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Two-dimensional (2D) materials have emerged as a fertile ground displaying various fascinating properties,
such as nontrivial band topology and exotic correlated states, which can be feasibly tuned by available means
(e.g., electrostatic gating, stacking, sliding, and twist). Due to the scarcity of ever-experimentally synthesized
2D materials, large-scale target searches on 2D materials have been hindered. Here we focus our attention on all
linear band crossings (LBCs) at high-symmetry points, lines, and planes that can be realized in the 80 layer
groups (LGs) with (without) time-reversal symmetry using single-valued and double-valued representations
(corresponding to spinless and spinful bands, respectively), and list all corresponding k - p models expanded up
to the first order of § = (g, g,) (measured from the LBC). The relations of symmetry-related LBCs are explicitly
provided, useful in studies on valley degrees of freedom, which have been overlooked in previous classifications
on band crossings by space and layer groups to our knowledge. The results of 17 LGs, as wallpaper groups,
can be applied to surfaces and interfaces of 3D materials or 2D materials grown on substrates. By exhaustive
tabulation on all LBCs in the 80 LGs, we highlight LGs hosting LBCs that are enforced to exist necessarily.
These LGs are then applied to categorize the 6351 2D structures in the 2D materials database (2DMatPedia)
to 1707 (3035) materials necessarily hosting coexisting spinful and spinless LBCs (only necessarily hosting
spinful LBCs). We also perform first-principles calculations on 66 selected 2D materials to identify the LBCs
at high-symmetry points quantitatively in electronic and phononic bands. We take Zr,HBr, crystallized in LG
15 to demonstrate the coexisting electronic Dirac nodal point and phononic Weyl nodal line emanating from a
Weyl LBC. The group-theoretical results are expected to guide searches and designs for materials realization for
a target LBC in 2D materials, coexisting LBCs carried by different types of excitations, and can also be applied

to study the evolution of topological band crossings by external perturbations in the future.
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I. INTRODUCTION

The low-energy excitations around the corners of the
Brillouin zone (BZ) in the first-synthesized two-dimensional
(2D) material (graphene) simulate high-energy massless Dirac
fermions in two dimensions [1], underlying a zoo of unique
properties [2], such as ultrahigh mobility [1], Klein tunneling
[3,4], half-integer quantum Hall effect [5,6], quantum anoma-
lous Hall effect [7-11], quantum spin Hall effect [12-16],
valley Hall effect [17-19], nonlinear Hall effect [20-22], topo-
logical band crossings [23-26], and so on. In the past two
decades, more than 100 2D materials have been synthesized
with diverse chemical compositions and structure symmetries
[1,27-39], as well as several computationally predicted 2D
materials databases [40—46], providing a fruitful platform for
studying properties that can be manipulated by stacking [47],
twisting [48-50], electrostatic gating [51,52], and other ap-
propriate means to control and optimize physical properties.

On the other hand, symmetry analysis can provide a gen-
eral guidance of studying materials properties. For example, a
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general theory of ferroelectricity based on the 80 layer groups
(LGs) was built very recently [53], guiding researchers to alter
the electric polarization by sliding and twisting two adjacent
2D materials. Compared with 2D materials, the 3D materials
can accommodate much more fruitful band crossings [54-67].
The space groups for three-dimensional (3D) crystals have
been applied to obtain a complete classification of band topol-
ogy [68-73] and database searches [74—79]. Very recently,
several groups have also constructed exhaustive tabulations
of all band crossings in the 230 space groups (SGs), 1651
magnetic space groups [80-84], and the 80 layer groups and
528 magnetic layer groups for 2D crystals [82,85,86]. These
exhaustive results conclude all possible stable degeneracies
(2,3, 4, 6, and 8) realized in band structures [80,82]. Charting
the band crossings in these works based on the magnetic
space and layer groups facilitate users to search for and design
materials given a target band crossing: First, know which
magnetic space and layer group(s) could realize it, then search
for materials crystallized in any of these magnetic space and
layer group(s), and, lastly, determine the detailed information
(e.g., position in the BZ and energetics) of the target band
crossing by realistic calculations. Interestingly, some band
crossings can be enforced to appear necessarily insofar as
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the material belongs to the required magnetic space (layer)
group, in which case, the target band crossing’s existence is
guaranteed. Moreover, external perturbations preserving the
crystallographic symmetry can be imposed to optimize the
band structures toward realization of an ideal band crossing,
which necessarily exists in the whole optimization process.

In this paper, we focus on the 80 LGs applicable for 2D
materials, and band crossings with linear dispersion [dubbed
linear band crossing (LBC) hereafter]: The k- p models
around the LBCs are expanded up to the first order in § =
(gx, qy) (measured from the LBC). We note that the order in
the G of k - p model and the dispersion near a band crossing
have received immense attention while limiting only to the
first order reasonably avoids the trivial ¢*(= ¢> + q}z,) term
that can always be allowed to exist and break the emergent
chiral symmetry. Note that several LBCs can be related by
LG operations, so only one representative LBC among the
symmetry-related LBCs need to be studied. However, ex-
plicitly listing all symmetry-related LBCs could be useful
in analyzing valley-related properties. Here, we tabulate all
symmetry-related LBCs and how the representation matrices
and their k - p models are related explicitly. In total, we con-
struct 2183 LBCs by considering all high-symmetry points
(HSPs), high-symmetry lines (HSLs), and high-symmetry
planes (HSPLs). During the construction, both the spinful
and spinless settings are considered and time-reversal sym-
metry (TRS) can be broken or present. The single-valued
and double-valued representations are applied for the spinless
and spinful settings, respectively. The spinful and spinless
settings can be applied to electronic bands with negligible and
non-negligible spin-orbit coupling (SOC), respectively: For
electronic bands, when the SOC can be neglected, the degen-
eracy we list in the spinless setting should be doubled to derive
a genuine degeneracy. The results in the spinless setting can
also be applied to bosonic systems, such as phonon [87,88],
photon [89], and magnon [90] systems. In the following, we
use the abbreviations NSOC and SOC to indicate the spinless
and spinful settings, respectively.

We provide all positions of LBCs and all explicit represen-
tation matrices for the little groups of the LBCs as well as
all symmetry-related LBCs in Supplemental Material (SM) 1
[91]. The statistics of numbers of LBCs is given in Table I
for LBCs that can emerge in 2D materials in the four settings
denoted by NTRS, NSOC; NTRS, SOC; TRS, NSOC; and
TRS, SOC [TRS (NTRS): TRS is present (broken)]. By the
exhaustive tabulation, some generic and unified conclusions

can be deduced. For example, the degeneracy of LBC can
only be 2 or 4 with the corresponding LBC denoted as a Weyl
or Dirac LBC, respectively. The total number of symmetry-
related LBCs (with the same energies) for the Weyl LBC can
be 1, 2, 3, 4, 6, 8, 12 for the NTRS, NSOC and NTRS, SOC
settings; 1, 2, 4, 6, 8, 12 for the TRS, NSOC setting; and 1,
2, 3,4, 6, 12 for the TRS, SOC setting. Differently, the Dirac
LBC cannot appear in the NTRS, NSOC setting. The Dirac
LBC can only appear at one single HSP in the NTRS, SOC
setting. In both TRS, NSOC and TRS, SOC settings, the total
number of symmetry-related Dirac LBCs can be 1, 2, 4. We’ll
provide detailed discussions on all possible k - p models and
the nodal structures and chiral symmetries by k - p models in
the following.

In addition, results obtained purely from the 80 LGs could
provide not only unified pictures of seemingly diverse phe-
nomena but also hints for reliable and efficient materials
prediction. We highlight the LGs for which there exists an
LBC which necessarily appears at some k point in some
setting. These LGs can be applied to quickly identify concrete
2D materials with LBCs without any realistic calculations. For
electronic band structures, the ideal LBC should be close to
the Fermi level, which can be satisfied more easily in that
LBCs necessarily appear. Note that when SOC is negligibly
weak, the LBC proposed in the spinless setting can coexist
in the electronic bands and phononic bands. However, LBC
might be gapped by finite SOC in electronic bands, and
whether LBCs can coexist in the electronic bands (with non-
negligible SOC) and phononic bands deserves careful study.
Hereafter, SOC is always included for electronic bands. We
then find 37 or 30 LGs, with necessarily coexisting spinful
and spinless LBCs when TRS is preserved or broken, re-
spectively. We then perform a large-scale classification on the
6351 2D materials as listed in 2DMatPedia and tabulate 1707
(3035) materials necessarily hosting coexisting electronic and
phononic LBCs (only necessarily hosting electronic LBC)
listed in SM II [92]. In SM 1II [92], we also show the first-
principles calculated electronic and phononic bands of 66
selected 2D materials, with all LBCs pinned at HSPs iden-
tified.

This paper is organized as follows. In Sec. II, we briefly
describe the method of obtaining all LBCs in the 80 LGs and
the organization of SM I consisting of a full tabulation of all
LBCs. The nodal structures and possible chiral symmetries
determined by the constructed k - p models are also described.
Then, in Sec. III, LGs necessarily hosting LBCs are listed

TABLE I. Statistics of LBCs in the 80 LGs. The four settings are denoted by NTRS, NSOC; NTRS, SOC; TRS, NSOC; and TRS, SOC in
the first column, corresponding to the settings without TRS and neglecting SOC, without TRS and considering SOC, with TRS and neglecting
SOC, with TRS and considering SOC, respectively. We consider symmetry-independent k points and LBCs in the statistics. We show the
numbers of k points and LBCs outside and inside the parentheses, respectively. Note that the setting neglecting SOC can be applied to bosonic

systems.

Setting HSP HSL HSPL
NTRS, NSOC 70 (98) 200 (510) 37 (37)
NTRS, SOC 116 (152) 200 (280) 37.(37)
TRS, NSOC 78 (111) 202 (498) 37.(37)
TRS, SOC 198 (248) 136 (160) 15 (15)
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FIG. 1. Schematic diagram of LBC and two types of nodal
structures: Nodal point and nodal line are shown in (a) and (b),
respectively. Green sphere indicates the LBC; one point in the BZ
where two branches of bands touch. The blue line in (b) indicates a
nodal line emanating from the LBC which preserves the degeneracy
of the LBC.

in detail, where LGs with necessarily coexisting spinful and
spinless LBC are highlighted. Sections IV and V are devoted
to the demonstration of applying our tabulation to quickly
identity all LBCs given an LG and large-scale materials in-
vestigation by a 2D materials database, respectively. Finally,
the calculation method and conclusion (and discussion) are
provided in Secs. VI and VII, respectively.

II. ALL WEYL AND DIRAC LBCS CLASSIFIED
BY THE 80 LGS

A. Tabulation of all LBCs in the 80 LGs

An LBC is defined as one point in the BZ, where two
branches of bands touch, as schematically shown in Fig. 1. By
exhausting all 80 LGs, considering the four settings, NTRS,
NSOC; NTRS, SOC; TRS, NSOC; and TRS, SOC (without
TRS and neglecting SOC, without TRS and considering SOC,
with TRS and neglecting SOC, with TRS and considering
SOC, respectively), we find that the LBCs can only be two- or
fourfold degenerate (denoted as Weyl LBCs or Dirac LBCs,
respectively). These LBCs are restricted to be located at the
HSP, HSL, or HSPL. Note that the HSPL coincides with the
2D BZ. An LBC at the HSP contains only one irreducible
representation (irrep) or irreducible corepresentation (coirrep)
[93] of dimension 2 or 4, an LBC in the HSL might contain
one or two different (co)irreps, while an LBC in the HSPL
contains two different (co)irreps [82]. Note that the HSPL can
only host one-dimensional (coirrep, so the LBC in the HSPL

is definitely twofold degenerate. In addition, each HSPL hosts
one LBC at most, as shown in Table I. Note that the coirrep for
a little group of any k point is applied to characterize each en-
ergy level at the k point (assuming no accidental degeneracy),
if and only if the little group contains an antiunitary operation
in the form of ®R, where ® denotes the time-reversal opera-
tion and R represents a spatial operation in the LG. We fix the
convention for the 80 LGs so the ¢ axis is perpendicular to the
2D material, and all LG operations can be found in Ref. [94]
(note that the operations are also listed in SM I [91]). We
also show all the Cartesian coordinates for the conventional
lattice basis vectors d, b, ¢ and the transformation matrix A.,
from the conventional lattice basis vectors to the primitive
lattice basis vectors dy, da, dz in SM I [91]. The lattice of
LG can only be primitive or centered and, correspondingly,
1 0 o
&1=5,62=B,53=8 (Acp=<0 1 0)) or Zi]:%a—i—
0 0 1
0

1 0)), respec-
0 1

=

tively.

In total, we collect 2183 LBCs (only independent ones are
counted) including 2091 Weyl and 92 Dirac LBCs, and there
are in total 4953 LBCs counting all symmetry-related LBCs.
Note that one LBC is characterized by its location and the
contained (co)irrep(s). In Table II, we list the LGs allowing the
occurrence of Weyl (Dirac) LBC for each of the four settings.
For example, the Weyl LBC can appear in LG 80 for the TRS,
NSOC setting, as exemplified by graphene. The Dirac LBC
in the spinful setting with TRS can appear in 30 LGs (LGs 7,
15-17, 21, 25, 28-30, 32-34, 38-46, 48, 52, 54, 56, 58, 60,
62—64), as proposed in Ref. [24] and tabulated in Ref. [95].
The Dirac LBC in the spinless setting with TRS can appear in
seven LGs (LGs 29, 33, 40, 43-45, 63), as discussed for Dirac
phonons in Ref. [96]. For these LBCs, we construct the & - p
models up to the first order of g. Interestingly, we find that
there are 165 different k - p models in total, listed in Table
SI2 of SM I: H;,i=1,2,...,115 are 2 x 2 while the rest
are 4 x 4, enough to describe all LBCs in the 80 LGs. These
k - p models are then expected to be reasonable starting points
to study low-energy behaviors adding interactions, disorder
and external fields to exhaust the possible outcomes for 2D
systems. We list for the four settings the possible k - p models
for Weyl (Dirac) LBCs in Table III. Note that other than these
4953 LBCs which can be identified by computing representa-
tions of energy bands, there exists a twofold degenerate LBC
that can be located at a generic point (GP) whose identification
needs computing Berry phase. Such kind of LBC might occur
when C,,® (Cy;: twofold rotation around z axis) is present
in either a spinless or spinful setting, or when I® (I: spatial

TABLE II. The list of LGs which host twofold degenerate Weyl LBCs and fourfold degenerate Dirac LBCs.

Setting LGs hosting Weyl LBCs LGs hosting Dirac LBCs

NTRS, NSOC 4-48, 51-64, 67-72, 74-80

NTRS, SOC 4-48, 51-64, 67-72, 74-80 62, 64

TRS, NSOC 4-48, 51-64, 66-80 29, 33, 40, 43, 44, 45, 63

TRS, SOC 1, 3-5, 8-13, 19-36, 49, 50, 53-60, 65, 67-70 7, 15-17, 21, 25, 28-30, 32-34, 38-46, 48, 52, 54, 56, 58

73,74,76-79

60, 62-64
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TABLE III. The list of all possible k - p models of twofold degenerate Weyl LBCs and fourfold degenerate Dirac LBCs in the 80 LGs in
the four settings. The k - p models are given by H;,i =1, 2, 3, ..., 165, whose explicit form can be found in Table SI2 of SM L.

Setting k - p models of Weyl LBCs k - p models of Dirac LBCs

NTRS, NSOC Hs, Hs, Hg, Hyo, Hys, Hy3, Ha4, Hys, Hayg, H3o, H34, H39, Hy,
Hys, Hyug, Hyo, Hso, Hsy, Hsq, Hss, Hs7, He1, He, Hes, Hes, Hes,
He7, Heg, H71, Has, Hyo, Hgs, Hgy, Hsg, Hgo, Ho1, Hyo1, Hio3,
Hyo4, Hyos, Hyo7, Hi13
Hs, Hs, Ho, Hyo, His, Hp3, Ha4, Has, Hyg, H3o, H31, H34, H3s,
Hso, Hyo, Haa, Has, Hag, Hag, Hso, Hsy, Hsy, Hsg, Hss, Hs7, Hey,
Hs>, He3, Hes, Hes, Heo, Hro, H7s, Hyg, Hyg, Hyo, Hgy, Hys, Hg7,
Hsg, Hgo, Ho1, Hoy, Hos, Hoy, Hos, Ho7, Hog, Hoo, Higo, Hi02,
Hos, Hyo7, Hyo9, Hy10, Hi11, Hi12, Hia
Hs, Hs, Hg, Hg, Hyo, Hy2, H13, Hys, Hig, Hyg, Ha1, Hyy, Hos, Has, H4, Hys, Hi34, Hia1, Hiaz, Hisg, Hygo,

Hy7, Hyg, Hayg, H3o, Haz, H3z, Hag, H37, Hao, Ha1, Hyz, Hag, Ha, Hsy

Hso, Hs1, Hs3, Hsq, Hss, Heo, He1, Hoa, Hos, Hes, Hr1, Hyz, Hi,

Hay, Hys, Hy7, Hg, Ha9, Hgo, Hgs, Hss, Hgs, Hsg, Hgg, Hoo, Hog,
Hio1, Hyo7, Hios, Hi13, Hi1s

H\, H,, H3, Hy, Hs, Hg, H;, Hyo, Hy1, Hy3, Hy3, Hy4, Hys5, Hig,

H\y7, Hyg, Hao, Hyy, Has, Hyo, Hao, H31, H3y, H33, H3s, H3s, Ha7,

Hsg, Hyy, Hip, Hyz, Hag, Hyg, Hyg, Hag, Hao, Hso, Hs1, Hsy, Hs3,

Hsy, Hss, Hsg, Hsg, Hso, Heo, Hss, Hss, Hsg, Hgo, Hoo, Hoz, Hos,

Hog, Hog, Hyo0, H105, H106> H107, H108, H109, H110, Hi111, Hi12,
Hyiz, Hyg

NTRS, SOC Hig2, Hi4

TRS, NSOC

TRS, SOC H,s, Hy17, Hy13, Hi9, Hio, Hi21, Hin,
H\23, Hio4, Hios, Hio6, Hi27, Hiog, Higo,
Hizo, Hi31, Hi3z, Hiss, Hiss, Hize, Hizg,
H\sg, Hy39, Hy40, H143, Hi44, H1ss, Hyg,
H\47, His0, His1, Hisz, Hiss, Hiss, Hise,

Hs7, Hyss, Hiso, Higo, His1> Hie3, Higs

inversion operation) is present in the spinless setting. Here, for
the TRS, NSOC/TRS, SOC setting, LGs need to contain Cy,
and for the TRS, NSOC setting, LGs need to contain / to allow
the twofold LBC at the GP. The k - p model around such kind
of LBC can be written as —%oo(rqu + r3gy) — %al(rgqx +

reqy) + %03(;’2% + r4qy), where oy, 01, 03 are three Pauli
matrices and r;, i = 1,2, ..., 6 are six real parameters. The
nodal structure for this LBC is obviously a nodal point, as
expected.

B. Nodal structure and chiral symmetry

By all the 165 explicit k - p models enough to characterize
the LBCs in the 80 LGs, we solve for the nodal structure that
emanates from the LBC composed of k points (in the neigh-
borhood of the LBC) at which the degeneracy of the LBC (2
or 4) is still preserved, and find that the nodal structure can be
simply an isolated point, expressed by g, = 0, g, = 0 (which
is simply the position where the LBC is located) or a line
(qy = cqx or g = cqy, c is a real parameter) (see Table IV),

as schematically depicted in Fig. 1. We note that the LBC
within an HSPL is always twofold and the nodal structure
is definitely a nodal line lying in the BZ. The characteristics
of nodal structures for LBCs located in HSPs and HSLs are
detailed below.

The Weyl LBC at HSP can appear in the four settings
and the nodal structure can be a nodal point or nodal line.
The Dirac LBC at the HSP can appear in the NTRS, SOC;
TRS, NSOC; and TRS, SOC settings: In most cases, the nodal
structure is a nodal point, while in the TRS, SOC setting, the
nodal structure can also be a nodal line. The LBC in the HSL
can be composed of one (co)irrep or two different (co)irreps.
In the former case, the nodal structure is a nodal line along
this HSL and such an LBC can appear in the four settings
when its degeneracy is 2, while it can only appear in the TRS,
SOC setting when the degeneracy is 4. In the latter case, the
degeneracy of the LBC can be 2 (which can appear in the four
settings) and the nodal structure can be a nodal point or nodal
line (not parallel to the HSL). When the degeneracy is 4, the

TABLE IV. The list of all possible nodal structures emanating from LBCs at HSP, HSL, and HSPL. In the first column, the location of the
LBC can be HSP, HSL, or HSPL. In the second column, the degeneracy of the LBC at HSP and HSL can be 2 or 4 while the degeneracy of the
LBC at HSPL can only be 2. In the third column, nodal structures are separated by “;”: ¢, = 0, ¢, = 0 stands for a nodal point, while g, = cq,
and g, = cq, stand for nodal lines, where ¢ can be a specific real number or expressed by real parameters ry, r», 3, r4. Especially, when ¢ = 0,
the nodal line is g, = 0 or g, = 0. Note that the nodal structures are found based on explicit k - p models around the LBCs, and only one LBC

is considered among symmetry-related LBCs for an LG in some setting.

Location of LBC Degeneracy Nodal structure

HSP 2 4:=0,q, = 0; g = 0; gy = 0; g = &5 g, = 28 gy = 2%
4 qx=0,9y,=0; g =0; ¢, =0

HSL 2 @ =0, =0; ¢ =0 ¢, =0; ¢, = G ¢y = —qii ¢ = %53 gy = —V3q3 ¢y = — B
4 4:=0,¢,=0, g, =0; ¢, =0

HSPL 2 gy ="y gy = —0B; gy = B8 g, = -0

s
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TABLE V. The list of LGs and concrete k points which necessarily host LBCs in the four settings. In the first column, NTRS (TRS) and
NSOC (SOC) represent settings without (with) TRS and neglecting (considering) SOC, respectively. In the second column, the number before
parentheses represents an LG number or several LGs (separated by comma), and the numbers (ranging from 1 to 25) in the parentheses encode
the k points hosting essential LBCs in the corresponding LG(s): 1: (0, 0), 2: (3, 1), 3: (3, —3), 4: (=3, 3), 5: (=3, 0), 6: (3,0), 7: (1, 0),
8: (0, —1), 9: (0, 1), 10: (4, w), 11: (=3, w), 12: (3, —w), 13: (w, 1), 14: (—w, 1), 15: (w, =), 16: (w, 0), 17: (—w, 0), 18: (0, w), 19:
0, —w), 20: (w, w), 21: (0, 2w), 22: 2w, 0), 23: (—w, 2w), 24: (%, —v), 25: (%, u), where the coordinates of the k points are given on the
basis of reciprocal lattice basis vectors corresponding to the conventional real-space lattice. We use three colors: blue, red, and green to denote
the degeneracy: When a k point (for an LG and a setting) can only necessarily host twofold degenerate Weyl LBCs, can only necessarily
host fourfold degenerate Dirac LBCs, or can host both twofold degenerate Weyl LBCs [they are composed of one (co)irrep of dimension 2,
and they necessarily appear] and fourfold degenerate Dirac LBCs [they are composed of two different (co)irreps of dimension 2, thus they
do not necessarily appear], the number representing the k point is printed in blue, red, and green, respectively. In addition, when a number
in parentheses is underlined, it means that the £ - p model around each LBC in the corresponding k point can be uniquely determined by the

degeneracy: When the LBC is twofold (fourfold) degenerate, the k - p model can only take one of those listed in Table SI2 of SM I [91].

Setting

LBC:s that necessarily appear

NTRS, NSOC

7(2,5) 15(3,6) 16(3, 8) 17(6, 8) 20(2, 6) 21(6, 9) 24(3, 6) 25(6, 9) 31, 32, 33, 34, 38(2, 6, 10) 39(6, 9, 10, 13)

40(4,5) 41(4, 5, 11) 42(6, 9, 10, 13) 43(3, 6, 8, 12) 44(6, 9) 45(2, 6, 9, 10) 46(6, 9, 10, 13) 48(2) 52(9) 54(6) 56, 58,

60(9) 62(9, 13) 63(9) 64(9, 13)
NTRS, SOC

7(2,5) 15(3,6) 16(3, 8) 17(6, 8) 19(1, 2, 6, 9) 20(1, 9) 21(1, 2) 22(1, 7) 23(1, 2, 6, 9) 24(1, 8) 25(1, 2) 26(1, 7) 27,

57(1,2,9) 58(1,2) 59(1, 2, 9) 60(1, 2) 61(13, 18, 20) 62(2, 9, 18, 20) 63(13, 18, 20) 64(2, 9, 18, 20) 76, 77(9)

78(9,18)79(9, 23) 80(18, 23)
TRS, NSOC

TRS, SOC

5,7(2,5)9@3, 6,24) 12(3, 8, 15) 15(3, 6, 24) 16(3, 8, 15) 17(6, 8, 15, 25) 20(2, 6, 10) 21(6, 9, 10, 13) 24(3, 6, 12)

44(6,9, 10, 13) 45(2, 6,9, 13) 46(2. 6, 9) 48(2) 49, 50(1, 2, 9) 52(2, 9) 53(1, 2) 54(1. 3,6, 12) 55(1. 2. 9)
56(1,2,9,13) 57(1, 2,9) 58(1, 2,9, 13) 59(1, 2,9) 60(1, 2, 9, 13) 62(2, 9) 63(9, 13) 64(2, 9) 65, 67, 68, 69, 70, 73,

74,76,77(9) 78(9, 18) 719(9, 23)

nodal structure is definitely a nodal point and the LBC can
only appear in the TRS, NSOC and TRS, SOC settings.

It is worth pointing out that the nodal structures (a nodal
point and nodal line) can be partially deduced from the com-
patibility relations [82]: Once the nodal point solution from
the k- p model of some LBC is found, the LBC is thus
definitely a nodal point, also required by the compatibility re-
lations. However, once a nodal line solution is found, it might
be gapped by including higher-order & - p term(s), leaving a
strictly nodal point by the compatibility relations, in which
sense the nodal line by our k - p model (expanded only to
the first order) is a nearly nodal structure. Interestingly, there
exists a nodal line that cannot be captured by the compatibility
relations. Such a nodal line is protected by mirror symmetry
and can be found by the constructed k - p model.

In addition, we also solve for the possible chiral symmetry
given the explicit k - p model. The chiral symmetry operation
C should satisfy that CH{(§)C" = —H;(g) (where H; is one
of the 165 k - p models and { denotes the Hermitian conju-
gation), and thus we find that 78 of the 165 models allow a
chiral symmetry, as shown in Table SI2 of SM I [91]. Note
that the chiral symmetry found is approximate in the sense

that it is only satisfied when the k - p model is expanded to
the linear order and can be broken when considering higher
order term(s) of g. The existence of the chiral symmetry in
the low-energy model enforces symmetry constraints beyond
those by crystallographic symmetries and the complete list
of the possible chiral symmetries can be applied for further
theoretical studies and materials prediction.

III. LBCS ENFORCED TO APPEAR NECESSARILY

Next, we highlight the LBCs that are enforced or guar-
anteed to appear essentially or necessarily in the 80 LGs:
First, such kind of LBC should contain only one (co)irrep
since LBCs composed of two different (co)irreps usually need
an accidental band inversion; Second, any (co)irrep of the k
point hosting the LBC contributes to one LBC. In this way,
we tabulate in Table V all the k points and LGs for the four
settings, where the LBC necessarily appears. In Table V, the k
point (represented by an integer) is in blue, red, or green, when
it only necessarily hosts a Weyl LBC, only necessarily hosts a
Dirac LBC, or hosts both types of LBCs, respectively. When
the k - p model can be uniquely determined by the degeneracy
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TABLE VI. All the LBCs in LG 15 with TRS as listed in SM I [91]. The LBCs are packaged according to the k points hosting them and
each k point corresponds to four rows for a given setting: We first provide the coordinate of the k point in the first row (indicated by k) whose
coordinate is expressed on the basis vectors of reciprocal lattice corresponding to the conventional lattice. Then, in the second row, we provide
the little group G(k): The operations g1, g2, g3, g4 can be found in Sec. IV while ® denotes the time-reversal operation. We only provide one
antiunitary operation (combination of ® and a spatial operation) once G(k) contains antiunitary operations. In the third row, for each LBC in
the k point, we provide the representation matrices (RepM) and the corresponding k - p model (H;.,). The representation matrices in the form
of R; are provided in Table SI1 of SM I [91] while the k - p models in the form of H; can be found in Table SI2 of SM I [91]. In the fourth row,
we provide all operations () that relate other LBCs with the listed LBC. The k - p models around the B-related LBCs can be deduced by g
and the listed k - p model (see SM I [91]). In addition, the color coding on the k point and representation matrix are described as follows. The
k point is printed in blue and red, when it can only necessarily host twofold degenerate Weyl LBCs, and can only necessarily host fourfold
degenerate Dirac LBCs. For HSL, when the LBC contains only one (co)irrep, the corresponding representation matrices are printed in cyan.

LBCs in LG 15 in the TRS, NSOC setting

k (3.0) (3 —3) (w,0)
G(k) g1, 82, 83» 84 O 81, 82, 83, 84, O g1, 82, 0gs
RepM : H;., R3s, Ry1, R34, Ro, R3s : Hys Rss, Ry1, Ras, Ro, R3s : Hos Rs3s, R34, R3s : Hy;
B 8 8 81, 83
k (w. 1) (3 ~v) 0.-v)
G(k) 81, 82, g3 81, 84, O 81» 84, OF2
RepM : H., R3s, R34, R3s : Hyy Rs3s, Ro7, Ry« Hag R35, R34, R3s - Hy
B 81,83 81, &2 81, &
LBCs in LG 15 in the TRS, SOC setting

1 1 1 1
k (3.0) (3:—3) (3.—v)
G(k) g1, 82 83> 84, Og1 81, 82, 83» 84, O g1, 84, Og2
RepM:Hlop Ri14, Ro7, Ri12, Roz, R71 : Hyyg Ri14, Ro7, Ri12, Roz, R7y 2 Hing Ri14, Ri13, Reo : Hig
B 8 8 81, &2

(2 or 4), the integer for this k point is then underlined. See
Table SI578 in SM I [91] for an example, where three LBCs
can be found (the degeneracies are 2, 2, and 4, respectively):
In Table SI578 in SM I [91], the two twofold degenerate
LBCs share one common k - p model (namely, Hsq) while the
fourfold degenerate LBC owns the k - p model being Hj4;
thus, directly by the degeneracy of an LBC, the k - p model
can be uniquely determined (namely, Hsq or Hjp4 for LBCs
with degeneracy 2 or 4, respectively). Table V is expected to
speed up the materials searches since the existence of LBCs
can be inferred directly from the materials structure symme-
try without any realistic calculations, as we will demonstrate
in the materials investigation on a 2D materials database
(2DMatPedia) [40] in Sec. V. In SM I [91], we have also
printed the coordinate of the k point in red, blue, and green
to convey the same information as above.

IV. EXAMPLE: LBCS IN LG 15

Before an application to materials database investigation,
we take LG 15 with TRS as an example to demonstrate
how to use SM I [91] to quickly obtain all possible LBCs.
First, LG 15 owns a simple rectangle lattice, which can
be known by the Cartesian coordinates of the conventional
lattice basis vectors @, b, ¢ and the transformation matrix Acp
from a, E,E to dy, ds, ds in the beginning of Sec. SI2.15
of SM I [91]. The representative operations of the
left coset, LG 15 with respect to the translation group
generated by 4, do, d3, are also listed there: g, = (x, y, 2),
g =G+35 -y 2.8 =(—x -y, —2),8=(G —x2)
where g3 is the inversion operation, and thus the electronic

bands own Kramers degeneracy for all k points in the TRS,
SOC setting. Note that g, is a screw operation, responsible
for the larger band degeneracy occurring in the BZ boundary
compared with that in the BZ interior. By Sec. SI2.15.c
and Sec. S12.15.d of SM 1 [91], relevant for LBCs for the
TRS, NSOC and TRS, SOC settings, respectively, containing
several tables, each of which correspond to one (independent)
k point, we know all LBCs in LG 15 with TRS, as listed in
Table VI for the collection of all these tables.

By Table VI, we know that all possible k - p models for
the LBCs of LG 15 with TRS are Hy; = ¢, (ri09 + r203) +
r3qyo1, Hy = qy(r100+r203) + r3g,02, Hys = r1q.02, Hys =
qx(r101 + r202) + 139,00 and Hi17 = r19,0002+q, (120101 +
r30201 + 140301), Hiig = r1g,0000 + g (120101 + 130102 +
140103) + 164,030 (09, 01, 02, 03 are four Pauli matrices,
ri, 12, ..., re are all real parameters, which can be determined
by concrete materials structure, and 0,0, means a direct
product o, ® 0,). Besides, all possible representation
matrices of little groups for LBCs of LG 15 with TRS
are Rg = —iO’z,Rg = —iO’l,Rll = —O'2,R27 = —iO‘3,R34 =
o3, R35 = 0y and R69 = —i0002, R71 = —iO’zO'Q, R92 =
0002, Ro7 = 10001, R112 = 0003, R113 = 0309, R114 = 0g0p (i
is the imaginary unit). Note that for all 2183 LBCs, there are
127 matrices in the form of R;(i = 1, 2, ...127), provided in
Table SI1 of SM I [91]. Note that the LBC lying in the HSLs
can be composed of one coirrep or two different coirreps. In
SM I [91], for the HSL, we have printed the representation
matrices in cyan when the corresponding LBC contains only
one (co)irrep. For the LBCs of LG 15 with TRS, all the
LBCs in the HSLs listed in Table VI contain two coirreps
except the LBC in the HSL (4, —v) in the TRS, NSOC
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SG € {4,7, 11, 13, 14,17, 18, 26-32, 39,

49-51, 53-55, 57, 59, 67, 85, 90, 100, 113
117, 125, 127, 129}

FIG. 2. Work flow of predicting 2D materials with Weyl (Dirac) LBCs coexisting in both electronic and phononic band structures. Each of
the 6351 2D materials structures cataloged in 2DMatPedia can be assigned by an SG number by VASPKIT. There are 1707 structures whose
SGs belong to the 32 SGs, whose LGs necessarily host coexisting spinless and spinful LBCs. The last step is to quantitatively identify the
LBCs in the first-principles calculated electronic and phononic band structures, which require the structures to be standardized, namely, the

structures should be invariant upon the LG operations, as listed in SM L.

setting which contains only one coirrep (the k- p model
for this LBC is H,s, whose nodal structure is g, = 0 along
the HSL while the rest of the LBCs in the HSLs are nodal
points since the nodal structures by the explicit k - p models,
Hy1, Hy, and Hyg are g, =0, g, = 0). Note that the LBC
in the HSL composed of two different (co)irreps can also
be a nodal line. For example, there are six LBCs in HSL
(w,0) in LG 39 in the TRS, NSOC setting, all composed
of two different (co)irreps, and the k- p models can be
Hs3 = r1gx00 + r2qy01 + r3qx03 or Hs; = riqxoo + r2qx0s,
whose nodal structure is g, =0, g, = 0 (a nodal point) or
qx = 0 (a nodal line perpendicular to this HSL), respectively.

V. MATERIALS INVESTIGATION

We then perform a materials investigation for 2D ma-
terials based on our results. The 6351 2D materials struc-
tures in 2DMatPedia [40] are used, of which around 50
structures have been experimentally synthesized. Note that
first-principles calculations on 2D materials usually adopt a
three-dimensional (3D) structure (with the length perpendicu-
lar to the 2D material set very large). The SG, rather than LG,
for the 3D structure, can be identified conveniently, for exam-
ple, by VASPKIT [97]. Though one SG might correspond to
two different LGs as shown in Table VII, it is interesting to
find that both LGs can necessarily host LBCs. Here we are
concerned with two types of necessarily existing LBCs: One
is for the necessarily coexisting spinful and spinless LBCs, de-
noted by green in Table VII, while the other is for necessarily
and only necessarily existing spinful LBCs, denoted by red in

Table VII. Note that necessarily and only necessarily existing
spinless LBCs cannot occur from our results.

Following the work flow shown in Fig. 2, we can obtain
1707 2D materials hosting coexisting LBCs in both electronic
and phononic band structures in one sweep: The 32 SGs
for the 37 LGs: LGs 5,7, 9, 12, 15-17, 20, 21, 24, 25, 28-34,
36, 38-46, 48, 52, 54, 56, 58, 60, 62-64 as printed in green in
Table VII considering TRS are utilized. In a similar way, we
also obtain 3035 2D materials necessarily and only necessar-
ily hosting electronic LBCs, based on SGs for the LGs printed
in red in Table VII with TRS. All the 1707 and 3035 2D ma-
terials are provided in SM II [92]. We choose 66 2D materials
to demonstrate the coexisting electronic and phononic LBCs
by first-principles calculations and the results are displayed in
SM I [92]. In the following, we choose Zr,HBr, in LG 15 to
illustrate. It is worth pointing out that the LBCs in these 2D
materials have been required to exist by structure symmetry,
without performing realistic calculations [98].

Zr;HBr; in LG 15: Coexisting electronic Dirac point and
phononic Weyl nodal line

Zr,HBr; is crystallized in LG 15 with a simple rectangle
lattice (the material ID in 2DMatPedia [40] is mp-642803),
and the first-principles calculated electronic and phononic
band structures are shown in Figs. 3(a) and 3(c), respectively.
The four HSPs are I' = (0,0), X = (4,0),5 = (4, 3), and
Y = (0, %). By Table VI, we can know that X and S can host
Weyl LBC in the phononic bands and Dirac LBC in the elec-
tronic bands. Furthermore, according to Table V, these LBCs
at their HSPs exist necessarily, and the corresponding k - p
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(a) Electronic bands
2.0 ;

1.51
1.0
0.5

0.0

E — Er (eV)

(C) Phonon spectrum
36.0
34.0
~ 320
& SRNVER S
E 300— U/ N
& 7
S 8.0
g —
2, D
E 6.02 —
A
*,:\Tf_i\
0.0
r X S Y r
(d) —_ Aw (THz)

0.004

0.000

Aw (THz)

-0.004
0.49

FIG. 3. The electronic and phononic band structures of Zr,HBr, in LG 15. In (a) and (c), the electronic and phoninic bands along high-
symmetry k paths are depicted, respectively, where the necessarily existing Dirac and Weyl LBCs are indicated by red and blue diamonds,
respectively. Around the LBCs inside the circles as shown in (a) and (c), we plot the low-energy band structures in (b) and (d), respectively:
AE (Aw) is defined to be the difference of energy (frequency) and that of the LBC. These low-energy band structures are consistent with the
k - p models: The LBCs in (a) are all Dirac nodal points, and the bands would split in any direction away from the LBCs. The LBCs in (c) lie
in nodal lines along X S. In addition, all the low-energy bands in (b) and (d) display an approximate particle-hole symmetry.

models can be uniquely determined simply by the degeneracy.
Concretely, the k - p models for the Weyl LBCs in X and S in
the phononic bands are all H,5, while the k - p models for the
Dirac LBCs in X and S in the electronic bands are all Hj;7.
By Hji7, the Dirac LBCs are nodal points in the electronic
bands, as shown in Fig. 3(b). By H,s, the Weyl LBCs actually
lie in a nodal line g, = 0 along XS, as shown in Fig. 3(d).
The Weyl nodal line emanating from the Weyl LBC by H>s
can also be anticipated by Hye, which characterizes the k - p
models around all Weyl LBCs with XS based on Table VI.
Since LG 15 contains / symmetry (I: spatial inversion), the
Berry curvatures are all vanishing by ®/ throughout the BZ.
It can be expected to induce large Berry curvatures by ex-
ternal perturbations breaking ®/ symmetry starting from this
material.

To verify the correctness of the constructed k- p
model, we demonstrate the comparison of the energy
contours for the electronic band structures near the
Dirac points at X and S for Zr,HBr;. As shown in
Figs. 4(a) and 4(b), the energy contours are chosen
to be for AE =-0.01/—0.005/—0.001/ — 0.0005/ —
0.0001 eV and AE = 0.01/0.005/0.001/0.0005/0.0001 eV,

respectively, at X. AE denotes the energy difference of the en-
ergy and that for the Dirac point in the green circle [Fig. 3(a)].
We can find that the energy contours obtained by the k - p
model and from the first-principles results fit very well when
they are close to the Dirac point, but the deviation becomes
larger with increasing |AE|. In addition, for the Dirac point
[in the purple circle in Fig. 3(a)] at S, the energy contours
by the k - p model and from the first-principles results for all
the chosen values of AFE fit very well. The different fitting
qualities of the band structures for the Dirac points at X and S
can be owed to the effect of higher order k - p terms. It is found
that adding k - p terms proportional to ¢*> indeed improves
the fitting quality of the energy contours for the Dirac points
around X for all chosen values of AE.

VI. METHOD

Based on the 1707 obtained 2D materials definitely host-
ing coexisting electronic and phononic LBCs, we first select
167 materials to perform first-principles calculations: The
number of atoms per unit cell should be < 10 and ma-
terials containing typical magnetic ions and materials with
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FIG. 4. Comparison of the electronic energy contours around the Dirac points in Fig. 3(a) [which are indicated by the green (purple)
circle] by the fitted k - p model at HSP X/S and by the first-principles calculations for Zr,HBr,. The k - p model for the Dirac point in X
or S is Hy;7 = r1y02(—¢qy) + 12y11Gx + 13¥219x + 143145, Which contains four real parameters to be determined. For the Dirac point at X,
the fitted parameters are found to be r; = 0.1 eV, r, = 0.814678 eV, r; = 0.902539 eV, and r, = 0.5922 eV. For the Dirac point at S, the
fitted parameters are r; = 0.0021 eV, r, = 1.518167 eV, r; = 0.008725 eV, and r, = 1.008725 eV. The energy contours are for different
values of AE, which is defined to be the difference of energy and that of the Dirac point: The energy contours for AE = —0.01/ — 0.005/ —
0.001/ — 0.0005/ — 0.0001 eV (the lower half in the figure) are shown in (a) and (c) for X and S, respectively. The energy contours for
AE = 0.01/0.005/0.001/0.0005/0.0001 eV (the upper half in the figure) are shown in (b) and (d) for X and S, respectively. In each panel, the

absolute value of AE gradually increases from the inside to the outside.

duplicate chemical formula are filtered out. We obtain 66
materials which have no imaginary frequencies or whose
imaginary frequencies are < 0.5 THz. The first-principles
calculation in this work is based on the density functional
theory implemented in the VIENNA AB-INITIO SIMULATION
PACKAGE (VASP) [99,100] using the projector augmented
wave method [101]. The generalized gradient approximation
[102] in the form of the Perdew-Burke-Enzerhof scheme is
adopted for the exchange and correlation functional [103].
The plane-wave energy cutoff is set to 1.5 times the default
cutoff energy in all calculations. For the self-consistent cal-
culation of the electronic ground state, the gamma-centered

Monkhorst-Pack scheme for BZ sampling is generated using
the VASPKIT package [97] with accuracy of 0.02 27 /A. The
convergence criterion of the self-consistent calculation is set
at 1073 eV. SOC is considered in the electronic calculations.
In the calculations of phonons, SOC is not included and the
PHONOPY package [104] is used to compute the phonon
spectra.

VII. CONCLUSION AND DISCUSSION

It is worth pointing out that though Refs. [82,86] have
already been concerned with the band crossings for the 528
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TABLE VII. The correspondence from SG to LG(s) and LGs allowing LBCs to necessarily exist considering only NSOC (SOC) and considering both NSOC and SOC with TRS (without

TRS). The LG number in red means that LBC necessarily exists only in the TRS, SOC(NTRS, SOC) setting in this LG. The LG number in green means that LBC necessarily exists in both

the TRS, SOC and TRS, NSOC settings (or in both the NTRS, SOC and NTRS, NSOC settings) in this LG. Note that there is no LG in which LBC necessarily exists only in the TRS, NSOC

setting (only in the NTRS, NSOC setting).
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magnetic layer groups, we focus our attention on the LBCs
in the 80 LGs in the four settings, list all symmetry-related
LBCs and also adopted a different convention as adopted
in the Bilbao server, which has been adopted as the default
convention in many famous software [74,97,105]. By the
explicit k - p models around the LBCs, we also find all pos-
sible nodal structures and approximate chiral symmetries.
Several useful rules that guarantee the LBCs to appear as
shown in Tables V and VII are established. Different from
simply a group-theoretical classification in Refs. [82,86], we
perform material predictions for the LBCs in 2D materials by
first-principles calculations.

To conclude, we perform large-scale symmetry analysis on
all LBCs that can appear in the 80 LGs in four different sym-
metry settings with (without) TRS and in the spinless (spinful)
settings. All possible positions, including HSPs, HSLs, and
HSPLs are scanned to obtain a complete list of all LBCs in the
80 LGs. In total, we collect 2183 independent LBCs with 165
different k - p models. It is worth pointing out that, for any of
2183 LBCs, we provide all other symmetry-related LBCs and
their k - p models, suitable for the study of valley-related low-
energy physics. We also provide the representation matrices
for each LBC.

Other than tabulating all LBCs by the 80 LGs, we also
provide useful hints for materials searches. First, we highlight
k points necessarily hosting LBC and list LGs necessarily
hosting LBCs coexisting in the spinless and spinful settings.
Second, it is interesting to find that one can directly utilize
the information of SG for 2D material (SG can be obtained
by restoring the translation symmetry in the direction perpen-
dicular to the 2D material) to determine whether it necessarily
hosts spinful (spinless) LBCs, which is practically convenient
in the first-principles calculation.

Finally, the 17 wallpaper groups, namely, LGs 1, 3, 11-13,
23-26, 49, 55, 56, 65, 69, 70, 73, and 77, can characterize
symmetries of surfaces of three-dimensional crystals and 2D
materials grown on a substrate. The emergent Dirac wallpa-
per fermions have been proposed in Ref. [25], which can be
realized in surfaces owning the pgg or p4g wallpaper group
(LG 25 or LG 56, respectively) of topological crystalline
insulators, consistent with the Dirac LBCs for LGs 25 and
26 revealed in this paper. We expect the results in this work
can act as a basis for further exploration on the effects of
symmetry-breaking perturbation (e.g., the modification of the
topological character, the number of the symmetry-related
LBCs, and the band dispersion around the LBC) in a large-
scale way based on the 80 LGs.
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