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Topological Hall effect in strongly correlated layered magnets: The effect of the spin
of the magnetic atoms and of the polar and azimuthal angles subtended by the spin texture
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The topological properties are investigated for strongly correlated materials having honeycomb lattice struc-
tures and spin texture S = S[sin(§,F) cos(G-7), sin(§i7) sin(g.7), cos(§:7)]; here, G, (polar) and §, (azimuthal)
are the spin modulating vectors and S is the spin (total angular momentum) of the magnetic atoms. The results can
be applied to materials showing the Kondo lattice behavior within the strong Kondo coupling regime. The explicit
dependence of the Chern number on §;, §, forS = 1, 2, 3and S = 1/2, 3/2, 5/2 (in limiting cases) is derived.
We find that for S =1, 2, 3, the Chern number depends strongly on &, and S; and for S = 1/2, 3/2, 5/2,
the same dependence is expected. The main physical effect of our result is the change in the direction of the
topological Hall resistivity (—{—,ofy”E - — pXTyHE or vice versa, THE stands for the topological Hall effect) when
S > 2 as the wave vectors are modulated. We propose heterostructures involving the iron based van der Waals
magnet Fey_3 4 5GeTe,, because in this material both the investigated spin texture and Kondo lattice behavior
were observed. Our method can also be applied to materials with higher spin § > 3 to investigate topological

properties.
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I. INTRODUCTION

Motion of electrons on an adiabatically changing chiral
spin texture in the strong coupling regime gives rise to the
topological Hall effect (THE) [1]. For the strong coupling
case, the spin of the electrons follows the local direction of
the magnetization. If the magnetization varies in a closed
loop, then the electrons acquire a geometric phase in the
parameter space, which in turn gives rise to the THE [2,3].
A large number of spin textures—e.g., skyrmions, conical,
hedgehog, magnetic bubble, to name a few (or a complete
list see Table 1 of Ref. [3])—generating THE were observed
experimentally in 2D layered magnetic materials [3]. Micro-
scopically, the Dzyloshinskii-Moriya interaction (DMI) [4,5],
the dipolar interaction [6], frustrated chirality [7,8], out-of-
plane anisotropy [9,10], and Fermi surface curvatures [11] are
responsible for generating noncollinear spin texture, in turn
THE. Due to the involvement of these different microscopic
effects, understanding the competition between them [12—-15]
and ways to manipulate them is important from the point of
view of the fundamental physics as well as applied spintronics
[16]. Recently, Van der Waals (VdW) magnets have emerged
as one of the promising class of materials for investigation
of these effects [17], due to the possibility of changing their
properties through intrinsic means (chemical doping [18],
stacking order and twist of the monolayers [17,19-22]), and
extrinsic means (electric and magnetic field, strain, pressure
[23]). The VAW magnets are primarily divided into five differ-
ent family of compounds [18,24]: (i) transition metal halides,
(ii) transition metal phosphorous trichalcogenides, (iii) transi-
tion metal di-chalcogenides, (iv) ternary iron based tellurides,
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and (v) transition metal oxyhalides. In these compounds itin-
erant ferromagnetism, the Kondo lattice behavior and Mott
insulating phase are observed due to the strong electronic
correlation [24-30]. Keeping this in mind, an investigation of
the electronic properties of these 2D materials with localized
spin moments a low-energy effective theory using su(2) path
integral method was proposed recently [31]. It was shown that
the THE for a material with a honeycomb bipartite lattice and
a strongly coupled electron spin to the background high-spin §
conical spin texture depends only on the (i) atomic spin S (ii)
and the spin modulation vector of the spin texture. On a side
note, by § we mean multiplet of localized angular momentum
7 =145 due to spin-orbit coupling. For example, a Ce**
ions contains a single unpaired 4f electrons in the state 4 f!
with [ = 3 and s = 1/2. The spin-orbit coupling gives rise to
the low-lying multiplet with j =3 — 1/2 = 5/2. In our case,
j and S are same. In the investigated conical spin texture,
only the azimuthal angle of the spin projection (on xy plane)
changed through neighboring sites. Hence naturally the ques-
tion arises: how the topological properties of the materials
changes if both the azimuthal angle as well as the polar angle
of the spin texture change? To answer this question in this
work, we analyzed the spin texture:

Sy sing7; cosgpr;
Si= |8, | =8]|sing\7; singF; |. @))]
S, COS g7

Here, S,, Sy, and §; are the x, y, and z components of the lo-
calized spin momentum §,~. 1 = (qix, q1y) and §» = (q2x, q2y)
are the two spin modulating wave vectors on a 2D plane.
7; = (x,y) is the position vector on the 2D plane. The spin
texture on a different lattice structure is shown in Fig. 1.

The experimentally analogous spin texture was observed
in VAW ferromagnet Fe;GeTe, (F3GT). It is a conductor
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FIG. 1. Spin texture generated from Eq. (1) for q, =g =
(r/6,7/6) on (a) square, (b) triangular, (c) honeycomb, and
(d) Kagome lattices. The direction of the arrow represents the angle
extended by S, and S, on xy plane, defined as arctan(S,/S.). The
color represents the values of the S..

with itinerant ferromagnetism [34] and Kondo lattice behavior
[35]. In F3GT using scanning electron microscopy with polar-
ization analysis, a modulated spin spiral on the xz plane (Neel
order), as well as on the xy plane, was observed [32]. The same
spin texture was also observed through Lorentz transmission
electron microscopy (LTEM) and micromagnetic simulations
[36-38]. In Fig. 2(a) using Eq. (1) with §; = (;t /8, 7 /8) and
G» = (/4,7 /4), we plot a qualitatively same spin texture
as was experimentally observed (see Fig. 1 of Ref. [32]).
We say qualitatively, as one can see the pronounced peak
and dip of the magnetization for S, 4+ S, in comparison to
S, +S,, as was observed in experiment. In another sister
compound Cr,Ge,Teg (CGT) through LTEM, the analogous
spin texture was detected [33]. In Fig. 2(b) using Eq. (1) for
g1 = (/2,0) and g, = (r/3, 0), we reproduce the experi-
mentally observed spin texture (see Fig. 2(c) of Ref. [33]).
Physically this spin texture can be thought of as Neel spin or-
der sandwiched in between two Bloch domain walls. Besides,
such a magnetic texture was also observed in heterostructures
of the multiple ferromagnetic monolayers. In these materials,
the combined effect of the perpendicular magnetic anisotropy
(PMA)—due to the dipole interaction between the layers—
and the interfacial DMI gives rise to the spin texture [39]. In
[Co/Ni], /Ir/Pt(111) heterostructure, depending on the thick-
ness of the magnetic multilayer stack [Co/Ni], and the Ir
layer, either Bloch-type or Neel-type domain walls were ob-
served, however, for some specific thickness of both these
layers one can find both Bloch and Neel domain walls [40].
It is in this region one can find the spin texture represented by
Eq. (1). The same is true for Co/Pd [41] and Fe/Ni/Cu(001)
[42] multilayers.

In this work, we solve the Hamiltonian of the 2D magnetic
materials in the strong electron correlation limit with spin
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FIG. 2. (a) Generation of the qualitative spin texture in Fe;GeTe,
experimentally observed in Fig. 1 of Ref. [32] using Eq. (1). On the
left-hand side, the summation of magnetization along z and x axes
(S; + S,) is plotted. On the right, the summation of magnetization
along z and y axes (S, + S,) is plotted. We observe more pronounced
magnetic texture for S, + S, compared to S, + S,; the same was ob-
served in experiment. (b) Generation of the experimentally observed
spin texture in Cr,Ge,Teg in Fig. 2(c) of Ref. [33], using Eq. (1).
Here g, = (,r/2,0) and ¢, = (;r /3, 0).

texture given by Eq. (1). It is assumed that the system has a
localized high spin S. The high-spin treatment of the problem
is necessary, as in most of VAW magnets due to large spin-
orbit coupling the angular momentum of the magnetic atom
becomes large. Besides, in 2D materials due to reduced coor-
dination number of the surface atoms, the localized electronic
bands at surface become narrower compared to the bulk; the
narrow band favors the localization, exchange splitting, and
higher magnetic moments [43].

The paper is structured as follows: in Sec. II, we in-
vestigate the topological properties of the Hamiltonian. In
Sec. IT A, the Hamiltonian on a honeycomb lattice is given;
complete derivation, and the mathematical procedure to solve
the Hamiltonian is described in Appendixes A and B, re-
spectively. In Secs. II B and IIC, we find the Chern number
for integer spins. In Sec. IID, we find Chern number for
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FIG. 3. (a) Schematic of a bipartite honeycomb lattice. d;, d,, and d; represent the three NN vectors. by, by, and b5 represents the three

NNN vectors. (b) Plot of the dependence of the ¢, and ¢, on the wave vectors &

= (2q1x/+/3,0) and §, = (2¢5,/~/3, 0) for a honeycomb

bipartite lattice. It is calculated using Eq. (2). The values of ¢, and ¢, lies in the range (0, 37 /2). [(c)—(e)] Plot of the real space function
72(¥;) and its Fourier transform 72 (k") on a honeycomb lattice. It is calculated using Eq. (3).

half-integer spins in limiting cases. In Sec. III, we discuss dif-
ferent aspects of the results, including possible experimental
setups.

II. METHOD AND CALCULATION

We start from the Kondo lattice model (KLM) where the
magnetic moments are localized at lattice sites.! At large
Kondo coupling the KLM is identical to the Hubbard model
with large electron correlation [44]. The necessary theory for
solving this model using su(2) path integral method was given
recently [31]. Basically the idea is to represent the KLM in
strong coupling regime (the Hubbard model in strong corre-
lation regime) through the Hubbard X?¢ operators.” As there
exist one-to-one mapping of the X”? operators to the su(2)

'KLM is derived from the periodic Anderson model in the strong
correlation regime [49,65]. Periodic Anderson model takes into ac-
count the hybridization of the localized f electrons.

>The Hubbard operators XM = (pllq) describes the transition at
site from |p) state to |g) state. Under strong correlation there are three
different states possible, i.e., states with up-spin |1), down-spin || ),
and empty site |0). Hence, for example, XiTO represent the transition
from empty state to the up-spin state at ith site. In terms of usual
electron creation (cj'a ), annihilation (c;, ), and number (n;, = cfa Civ)
operators, the Hubbard operators are represented as

X" =cio(1 —nip), X7 = (1 — njgr)c}

O =1-3"(1—me)clcl,(1—

o

io?

Nig’ )

Above definition of Hubbard operators shows that the no double
occupancy condition is satisfied.

coherent state operators X4! = (z, f|X"|z, f) [45-47]—here
the f and z are the spinless charged fermionic field (holon)
and spinful bosonic fields (spinon) respectively—one can
transform the X7 Hamiltonian into the coherent symbol X%?
Hamiltonian. Finally the path integral approach is used to
solve the resulting X% Hamiltonian. Physically this Hamil-
tonian represent the interaction of the strongly correlated
itinerant electrons with the background spin textures. We
rederived this theory in Appendix A for convenience of the
readers.

The resulting Hamiltonian (A17) is applicable to any 2D
lattice structure and spin texture provided: (i) correlation be-
tween electrons should be strong enough to exclude doubly
occupied sites and (ii) the coupling between itinerant electrons
and local moments is strong. KLM in the strong Kondo cou-
pling regime satisfies these conditions [48,49]. As KLM and
periodic Anderson model (PAM) are related, these conditions
are satisfied for PAM with strong onsite Coulomb repulsion
of f electrons and strong hybridization between localized
f electrons and conduction s electrons. Compounds having
heavy fermion elements are likely to satisfy these conditions
[50-52]. In fact in some VAW compounds, the signs of KLM
have been predicted [35,53,54].

A. Hamiltonian on a bipartite lattice

We investigate the Hamiltonian (A17) on a honeycomb
bipartite (L = A @ B; A and B are sublattices) lattice with
spin texture given in Eq. (1). In L the nearest neighbor (NN)
hopping is related to the hopping from one sublattice to the an-
other (A — B, B — A), and the next nearest neighbor (NNN)
hopping is related to the hopping on the same sublattices
(A — A, B— B). On a honeycomb lattice the NN (a,), and
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NNN (b,) lattice vectors are [see Fig. 3(a)]

31 31
1= <§’§>7 azz (—%,5), a3=(07_1)’

5= <_£ i), 1;2=<_§ _E), By = (V3,0).

QU

272 27 2

Here we have assumed a constant unit lattice. In momentum space (see Appendix B),

H(k) =Yy HK)y.
k

The ¥, = [f > .17 contains the holon creation operators of the kth momentum on the two sublattice A and B. The single
k A Jis P g

mode kernel is H(k) = Hy(k) - T + H;(k) - 5;. T is the unit matrix; &; are the Pauli matrices, and (k) are the corresponding
kernels. Explicitly

H(k) = HoT + Hy (K)o, + H, (K)o, + H,(K)o;

- s
. b, - N - - oo
Hy = —2t2w5 ?’|:1 + g, c0s 24, <?,- + E>:| % § cos SGrby, cos kb, + 2S sin Sgob, Z 7K cos(k + kb, ¢,
/‘{’/

H, = +t1w’/15 11— 4, c0s 24, <r, %>i| * COS 12?1,,, )
A a S -
H, =+t ¢’|:1 — g, c082q, (rl ?")] * sin kd,,,
H, = —2tw;, F| 1+ g,cos2q, | 7 + > —sin SG»b,, sin kb, 4+ 28 cos Sg»b,, Z (k" ysin(tk + k)b, ¢,
];/

where

1 1 cos 6721;,1 - 1 cos ﬁgI;n
~ n q bn; n = i n|s
2+<47L 4 )COSC“ 7 [(4 4 “
, 1 1 n COS Gody, cos 3 , 1 cosgdy ,
w,==z—|-+—— s =\ 7 — —— w, |-
n=27\4 4 9> G 4 4 n

Here, 7, and 1, are the electron NN and NNN hopping factors, respectively. 72(/?) is the Fourier coefficient of the real space
function:

1 o e
p(f»:atan{ — “}Zp(k/)e-””u
k/

7(¥;) csc Gaby, + cot gab,,

where

2+ cosq'll;,, + [

= (7 4 bu
A = 1] cos 24, (7 + ) )

cos cjll;,, — c0s 24 (17,- + %)

The 72(1?) is a function of g, and 4. In Figs. 3(c)-3(e), we plot z(¥;) and corresponding p(lz’) for different combinations of g
and g,. We observe that 72(12’) <« 1 for whole range of K'; it is true irrespective of g; and .

In Fig. 3(b), we plotted 2, w, ¢,, and ¢/, for §; = (2q1./+/3,0), o = (2¢2./~/3, 0); where 0 < g1, g2, < +/37/2. We
observe that for whole range of gi, and ga;, these functions are positive and less than unity. As these are even functions of §; and
G», the same is true for —3r /2 < qix, @2x < O. a represents the Fourier transform operator. ((x)) is the convolution operator.
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FIG. 4. Dependence of (a) H, and (b) H, on the momentum vector k, corresponding to the three NN vectors; the value of k, =0
everywhere. We have taken ¢, = (r/4,0) and g, = (7 /4, 0). The coordinate of +K = (&7 / /3, 0). (c) The same dependence of H, on
corresponding NNN vectors. (d) Summation of the previously plotted three components of the H,, H,, and H;. [(e)—(g)] Chern number
dependence on g, and g,, for S = 1, 2, and 3 calculated using Eqgs. (6)—(8), respectively.

S is the effective spin of the magnetic atoms. In the following sections, the Chern number for integer and half-integer spins are
discussed.

B. Chern number for spin § =1

The Hamiltonian for integer spin S = 1 is found from Eq. (2):

Hy = —21, ; wn[l + % cos 26715,,] 08 G2by, cos kb, + 2'sin Gb,, Z 2Ky cos(k + k)b, ¢,

k/
H, = +1; Zw/ 1-— g_,/q 08 2318y | % cos Ky,
n ! 2
H, = +1 Zu/ 1— g_,; cos 2q1dy, | X sin kd,,,
n ! 2
H, = =2t Z wn[l + % cos 24 En] — $in Goby sin kb, + 2 cos Gaby, Z 2(K)sin(k + k)b, §. 4)

k'

(

For topological properties to appear the condition H, =
H, = 0 and H; # 0 should be satisfied simultaneously (see

the a; and d, components are of opposite sign. In result the
sum of the all three components of H, is zero at £K. For

Sec. 3.5.6 of Ref. [55]). If we take ¢, = (qux/ﬁ, 0) and
G = (2gac//3,0), where —/37/2 < g1y, gox < ~/37/2,
then at the point +K = (7 /«/§, 0) this condition is sat-
isfied (see Appendix F). To show this in Figs. 4(a)-4(c),
we have plotted the H,, H,, and H, for 4, = (7 /4,0) and
G» = (/4,0). We observe that at +K all three components
of H, are zero. For H, at +K, the a3 component is zero, and

H,, the 133 component is zero at +K , however, the l;l and
by components are nonzero. Therefore the aforementioned
topological condition is satisfied.

We note that the topological property for ¢g; =
(2q1:/+/3,0) and G, = (2g2,/~/3,0) is defined by either
the by or the b, component of H as (i) only they have
nonzero values at £K, (i1) both of them are identical to each
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other. Considering only by component, the Chern number is

sgn[H:|; (K)] — sgnlH. [, (—K)]
cp = ) . (5)

Using Eq. (5) in Eq. (4), we will get

= sgn{ sin gy, — 2 c0s g Zp(lz’)sin <% + 7351> ;
k/
here fﬂ \/_ﬂ V3 V3
w - T N \ X \ KA T A \ X T A~ -
q1 ) 3 q2x >
(6)

The g, dependence of c¢; enters through /2(1?), however, as
72(1_5’) <« 1 we expect a very weak dependence. In Fig. 4(e),
we plot the dependence of ¢; on ¢, and g,,; as was expected
g1 almost does not have any effect on Chern number.

It is important to note that on a honeycomb lattice, the
Chern number is defined only by by or by component of the H,
when following conditions are satisfied: (i) the y components
of the spin modulation vectors are zero: §; = (2q/ V3,0)
and §» = (2g2¢/~/3, 0), and (ii) the Hamiltonian can be rep-
resented in the same form as Eq. 4.3

C. Chern number for § =2 and 3

For higher spin § = 2 and 3, one will expand the terms
containing ¢, and g/, in Eq. (2). The Hamiltonian for § = 2 is
given in Eq. (C2). Comparing Egs. (4) and (C2), we observe
that they are analogous to each other, hence, the Chern number
will be defined by the by (or by) component of H,. The Chern
number for § = 2 is

] = sgn|:<1 + %) + g1 cos2q, + %cos 4q1x]

x sgn |sin2qo, — 4 cos 2¢ay Z 2(K')sin (% + l?l;n) .
]:/

(N

The dependence of ¢; on g, and g5, is plotted in Fig. 4(f). We
observe very weak dependence of ¢; on g,.

In Eq. (C3), we give the Hamiltonian for S = 3. Equa-
tion (C3) is also analogous to the Eq. (4). Hence, as
before, the Chern number will be given by by component

3By same form as Eq. (4) we meant that H, (?,) is multiplication
of cos kd, (sinkd,) and an even function (with respect to g; and ).
In case of H, and H,, the function w (1 — ¢, /2 cos2§,d,) is even;
the evenness of g, Vg,’l, w,, and w,, can be observed in Eq. (2) as
they are a function of cosine. Multiplication of H, (H,) by cos ka,
(cos Ea,l) allow us to make H, =0 (H, = 0) at +K. For explicit
explanation and derivation of this point, blease refer Appendix F.

of H:
T 3 cos 4 _z 6
2 QIx 4 COoS Cle
x sgn | sin3go, — 6 cos 3gax Z 2(K')sin (% + 7313,1) .
1;/
(®)

In Fig. 4(g), we plot the dependence of c¢; on g, and g,.
Here, in comparison to Figs. 4(e) and 4(f), the dependence
of ¢; on g, increases; it can be clearly seen in the vicinity
of g1y ~ £7 /2, /2 < gax < ~/37 /2. For other values of g1,
and ¢»,, the dependence is very weak.

D. Chern number for § = 1/2 and 3/2

Finding a closed analytical expression of Chern number for
S = 1/2 is not possible, as Fourier transform of the terms

G\ 112
|:1 — g, €08 24, <?,- + E")i| ,
o 12

AN
1 + g, cos2q, Vi"‘? ,

are not available. One can find the Hamiltonian in the lim-
iting cases of g, and g,. We can have four combinations
of limiting cases: (i) ¢, < 1, ¢, < 1, (i) ¢, < 1, g, S 1,
(i) g 1, g, < 1,and (iv) g, S 1, ¢, < 1. In Fig. 5(a),
we showed the values of ¢, and ¢, for which these lim-
iting cases are applicable; we assumed here threshold of
0.2, i.e., four different combinations of 0 < g;, ¢; < 0.2
and 0.8 < g1, g¢; < 1. In Fig. 5(a), we observe that only
the combinations ¢ < 1,¢1 < land ¢ 1, ¢1 < 1 are
prominent, hence we analyze only these two combinations.
The Hamiltonian for ¢; <« 1, ¢ < 1 is given in Eq. (D3)
and for ¢g; S 1, ¢1 < 1 is given in Eq. (D7). Both these
Hamiltonians are analogous to the Eq. (4). Besides, the H,
for both these Hamiltonians is the same as it corresponds to
the single case ¢; < 1. Hence, the expression for the Chern
number will be same:

€))

_ q2x ’ z T
= sgn sm— cs—E ﬂ(k)SlIl(z—‘rkb])
(10)

In Fig. 5(b), we plot the Chern number for § = 1/2.

For § = 3/2, the Chern number is also found analogously.
The idea is to represent the functions containing ¢, in Eq. (4)
as a multiplication of powers of 1 and 1/2, then to apply
the above discussed limiting conditions to find the corre-
sponding Hamiltonian and Chern number. The Hamiltonians
corresponding to the two combinations are given in Eq. (E2)
(g1 <1, g1 < 1)and (E3) (g; S 1, ¢1 < 1). The Chern

~
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FIG. 5. (a) Values of g, and g,, where four different combinations of limiting cases of ¢, and ¢/ are applicable. We assumed the threshold
of 0.2, i.e., different combinations of 0 < g, ¢; < 0.2 and 0.8 < ¢;, ¢g; < L. [(b) and (c)] Chern number dependence on ¢, and g,, for

S = 1/2 and 3/2 calculated from Eqgs. (10) and (11), respectively.

number is

2
c = sgn[(
392 —3cos 342 Z 2(K')sin (z—HI?l;l) ,
2 P 2

t/41
1+ £L
+4

2

3 71
—1C082¢ 1, + =— COS g1y
+ zgl qix + 1 q1

. X
X sgn | sin ——
2

1)

In Fig. 5(c), we plot the Chern number dependence on g;, and
¢2, for § = 3/2. In Fig. 5(d), we showed the Chern number
for 5/2; the explicit expression is not shown here, but it is
calculated using the same procedure, representing the function
containing ¢, and ¢, in Eq. (4) as a multiplication of powers
of 2 and 1/2.

III. DISCUSSION

In Table I, we summarize the results from the previous
section. From the dependence of the Chern number on g,
and ¢y, for integer spin [Figs. 4(e)—4(g)], it can be observed
that the Chern number changes multiple times in the range
0 < q1x, ¢2x < +/37m /2 only for higher integer spins § > 2.
Hence experimentally the change in the direction of the topo-
logical Hall resistivity pJ/'" (it is proportional to the ¢;) can
only be observed at higher spin § > 2.

When c; for the half-integer spin (apart from S = 1/2) is
compared with the ¢; for the corresponding floor integer spin
(LS, i.e., ¢; for S = 3/2 [Fig. 5(c)] with S =1 [Fig. 4(e)]
or for § = 5/2 [Fig. 5(d)] with S = 2 [Fig. 4(f)], we see that
they are identical to each other in the regions where g; <
I, g1 < land g] £ 1, ¢1 < | are satisfied. We can assume
that the effect of the functions containing ¢, with S = 1/2 is

TABLE I. Expressions for Hamiltonian, Chern number, and fig-
ures of the Chern number dependence on ¢, ¢», and for S =
1/2, 1, 3/2, 2 and, 3. The Hamiltonians for S = 1/2 and 3/2 cor-
respond to two cases () g € 1, g1 K land (i) g S 1, 21 K L.

S=1/2 S§=1 S§=3/2 §=2 §=3
Hamiltonian (D3), (D7) (4) (E2),(E3) (C2) (C3)
Chern Num. (Eq.) (10) (6) (11) 7 ®)

Chern Num. (Fig.) 5(b) 4(e) 5(c) 40 4

very weak. Hence, only the integer components of the half-
integer spins have effects on c;. For example, for S = 9/2 =
4 + (1/2), the dependence of c; on g, and g, will be same as
S =4; ¢y for § = 4 can be found exactly. However, whether
this assumption is true can only be probed experimentally.

In Figs. 4(e)—4(g) and 5(b)-5(d), we observe that ¢c; =0
when ¢, =0 or ¢y, = 0. Physically ¢;, = 0 means ferro-
magnetic (FM) phase. Observing Eq. (A17), we can conclude
that the Hamiltonian represents an effective spinless elec-
tronic system in the FM case. Whether the system is insulator
or metal depends on the initial parameters (f;;, ®). gox =0
means rotation of the spin texture only on yz plane (coplanar);
whether the system is insulator or metal depends on ¢;,. For
both FM and copolanar cases, the system does not have THE
[56].

A. Closing of a band gap

From the band structure point of view, the

++/ 7‘[)2( + 'Hf + 'sz represent the valence (—) and conduction
(+) bands; we have dropped H, as it is just an additive term,
which can always be subtracted out. The band gap closes at
+K when H. = 0. As H. is a function of g1, and g, at some
of their specific values the gap closes. In Fig. 6, we show
the gap closing for § = 2 for g, = 7 /4, gox = 1.81, k, = 0.

3

2

1
Py === Qix=1/4; q2x=1.75
g 0 —— Qix=1/4; q2x=1.81
. ; G2=1.91

-1

-2

-3

- —n/2 0 n/2 n
ki

FIG. 6. Dependence of energy E(k,) = £ /H2 + H2 + HZ on

ky € (—m, +) for the same ¢, = /4 and different ¢,,. We have
taken § = 2, k, = 0. The complete Hamiltonian is given in Eq. (C2).
The gap closes at +K = (:I:rr/\/i 0) for go, = 1.81.
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Every time there is a change of ¢; the band gap closes and
reopens. Hence, for higher spins, the gap closes and reopens
multiple times as g, and g,, are modulated.

B. Comparison with th Haldane model

In the Haldane model [57], the topological property was
controlled by the sublattice onsite potential (M) and the con-
stant phase accumulation of electrons due to NNN hopping
(defined as ¢ in Ref. [57]). The total accumulated phase due
to a closed path on the lattice was interpreted as effective

Atrur (1 + % Ccos quxl_;n)

sgny M —

X [Sin Gox —2COS g2 Y 1 72(k') sin (% + E’El)]

c1 =

(fictitious) magnetic field. In our case, the phase due to NNN
hopping is [see Eq. (B7)]

1 -
¢, = S| 2 atan — — | — Gabn |- (12)
7 (¥F;) csc goby, + cot §rb,

Hence, now the effective magnetic field in a closed loop is
function of S, g1, and g. In fact, we can insert phenomenolog-
ical sublattice potential M into the H; of Eq. (2). The Chern
number for § = 1 in the presence of M can be found using
Egs. (5) and (4):

sgny M +

X [sin Gox —2COS o Y 1 p(/?) sin (% + I?l;l)]

2
Aty (1 + 2 cos ZJlen)

Notice that now the c¢; depends on M and the prefactor con-
taining ¢; and w; which was absent in Eq. (6). The same
procedure can be used to find Chern number for S = 2 and
S = 3. For a half-integer spin, the Chern number can be found
only in the limited regions of g;,—¢>, phase space [Fig. 5(a)].
In Fig. 7, we plotted the Chern number dependence on M/t,
and ¢o, for § =1, 2, 3; the g1, = 7 /4 is kept constant.

C. Minimum energy

To understand the thermodynamics, we calculate the to-
tal internal energy of the system (Ujpema), Which can be
found by integrating the lower band energy over the whole
Brillouin zone. In Fig. 8, we plotted the Ujpema for different
S. For all the cases, the lowest energy has an antiferromagnetic
(AFM) configuration §; = (£m, 0). Away from the lowest

4
S=1 S=2 s=3
2
0
-2
-4
0 m—r 0 m—r [0} m

M/t,

Q2x q2x Q2x
I ———
-1 0 +1

Chern number (c1)

FIG. 7. Chern number dependence on the sublattice potential
M/t; and q,, for S =1, 2, 3; we keep ¢, = 7 /4 constant.

5 47 (13)

energy, equal energy contours appear in gi,-q2, phase space,
meaning, several degenerate spin configurations for a given
energy. Interestingly, for S = 1, every equal energy contour
ends at an AFM (or g, = +/37/2) configuration; in other
words, all are open contours. However, for S = 2 and 3, the
closed contours appear that do not include in the AFM (or
g2x = /37 /2) state.

D. Perspective materials for the application of the model

One of the perspective materials for observing the afore-
mentioned effect is Fey—3 4 5GeTe, [58]. In Fig. 9, we showed
the lattice structures of F3GT and Fe,GeTe, (F4GT). They
belong to vdW materials, where usually the magnetic layers

-n—-n20 n/2 n-n-n/20 n/2 n-n-n/20 n/2 n
qix qix qix

1 1
Min. Max.
Total Internal Energy (Arb. Unit)

FIG. 8. Dependence of the total internal energy on the wave
vectors g, and ¢,. The lines represent the equal energy contours.
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(a) Fe3GeTe, (b) Fe4GeTe,

FIG. 9. Effective magnetic bipartite honeycomb lattice.

are sandwiched in between the nonmagnetic layer in differ-
ent configurations. For example, in F3GT, a single Fe-Fe
dumbbell and a single Fe atom are placed alternatively in a
honeycomb lattice pattern; at the center of the honeycomb
lattice, the single Ge atom is placed [59,60]. This whole
structure containing the Fe and Ge atoms are sandwiched
in between Te atoms. The FAGT has the same honeycomb
lattice structure, however, now instead of a single dumbbell,
two dumbbells of Fe atoms are present; the single Fe atoms
are absent [59,60]. Both F3GT and F4GT can be treated as
effective bipartite lattices. In F3GT, the Fe-Fe dumbbell and
Fe atoms correspond to the two sublattices of the bipartite
lattice. For FAGT, the bonding between Fe-Fe dumbbell and
Te atoms creates an effective bipartite lattice, i.e., one of the
sublattice contains the dumbbell with the upper Fe atom of
the dumbbell bonded to the Te atom, and the other sublattice
contains the lower Fe atom of the dumbbell bonded to the
Te atom.

The discussed spin texture in this paper had already been
observed in these materials [32]. Fundamental requirements
of the proposed model is the presence of localized angular
momentum (spin §), strong correlation between conduction
electrons, strong coupling between conduction electrons, and
localized angular momentum (KLM in strong coupling limit
have all these properties). In F3GT, the electron correlation
is around U =5 to 5.5 eV [29,30], which is comparable
to the U = 6.2 eV for the prototypical heavy fermion com-
pound Celn;. For FAGT, also strong electronic correlation
was predicted from numerical calculations [61]. The local-
ized nature of angular momentum for F3GT (S =3) and
FAGT (S = 7/2) has been predicted [59,60,62,63]. Besides,
the Kondo lattice behavior was also predicted in F3GT [35]
and FAGT [64]. Hence at low temperatures (T ~ Tk; Tk is
the Kondo temperature), our model can be applied in these
materials, as Kondo coupling is strong near Tx [65]. In
the following sections, we propose several heterostructures
to control the spin modulating vectors in F3GT and
F4GT.

E. Experiment

Naturally, the question arises how the above effect can be
physically verified? One of the indirect way of confirming this
effect is through the Hall resistivity measurement. The topo-
logical Hall resistivity is proportional to the Chern number
[66], pryHE = —oxy/(axzy + oxzx) here o,y = e’c1 /(2 k). Con-
sequently, as the =c; depends on gy, go, we will observe the
change in direction of p HE with changing g, ¢»,. In Fig. 10,

xy
THE

we plotted the dependence of p,;** on the azimuthal angle g,

while keeping g1, = 7 /4 constant. One can observe that for

1
w
EX o0
< S=1
1 . . .
0 n/4 n/2 3n/4 n
Q2x
14 .
w
Ex 0
< 5=2
-l 1 T T T T T
0 n/4 n/2 3n/4 n
Q2x
14 .
w
Ex 0
< 5=3
-l 1 T T T T T
0 n/4 n/2 3n/4 n

Qax

FIG. 10. Dependence of the topological Hall resistivity ,oxTyHE on
the azimuthal spin modulation vector g,,. The p['* is represented in
units of e?/27 ii. The polar angle g, = 7 /4 is kept constant.

§ = 1, there is no change in the sign of the ", hence, the

predicted effect in this case is not possible to detect. How-
ever, for higher S = 2 and 3, there are multiple sign change
with increasing g,,. Therefore materials with high magnetic
moments (F3GT, F4GT) are good experimental platforms to
observe this effect. Now the question arises: how one can con-
trol the vector ¢, in F3GT (or FAGT)? References [36,67,68]
showed that the density of magnetic stripes (therefore ¢,,) can
be controlled by tuning the temperature and external magnetic
field. Thickness [38] and defect [69,70] engineering can also
be used to manipulate topological spin configurations.

Another idea to control ¢, is to use heterostructures
[71-73] of F3GT or FAGT with two perpendicular DMI vec-
tors: (i) bulk DMI and (ii) interfacial DMI. The bulk DMI
arises due to intrinsic broken bulk inversion symmetry (r —
—r). It can be broken through stoichiometry engineering
[69,70], strain, or electric field [74,75]. The interfacial DMI
occurs due to cosmetically broken mirror symmetry (z — —z)
at the interface of the heterostructures [76,77]. The structure
specific bulk DMI is hard to control, however, the interfacial
DMI can be controlled by the extrinsic means [78—82]. There-
fore a heterostructure can be synthesized where an F3GT or
FAGT layer is placed over a substrate; for a substrate, one
can use materials with strong spin-orbit coupling, where the
electrical control of DMI is possible [83].

IV. CONCLUSION

In this work, we analyzed the topological properties of the
electronic bands coupled to the background spin texture (1)
on a honeycomb lattice for strongly correlated materials. The
model is applicable to the materials showing the Kondo lattice
behavior in the strong Kondo coupling regime. The explicit
expression of Chern number for S = 1, 2, 3 is found. We pre-
dict that for § = 1, 2, 3, the Chern number depends strongly
on the azimuthal angle of the spin texture and on the spin of
the magnetic atoms S but weakly on polar spin modulation
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vector. The Chern number for S = 1/2 and 3/2 is also found,
albeit in limiting cases. It is observed that Chern number
for these half-integer cases are identical to their floor integer
LS] (this is not applicable for § = 1/2). It is argued that the
iron based van der Waals magnets Fey_3 4 5GeTe, are suitable
materials to observe this effect; these several heterostructures
are proposed for experiment. The main physical effect of the
result is that for S > 2, the topological Hall resistivity changes
direction as the wave vectors are modulated. Our method can
be applied to find the Chern numbers analytically and exactly
for an arbitrary integer S; and for a half-integer S, the Chern
number can be found analytically only in limited number of
cases.
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APPENDIX A: THEORY

We will work in the strong correlation regime in which the
underlying Hilbert space is modified as the double occupancy
is prohibited. It results in constrained electrons operators
which are now isomorphic to the Hubbard operators [84].
Those operators appear as a generators of the su(2|1) super-
algebras. As a result charge and spin degrees of freedom can
be represented as product of the SU (2|1) supergroup. This is
applicable for particles described by the S = 1/2, however,
for arbitrary spin S > 1/2, one will use the su(2) algebra.
In the SU(2) formalism, the required theory is constructed
under the condition that the background spin field affects
the fermion hopping without breaking the global symmetry.
The su(2) coherent states (CS) have these properties, as the
electron hopping factor is affected only due to CS overlap
factors [85,86]. In condensed matter, it is analogous to the
Peierls phase factor generated in an external magnetic field.
It is the vector potential generated by the noncollinear chiral
spin textures [56]. Physically it can be thought of fictitious
magnetic field through a plaquette. In field theory, it is the
same as the emergent artificial gauge field generated by the
U(1) local connection one-form of the spin U(1) complex line
bundle. It provides a covariant (geometric) quantization of a
spin [87]. In this approach, the underlying base space appears
as a classical spin phase space. It is a 2-sphere S2, which can
be mapped to a complex projective space CP!, endowed with
a set of local coordinates (z, 7). In this case, the quantum spin
is represented as the section |z) of the principle (monopole)
line bundle P(CP', U(1)). The local connection of the bundle
is a® = i(z]d|z); d is the exterior derivative.

Physically, we start from the lattice KLM:

H == [t +J S +1)8;lc},cjo
ijo

+7Y 8 (¢}, Gr0rcion). (AD)

Here c (cis ) is the electron creation (annihilation) operator
with the spin o on site i; J > 0 is the exchange coupling
constant; & is the vector of the Pauli spin matrices; S; is
the nuclear spin operator at ith site. The extra J-dependent
term J S(S + 1) §;; introduced in the hopping parameter is to
make sure a finite J — oo limit [44]. Under the mean-field
approximation, one can represent the nuclear spin operator as
product of the localized spin magnitude (S) and their direction
(7;): (Si) = S - #i;. In the large Kondo limit J — oo, the Hub-
bard model goes into the U — oo limit (strongly correlated
electronic system) [44]:

A e &
H~ — Zt,]ciac](,.

i,j,0

(A2)

Here ¢, = civ (1 — n;3) is the constrained electron operator;
Nis = cj&ci(—, is the number operator of the complementary
spin. The constraint operator as explained above can be dy-
namically factorized into the spinless charge fermionic field
fi (holons) and spinfull bosonic z; fields (spinons) [31,45].
It can be seen that as long as the fermionic field satisfy the
condition f? = 0, the local no double occupancy of strongly
correlated electron is satisfied rigorously. Here, the holons
acquire the band structure of their own; it is the usual behavior
for fractionalized electrons [88]. The spinons are handled by
mean-field treatment.

The necessary theory was given by the authors recently
[31], hence, here we briefly derive the required Hamiltonian.
The high-spin CS theory is constructed from the fundamental
S = 1/2 representation:

l2) = (1 + |z) 55 15). (A3)

Here |S) is the highest spin-S su(2) state; S~ is the spin
lowering operator. The S-dependent partition function will be

7= /D[L(Z,f) exp A. (A4)
The measure Du(z, f) is
S dz;(t)dz; _
Dutz. f) = GO0 ) Edfio). (AS)

Lri (14 17

Here z; keeps track of the spin and complex, while f; keeps
track of charge and is a Grassman variable. The effective
action A is defined as

ﬂZ/

Here, iaf.o) is the u(1)-valued connection one-form of the

magnetic monopole bundle as a spin kinetic term:

fi(3 +ia”) fi]dr — / Hdt. (A6)

22—
1+ |z/?

ia” = —(z|91z) = (A7)

It is analogous to the Berry connection. The Hamiltonian in
A can be written as

H==Y t;fifie" +He. +qulf,,

ij

(A8)
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where
. (1 +7ziz;))*
aij = —iln(zllz;), (zllz;) =
! ! A+ A+ S
(A9)
Under a global SU(2) rotation
g —t Y (A10)
—vz;t+u
the phase will be
a” = d" 8,0, a;— a;+06;— 6. (A11)
Here,
6, = iSIn (’_’Zi + ”_‘); [ u '_’} cSUQ).  (A12)
Uz + U —v u

The effective action A remains unchanged under SU(2) trans-
formation of the z; in conjunction with U(1) transformation of
the f; — e f;. The real and imaginary parts of the a ji are
defined as

aji = ¢ji +ixji: ¢ji
The ¢;; and x j; are defined as

=iy Xji = Xji- (A13)

1 +2Zziz;

i — iSIn
Z 1 +2Zz

(S+S5)(S+53) +S7S;

=iSIn / iy
(S+S85)(S+53) +8;8;

(I +Zizj))A + Z;z)
n
(I + [z + [z;1%)

oIn §,~-§j+1
282 2 )

Here, S’i stands for the CS symbols of the su(2) generators
[45]. The corresponding values are

(A14)

L1l oz G- _
21472 1+ z27 14 |z)2
(A15)

There is a one-to-one correspondence between the su(2)
generators and their CS symbols [47]. Under SU(2) global
rotation x ;; remains intact, however, ¢ ;; transforms as

Gji = Qi+ 06 —0;.

This transformation is analogous to gauge fixing by choosing
a specific rotational covariant frame. The dynamical fluxes
do not depend on the chosen covariant frame. Substituting
Eq. (A14) in the dynamical Hamiltonian (AS), we get

(A16)

S
1 _
Zt,,flf] ¢< X —) +uy fifi (A7)

Physically, this represents the interaction of the underlying
spin field and itinerant spinless fermions.

APPENDIX B: SOLUTION OF HAMILTONIAN
ON A BIPARTITE LATTICE

In this section, we use the Hamiltonian (A17) with the spin
texture (1) to find the Hamiltonian on a bipartite honeycomb
lattice. A bipartite lattice L has two sublattices A and B:
L = A & B. On a bipartite lattice, the nearest neighbor (NN)
hopping corresponds to A — B, and next nearest neighbor
(NNN) hopping corresponds to A — A or B — B. We denote
the three NN and NNN honeycomb lattice vectors as d, and
by, respectively. The charge and spin degrees of freedom on
the A sublattice are f; and z;, respectively. For convenience on
sublattice B, we can define

1
i —™> ——s
Zi

A L iai(o) /
fi — fie"i i€B. (B1)

Where Gi(o) = 0ilu=0,v=1. Under these transformations, the x;
from Eq. (A14) remains unchanged, while the ¢;; — ¢;; +
0(0) 9(0) This transformation makes the calculation easier,
Whlle conserving the form of a;; in Eq. (A11) under global
SU(2) rotation. The coherent states symbols in Eq. (A15) also
changes from S‘,- — —§i.

In a bipartite lattice, the total Hamiltonian will contain
three parts depending on hopping of electrons: (i) A — A, (ii)
B — B, (iii))A — B.ForA — A (i, j € A) from Eq. (A14) the
Xji 18

e = wS[1 + g, cos G (2F; + by)I’,

n 1 n cos cszn -
- cos g1 by,
4 4 Ao

[(% ~ cosle_;n>/wn:|.

Here we defined l;,l = 7; — 7;. It can be easily checked that the
values of #, and ¢, are bounded € [0, 1] and constant for a
given §; and g,. The ¢;; is

§
I

N =

n (B2)

Oy = 25atan|: } = :|;
7(¥;) csc Gaby, + cot gob,
ﬁ(m_2+cosq1b + + 1] co _cj( l)'
cos 1 b, — cos 2q1(? &)

(B3)

The ¢, is a periodic, but bounded function.
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For B — B, the x, remains same. However, the ¢i|; jcg = —@jil; jea + 2S6725n.4 Explicitly,

1 -
¢ji = 2Satan = — | +254-b,. (B4)
7 (¥;) csc Gaby, 4 cot Gab,,
For A — B, the y;; is
a1
eXn = w;ls|:1 — g/, 0824 (77 + %)] ,
’ 1 1 COs ann I
Wy, =5 =\ 7T —  )cosqidn,
2 4 4
1 cosgray
a=[(G-=) /] ®9
and the phase
eibii — (iS(@ dn—1) (B6)

Substituting the above derived ¢, and x, in Eq. (A17) and assuming the interlattice hopping parameter (¢;) and intralattice

hopping parameter (;), we find the total Hamiltonian:

S\ 7S
3 by . 1 .
H=—t fifiwS| 1+ g,cos2g, | 7 + = exp 1 +iS | 2atan = = | — G2bn
2.0 2 A7) ese oy + cot oy

i,jeA

-

- s
-t Z fifiwS| 1+ gncos2q | 7 + b exp { —iS| 2atan ! — g
2 i jty dn qi\ 7i ) p 7 (7.) 03¢ Gafh, + cot oy Gy

i,jeB
_ i a\1°
+1 E fifiw? l—g;cos2§1<?,-+—")] .
- 2
i€eA -
jeB

The first two terms—corresponding to the hopping either only
on sublattice A, or on sublattice B respectively—are complex
conjugate of each other. The third term corresponding to the
hopping between sublattices A and B does not contain the
imaginary part. Hence, the Hamiltonian and its complex con-
jugate are not identical to each other, which breaks the time
reversal symmetry. At g; = (0, 0) or at g, = (0, 0), the ¢, in
Eq. (B3) and (B4) collapses. In this case, there will not be any
topological properties. It was expected as planar spin textures
does not show any THE.

In momentum space, the two band Hamiltonian can be
written as

H(E&) =) JiH K. (B8)
k

4On the B sublattice, S; — —S;. Under this transformation, the Pji
in Eq. (A14) can be written as

(S =SH(S—=$5)+ 58"
=SS — ) + 5787

(S+SH(S+S)+8;85" S
PSS+ ) +57STSTS;

@jili.je =iS1

=iS1

= —@jilijea + iS In Pl HPT

= —jilijes + 25G:b,.

(B7)

(

The wave vector X is taken over the first Brillouin zone. The
matrix ¥y = [fi.afk.p] contains the creation operators of the
kth momentum on the A and B sublattices. The single mode
kernel of the Hamiltonian is H(K) = Ho(k) - T + H;(k) - 5;.
Here, I is the unit matrix; &; are the Pauli matrices, and
’Hi(lz) are the corresponding kernels.> To find an analytical
formulation of ”H(l;), we first represent

1
2(F;) = atan — -
7(7;) csc gab, + cot Goby,

= ke n, (B9)
v

5”H(l:) is a 2 x 2 matrix. In terms of the Pauli matrices, it is
represented as

HEK) = Hol + Ho (K)o, + H, (K)o, + H. (K)o,

where
- Hijea+H S

Ho(k) = % H (k) = R[Hica jes],
- Hlv i - H[Y i - ~

H.(k) = % Hy(K) = S[Hica jes)-

Here, I is the 2 x 2 unit matrix; oy, 0y, and o, are the Pauli matrices.
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it is the Fourier series representation. As the value of (k") < 1 for most of the ¢;, ¢» as shown in Figs. 3(c)-3(e), we can
approximate

exp{ i 2Satan 1 — |V~ 14428 Z n(kHe . (B10)
ﬁ(?l) CsC q2bn 4+ cot szbn I3

Using above result the kernel ’H(l?), can be written as

- S
. b, = e s oo , S oo
Ho = —2t2wﬁ ’F|:1 ~+ g, cos 2q, (7,- + E>i| * {cos SG>b,, cos kb, + 25 sin Sgrb, Z 7n(k")cos(k + k )b,,}
k/

dn

s
H, = +tiw? Fl1— g, c08 2q; <7,- + —>:| * cos K,

[\

-
Qn

s
Hy, = +t1w:f 11— g, c08 2q; (7,- + E):| * sin ka,

N S
. by, , o - P
H. = —2tyw f{l + g, cos2q; (?i + ?)} * {— sin $G»b, sin kb, + 28 cos SGb,, Z 2(k'ysin(k + k )b,,}. (B11)
k/

Here, represents the Fourier transform operator; ((x)) is the convolution operator.

APPENDIX C: HAMILTONIAN FORSPIN S =2,3

The Hamiltonian for S = 2 is found by first expanding the functions

R ) - 2
n - - bn
[1 —gz,’10032§1<?,-+%)] , |:1+gncos2q1<r,-+?>:| (C1)

and then taking its Fourier transform. Substituting these Fourier transforms in Eq. (2) and taking the convolution, we will find
the Hamiltonian:
2 2

H, =+ Zw;[(] + Zn ) — gr’l cos 2gd, + gzn COS467121,{| COS]?Z'Z,,,

2

Hy =+1 Zw/ 1+ 2 — g/ cos2gd, + g—;’z cos 44y, | sin Ky,
- " 2 " 2

2 2
H, =21 Z Wy |:<1 + %) ~+ g, cos 2471l;n + % cos 4c7113n] — sin 2¢»b, sin I;l;n + 4 cos 26725,, Z 72(]}'/) sin(l_é + ]?)l;n

v
(C2)
We dropped the H, term as it does not play any role in determining the topological properties, besides it just adds an offset
to overall energy. Comparing Eq. (C2) and Eq. (4), we see that they are analogous to each other. Hence, on a honeycomb lattice
at +K, the topological condition is satisfied, and the Chern number is defined by the by component of the H,,.
In a similar way, we can find the Hamiltonian for § = 3. We take the cube of the terms containing ¢, and ¢,, in Eq. (2), and
then take Fourier transform; the resulting Hamiltonian is

3 ” 3 3 3 ” 3 N
Hy =+t ;w;[o + %) — <3g; + i" )cos 2g,a, — i” cos4qa, + %T” cos 6(}121,1:| cos kdy,,

3 n” 3 3 3 n 3 N
Hy =+ Xn:w;[(l + %) - <3g; + %) cos 2g,a, — gzz” cos4qa, + gif cos 6q'léni| sin kd,,

3 2 3 3 R 3 2 N 3 N
H, =21 Zw,,[(l + %) + <3g,, + g") cos 241b, — % cos4qb, — % cos 6c71b,,]
n

4

x { —sin3Gab, sin kb, + 6 cos 3Gab, » _ (k') sin(k + K )b, ¢ - (C3)
E;
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We dropped the H, term as it does not play any role in deter-
mining the topological properties, besides it just adds an offset
to overall energy. Comparing Eq. (C3) and Eq. (4) we see
that they are analogous to each other. Hence, on a honeycomb
lattice at +K the topological condition is satisfied, and the
Chern number is defined by the by component of the .

APPENDIX D: HAMILTONIAN FOR SPIN § =1/2

Hamiltonian for S = 1/2 can be found only in limiting
cases of g, and g,. Here we find only for two cases (i)
7, <1, g, <1, (1) g, <1, g2 < 1. When g, < 1, one
can approximate:

3 12
|:1 + g, c0s 24, (?[ + E”):|

n I Bn
~ |1+ Z=cos2 T+ — ] | D1
|:+2c0s q|<r+2>j| (D1)
Similarly, for ¢, < 1, one can approximate
a2 \12
|:1 — g, c08 24, (7’} + 5")i|
~ 1—&0052% 7’,-—{—@ . (D2)
2 2

Taking Fourier transform of Eqgs. (D1) and (D2) and substitut-
ing in Eq. (2), we will get the approximate Hamiltonian:

-

; - by -
Ho ~ -2 E w,,[l + % cos chlbn] : cos qu cos kb,
n

g EV! - - -, -
+sin ‘122 > 7(®) cos(k + k/)b,,},

G

X+ Zw |: — —cos 2q1a,,1| X COS /Gan,

~+t12w[

ZL cos 2q1an:| X sin kd,,,

-

n > . Gaby . s
H, ~ 2t Z w,,[l + % cos chlbn] : —sin q2T sin kb,
n

G2b
+ cos 2

> p(K)sin(k + k)b, } (D3)

K

Comparing Eq. (D3) with Eq. (4), we see that they are analo-
gous to each other. Hence, at £K the H, = H, = 0, and the
Chern number will be given only by the by component of the
‘H.. Eq. (D3) is applicable in the regions shown in Fig. 5(a).
The next case we consideris g, < 1, ¢, < 1. When ¢, < 1,
we first make the change of variable ¢, = 1 — y; where y

3 u u
Ytan? (Girj)cos (G1ry)
2 Neg. Dirac Comb
Pos. Dirac Comb
1
0 m—— — (._,_ —— —— .(__,_ =
-1
-2
-3
m 2 3 an 5 (s34

qari

)% tan® G +
%) in Eq. (D4) with the Dirac comb (impulse train) Wlth periodicity
27. We took y = 0.1 here. The whole function is summation of one
positive and one negative Dirac comb shifted by 7 with respect to
each other.

FIG. 11. Comparison of the term cos g (7; +

is a small quantity. It gives

Z 12
|:1g,/1 cos 24, <?i + ?">:|
l; Vv o (. b
SOV |

(D4)

Equation (D4) is applicable only when the condition 1 +

cos 24, (F; — b") > y is satisfied. On the right-hand side of
2= =

Eq. (D4), the term cos g ?, tan~ g, 7; can be approximated as
a combination of two Dlrac comb (U), one positive and other
negative, as shown in Fig. 11. Hence we approximate

ytanZ* Q+Bn cos g _)+l;,,
v ;o 24 On
g 2 KL R
~u( 3 4o @(”+2ln)~
“ A\ 2 2 ’
3
@(77[4-217{)
_ b, 3
leZ
T
u [ —
U(2+21n)
5o 5) - o ]
leZ 2

Fourier transform of Dirac comb is a Dirac comb in the mo-
mentum space:

37 o
?[@(7 + 2[n>i| = ga[k —21n].

Substituting Eq. (D4) with their approximate Dirac comb
functions in Eq. (2) and taking Fourier transform, we

(D5)

(D6)
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will find

Mo~ +/20 Z%[(l +

n

Hy ~ /20 Zw;[(l +

) cos (jlﬁn] x cos ka,

AR BRI

) cos qlan] X sin 1_571,1
H, ~ =21, Z wn[l + Zn cos 24, l;,,] —sin @ sin kb, + cos @ Z 2(K'ysin(k + k)b, § . (D7)
N - 4 2 2 v

Comparing Eq. (D7) with Eq. (4), we see that they are analogous to each other. Hence, at +K, the H,, = H, = 0, and the Chern
number will be given only by the by component of the H,. Equation (D3) is applicable in the regions shown in Fig. 5(a).

APPENDIX E: HAMILTONIAN FOR § = 3/2

As in § = 1/2, the Hamiltonian for S = 3/2 is found in the limiting cases of ¢, and ¢,. As in Sec. D here also we consider
only two cases (i) g, < 1, g, < land (il) g, S 1, g, < 1. The idea is to represent the terms containing ¢, with half-integer
powers as the multiplication of the integer power and square root, i.e., for § = 3/2,

- 32 - - 1/2
bn bn n bn
|:1 ~+ g, c0s 24, (7[ + E>:| = |:1 ~+ g, c0s 24, (7’} + E>:| |:1 + % cos 2¢ (?,- + 7)] . (ED)

Then we can apply the approximation of limiting cases to the square root term as described in Sec. D. It should be kept in mind
that, after this step the resulting equations are applicable only to the limiting values of g;, and g,,; for the case of honeycomb
lattice, it is shown in Fig. 5(a). Further we take Fourier transform of the resulting terms to find the full Hamiltonian. Following
this procedure for § = 3/2 and for the case g, < 1 and ¢, < 1, we find

g/z 3 QQ R
H, ~ +1 ZwL[(l + T”) — Egz;, cos 24 dy, + T" cos4cjlﬁn] cos kad,,
n

”

n
3 -
Hy ~ +1 ;w;[<l + %T") - Eg’/’ cos 24 d, + %T” cos4c‘lezn] sin kd,,,
H, ~ =2t Zw l—i—g—g —l—é cos 2G,b —i—g—gcosét*l; —sin@sinlzl; +c0s672[;"z (k') sin(k + k)b
4 2 - n 4 2an q10n 4 q10n ) n ) 2 72 n

(E2)

Comparing Eq. (E2) and Eq. (4), we see that they are analogous to each other. Hence, for the honeycomb lattice the topological

condition is satisfied at K. Besides, the Chern number is given by the by component of .
For g, < 1 and g, 5 1 the Hamiltonian is

3 ! N
H, ~ +/21 Xn:w;’[<é_l + %)(cos 2¢1d, + ¢, cos4q|an)i| cos kd,,

/

3 >
H, ~ ++/21 Z w@[(z + %) (cos2giay + g, cos 4(}151',1)} sin kd,,,

VAR - g > Goby . - Gabn I
H, ~ =2t Z wn[(l + T") + Egn cos 2¢1b, + T" cos 4571b,,i| —sin = sin kb,, + cos = Z 72Ky sin(k + k")b,
n k'

(E3)
Here also Eq. (E3) is analogous to Eq. (4). Hence, the Chern number is given by b, component of H on a honeycomb lattice.
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APPENDIX F: CHERN NUMBER CALCULATIONS FOR HONEYCOMB BIPARTITE LATTICE
We calculate the Chern number (c;) for § = 1 using the Hamiltonian Eq. (4). ¢, is calculated at momentum +K when the

condition H, = H, = 0 and H. # 0 is satisfied simultaneously (see Sec. 3.5.6 of Ref. [55]). If we take G| = (2q1x/\/§, 0) and
G» = (2g2:/+/3, 0), then at the point =K = (&7 /+/3, 0) the condition is satisfied identically. To see this, first we introduce the
three NN (a,) and NNN (b,,) lattice vectors of the honeycomb lattice, and expand Eq. (4):

!/ !’ !/

H, = —i—tlw/l[l — %coschlal] x cos ka +t1w/2|:1 — %0052671&2} x cos Kd» —i—tlwg[l — %0052471%] x cos kas,
(F1)

! ! !/

Hy = +t1w’1[1 — %coschlZzl] x sin kd +t1w’2[1 — % 005251?12} x sin kdy +t1w’3|:1 — %cos2c71&3j| x sin kds,
(F2)

H, = —2hu [1 + % cos 247151]{— sin 672131 sin 7(771 + 2 cos 47251 Zp(k’) sin(lz + ]}’)El} — 2t2w2[1 + % cos 267152]
k/

X {— sin qzl;z sin kb, + 2 cos 52132 Z 7k sin(k + l_c")Bz} — 2t2w3[1 + % cos 251’1133]
k/

x {— sin Gabs sin kb3 + 2 cos Gabs Y _ 72(K') sin(k + k')b3 } (F3)
k/

In Egs. (F1)-(F3), we explicitly wrote all the three components of the H,, H, and H_, respectively We dropped the H, component

as it does not play any role in determining the c;. Further one need to substitute the values of a,, I;n, g1 = Qqix /\/g, 0),
G» = (2g2/+/3,0), and £K = (&7 /+/3, 0) in above equations. In Table II, we have given the dot product of these values.
Substituting these in Eqs. (F1)—(F3), we will get

H, =0, (F4)
H, = thw!|1— Zi 7 |2 - |
y=Znwi|l > co82G1y | Fhwy| 1 > cos2gix | =0, (F5)

H, = 20w [1 + % cos ZqIX] {:i: sin g, + 2 cos gy Zp(k/) sin(+m /2 + I}"El)} — 2t2w2[1 + % cos qux]
k/

x {:I: Sin G, +2c0s g2 Y 2(K') sin(£m /2 + /?13’2)} — tyuss [1 n % cos 2%] {+2 cos o Y (K sin(m + 12’1'53)].

K K
(F6)
(
We observe that all the terms of 7, are identically zero; the m
term 1nv91v1ng d, and a, are zero as 'cos ka.l = cos.rr/2 =0 1 S 2(K)sin (m + Kbs) -0.012
and cos kdy = cos /2 = 0; the term involving aj is zero as . [3
w3 = 0. For H,, the summation of all three terms are zero; R g i I -0.010
u 1%
-0.008
. . | LY e
TABLE II. Table showing dot product between NN (d,) and X 0
NNN (b,) lattice vectors of the honeycomb lattice and vectors g, < - 1% i - 0.006
G, K.
3 3 = F i i -0.004
Lat. Vect. Gi=C0 §=0%0 +K=(*%,0 —n/2
. L Sp— -0.002
ay = (% %) qi1x q2x i% ! b
G = (77\/5, %) —qix —q2x :F% - -0.000
a; = (0, 1) 0 0 0 - —n/2 0 n/2 n
- _ q1
by = (Tﬂ, %) —4qix —q2x :F% )
by = (*T‘/g, 2) —qix — s ¥z FIG. 12. Dependence of ), (k") sin(z + k'b3) on §1=(giy, 0)
[,3 = (/3,0) 2q1 2>, + and g, = (g, 0). In the figure, only the ¢, and g,, value changes

from —~/37 /2 to /37 /2.
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the term involving dj is zero as sin lza3 = sin 0 = O; the terms
involving d; and a, are opposite of each other, hence they
cancel. The three terms of the 7, are not zero at +£K. For .,
in the term containing b, one can observe that both nEHY~0
(see Fig. 12) and the term sin(£m + 12/133) ~ 0; hence, we can
neglect this term due to at least an order of smallness com-
pared to other two terms (containing El and 52). The values

of ¢/, and w, are always positive and less than unity. Hence,
they also will not have any effect on Chern number. The terms
containing I;l and 1;2 controls the Chern number. The first
Chern number is calculated by using Eq. (5). Observing the
Hamiltonian of Egs. (B11), (C2), (C3), (D3), (D7), (E2), and
(E3), we see that the property where c¢; depends only on by (or
b,) is also applicable.
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