 piezoelectric transducers,
and refrigerator Janis SHI-4H-5 at the Ural Federal Univer-
sity. The relative errors in the measurement of the ultrasonic
attenuation and velocity were 0.1 dB and 10−5, respectively.

ZnSe:Cr2+ (concentration of the dopant nCr = 1.4 ×
1018 cm−3) and CdSe:Cr2+ (nCr = 1.4 × 1019 cm−3) were
grown by a vapor phase contact-free technique [69] at the P.N.
Lebedev Physical Institute. SrF2:Cr (nCr = 1.6 × 1019 cm−3),
BaF2:Cu (nCu = 2.9 × 1019 cm−3), CaF2:Cu (nCu = 7.1 ×
1019 cm−3), and CaF2:Cr (nCr = 4.7 × 1019 cm−3) were pro-
duced at the E.K. Zavoisky Physical-Technical Institute by the
Czochralski method in a helium atmosphere [70]. CaF2:Ni
(nNi = 1.4 × 1019 cm−3) were grown from the melt by the
Bridgman-Stockbarger method at the A.P. Vinogradov Insti-
tute of Geochemistry (see description of the procedure in
Ref. [55]). Concentrations of the dopants were determined at
the Institute of Solid State Chemistry using an ELAN 9000
ICP-MS quadruple-based instrument (Perkin-Elmer SCIEX).
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