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Robust T -linear resistivity due to SU(4) valley and spin fluctuation mechanism in magic-angle
twisted bilayer graphene
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In the magic angle twisted bilayer graphene (MATBG), non-Fermi liquidlike transport phenomena are
universally observed. To understand their origin, we perform the self-consistent analysis of the self-energy
due to SU(4) valley + spin fluctuations induced by the electron-electron correlation. In the SU(4) fluctuation
mechanism, the 15 channels of fluctuations contribute additively to the self-energy. Therefore, the SU(4)
fluctuation mechanism gives much higher electrical resistance than the spin fluctuation mechanism. By the same
reason, SU(4) fluctuations of intermediate strength provide T -linear resistivity down to ∼1 K. Interestingly, the
T -linear resistivity is robustly realized for a wide range of electron filling, even away from the van Hove filling.
This study provides a strong evidence for the importance of electron-electron correlation in MATBG.
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I. INTRODUCTION

Recently, the magic angle twisted bilayer graphene
(MATBG) has been studied very actively as a platform of
novel quantum phase transitions [1–6]. A nearly flatband due
to the multiband folding with strong electron correlation is
formed thanks to the honeycomb moiré superlattice. The ex-
istence of the valley degrees of freedom and the van Hove
singularity (vHS) points leads to exotic strongly correlated
electronic states. The electron filling of the moiré bands can
be controlled by the gate voltage. The MATBG is a Dirac
semimetal at n = 0 (charge neutral point), while the Mott in-
sulating state appears at the half filling |n| = 2. Various exotic
electronic states appear for |n| ∼ 2, including the unconven-
tional superconducting [1–4] and electronic nematic states
[7–10]. Recently, intervalley coherent order states with and
without time-reversal symmetry have attracted great attention
[11,12]

Such exotic multiple phase transitions are believed to be
caused by strong Coulomb interaction and the valley+spin
degrees of freedoms in the MATBG [13,14]. For example,
the nematic bond order is caused by the valley+spin fluc-
tuation interference mechanism, which is described by the
Aslamazov-Larkin (AL) vertex correction (VC) [15–17]. This
mechanism also explains the nematic and smectic states in
Fe-based superconductors [18–25], cuprates, and nickelates
[24,25], and kagome metals [26–28]. The significance of the
AL-VC has been confirmed by the functional renormalization
group (RG) studies [22–24,29]. On the other hand, the signif-
icance of the electron-phonon interactions in the MATBG has
been discussed in Refs. [30,31], and the acoustic phonon can
cause the nematic order [32]. Thus the origin and the nature of
the strongly correlated electronic states in MATBG for |n| ∼ 2
is still uncovered.

To understand the dominant origin of electron correla-
tions, transport phenomena provides very useful information.
In cuprate and Fe-based superconductors, non-Fermi-liquid

type transport coefficients, such as the T -linear resistivity and
Curie-Weiss behavior of Hall coefficient (RH ), are naturally
explained by the spin fluctuation mechanism [33–37]. The
increment of RH originates from the significant memory effect
described by the current VC [37].

Interestingly, prominent non-Fermi-liquid type transport
phenomena has been universally observed in MATBG. For
example, almost perfect T -linear resistivity is realized for
a wide area of n = ±(1.0–3.0) [38–40]. The Curie-Weiss
behavior of RH is also observed [41]. These results are the
hallmark of the presence of strongly anisotropic quasiparticle
scattering. (In fact, the acoustic phonon scattering mechanism
gives ρ ∝ T 4 at low temperatures [30,31].) Thus non-Fermi-
liquid type transport phenomena in MATBG are significant
open problems to understanding the dominant origin and the
nature of the electron correlation.

In this paper, we study the many-body electronic states in
MATBG in the presence of the SU(4) valley+spin composite
fluctuations. The self-energy due to the SU(4) fluctuations
[�̂(k)] is calculated by employing the fluctuation-exchange
(FLEX) approximation. The obtained resistivity well satisfies
the T -linear behavior for T = 1–10 K for a wide range of n.
Large T -linear coefficient a ≡ ρ/T is obtained in the present
mechanism due to the contribution of 15 channel SU(4)
fluctuations. Therefore, the obtained result is quantitatively
consistent with experiments. The present results indicate the
development of SU(4) valley+spin composite fluctuations in
MATBG, which should be strongly associated with the exotic
multiple phase transitions.

II. T -LINEAR RESISTIVITY NEAR THE QCP

In usual Fermi liquids (FLs), the resistivity follows the
relations ρ = AT 2 and A ∝ {N (0)}2 at low temperatures,
where N (0) is the density of states (DOS) at the Fermi level
[37]. [Also, the Hall coefficient and the magnetoresistivity in
FLs follow the relations |RH| ≈ 1/en and �ρ/ρ0 ∝ (Bz/ρ)2,
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respectively [37].] In contrast, T -linear resistivity is observed
in two-dimensional (2D) metals near the quantum critical
points. For example, CeMIn5 (M = Co, Rh) exhibits non-FL-
like relationships such as ρ ∼ T and RH ∼ T −1, in addition
to the modified Kohler’s rule (�ρ/ρ0) ∝ (RH/ρ)2 [42,43].
Similar non-FL transport phenomena are observed near the
nematic quantum critical point (QCP) in Fe(Se, S) [44,45].
Furthermore, T -linear resistivity appears in nickerates [46,47]
and cuprates [48,49] near the charge-density-wave (CDW)
QCPs.

To understand the critical transport phenomena, the
self-consistent renormalization (SCR) theory [50], the renor-
malization group theory [51,52], and spin-fermion model
analysis [52–55] have been performed. In these theories,
strong quasiparticle scattering rate γk = Im�A

k (0) due to
quantum fluctuations gives rise to the non-FL resistivity ρ ∝
T n with n < 2 near the QCP. (n = 1 [4/3] in 2D metals with
the antiferro (AF) [ferro] fluctuations according to Ref. [50].)
More detailed analyses are explained in Ref. [55].

It is noteworthy that the current VC plays significant roles
in both RH (∝ T −1) and �ρ/ρ0 (∝ T −2ρ−2), in addition to
the self-energy [37]. The modified Kohler’s rule (�ρ/ρ0) ∝
(RH/ρ)2 observed in CeMIn5 and the Fe(Se,S) is naturally
explained by considering the current VC [37].

Here, we concentrate on the T dependence of the resistiv-
ity, where the current VC is not essential. In the SCR theory
and the spin-fermion model, the dynamical AF susceptibility
is assumed as

χAF(q, ω) = χAF
0

1 + ξ 2(q − Q)2 − iω/ωAF
, (1)

where ξ is the AF correlation length and Q is the AF
wave vector. ωAF is the energy scale of the AF fluctuations
and χAF

0 = χAF(Q, 0): they are scaled as ωAF ∝ ξ−2 and
χAF ∝ ξ 2 [37,50,53,54]. The relation ξ 2 ∝ (T − T0)−1 is sat-
isfied for wide parameter range and T0 = 0 at the QCP. In
the SCR theory, when ωAF � T , the resistivity is approx-
imately given as ρ ∼ ∑

k γk ∼ T 2 ∑
kk′ ρk′ (0)ImχAF(k −

k′, ω)/ω|ω=0 ∼ T 2ξ 4−d , where ρk(ω) = ImGA
k (ω)/π [37,50].

Thus the T -linear resistivity appears when T0 ∼ 0.
In various two-dimensional Hubbard models, the rela-

tion ρ ∝ T is reproduced based on the FLEX approximation
[56–58], because the relation ξ 2 ∝ T −1 is well satisfied for
U ∼ Wband. [Note that the relation ξ 2 ∝ (1 − α)−1 holds,
where α is the Stoner factor given by the FLEX approxima-
tion.] Importantly, the relation ξ 2 � ∞ for T > 0 is always
satisfied by the FLEX approximation for two-dimensional
systems because the FLEX approximation satisfies the
Mermin-Wagner theorem, as analytically proved in the Ap-
pendix of Ref. [59].

In Ref. [15], the present authors studied a realistic Hubbard
model for MATBG [60] based on the RPA and derived the de-
velopment of the SU(4) valley+spin composite fluctuations.
The nematic bond order is caused by the interference between
SU(4) fluctuations [15]. In this paper, we study the same
MATBG model based on the FLEX approximation, where the
self-energy is calculated self-consistently.

Thanks to the self-energy, the T -linear resistivity is real-
ized for a wide parameter range. Interestingly, the T -linear
resistivity is realized even when the system is far from the
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FIG. 1. (a) Lattice structure of the MATBG model. Wannier or-
bitals 1 and 2 are centered at AB (blue) and BA (green) sublattices,
respectively. (b) FSs for n = 2.0 and the vHS points, where orange
(blue) lines and dots correspond to the valley for ξ = +1 (−1),
respectively. (c) Band structure of the MATBG model. (d) DOS for
n = 2.0, which has vHS points at EvHS1 and EvHS2. (e) Feynman
diagram of the self-energy in the FLEX approximation.

SU(4) QCP so that ξ 2T 2 decreases at low temperatures. The
present result indicates that the T -linear resistivity in MATBG
originates from the combination between the moderate SU(4)
fluctuations and the characteristic band structure with the
vHS points. Importantly, the T -linear coefficient a = ρ/T is
large in the present 15-channel SU(4) fluctuation mechanism,
compared with the conventional three-channel SU(2) spin
fluctuation mechanism. Consistently, the observed a is rather
large in MATBG [38,39].

III. FORMULATION

Here, we analyze the following multiorbital model for
MATBG studied in Refs. [15,60]:

H0 =
∑

k,αα′l

c†
k,αl h

0
αα′l (k)ck,α′l , (2)

where k = (kx, ky), l = (ρ, ξ ), and ρ and ξ represent spin and
valley indices, respectively. Here, α = A (B), which repre-
sents a sublattice AB (BA) is the center of Wannier orbital
1 (2) in Fig. 1(a). Also, the valley index ξ = ±1 correspond
to the angular momentum. This model Hamiltonian is based
on the first-principles tight-binding model in Ref. [60] and we
modified the hopping integrals according to Ref. [15].

The Fermi surface (FS) of this model at n = 2.0 is shown
in Fig. 1(b). Here, two FSs are labeled as ξ = +1 and ξ = −1
because H0 is diagonal with respect to the valley. Six vHS
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points are shown in Fig. 1(b). The band structure and total
DOS are given in Fig. 1(c) and Fig. 1(d), respectively. The
energy gap between the two vHS energies EvHS1 − EvHS2 ∼
50 meV corresponds to the effective bandwidth, which is
consistent with the STM measurement [7].

The 2 × 2 matrix Green’s function with respect to the
sublattices (A,B) is given as

Ĝl (k) = [
(iεn − μ)1̂ − ĥ0

l (k) − �̂l (k)
]−1

, (3)

where k ≡ (k, iεn), εn = (2n + 1)πT and μ is the chemical
potential, and �̂l (k) is the self-energy.

In MATBG, the intra- and intervalley on-site Coulomb
interactions are exactly the same (U = U ′) [60]. Also, the
intervalley exchange interaction J is very small (J/U � 1)
[60,61]; therefore, we set J = 0. Then, the Coulomb interac-
tion term is given as

HU = U

2

∑
i,αξ

⎛
⎝∑

ρρ ′
ni,αρξ ni,αρ ′ ξ̄ +

∑
ρ

ni,αρξ ni,αρ̄ξ

⎞
⎠, (4)

where i is the unit cell index. ni,αρξ is the electron number
operator with spin ρ and valley ξ at α spot. Using SU(4)
operators in Eq. (6), HU is expressed as [15]

HU = U

16

∑
i,α

⎡
⎣−

∑
μ,ν

(
Oi,α

μ,ν

)2 + 4
(
Oi,α

0,0

)2

⎤
⎦, (5)

Oi,α
μ,ν =

∑
ll ′

Qμ,ν

αll ′c
†
i,αl ci,αl ′ , (6)

where μ, ν = 0–3 and Qμ,ν

αll ′ = (σ̂μ ⊗ τ̂ν )ll ′ . Here, σ̂m (τ̂m)
for m = 1, 2, 3 is the Pauli matrix for the spin channel
with ρ = ±1 (the valley channel with ξ = ±1). σ̂0 and τ̂0

are the identity matrices. The Coulomb interaction HU in
Eq. (5) apparently possesses the SU(4) symmetry. Note that
similar multipolar decomposition of the Coulomb interac-
tion has been used in the strong heavy fermion systems in
Refs. [62–64].

Here, we examine the SU(4) susceptibility given as

χαα′
μ,ν;μ′,ν ′ (q, iωl ) =

∫ β

0
dτ 〈Oα

μ,ν (q, τ )Oα′
μ′,ν ′ (−q, 0)〉eiωl τ ,

(7)

where q ≡ (q, ωl ) and ωl = 2lπT . In the present calculations,
we consider only diagonal channels with respect to (μ, ν),
χαα′

μ,ν;μ,ν , because off-diagonal channels χαα′
μ,ν;μ′ν ′ [(μ′, ν ′) �=

(μ, ν)] are exactly zero or very small. Then, diagonal channel
χαα′

μ,ν (q) except for (μ, ν) = (0, 0) is expressed as

χ̂μ,ν (q) = χ̂0
μ,ν (q) + U

4
χ̂0

μ,ν (q)χ̂0
μ,ν (q) + · · ·

= χ̂0
μ,ν (q)

(
1̂ − U

4
χ̂0

μ,ν (q)

)−1

, (8)

χ0;αα′
μ,ν (q) = −T

N

∑
k,ll ′

Qμ,ν

αl ′lQ
μ,ν

α′ll ′G
αα′
l (k + q)Gα′α

l ′ (k). (9)

Figure 2 shows the diagrammatic expression in Eq. (8). Here,
χ̂m,0(q) represents the spin susceptibility, χ̂0,m(q) represents
the valley susceptibility, and χ̂m,n(q) represents the suscepti-
bility of the “spin-valley quadrupole order.” Also, the local

=

=

+

+ ・・・
FIG. 2. Diagram of the SU(4) susceptibility χ̂μ,ν (q) [(μ, ν ) �=

(0, 0)].

charge susceptibility χ̂0,0(q) is expressed as

χ̂0,0(q) = χ̂0
0,0(q)

(
1̂ + 3U

4
χ̂0

0,0(q)

)−1

, (10)

which is suppressed by U .
In the FLEX approximation, the self-energy and the effec-

tive interaction are given as

�αα′
l (k) = T

N

∑
q,l ′

Gαα′
l ′ (k − q)V αα′

ll ′,l ′l (q), (11)

V αα′
ll ′,l ′l (q) =

(
U

4

)2 ∑
μ,ν

�=(0,0)

Qμ,ν

αll ′χ
αα′
μ,ν (q)Qμ,ν

α′l ′l

+
(

3U

4

)2

Q0,0
αll ′χ

αα′
0,0 (q)Q0,0

α′l ′l . (12)

Here, we solve Eqs. (8)–(12), self-consistently. Note that the
double-counting U 2 terms in Eqs. (A2) are subtracted prop-
erly. In the present numerical study, we use 108 × 108 k
meshes and 2048 Matsubara frequencies.

In the case of the SU(4) symmetry limit, the Green’s
function Ĝl (k) is independent of the spin and valley. Then,
it is allowed to replace Ĝl (k) in Eq. (9) with Ĝav(k) ≡
1/4

∑
l Ĝl (k). Therefore, the irreducible susceptibility in the

SU(4) symmetry limit is approximately simplified as

χ̂0
μ,ν (q) ≈ 4χ̂0

av(q), (13)

where χ0;αα′
av (q) ≡ − T

N

∑
k Gαα′

av (k + q)Gα′α
av (k). Here, we

used the relation
∑

ll ′ Qμ,ν

αl ′lQ
μ,ν

αll ′ = 4 for all μ, ν. Also, the
SU(4) susceptibility except for (μ, ν) = (0, 0) in Eq. (8) and
the self-energy in Eq. (11) in the SU(4) symmetry limit is
given as

χ̂μ,ν (q) ≈ 4χ̂av(q) ≡ χ̂0
av(q)

[
1̂ − U χ̂0

av(q)
]−1

, (14)

�αα′
(k) ≈ T

N

∑
q

15

4
U 2Gαα′

av (k − q)χαα′
av (q). (15)

Equation (15) indicates that the self-energy per orbital in this
system develops easier than the systems which are considered
spin or charge fluctuations, due to the multichannel SU(4)
fluctuations.

In the presence of the off-site Coulomb interaction be-
tween (i, α) and ( j, α′), viα, jα′ , the interaction Hamiltonian
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is given as

Hv =
∑

i j,αα′ll ′
viα, jα′c†

i,αl ci,αl c
†
j,α′l ′c j,α′l ′

=
∑

i j,αα′
viα, jα′Oi,α

0,0O j,α′
0,0 . (16)

Then, the effect of off-site Coulomb interaction in the FLEX
approximation is simply given by replacing (3U/4)2 in
Eq. (12) with [3U/4 + 2vαα′ (q)]2. Here, vαα′ is the Fourier
transform of viα, jα′ .

The present formulation using the Coulomb interaction
expressed by the SU(4) operator is equivalent to the conven-
tional formulation using the Coulomb interaction expressed
by the spin and charge channels. We explain the correspon-
dence with the previous multiorbital FLEX approximation
formalism in Appendix A.

We obtain the resistivity ρ = 1/σxx based on the Kubo
formula. σxx is given by

σxx = e2
∑
k,αξ

∫
dω

π

(
− ∂ f

∂ω

)∣∣Gα
ξ (k, ω)

∣∣2[
vα

ξ ;x(k, ω)
]2

, (17)

where vα
ξ ;x(k, ω) = ∂[εα

ξ + Re�α
ξ (k, ω)]/∂kx is the quasipar-

ticle velocity and f = 1/(1 + e(ω−μ)/T ). Here, α and ξ

denote the sublattice and valley, respectively. The self-energy
�α

ξ (k, ω) is obtained by the analytic continuation of Eq. (11)
using Padé approximation.

Equation (17) is transformed by using the relation
|G(k, ω)|2 = πρk(ω)/γk(ω), where ρk(ω) is the quasiparticle
weight. In the present study, we drop the current vertex cor-
rections (CVC), which are necessary to describe the Umklapp
scatterings. As explained in Ref. [37], the T-liner resistivity
near the QCP is altered by the CVC only quantitatively, al-
though the CVC is essential for the quantum critical behavior
of the Hall coefficient. For this reason, the CVC is ignored for
simplicity in the present study.

Finally, we comment on the “topological obstruction” of
the present tight-binding model. It is known that the effec-
tive tight-binding model with well-localized Wannier orbitals
has a lack of symmetry captured within the continuum the-
ory in MATBG, which is so-called “topological obstruction”
[65–67]. To avoid the obstructions, some ways such as in-
troduction of an assisted-hopping interaction are proposed in
the previous studies [67–69]. Indeed, our model has no C2T
symmetry, where C2 and T represent twofold symmetry with
respect to the z axis and time reversal symmetry, respectively.
However, existence of the C2T symmetry becomes important
for the electronic states at the charge neutral point (n = 0)
[67,68,70]. On the other hand, we study the transport phe-
nomena for n = 1–3, which is a good metal with large Fermi
surfaces and the Dirac points are far away from the Fermi
level. Therefore, the present tight-binding model is suitable
for analyzing the non-Fermi liquid behavior in MATBG.

IV. NUMERICAL RESULT

Hereafter, we mainly study the case of n = 2.0, where the
Fermi level is close to vHS energy. We consider only the on-
site Coulomb interaction unless otherwise noted. Figures 3(a)
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FIG. 3. (a) q dependences of the spin susceptibility χAA
μ,0 (q, ω =

0). (b) χAA
μ,ν (q) obtained by the FLEX approximation. (c) T depen-

dence of the Stoner-enhanced factor α.

and 3(b) show the SU(4) susceptibility χAA
μ,ν (q), μ, ν =

0–3 [(μ, ν) �= (0, 0)]. In the present calculation, χAA
μ,ν (q) 

χBB
μ,ν (q) > χAB

μ,ν (q)  χBA
μ,ν (q) is satisfied. χ̂μ,ν (q) include not

only the spin fluctuations but also valley and valley +
spin composite fluctuations. The 15 components of χ̂μ,ν (q)
take very similar values by reflecting the SU(4) symme-
try Coulomb interaction in Eq. (5). As shown in Fig. 3(b),
seven components with (μ, ν) = (m, 0), (μ, 3) are exactly
equivalent and eight components with (μ, ν) = (μ, 1), (μ, 2)
are also equivalent, where m = 1–3. In the present MATBG
model given in Eq. (2), FSs are different with respect to the
valley index as shown in Fig. 1(b), but the difference is very
small. Therefore, the system possesses approximate SU(4)
symmetry and the fifteen channels of χ̂μ,ν equally develop.
Note that χ̂0,0 is a much smaller value than that in other chan-
nels (χ̂0,0 ∼ 1/10χ̂μ,ν). χAA

μ,ν (q) develops around the nesting
vector that connects the two vHS points. The Stoner factor
α is defined as the largest eigenvalue of U χ̂0

μ,ν (q, 0)/4 ≈
U χ̂0

av(q, 0). It represents the SU(4) fluctuation strength. Fig-
ure 3(c) shows the T dependence of the Stoner-enhanced
factor. According to the spin fluctuation theory [50], the re-
lation 1/(1 − α) ∝ 1/T is satisfied due to the development
of α at low temperatures and this relation gives rise to the
T -linear resistivity. On the other hand, in the present calcu-
lations, α � 0.8 and 1/(1 − α) ∝ (1/T + 2)1/3.5 indicate an
interesting deviation from the conventional spin fluctuation
theory in MATBG. Here, we show the self-energy �α

ξ (k, ω)
obtained by the FLEX approximation. The self-energy gives
the quasiparticle damping rate and the mass-enhancement
factor. The quasiparticle damping rate γk is defined as γk =
−Im�A

+(k, 0)  −Im�B
+(k, 0). Figure 4(a) shows the q de-

pendences of the γk due to the SU(4) fluctuations. There are
hot (cold) spots, where γk takes a maximum (minimum) value.
The hot spots exist near the vHS points. Figure 4(b) shows
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the T dependence of γk at hot and cold spots (γhot, γcold).
The T dependence of ρ follows roughly that of γcold. In our
calculations, although the fluctuation per one channel is weak
(α � 0.8) away from the SU(4) QCP, γcold ∝ T is realized at
low temperatures owing to the 15-channel SU(4) fluctuations.
In the present study, we discuss the resistivity for T > 1 K
because the present numerical results using 108 k meshes and
2048 Matsubara numbers become less accurate for T � 1 K.

The mass-enhancement factor Zk and the mean free path lk
are given as

Zk = 1 − ∂ Re�A
+(k, ω)

∂ω

∣∣∣∣∣
ω=0

, (18)

lk =
∣∣∣∣v

α
ξ (k, 0)

γk

∣∣∣∣, (19)

where vα
ξ (k, 0) is the quasiparticle velocity. Figure 4(c) shows

the mass-enhancement factor Zk = m∗/m along the k path on
the FS shown in Fig. 4(a), where m and m∗ are the bare elec-
tron mass and the effective mass, respectively. The obtained
Zk > 5 indicates that this system is in the strongly correlated
region. Figure 4(d) shows the obtained lk divided by the moiré
superlattice constant LM. lk on the FS is longer than LM,
particularly lcold ∼ 20LM at T ≈ 3 K, where lcold is lk at cold
spots.

Such long lk and large Zk guarantee that the strongly cor-
related Fermi liquid state is realized in this system. Also, long
lk is observed experimentally at low temperatures (T � 10 K)
[38]. This suggests that the Fermi liquid picture holds well
and the FLEX approximation is appropriate for the analysis of
the transport phenomena in MATBG. By the FLEX approx-
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FIG. 5. (a) T dependence of ρ obtained by FLEX approximation
with SU(4) fluctuations and that with SU(2) fluctuations for U =
80 meV. (b) T dependence of ρ for U = 12.5, 25, 50, 80 meV.

imation, the quantum and thermal fluctuations are properly
considered. Therefore, the FLEX method has great advantages
for studying the critical phenomena due to the SU(4) fluc-
tuations in comparison with several strong-coupling theories
such as DQMC and DMFT [13,14,67,68,70,71].

Figure 5(a) shows the resistivity ρ obtained by the FLEX
approximation (blue line) due to the SU(4) fluctuations. ρ ∝
T is satisfied at low temperatures, which is quantitatively con-
sistent with experimental results in Refs. [38–40]. The green
line in Fig. 5(a) shows ρ given by the FLEX approximation
with including only spin fluctuations [SU(2) fluctuations]. The
T -linear coefficient a = ρ/T due to the SU(4) fluctuations
and that due to the only SU(2) fluctuations are a ∼ 0.2 and
a ∼ 0.06, respectively. In experimental results [38,39], the
observed T -linear coefficient is larger than 0.1; thus our re-
sult considering the SU(4) fluctuations is consistent with the
observations. On the other hand, the T -linear coefficient a
due to only the SU(2) fluctuations is very small. Therefore,
the 15-channel SU(4) fluctuations are significant for the large
a. We stress that the power m in ρ = aT m decreases less
than 1 at high temperature. This behavior is consistent with
some experimental results [38–40] and realized in previous
theoretical study based on the FLEX approximation [33,37].
Figure 5(b) shows the obtained U dependence of ρ. The
power m increases as the Coulomb interaction becomes weak.
This behavior indicates that the system approaches the Fermi
liquid state (ρ ∝ T 2) as U → 0. Thus the T -linear resistiv-
ity originates from the strong electron-electron correlation
effect. Here, the power m is smaller than 1.5 even when
U = 12.5 meV. As we discuss in Appendix B, the power m
is smaller than 2 when the vHS points near the FS even when
U � Wband.

Figure 6 shows the filling dependence of ρ and the FSs for
n = 1.0, 2.4, and 3.0. The relation ρ ∝ T is satisfied in the
various fillings. The 15-channel SU(4) fluctuations originate
from the (approximate) SU(4) symmetry which the system
possesses by nature in MATBG. Thus the SU(4) fluctuations
easily develop even away from vHS filling and therefore
ρ ∝ T is realized in the wide n range. Experimentally, T -
linear resistivity is observed in the wide n range [38–40].
Thus our results are consistent with experiments. The T -
linear resistivity realized in the wide n range suggests that
the SU(4) fluctuations universally develop and non-Fermi liq-
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FIG. 6. (a) T dependence of ρ for n = 1.0–3.0. (b)–(d) FSs for
n = 1.0, 2.4, and 3.0, respectively.

uid behavior in MATBG is mainly derived from the SU(4)
fluctuations. The coefficient a = ρ/T for n = 1.0 is largest
in n = 1.0–3.0. This filling dependence of the coefficient a is
similarly observed in experiments [38–40]. The n dependence
of the γcold is shown in Appendix C. The obtained γcold is
largest for n = 1.0 due to the good nesting of the FS as shown
in Fig. 6(b).

In metallic MATBG (n = 1–3), the off-site Coulomb inter-
action is screened and becomes short ranged. Here, we discuss
the effect of the off-site Coulomb interaction based on the
Kang-Vafek model [69]. We introduce the nearest-neighbor
(V1), next nearest-neighbor (V2), and the third next nearest-
neighbor (V3) hopping integral into the on-site Coulomb
interaction term in Eq. (12). Here, we fix U = 80 meV, V1 =
2V2 = 2V3, and V1 = 0 or V1 = 2U/3. The results given by the
FLEX approximation for V1 = 0 (blue line) and V1 = 2U/3
are shown in Fig. 7. Figure 7(a) shows the SU(4) suscepti-
bility χAA

μ,ν (q) [(μ, ν) �= (0, 0)]. Although χ̂μ,ν (q) are slightly
suppressed by the off-site Coulomb interaction, χ̂μ,ν (q) for
V1 = 2U/3 are 15-fold degenerated and quantitatively un-
changed. In contrast, χAA

0,0(q) shown in Fig. 7(b) is drastically
changed whether V1 is zero or nonzero and obtained χ̂0,0(q)
for V1 = 2U/3 is the same order as χμ,ν (q). By introducing
the off-site Coulomb interactions, the local charge suscepti-
bility is modified as

χ̂0,0(q) = χ̂0
0,0(q)

[
1̂ +

(
3U

4
+ 2v̂(q)

)
χ̂0

0,0(q)

]−1

. (20)

Here, the formulation of χ̂μ,ν (q) [(μ, ν) �= (0, 0)] in Eq. (8)
is unchanged, because the susceptibility χ̂μ,ν;μ′,ν ′ [(μ′, ν ′) �=
(μ, ν)] is negligible. Therefore, χ̂0,0(q) is only enlarged by
vαα′ and other channels of the susceptibilities take almost
the same value. The obtained damping rate γk is shown in
Fig. 7(c). Nevertheless χ̂0,0(q) ∼ χ̂μ,ν (q) for V1 = 2U/3; γk

is almost equivalent to that for V1 = 0. This is because the
contribution of χ̂0,0(q) to γk is just 1/16 of all other channels
and χ̂μ,ν (q) [(μ, ν) �= (0, 0)] is essentially independent of
V . Consequently, the resistivity ρ obtained for V1 = 2U/3 is
almost the same as that for V1 = 0. Therefore, the present
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FIG. 7. q dependences of (a) χAA
μ,ν (q) except for (μ, ν ) = (0, 0),

and (b) χAA
0,0 (q) for V = 0 (blue line) and V1 = 2/3U (orange line).

qK and qM are defined in Fig. 3(a). (c) k dependences of γk. Here,
qK = ( 2π√

3
, − 2π√

3
) and qM = ( 2π√

3
, 0). (d) T dependence of ρ.

analysis based on the on-site Coulomb interaction U is jus-
tified.

V. SUMMARY

In this study, we demonstrated that the T -linear resistivity
is realized by the electron-electron correlation in MATBG in
the presence of the SU(4) valley+spin composite fluctuations.
We calculated the self-energy by employing the FLEX ap-
proximation. The obtained self-energy takes a large value due
to the 15-fold degenerated SU(4) fluctuations. Robust T -linear
resistivity is realized for wide ranged n at low temperatures
derived from the SU(4) fluctuations. Importantly, the T -linear
resistivity is realized even when the system is far from the
SU(4) QCP (α � 0.8 in our calculations). Then, large T -linear
coefficient a ≡ ρ/T is obtained in the present mechanism.
The T -linear coefficient a due to only the spin fluctuations
is small, which is less than 1/10 of the coefficient observed
in Refs. [38,39]. Thanks to the SU(4) fluctuations, robust and
large T -linear resistivity is observed for a wide n range, even
away from nvHS = 2.0, consistent with experiments. This re-
sult is strong evidence that the SU(4) fluctuations universally
develop in MATBG.

As well as MATBG, the exotic electronic states appear in
other twisted multilayer graphene. For example, non-Fermi
liquid type transport phenomena [72,73], unconventional
superconductivity [73–75], and nematic order [76] have
been observed in twisted double bilayer graphene (TDBG).
Furthermore, in trilayer graphene, the unconventional super-
conducting state appears [77]. The present Green’s function
formalism in the SU(4) symmetry limit will be useful in
analyzing the above-mentioned problems.
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APPENDIX A: FLEX APPROXIMATION FOR
MULTIORBITAL HUBBARD MODELS

In this Appendix, we explain another formulation of the
multiorbital FLEX approximation based on the matrix ex-
pressions of the Coulomb interaction. This method has been
widely used for ruthenate [78], cobaltates [79], Fe-based
superconductors [18,80,81], and heavy fermions [62–64]. It
is confirmed that the formulation using an SU(4) operator
developed in the main text is equivalent with the following
formulation.

The Coulomb interaction HU in Eq. (4) is decomposed into
spin and charge channels as [16]

HU = U

8

∑
i,α

∑
{ρ},{ξ}

[−�̂s
ξ1ξ2,ξ3ξ4

(σ̂ ⊗ σ̂)ρ1ρ2,ρ3ρ4

− �̂c
ξ1ξ2,ξ3ξ4

(σ̂ 0 ⊗ σ̂ 0)ρ1ρ2,ρ3ρ4

]
× c†

i,αρ1ξ1
ci,αρ2ξ2 c†

i,αρ4ξ4
ci,αρ3ξ3 , (A1)

where σ̂ and σ̂ 0 are Pauli matrix and identity matrix, respec-
tively, and ξi is valley index. Here, �s

ξ1ξ2,ξ3ξ4
= U for ξ1 =

ξ2 = ξ3 = ξ4 and ξ1 = ξ3 = −ξ2 = −ξ4, and �s = 0 for oth-
ers. Also, �c

ξ1ξ2,ξ3ξ4
= −U for ξ1 = ξ2 = ξ3 = ξ4, �c = −2U

for ξ1 = ξ2 = −ξ3 = −ξ4, �c = U for ξ1 = ξ3 = −ξ2 = −ξ4,
and �c = 0 for others. The self-energy in the FLEX calcula-
tion is given as

�αα′ξ (k) = T

N

∑
q

Gαα′ξ (k − q)Vαξξ ′,α′ξ ′ξ (q), (A2)

Vαξξ ′,α′ξ ′ξ (q) = U 2

2
[3�̂sχ̂ s

αα′ (q)�̂s + �̂cχ̂ c
αα′ (q)�̂c]ξξ ′,ξ ′ξ ,

(A3)

χ0
αξ1ξ2,α′ξ3ξ4

(q) = −T

N

∑
k

Gαα′ξ1 (k + q)Gα′αξ2 (k)δξ1,ξ3δξ2,ξ4 ,

(A4)

χ̂ s(c)(q) = χ̂0(q)[1̂ − �̂s(c)χ̂0(q)]−1, (A5)

where χ̂ s(c) is the spin (charge) susceptibility [82]. The
self-energy in the FLEX approximation is given by solving
Eqs. (A2)–(A5) self-consistently. The coefficients for the self-
energy originated from the spin fluctuations and the charge
fluctuation are 3/2 and 1/2, respectively. The spin (charge)
Stoner factor αs(c) is defined as the maximum eigenvalue of
�̂s(c)χ̂

s(c)
αα′ . αs and αc are exactly equivalent due to the relation

U = U ′.
In the presence of the off-site Coulomb interaction between

(i, α) and ( j, α′), viα, jα′ given as Eq. (16), the effect of off-site
Coulomb interaction in the FLEX approximation is simply
given by replacing �̂c with �̂c + vαα′ (q)δξ1,ξ2δξ3,ξ4 in Eqs. (A3)
and (A5). Here, vαα′ (q) is the Fourier transform of viα, jα′ .

The SU(4) susceptibility in Eq. (8) can be expanded by the
spin and charge susceptibilities in Eq. (A5) as

χαα′
μ,ν (q, iωl ) =

∫ β

0
dτ 〈Oα

μ,ν (q, τ )Oα′
μ,ν (−q, 0)〉eiωl τ

=
∑

l1l2l3l4

Qμ,ν

αl1l2
χαl1l2,α′l3l4 (q)Qμ,ν

α′l3l4
, (A6)

where Qμ,ν

αll ′ = (σ̂μ ⊗ τ̂ν )ll ′ and li = (ρi, ξi ). The general sus-
ceptibility in the right-hand side of Eq. (A6) is given as

χαl1l2,α′l3l4 (q) = 1
2χ s

αξ1ξ2,α′ξ3ξ3
(q)(σ̂ ⊗ σ̂)ρ1ρ2,ρ3ρ4

+ 1
2χ c

αξ1ξ2,α′ξ3ξ3
(q)(σ̂ 0 ⊗ σ̂ 0)ρ1ρ2,ρ3ρ4 . (A7)

This conventional formalism used in Refs. [18,62–64,78–81]
is exactly equivalent with the SU(4) operator formalism ex-
plained in the main text.

APPENDIX B: RESISTIVITY WITHIN THE
SECOND-ORDER PERTURBATION THEORY

Here, we discuss the important effect of vHS points on the
resistivity ρ in the weak coupling region. In the main text,
the obtained power m in ρ = aT m is smaller than about 1.5
for n = 2.0, even in the case of very weak on-site Coulomb
interaction U . This result is inconsistent with the expected
behavior that the Fermi liquid behavior ρ ∝ T 2 is obtained
for the limit U → 0. To understand this inconsistence, we
calculate the resistivity ρ (2), which is given by the self-
consistent second-order perturbation theory with respect to U .
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FIG. 8. (a) T dependence of ρ obtained by the FLEX approx-
imation with full order (black line) and that in the self-consistent
second-order perturbation theory (green line) for n = 2.0. (b) T
dependence of ρ obtained by the self-consistent second-order per-
turbation theory for n = 1.0 (blue line) and n = 3.0 (orange line).
(c) The total DOS, broken lines with blue, green, and orange,
represent the Fermi energy for n = 1.0, n = 2.0, and n = 3.0,
respectively.
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Figure 8(a) shows ρ with full order (black line) and within
second-order perturbation theory (green line) with respect to
U and 8(b) shows ρ (2) for n = 1.0 (blue line) and n = 3.0
(orange line). We set U = 50 meV in Fig. 8. The obtained
power m in ρ (2) = aT m for n = 2.0 is m = 1.45 and this is
almost the same with m for U = 12.5 meV in Fig. 5. In
contrast, the power m in ρ (2) for n = 1.0, 3.0 are close to 2.
This result suggests that the power m is enhanced by the effect
of vHS points and T -linear resistivity is easily realized near
the vHS points.

APPENDIX C: FILLING DEPENDENCE OF γcold

Figure 9 shows the filling dependence of γcold for n =
1.0–3.0. γcold for n = 2.0–3.0 get small as the filling is far
from nVHS  2.0. Unexpectedly, the obtained γcold for n = 1.0
at T � 10 K takes a larger value than for n = 2.0 in our cal-
culation. The reason is that the nesting condition on the FS for
n = 1.0 in Fig. 6(b) is better than that for n = 2.0 in Fig. 1(b).
Consequently, SU(4) susceptibilities for n = 1.0 are higher
than that for n = 2.0 by reflecting the good nesting condition

T [K]

n=1.0
n=2.0
n=2.4
n=2.7
n=3.0

0

3

6

9

0 5 10 15

U=80 meV

FIG. 9. (a) T dependence of the damping rate at cold spot γcold

for n = 1.0–3.0.

of the FS. [FS for n = 1.0 is shown in Fig. 6(b).] Thus γcold

for n = 1.0 takes the largest value due to the stronger nesting
effect, which exceeds the effect of the reduced DOS.
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