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Quantum oscillations in acoustic phonons of nodal-line semimetals
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We theoretically investigate the magnetoacoustic oscillation and the attenuation oscillation of long-wavelength
acoustic phonons in nodal-line semimetals. Because of the electron-phonon interaction, we observe pronounced
oscillatory behaviors in the dispersion modification and attenuation of acoustic phonons at low temperatures.
These oscillations, exhibiting unique patterns associated with Fermi surface and magnetic field directions, serve
as direct manifestation of both the Fermi-surface geometry and relativistic features of electrons. Our findings
propose that these observed oscillations offer discernible signatures for characterizing the electronic structures
of the nodal-line semimetals.
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I. INTRODUCTION

Nodal-line semimetals represent a subset of topological
semimetals characterized by the emergence of a symmetry-
protected degenerate nodal line or ring formed through the
intersection of the valence and conduction bands [1–8]. Their
topology is labeled by a π Berry phase accumulated along
a contour interlocking the nodal line or ring [9]. In addition
to the distinctive characteristics exhibited by the bulk bands,
nodal-line semimetals feature unique topological drumhead
surface states capable of hosting special transport properties
[10–13]. Quite a few materials have been identified as nodal-
line semimetals, including TlTaSe2 [12], PbTaSe2 [14], ZrSiS
[15–17], PtSn4 [18], and ZrTe5 [19] with very low carrier
density.

Quantum oscillation [20] serves as a potent tool for the
investigation of nodal-line semimetals. As a canonical mag-
netic response, the electronic states in nodal-line semimetals
are fundamentally reorganized into Landau levels, which
pass through the Fermi surface under a scanned magnetic
field, thus giving rise to oscillations in density of states and
so many other associated properties (conductivity, magneti-
zation, magnetic torque, Seebeck coefficient, thermopower,
etc.). Specifically, the Shubnikov-de Haas oscillation has been
employed to elucidate the Fermi-surface topology, relativistic
nature, and scattering mechanism of nodal-line semimetals
[19,21–32]. The de Haas-van Alphen oscillation and magnetic
torque oscillation techniques are able to unravel the Fermiol-
ogy of nodal-line semimetals [33–37] with reduced sensitivity
to disorder, allowing direct comparison with the Lifshitz-
Kosevich formula [20,38,39]. The thermoelectric quantum
oscillation provides an alternative approach resolving the
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Fermi-surface morphology and can also probe the effective
mass and phonon effects [40–42].

Despite the systematic study on the quantum oscillations
of electrons in nodal-line semimetals, the magnetic transport
of phonons in nodal-line semimetals remains elusive. Recent
studies have remarkably illustrated the magnetic transport of
phonons in Weyl [43,44] and Dirac [45–48] semimetals in the
form of magnetoacoustic and phonon attenuation oscillations,
where the electron-phonon interaction plays the key role pass-
ing the quantum oscillations from electrons to phonons. With
the magnetic transport of phonons being clarified in nodal-
point semimetals [43–48] and the electron-phonon interaction
in nodal-line semimetals [49–55] becoming increasingly no-
table, it would be natural to investigate the phonon oscillations
in nodal-line semimetals. Moreover, this approach not only
enables the extraction of electronic features but also con-
tributes to a deeper understanding of the electron-phonon
interaction [56,57]. More intriguingly, even in the presence
of smearing mechanisms, the phonon attenuation oscillation
in the nodal-line semimetals would be more retainable than
the Shubnikov-de Haas and de Haas-van Alphen oscillations
and can provide more precise field locations of the peaks of
the oscillatory properties. Considering these advantages, there
is a significant demand for theoretical exploration of phonon
magnetic oscillations in nodal-line semimetals.

In this paper, we explore the magnetoacoustic and atten-
uation oscillations of the long-wavelength acoustic phonons
in nodal-line semimetals. This exploration details the effects
of the electron-phonon interaction on the phonon disper-
sion modification ��q and the phonon attenuation �q at
low temperatures. Our observations reveal that, depending on
the position of the Fermi level, both ��q and �q exhibit
distinct oscillatory behaviors with respect to the applied mag-
netic field. Under a scanned out-of-plane magnetic field, their
oscillations show beating (monochromatic) patterns when
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the Fermi level lies in the regime of a torus (drum-like)
Fermi surface. This finding suggests that the oscillations of
acoustic phonons can provide insights into the Fermi-surface
geometry and are legitimate alternatives for the electron
quantum oscillations. Under a scanned in-plane magnetic
field, we analytically derive the Landau levels and show that
the oscillations of topologically trivial phonons can acquire
a topologically nontrivial phase shift from electrons. This
discovery greatly advances our understanding of electron-
phonon interaction in nodal-line semimetals.

The paper is organized as follows. In Sec. II, we introduce
the minimal model of nodal-line semimetals and the formal
theory of phonon dispersion modification and attenuation. In
Sec. III, we present the magnetoacoustic oscillation of phonon
dispersion modification. In Sec. IV, the giant quantum oscil-
lation of phonon attenuation is explored. Section V concludes
the paper and briefly discusses the experimental accessibility
of phonon quantum oscillations and their advantages over the
electron quantum oscillations.

II. MODEL AND FORMAL THEORY

We first present the minimal Hamiltonian describing the
nodal-line semimetals [12,14,58–60],

H = [M1
(
k2

x + k2
y

)− M0
]
σz + λkzσx, (1)

where k = (kx, ky, kz ) is the wave vector; M1, M0, and λ are
the model parameters. To host a nodal-line semimetal phase,
parameters should satisfy M0M1 > 0. Without loss of gener-
ality, we set M0 > 0 and M1 > 0. The topology is originated
from the parity-symmetry-breaking second term associated
with kz. The energy dispersion of Eq. (1) reads E± =
±{λ2k2

z + [M0 − M1(k2
x + k2

y )]2}1/2, from which a nodal ring
with radius

√
M0/M1 is found at the zero energy and kz = 0.

There are two distinct types of Fermi surfaces associated
with different values of the Fermi energy μ. For |μ| < M0,
the above dispersion yields a torus Fermi surface [Figs. 1(a)
and 1(c)], whereas for |μ| > M0, a drum-like Fermi surface
emerges [Fig. 1(b)]. On the interface |μ| = M0, the hole of
the torus Fermi surface closes and leaves a node at k = 0
[Fig. 1(d)].

We now construct the formal theory of phonon quantum os-
cillations. We here focus on the magnetoacoustic oscillation of
phonon dispersion modification ��q and the giant oscillation
of phonon attenuation �q in the presence of scanned out-of-
plane and in-plane magnetic fields (respectively labeled as B⊥
and B‖). The oscillatory properties are respectively derived as

��q = �[�R(q,�q )], �q = −�[�R(q,�q)], (2)

where �R(q,�q ) is the retarded self-energy of long-
wavelength acoustic phonons.

To derive the above retarded self-energy, we begin with
the investigation of electron-phonon interaction. We here only
consider the orbital effect (i.e., the Landau quantization) of
electrons subjected to the applied magnetic field, while disre-
garding the Zeeman effect. For the long-wavelength acoustic
phonons, the dispersion �q = vpq is taken to be linear in
momentum q = (qx, qy, qz ) with vp being associated with
the phonon velocity. Within the Fermi liquid regime, the

(a)

(d)

(b)

(c)

FIG. 1. Fermi surfaces of the nodal-line semimetal [Eq. (1)].
(a) Torus Fermi surface with |μ| < M0. The intersecting plane shows
the maximal and minimal cross sections in the presence of an out-of-
plane (i.e., z direction) magnetic field. (b) Drum-like Fermi surface
with |μ| > M0. The intersecting plane displays the maximal cross
section in the presence of an out-of-plane magnetic field. (c) Torus
Fermi surface with |μ| < M0. The intersecting plane highlights the
minimal cross section with two circular regions in the presence of
an in-plane (i.e., x direction) magnetic field. (d) Fermi surface on the
interface between torus and drum-like Fermi surfaces with |μ| = M0.
The intersecting plane marks the vanishing point of the minimal
cross section under an out-of-plane magnetic field. For all panels,
we set the model parameters M0 = 0.1 eV, M1 = 0.38 eV nm2, and
λ = 1 eV nm.

electron-phonon interaction is formulated as

Vep =
∑
α,β

∑
q

�
(0)
αβ a†

αaβ (b†
−q + bq), (3)

where α, β represent the quantum numbers such as Landau
level index, band index, and electron momentum; a†

α (aα )
is the creation (annihilation) operator for an electron in the
quantum state |α〉 with energy εα; b†

q (bq) is the creation
(annihilation) operator for a long-wavelength acoustic phonon
with momentum q and energy �q. The interaction vertex is

�
(0)
αβ (q) = 〈α|U (q)e−iq·r|β〉, (4)

where U (q) is the electron-phonon perturbation potential. For
simplicity, U (q) is assumed to be irrelevant to electrons [i.e.,
U (q) exhibits no α dependence]. In fact, it has been acknowl-
edged that U (q) in general relies on the phonon momentum,
the phonon velocity, and crystal properties as |U (q)|2 = 4π2χ

with χ = h̄2D2q/(8π2vpρ), where D is the deformation po-
tential constant and ρ is the mass density of the crystal [61].

We then derive the phonon self-energy based on the
electron-phonon interaction. The Dyson equation for the
phonon Green’s function is [62]

D−1(q,�) = D−1
0 (q,�) − �(q,�), (5)

where D−1
0 (q,�) = 2�q/(�2 − �2

q) is the free phonon
Green’s function and �(q,�) is the phonon self-energy
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FIG. 2. The bubble diagram of phonon self-energy.

enclosing the interaction rectification to the free phonons. To
find the explicit form of the phonon self-energy, we adopt the
Matsubara formalism. In the imaginary frequency domain, the
phonon self-energy is illustrated in the bubble diagram (see
Fig. 2) as

�(q, i�m) = kBT

V

∑
iεn

∑
αβ

G(α, iεn)�αβ (q)

× G(β, iεn − i�m)�(0)∗
αβ (q), (6)

where V = LxLyLz is the volume of the nodal-line semimetal;
and �m = 2mπkBT and εn = (2n + 1)πkBT with n, m ∈ Z
are the Matsubara bosonic and fermionic frequencies, respec-
tively.

Lastly, we derive the retarded phonon self-energy from
the bubble diagram (see Fig. 2). To the lowest order, the
electron-phonon interaction vertex and the electron Green’s
function can be substituted by �

(0)
αβ (q) and G(0)(α, iεn) =

(iεn − εα + μ)−1, respectively. After summing over the imag-
inary frequency iεn [62], the retarded phonon self-energy can
be expressed by performing the substitution i�m → �q + iδ.
Explicitly, it reads

�R(q,�q ) = 1

V

∑
αβ

�
(0)
αβ�

(0)∗
αβ

nF (ξα ) − nF (ξβ )

εα − εβ − �q − iδ
, (7)

where δ is a positive infinitesimal parameter, ξα,β = εα,β −
μ, and nF (ξα,β ) = 1/ exp[ξα,β/(kBT ) + 1] is the Fermi-Dirac
distribution. The interaction vertex part is further written as
�

(0)
αβ�

(0)∗
αβ = |U (q)|2|Fαβ (q)|2. It contains two individual com-

ponents, in which |U (q)|2 only depends on phonons whereas
|Fαβ (q)|2 = |〈α|e−iq·r|β〉|2 also relies on the eigenstates of
electrons (i.e., |α〉 and |β〉).

In the rest of this section, we will derive the electronic
eigenstates of the nodal-line semimetals [Eq. (1)] subjected
to two different magnetic fields: (i) the out-of-plane mag-
netic field B⊥; and (ii) the in-plane magnetic field B‖. With
the eigenstates resolved, we calculate for each field orienta-
tion |Fαβ (q)|2 and consequently �R(q,�q ), with which the
phonon dispersion modification and attenuation can be ob-
tained by making use of Eq. (2).

A. Out-of-plane magnetic field

With a uniform magnetic field perpendicular to the nodal
ring plane, i.e., along the z direction as B⊥ = (0, 0, B),
the corresponding vector potential can be chosen as A⊥ =
(−By, 0, 0). In the search for eigenvalues, we adopt the
trial wave function (c1|ν〉, c2|ν〉)T . By solving the associated

FIG. 3. Landau levels of the nodal-line semimetal [Eq. (1)].
(a) Landau levels in the presence of an out-of-plane (i.e., z direction)
magnetic field B⊥ = 13.1 T. In the E > 0 regime showed, the energy
bands comprises Landau levels indexed by ν = 0, · · · , 6 from top
to bottom (blue) and Landau levels indexed by ν = 7, · · · , 14 from
bottom to top (red). As the magnetic field increases, the former will
first move downward and then rise up, while the latter consistently
ascend. (b) Landau levels in the presence of an in-plane (i.e., x
direction) magnetic field B‖ = 1 T. The black bands are obtained
from the diagonalization of Eq. (1), wherein the in-plane magnetic
field is incorporated through the Peierls substitution with the vector
potential A‖. The blue and red bands correspond to the approxi-
mate low-energy Landau levels [Eq. (26)]. The model parameters
are M0 = 0.1 eV, M1 = 0.38 eV nm2, and λ = 1 eV nm for panel (a)
[λ = 0.5 eV nm for p(b)].

secular equation, the Landau level dispersion Fig. 3(a) reads

ενs
kz

= s

√[
h̄ω

(
ν + 1

2

)
− M0

]2

+ λ2k2
z , (8)

where s = ± labels the conduction and valence bands, ν is
the Landau level index, and ω = 2M1eB/h̄2 is the cyclotron
frequency. The corresponding eigenvectors can be written as

|s, ν, kx, kz〉 =
(

Cνs
kz

Dνs
kz

)
|ν, kx, kz〉, (9)

where Cν+
kz

= −Dν−
kz = cos θ

kz
ν /2 and Cν−

kz
= Dν+

kz
= sin θ

kz
ν /2

with cos θ
kz
ν = [h̄ω(ν + 1/2) − M0]/εν+

kz
. The Landau level

wave function ψν,kx,kz (r) = 〈r|ν, kx, kz〉 reads

ψν,kx,kz (r) = C̃ν,kx,kz√
LxLz�B

e
− (y−y0 )2

2�2
B Hν

(
y − y0

�B

)
, (10)

where C̃ν,kx,kz = Cνeikxxeikzz is the normalized prefactor with
Cν = 1/

√
ν!2ν

√
π ; Lx (z) measures the sample dimension

along the x (z) direction; y0 = kx�
2
B is the Landau level guiding

center with the magnetic length �B = √
h̄/eB; and Hν (·) is the
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νth Hermite polynomial. The solutions to the lowest Landau
levels can be found via setting ν = 0. Note that the lowest
Landau levels are located around ±M0 rather than the charge
neutrality point [Fig. 3(a)].

With the aid of the explicit eigenvectors [Eq. (9)], Fαβ (q)
is obtained as

Fαβ (q) = M(q)[Cνs
kz

Cν ′s′
k′

z
+ Dνs

kz
Dν ′s′

k′
z

]J ν ′
ν (u)

× δkx+qx,k′
x
δkz+qz,k′

z
, (11)

where the coefficients Cνs
kz

and Dνs
kz

are inherited from Eq. (9),

and the parameters J ν ′
ν and M(q) are respectively defined as

J ν ′
ν (u) = √

u
|ν ′−ν|

√
min(ν, ν ′)!
max(ν, ν ′)!

L|ν ′−ν|
min(ν,ν ′ )(u),

M(q) = eiϕq (ν ′−ν)e−iqy (y′
0+y0 )/2e−u/2. (12)

For transparency, we define in Eq. (12) u = 1
2�2

Bq2
‖ with q2

‖ =
q2

x + q2
y , ϕq = arctan(qy/qx ), and Lm

N (x) is the associated La-
guerre polynomial.

It is now necessary to contemplate the constraints imposed
by the long-wavelength condition on the aforementioned
equations. For acoustic phonons with wavelength much larger
than the magnetic length (i.e., q�B  1), the dominant contri-
bution to Fαβ (q) is from the intraband transitions (i.e., ν ′ = ν)
near the Fermi surface. This is understandable as the phonon
momentum q is small, preventing the transition between dif-
ferent bands, which are far apart [63]. Consequently, to the
leading order, it is legitimate to write J ν ′

ν (u) ≈ δν,ν ′ , M(q) ≈
1, Cνs

kz
≈ Cνs

kz+qz
, and Dνs

kz
≈ Dνs

kz+qz
. Making use of Eqs. (11)

and (12), we obtain

|Fαβ (q)|2 = δk′
x,kx δk′

z,kz+qzδν,ν ′δs,s′ , (13)

which, upon plugging into Eq. (7), results in the retarded
phonon self-energy

�R(q,�q ) = χ

�2
B

∑
ν,s

∫
dkz

nF
(
ξνs

kz

)− nF
(
ξνs

kz+qz

)
ενs

kz
− ενs

kz+qz
− �q − iδ

. (14)

Note that the �q in the denominator, although tiny, must not
be neglected, because the amplitude of εns

kz
− εns

kz+qz
is com-

parable to �q. By definition [Eq. (2)], the finite-temperature
modification of phonon dispersion and the finite-temperature
phonon attenuation respectively read

��q = χ

�2
B

∑
ν,s

∫
dkz

nF
(
ξνs

kz

)− nF
(
ξνs

kz+qz

)
ενs

kz
− ενs

kz+qz
− �q

, (15)

�q = πχ

�2
B

∑
ν,s

∫
dkz
[
nF
(
ξνs

kz+qz

)− nF
(
ξνs

kz

)]
× δ
(
ενs

kz
− ενs

kz+qz
− �q

)
, (16)

which are nonzero exclusively when qz possesses a finite
value, in accordance with the conservation of momentum and
energy (i.e., k′

z = kz + qz and εν ′
k′

z
= εν

kz
+ �q, respectively).

We now further simplify Eqs. (15) and (16). Considering
that the long-wavelength approximation forbids the interband
transition and requires a small qz, the numerator and the
denominator of the integrand of Eq. (15) can be respec-
tively parameterized in terms of θ , the angle between the

phonon propagation and the applied magnetic field [i.e., θ =
arccos(qz/q) for B⊥], as

nF (ξνs
kz

) − nF
(
ξνs

kz+qz

) ≈ qh̄ cos θvνs
kz

δ
(
ενs

kz
− μ

)
,

ενs
kz

− ενs
kz+qz

− �q ≈ −(vνs
kz

cos θ + vp/h̄
)
qh̄, (17)

where we assume zero temperature such that nF becomes
a Heaviside function and the electron velocity is defined as
vνs

kz
= dενs

kz
/(h̄dkz ). Hence, the phonon dispersion modifica-

tion [Eq. (15)] and the phonon attenuation [Eq. (16)] are
respectively simplified to

��q = − χ

�2
B

∑
ν,s

∫
dkz

vνs
kz

cos θ

vνs
kz

cos θ + vp

h̄

δ
(
ξνs

kz

)
, (18)

�q = πχvp

�2
Bh̄

∑
ν,s

∫
dkzδ

(
vνs

kz
cos θ + vp

h̄

)
δ
(
ξνs

kz

)
, (19)

which indicate that only the electrons near the Fermi sur-
face (i.e., ξνs

kz
= ενs

kz
− μ � 0) contribute significantly to the

phonon dispersion modification ��q and attenuation �q. The
dispersion modification and attenuation are both proportional
to phonon momentum q, a dependence acquired from χ =
h̄2D2q/(8π2vpρ). In particular, �q shows singularities peri-
odically when the condition vνs

kz
cos θ + vp/h̄ = 0 is satisfied.

It is worth noting that both ��q and �q are suppressed for
q ⊥ B (i.e., θ = π

2 ), because the both integrands in Eqs. (18)
and (19) vanish for cos θ = 0. Such suppression can also be
verified from the phonon absorption. Specifically, because
of the intraband transition (i.e., ν ′ = ν) and the momentum
conservation (i.e., k′

z = kz + qz), we can expand the Landau
level dispersion εν ′

k′
z

to the first order as εν ′
k′

z
≈ εν

kz
+ λ2kzqz/ε

ν
kz

.

The energy conservation (i.e., εν ′
k′

z
= εν

kz
+ �q) further gives

rise to

kz = vpε
ν
kz

λ2

1

cos θ
. (20)

In such a situation only electrons with infinite k′
zs can absorb

the phonons if q ⊥ B (i.e., θ = π
2 , or, equivalently, cos θ = 0).

Therefore, in the following, we will primarily focus on the
parallel propagation case q ‖ B (i.e., θ = 0), unless otherwise
specified. It is important to emphasize that our key findings
remain applicable even when θ deviates slightly from zero.

B. In-plane magnetic field

We now present the formal theory of phonon transport in
the presence of an in-plane magnetic field. Without loss of
generality, we adapt Eq. (1) with the rotation σz → σx, σx →
σy. Applying an x direction magnetic field B‖ = (B, 0, 0) aris-
ing from the vector potential A‖ = (0,−Bz, 0), the minimally
coupled model Hamiltonian reads

H =
[

M1k2
x + M1

(
ky − e

h̄
Bz
)2

− M0

]
σx − iλ∂zσy. (21)

In the low-energy regime, the Landau level guiding centers
can be found by requiring the absence of the high-energy
terms [64–66] as

z0 = �2
B

(
ky ±

√
M0/M1 − k2

x

)
, (22)
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which indicates two Landau level guiding centers relying
on kx and ky. The two guiding centers can be understood
by examining the extremal cross section of the torus Fermi
surface perpendicular to the applied in-plane magnetic field.
Such a cross section comprises two separated circular regions
[Fig. 1(c)] with distinct momenta, their guiding centers there-
fore differ. Meanwhile, we note that kx is confined inside the
nodal ring as k2

x is less than M0/M1. When k2
x reaches the

threshold M0/M1, the two guiding centers merge together.
We here focus on the low-energy theory by linearizing

Eq. (21) in the vicinity of the guiding centers as

Hτ = τg(z − z0)σx − iλ∂zσy, (23)

where τ = ± labels the two distinct guiding centers and

g = 2
√

M0M1 − M2
1 k2

x /�
2
B is defined for transparency. To di-

agonalize Hτ , we consider the following quantum oscillator
ladder operators:

a = 1√
2

⎡
⎣√ g

λ
(z − z0) +

√
λ

g

∂

∂z

⎤
⎦,

a† = 1√
2

⎡
⎣√ g

λ
(z − z0) −

√
λ

g

∂

∂z

⎤
⎦,

(24)

with which the Hamiltonian [Eq. (23)] of the two distinct
guiding centers become

H+ =
√

2λg

[
0 a†

a 0

]
, H− = −

√
2λg

[
0 a
a† 0

]
. (25)

In terms of |n〉, the eigenstates of the number operator a†a
(i.e., a†a|n〉 = n|n〉), the eigenenergies and eigenstates of Hτ

are

H+ : Ens
kx

= s
√

2nλg, ψ (+)
s = 1√

2

[ |n〉
s|n − 1〉

]
,

H− : Ens
kx

= s
√

2nλg, ψ (−)
s = 1√

2

[|n − 1〉
s|n〉

]
,

(26)

where s = ± specifies the conduction and valence bands and
the superscript (±) labels the guiding centers. The analytic
Landau level dispersion is substantiated by the good match
to the numerics [Fig. 3(b)]. The harmonic wave function
ψ (n, kx, ky, z) = 〈r|n〉 explicitly reads

ψ (n, kx, ky, z) = Cn�
−1/4
kx√

LxLy
e
− (z−z0 )2

2�2
kx Hn

(
z − z0

�kx

)
, (27)

where Cn = eikxxeikyy/
√

n!2n
√

π and �kx = √
λ/g is analogous

to the magnetic length �B.
Following the same procedure deriving |Fαβ (q)|2 in the

presence of an out-of-plane magnetic field, we obtain

|Fαβ (q)|2 = δk′
y,kyδk′

x,kx+qx δn,n′δs,s′ , (28)

which can be alternatively obtained by rotating the direc-
tions of the momenta in Eq. (13) according to z → x, x → y,
because we have adopted the rotation σz → σx, σx → σy to
Eq. (1). Note that the Landau level indices in Eq. (28) are
denoted as n and n′, different from those (i.e., ν and ν ′) in

Eq. (13). Plugging Eq. (28) into Eq. (7), we find the retarded
phonon self-energy as

�R(q,�q ) = χ ′

�2
B

∑
n,s

∫
dkx

nF
(
�ns

kx

)− nF
(
�ns

kx+qx

)
Ens

kx
− Ens

kx+qx
− �q − iδ

, (29)

where we define �ns
kx

= Ens
kx

− μ and v′
p = vp/2 in the pa-

rameter χ ′ = h̄2D2q/(8π2v′
pρ). Alternatively, Eq. (29) can

be mapped from the retarded phonon self-energy under an
out-of-plane magnetic field [Eq. (14)] by momentum rota-
tion kz, qz → kx, qx and Landau level dispersion substitution
ενs

kz
→ Ens

kx
. By definition [Eq. (2)], the finite-temperature

phonon dispersion modification and attenuation respectively
reads

��q = χ ′

�2
B

∑
n,s

∫
dkx

nF
(
�ns

kx

)− nF
(
�ns

kx+qx

)
Ens

kx
− Ens

kx+qx
− �q

, (30)

�q = πχ ′

�2
B

∑
n,s

∫
dkx
[
nF
(
�ns

kx

)− nF
(
�ns

kx+qx

)]
× δ
(
Ens

kx
− Ens

kx+qx
− �q

)
, (31)

which are parallel to Eqs. (15) and (16). At zero tempera-
ture, the dispersion modification [Eq. (30)] and attenuation
[Eq. (31)] can be further simplified as

��q = −χ ′

�2
B

∑
n,s

∫
dkx

vns
kx

vns
kx

+ vp

h̄

δ
(
�ns

kx

)
, (32)

�q = πχ ′v′
p

�2
Bh̄

∑
n,s

∫
dkxδ

(
vns

kx
+ vp

h̄

)
δ
(
�ns

kx

)
, (33)

where vns
kx

= ∂Ens
kx

/(h̄∂kx ). Equations (32) and (33) constitutes
an analogy to Eqs. (18) and (19) with momentum rotation and
Landau level dispersion substitution. Note that we here have
already set θ = 0, because the phonon absorption can only be
pronounced when the phonon propagation and the magnetic
field are parallel, as analyzed in Sec. II A.

III. MAGNETOACOUSTIC OSCILLATION OF PHONON
DISPERSION MODIFICATION

This section delves into the oscillatory behaviors of the
phonon dispersion modification for both the out-of-plane and
in-plane magnetic fields. We here focus on the semiclassical
regime, where the quantum oscillation is induced by many
Landau levels passing through the Fermi surface. We will
show that the oscillation of phonon dispersion modification,
also known as the magnetoacoustic oscillation, is as powerful
as the Shubnikov-de Haas and de Haas-van Alphen oscil-
lations in resolving the Fermi-surface morphology and the
topological characteristics of electrons.

A. Out-of-plane magnetic field

In the presence of an out-of-plane magnetic field, the
zero-temperature phonon dispersion modification [Eq. (18)]
exhibits singularities when the velocity of phonons is can-
celed by the electron velocity in the direction of the magnetic
field. This cancellation usually happens at the momenta k′

zs
where the energy bands become rather flat, because the elec-
tron velocity is usually much lager than the phonon velocity
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(typically by three orders). Away from the momenta where
singularities take place, the phonon dispersion modification is
further simplified as

��q = − χ

�2
B

∫
dkzA(kz ), (34)

where, in terms of ενkz = εν+
kz

, the integrand reads

A(kz ) = 2|μ|
∞∑

ν=0

δ
(
ε2
νkz

− μ2
)
. (35)

The form of A(kz ) is closely related to the electron density of
states at the Fermi level, which oscillates with a scanned out-
of-plane magnetic field. Consequently, the phonon dispersion
modification [Eq. (34)] relying on A(kz ) indeed exhibits quan-
tum oscillation, known as the magnetoacoustic oscillation.

Before the analysis of the magnetoacoustic oscilla-
tion, we first simplify the phonon dispersion modification
[Eq. (34)] by summing over the Landau level index ν in
Eq. (35). This is accomplished by using the Poisson’s sum-
mation rule [43,67]

∑∞
ν=0 F (ν) = 1

2 F (0) + ∫∞
0 dν F (ν) +

2
∑∞

j=1

∫∞
0 dν F (ν) cos(2π jν), where F is an arbitrary func-

tion of the integer ν. After performing the summation, the
phonon dispersion modification [Eq. (34)] takes the form as

��q = −��a
q − ��b

q − ��c
q, (36)

where

��a
q = χ |μ|

M1

∑
�

∫
dkz

�(n�,kz )

ζkz

∞∑
j=1

cos(2π jn�,kz ),

��b
q = χ

2�2
B

∫
dkz[δ(ε0kz − μ) + δ(ε0kz + μ)],

��c
q = χ |μ|

2M1

∑
�

∫
dkz

�(n�,kz )

ζkz

. (37)

In Eq. (37), � is the Heaviside function, � = ±, and we define
for transparency

ζkz =
√

μ2 − λ2k2
z ,

n�,kz = �2
B

2

M0 + �ζkz − h̄ω/2

M1
. (38)

In ��a
q, the sinusoidal part oscillates quickly with respect to

kz because of the large factor �2
B in n�,kz , whereas the prefactor

�(n�,kz )/ζkz slowly varies with kz. In the framework of the
saddle-point approximation [67], the integration over kz in
��a

q is mainly contributed around the extremal points kz =
k� = 0, determined by ∂n�,kz/∂kz|k�

= 0. Therefore, ��a
q is

further recast as

��a
q = χ |μ|

M1

∑
�

∑
k�

∞∑
j=1

�(n�,k�
)

ζk�

√
j|n′′

�,k�
|

cos
(

2π jn�,k�
± π

4

)
,

(39)

where the ± sign corresponds to the sign of n′′
�,k�

=
∂2n�,kz/∂k2

z |kz=k�
[67] and n�,k�

is related to the extremal
cross sections via the Lifshitz-Onsager relation n�,kz =
S(kz, μ)�2

B/(2π ) − 1/2.

We then analyze the magnetoacoustic oscillation in a
general sense. For a weak magnetic field, both ��a

q and
��b

q become vanishingly small because of the large �B,
while magnetic-field-free ��c

q is responsible for the phonon

480 520 560

7

8

9
(a)

(b)

8.5

9.5

10.5

550 560 570 580

500 1000 1500
-2

2

6
(c)

eV
 n

m
]

eV
 n

m
]

nm

eV
 n

m
]

FIG. 4. Magnetoacoustic oscillations. The oscillation is illus-
trated by the phonon velocity modification (up to a factor of h̄) as
a function of �2

B. The phonon velocity modification is related to the
phonon dispersion modification through �vp = ��q/q. (a) Oscilla-
tion for a torus Fermi surface with μ = 0.08 eV in the presence of
an out-of-plane magnetic field. The red dots (yellow-dotted curve)
are analytical solutions [Eq. (40)] with first 104 harmonics (only the
first harmonic). (b) Oscillation for a drum-like Fermi surface with
μ = 0.12 eV in the presence of an out-of-plane magnetic field. The
red dots (yellow-dotted curve) are analytical solutions [Eq. (41)] with
first 104 harmonics (only the first harmonic). For (a) and (b), the
blue dots are the numerical results from Eq. (15) at T = 100 mK.
(c) Oscillation for a torus Fermi surface with μ = 0.04 eV in the
presence of an in-plane magnetic field. The red dots (yellow-dotted
curve) correspond to the analytical results derived from Eq. (44) with
first 104 harmonics (only the first harmonic). The blue dots repre-
sent the numerical results from Eq. (30) evaluated at T = 100 mK.
The parameter values of ZrSiS [49,50,63] are adopted as D = 5 eV,
ρ = 4.86 × 103 kg/m3, q = 10−3 nm−1, and vp = 3.9 × 10−3 eV nm
for (a) and (b) [v′

p = vp/2 = 1.95 × 10−3 eV nm for (c)].
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absorption but shows no quantum oscillations. When the
magnetic field is gradually increased, ��a

q exhibits a
multi-frequency quantum oscillation of phonon dispersion
modification arising from its sinusoidal part, while ��b

q and
��c

q constitute the background of the oscillation with the
former contributed by the lowest Landau levels and the lat-
ter resembling ��a

q with j = 0. In experiments, the Landau
levels responsible for such a magnetoacoustic oscillation are
inevitably broadened (e.g., by disorder, scattering, interac-
tion, and finite temperature). Such broadening suppresses the
higher harmonics of the magnetoacoustic oscillation and thus
makes the effect of the first harmonic [yellow-dotted curves in
Figs. 4(a) and 4(b)] stand out [20].

We now substantiate our analytical theory of magnetoa-
coustic oscillation for the torus [Fig. 1(a)] and drum-like
[Fig. 1(b)] Fermi surfaces with numerical simulations. In
the numerical simulations, we set D = 5 eV and ρ = 4.86 ×
103 kg/m3 [49], which are typical values for the nodal-line
semimetal ZrSiS; and vp = 3.9 × 10−3 eV nm [50] and q =
10−3 nm−1 [63], which are typical values for the phonon
propagation. For the torus Fermi surface, i.e., |μ| < M0, the
phonon dispersion modification [Eq. (36)] can be evaluated as

��q = − πχ |μ|
M1λ

− χA1

�B

∞∑
j=1

1√
j

×
[

cos
(

2π j�2
BF1 − jπ − π

4

)

+ cos
(

2π j�2
BF2 − jπ + π

4

)]
, (40)

where F1 = (M0 + |μ|)/(2M1), F2 = (M0 − |μ|)/(2M1),
and A1 = √

2|μ|/M1/λ are defined for transparency. In
Eq. (40), the first term is the background contributed by
��c

q which only depends on the material parameter λ and
the Fermi level |μ|, while the oscillatory sector takes the
form of Eq. (39) with the phase shift − jπ originating from
Maslov contribution and the sign difference before π/4
distinguishing the maximal and minimal cross-sections [68]
as illustrated in Fig. 1(a). The two corresponding extremal
cross-section areas (2πF1 for the maximal and 2πF2 for
the minimal) produce oscillations with frequencies F1 and
F2, respectively. They are visualized as beating patterns
in the phonon dispersion modification [Fig. 4(a)]. This
double-frequency magnetoacoustic oscillation can also be
understood by two sets of Landau levels traversing the Fermi
surface in opposite directions. As illustrated in Fig. 3(a),
Landau levels with indices ν � 6 (ν � 7) cross the Fermi
surface from above (below) with an increased magnetic
field. The torus Fermi surface breaks down when |μ| = M0.
Consequently, the beating pattern collapses and transforms
into a single-frequency magnetoacoustic oscillation, because
the oscillatory frequency F2 vanishes. The absence of
minimal cross-section [Fig. 1(d)] semiclassically confirms
the resulting single-frequency magnetoacoustic oscillation.
For the drum-like Fermi surface, i.e., |μ| > M0, the phonon

dispersion modification [Eq. (36)] can be obtained as

��q = − χ |μ|
M1

(
π

λ
− 1

λ
arcsin

P
|μ|
)

− χ |μ|
2�2

B

1

λP

− χA1

�B

∞∑
j=1

1√
j

cos
(

2 jπ�2
BF1 − jπ − π

4

)
,

(41)

where we define P =
√

μ2 − (M0 − h̄ω/2)2. The first and
second background terms are attributed to ��c

q and ��b
q,

respectively. It is unambiguously found from the last term of
Eq. (41) that the magnetoacoustic oscillation is monochro-
matic [Fig. 4(b)] with the oscillation frequency determined
by the maximal cross section of the drum-like Fermi surface
[Fig. 1(b)]. Our theory of magnetoacoustic oscillations for the
torus [Eq. (40)] and drum-like [Eq. (41)] Fermi surfaces well
matches the finite-temperature result [Eq. (15)] and confirms
that the magnetoacoustic oscillation can serve as a legitimate
alternative to the Shubnikov-de Haas and de Haas-van Alphen
oscillations in resolving the Fermi-surface geometry and rela-
tivistic nature.

B. In-plane magnetic field

In the presence of an in-plane magnetic field, the zero-
temperature phonon dispersion modification is given by
Eq. (32). As the electron velocity typically dominates the
phonon velocity, the phonon dispersion modification can be
further simplified to

��′
q = −χ ′

�2
B

∫
dkxA′(kx ), (42)

where, in terms of Enkx = En+
kx

= √
2nλg, the integrand reads

A′(kx ) = 2|μ|
∞∑

n=0

δ
(
E2

nkx
− μ2)− δ(E0kx + μ). (43)

Since A′(kx ) and its integration ��′
q are closely related to

the electron density of states at the Fermi level, which oscil-
lates with a scanned in-plane magnetic field, we thus expect
a magnetoacoustic oscillation. When evaluating ��′

q with
Eq. (42), we only consider the Landau levels within the nodal
ring [i.e., between the two Dirac-cone-like structures as il-
lustrated in Fig. 3(b)], because it is such Landau levels that
make major contribution to the electron density of states and
thus the magnetoacoustic oscillation of ��′

q. Such magne-
toacoustic oscillation is associated with the minimal cross
section comprising of two separated but identical circular
regions [Fig. 1(c)].

To analyze the magnetoacoustic oscillation, we evaluate
the phonon dispersion modification by the Poisson’s sum-
mation rule and the saddle point approximation [67]. The
minimal cross section is picked out for the evaluation. Explic-
itly, the phonon dispersion modification reads

��′
q ≈ −χ ′|μ|

λM1
− A2

�B

∞∑
j=1

1√
j

cos
(

2π j�2
BF3 + π

4

)
, (44)

where we have defined χ ′ = h̄2qD2/(8π2ρv′
p), A2 =

2χ ′M0[λ1/2(M0M1)3/4] and F3 = μ2/[4λ(M0M1)1/2] for
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transparency. ��′
q exhibits a single-frequency magnetoa-

coustic oscillation [Fig. 4(c)] associated with the minimal
cross section of the torus Fermi surface [Fig. 1(c)]. Comparing
to the phonon dispersion modification under an out-of-plane
magnetic field [Eqs. (40) and (41)], the phonon dispersion
modification under an in-plane magnetic field [Eq. (44)]
exhibits two major differences. On the one hand, the
oscillation frequency F3 exhibits quadratic dependence
on the Fermi level rather than the linear dependence in F1

and F2. On the other hand, the phase factor has no Maslov
contribution − jπ , which is now canceled by the Berry phase
inherited from the topology of electron wave functions. We
also note that the positive sign before π/4 confirms the
minimal cross-section nature [Fig. 1(c)] of electrons [68].
The magnetoacoustic oscillation encoded in Eq. (44) is
numerically justified by its good match to Eq. (30) and should
be an alternative for the Shubnikov-de Haas and de Haas-van
Alphen oscillations in detecting the Fermiology.

Before we leave this section, we emphasize that our pro-
posed magnetoacoustic oscillation [Eq. (44)] only applies to
the torus Fermi surface, because it is derived by making use
of the analytic Landau level dispersions [Eq. (26)], which
are only valid for Fermi surfaces close to the nodal loop
(i.e., |μ| → 0). For the drum-like Fermi surface, we have
|μ| > M0. Thus, our analytic dispersions [Eq. (26)] become
nullified. A more subtle treatment is needed to extract the an-
alytic Landau level dispersions in the presence of an in-plane
magnetic field. This would be beyond the scope of the present
paper and we thus leave it for future research.

IV. GIANT QUANTUM OSCILLATION
OF PHONON ATTENUATION

In this section, we study the semiclassical oscillations of
phonon attenuation for both out-of-plane and in-plane mag-
netic fields. At low temperatures, the phonon attenuation
displays a distinctive spike-like pattern oscillating with the
magnetic field, commonly referred to as the giant quantum
oscillation [20,67,69]. This giant quantum oscillation serves
as an alternative to the Shubnikov-de Haas and de Haas-van
Alphen oscillations for the detection of Fermi surfaces.

A. Out-of-plane magnetic field

We first study the phonon attenuation at zero temperature
[Eq. (19)], where the Dirac delta δ(ξνs

kz
) reflects the close

connection between the electron density of states at the Fermi
level and the phonon attenuation. We thus expect the phonon
attenuation produces a giant quantum oscillation under a
scanned out-of-plane magnetic field.

Before the analysis of such a giant quantum oscillation, we
first simplify the phonon attenuation [Eq. (19)] by mapping
the summation over Landau level index ν into an integral
with the Poisson’s rule [67]. The resulting phonon attenuation
becomes

�q = πχvp

�2
Bh̄

∑
s

∫
dkz

∫ ∞

0
dν δ

(
ενs

kz
− μ

)

×
[

1 + 2
∞∑
j=1

cos(2π jν)

]
δ
(
vνs

kz
+ vp

h̄

)
, (45)

where ενs
kz

is the Landau level dispersion in the presence of the
out-of-plane magnetic field [Eq. (8)] and vνs

kz
= ∂ενs

kz
/(h̄∂kz ).

Integrating the two Dirac delta functions over kz and ν, the
phonon attenuation turns into a more compact form

�q = πχvp|μ|
2M1

∑
�,i

{
�(n�,kz )

ζkz

∣∣∂2εns
kz

/∂k2
z

∣∣
n�,kz

×
[

1 + 2
∞∑
j=1

cos(2π jn�,kz )

]}
k�,i

, (46)

where � = ±, n�,kz is defined in Eq. (38), and k�,i represents
the ith solution to vns

kz
= 0. According to Eq. (8), it is straight-

forward to find k�,i = 0 are the same as the extremal points
of the phonon dispersion modification, corresponding to the
extremal cross sections. However, the phonon attenuation ex-
hibits two notable distinctions compared to the dispersion
modification discussed in Eq. (36). On the one hand, the
phonon dispersion modification has a phase shift of ±π/4
[cf., Eq. (39)] arising from the saddle-point approximation,
while such an extra phase is absent in the attenuation process.
On the other hand, the phonon dispersion modification has
a factor of 1/

√
j, suppressing the contribution from higher-

order harmonics, whereas each harmonic is equally significant
in the attenuation process. This suggests that the giant quan-
tum oscillation of phonon attenuation can exhibit higher-order
harmonics, even when the finite temperature, electron scatter-
ing, and sample anisotropy are present.

We then study the phonon attenuation at low but nonzero
temperatures. In contrast to evaluating the finite-temperature
phonon attenuation [Eq. (16)], we analytically incorporate the
temperature effect through convolution [20]. As detailed in
Appendix A, the phonon attenuation at low temperature reads

�̃q = πχvp|μ|
2M1

∑
�,i

⎧⎨
⎩ �(n�,kz )

ζkz

∣∣∂2εns
kz

/∂k2
z

∣∣
n�,kz

×
[

1 + 2
∞∑
j=1

κ�,i
j cos(2π jn�,kz )

sinh
(
κ�,i

j

)
]}

k�,i

, (47)

where κ�,i
j = 2π2 jkBT (∂n�,k�,i/∂E )E=μ arises from the convo-

lution and incorporates the finite-temperature effects.
We now substantiate our theory of giant quantum oscil-

lation of phonon attenuation for the torus [Fig. 1(a)] and
drum-like [Fig. 1(b)] Fermi surfaces with numerical simula-
tions. For the torus Fermi surface, i.e., |μ| < M0, the phonon
attenuation [Eq. (47)] can be evaluated as

�̃q = �1

⎧⎨
⎩
⎡
⎣1 + 2

∞∑
j=1

κ j cos(2π j�2
BF1 − jπ )

sinh(κ j )

⎤
⎦

+
⎡
⎣1 + 2

∞∑
j=1

κ j cos(2π j�2
BF2 − jπ )

sinh(κ j )

⎤
⎦
⎫⎬
⎭, (48)

where we define the parameters �1 = πχvp|μ|/(2λ2M1) and
κ j = sgn(μ)π2 j�2

BkBT/M1 for transparency. With a scanned
out-plane magnetic field, �̃q exhibits a periodic spike pat-
tern. The frequencies F1,2 of the spike pattern as well as
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the Maslov phase − jπ are the same as those in the phonon
dispersion modification [Eq. (40)], but the type of extremal
cross sections cannot be determined owing to the absence
of phase shift ±π/4. The spike pattern displays a decaying
amplitude, which, at low temperature T  M1/(π2�2

B), can
be approximately derived by replacing the summation over j
by an integration and reads

2�̄q = �1
M1

sgn(μ)�2
BkBT

. (49)

It is worth noting that the result of oscillation amplitudes
originated from the maximal and minimal cross sections are
identical, because they are associated with the same kz value.
Therefore, the two oscillatory branches of Eq. (48) marked
with frequencies F1 and F2 have the same magnitude �̄q.
These two branches result in two sequences of subpeaks ob-
served in Fig. 5(a). At each of the common multiples of F1

and F2, each sequence contributes a subpeak, resulting in a
resonance peak with height 2�̄q [Eq. (49)]. The analytic am-
plitude [Eq. (49)] well captures the spike pattern numerically
evaluated from the finite-temperature theory [Eq. (16)], as
illustrated in Fig. 5(a). For the drum-like Fermi surface, i.e.,
|μ| > M0, the phonon attenuation [Eq. (47)] can be evaluated
as

�̃q = �1

⎧⎨
⎩1 + 2

∞∑
j=1

κ j cos
[
2π j�2

BF1 − jπ
]

sinh(κ j )

⎫⎬
⎭, (50)

which exhibits monochromatic giant quantum oscillation with
the frequency F1 being the same as that of the phonon disper-
sion modification ��q [Eq. (41)]. The amplitude of the giant
quantum oscillation is found to be �̄q, which well matches the
spike pattern numerically predicted by the finite-temperature
theory [Eq. (16)], as illustrated in Figs. 5(b) and 5(c). We thus
expect our theory of giant quantum oscillation for the torus
and drum-like Fermi surfaces to legitimately characterize the
Fermi-surface geometry, working as an alternative experimen-
tal probe for the Shubnikov-de Haas and de Haas-van Alphen
oscillations.

B. In-plane magnetic field

In the presence of an in-plane magnetic field, the phonon
attenuation at T = 0 is given by Eq. (33), where the Dirac
delta δ(�ns

kx
) is closely related to the electron density of states

at the Fermi level. We thus expect a giant quantum oscilla-
tion of phonon attenuation with respect to a scanned in-plane
magnetic field.

Following the same procedure detailed in Sec. IV A (i.e.,
applying Poisson’s rule and convolution), the low-temperature
phonon attenuation for the torus Fermi surface reads

�̃′
q = �2

⎡
⎣1 + 2

∞∑
j=1

κ j cos
(
2 jπ�2

BF3
)

sinh(κ j )

⎤
⎦, (51)

where we define parameters �2 = πχ ′v′
p

√
M0M1/(λM2

1 ) and
κ j = 2π2 jkBT μ�2

B/(2λ
√

M0M1). Comparing to Eq. (48), the
oscillatory part of Eq. (51) exhibits no Maslov phase because
of the cancellation from the Berry phase. The magnitude of

FIG. 5. Giant quantum oscillations of phonon attenuation.
(a) Oscillation produced by an out-of-plane magnetic field for a
torus Fermi surface with μ = 0.08 eV. The attenuation spike patterns
are numerically calculated from Eq. (16) at temperatures T = 0.2 K
(blue), 0.3 K (yellow), and 0.5 K (green). The dotted curves are the
analytical envelopes 2�̄q/�1 [cf., Eq. (49)]. (b) Oscillation produced
by an out-of-plane magnetic field for a drum-like Fermi surface with
μ = 0.12 eV. The attenuation spike patterns are numerically calcu-
lated from Eq. (16) at temperatures T = 0.5 K (blue), 1.0 K (yellow),
and 2.0 K (green). The dotted curves are the analytical envelopes
�̄q/�1 [cf., Eq. (49)]. (c) The numerical spike pattern (blue) and
the analytical envelope (red) are exactly the same as the T = 1.0 K
data in panel (b), expect for being plotted in a much wider range
of �2

B. (d) Oscillation produced by an in-plane magnetic field for a
torus Fermi surface with μ = 0.04 eV. The attenuation spike patterns
are numerically calculated from Eq. (31) at temperatures T = 1.0 K
(blue), 2.0 K (yellow), and 3.0 K (green). The dotted curves are the
analytical envelopes �̄′

q/�2 [cf., Eq. (52)].
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the oscillating spike pattern can be similarly evaluated as

�̄′
q = �2

λ
√

M0M1

2μ�2
BkBT

, (52)

which is substantiated by its good match to the finite-
temperature theory [Eq. (31)], as illustrated in Fig. 5(d).
Again, we emphasize that Eq. (51) is only valid for the torus
Fermi surface, while the form of phonon attenuation for the
drum-like Fermi surface is not so analytically accessible due
to the lack of analytic Landau level dispersions for |μ| > M0

in the presence of an in-plane magnetic field.

V. CONCLUSIONS AND DISCUSSIONS

We present a comprehensive analysis of the magnetoa-
coustic oscillation of phonon dispersion modification and the
giant quantum oscillation of phonon attenuation in nodal-line
semimetals at low temperature. Such phonon quantum os-
cillations are reminiscent of the Shubnikov-de Haas and de
Haas-van Alphen oscillations of electrons in the nodal-line
semimetals and serve as alternative experimental probes for
the detection of Fermi-surface geometry. When the magnetic
field is normal to the nodal-line plane, the phonon oscilla-
tions exhibit beating patterns for a torus Fermi surface. When
the magnitude of the Fermi energy μ surpasses the model
parameter M0, the Fermi-surface topology changes. The re-
sulting drum-like Fermi surface only possesses maximal cross
section, leading to single-frequency phonon quantum oscil-
lations. When the magnetic field is pointed parallel to the
nodal-line plane, we analytically derive the Landau levels and
show that the oscillations of topologically trivial phonons can
acquire topologically nontrivial phase shift from electrons.
Consequently, the phonon quantum oscillations not only offer
discernible fingerprints for probing the Fermi-surface geom-
etry and relativistic nature of nodal-line semimetals but also
promote the comprehension of phonon physics in topological
materials.

Our proposed phonon quantum oscillations can be detected
with readily accessible experimental techniques. For exam-
ple, the sound velocity modification and attenuation can be
measured by pulse-echo phase sensitive detection technology
[20,44,69–72].

More intriguingly, the phonon quantum oscillations have
their own superiority over the electron quantum oscillations
(e.g., the Shubnikov-de Haas and de Haas-van Alphen ef-
fects). In realistic materials, the inevitable smearing like
finite-temperature effect, scattering, and non-negligible in-
teractions can cause (i) a thermal damping factor RT =
λ(T )/ sinh[λ(T )] with λ(T ) = j2π2m∗kBT/(eh̄B); and (ii) a
Dingle damping factor RD = e− jπm∗/(eBτq ), where m∗ is the
effective mass, τq is the lifetime, and j is the harmonic order.
These two effects can smear out the higher-order harmonics.
However, the giant quantum oscillation of phonon attenuation
could provide the most abundant information of the higher-
order harmonics [20]. Moreover, the lifetime of electronic
bands would broaden the spikes of the phonon attenuation
oscillation. The resulting spike width suggests a detectable
temperature by comparing with the spike interval [43]. Lastly,

the distinctive spike pattern at low temperature allows a more
accurate identification of the field locations of the peaks of
the oscillatory properties for the index plot. These features
provide clear advantages of the phonon quantum oscillations
over the electron quantum oscillations.
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APPENDIX A: FINITE-TEMPERATURE EFFECT

In Secs. IV A and IV B of the main text, finite temperature
is incorporated into the phonon attenuation through convolu-
tion. Specifically, the convolution is done through

�̃ = −
∫ ∞

−∞
dE ∂ f (E )

∂E �(E ), (A1)

where �̃ (�) is the attenuation at finite (zero) temperature and
the derivative of the Fermi-Dirac distribution is ∂ f (E )/∂E =
−1/[4kBT ] cosh−2[(E − μ)/(2kBT )]. Approaching the zero
temperature, the derivative of Fermi-Dirac distribution is
strongly peaked at E = μ, and the width of this peak depends
on the temperature. Considering �(E ) adopts an oscillatory
form as �(E ) = H (E ) cos[φ(E )], where H (E ) varies slowly
with E and φ(E ) changes rapidly with E [because of the large
value of �2

B, see Eqs. (48), (50)], and (51)]. The convolution
integral can be rewritten as

�̃ = 1

4kBT

∫ ∞

−∞
dE H (E ) cos[φ(E )]

cosh2[(E − μ)/(2kBT )]
, (A2)

where the contribution of the denominator is only important
near E = μ. We can thus move H (E ) out of the integral as
H (μ), because it is a slowly varying function. Meanwhile,
φ(E ) oscillates rapidly and cannot be moved out as φ(μ). We
treat it by expanding to the first order of E − μ. With these
assumptions, we find

�̃ = H (μ) cos[φ(μ)]
κ

sinh(κ )
, (A3)

where κ = πkBT (∂φ/∂E )E=μ. Making use of Eq. (A3) to the
zero-temperature attenuation [Eq. (46)] leads to the finite-
temperature attenuation [Eq. (47)].
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APPENDIX B: CHEMICAL POTENTIAL WITH
MAGNETIC FIELD DEPENDENCE

In the main text, we analyze the phonon quantum oscil-
lations by fixing the chemical potential μ. In this Appendix,
we perform numeric study to show that the phonon quantum
oscillations persist even when μ acquires magnetic field de-
pendence. We here focus on the out-of-plane magnetic field,
while the in-plane magnetic field can be treated in a similar
way.

In the presence of an out-of-plane magnetic field, we as-
sume a fixed amount of charge carriers hosted by the Landau
levels [Eq. (8)]. When the magnetic field is scanned, the
carriers hosted by each Landau level varies, and the chemi-
cal potential changes accordingly [Figs. 6(a) and 6(c)]. The
influence of magnetic-field-dependent chemical potential on
the phonon quantum oscillations can be studied by performing
substitution μ → μ(B) to our analytic theory [Eqs. (40), (41),
(44), (48), (50), and (51)]. For example, in Figs. 6(b) and
6(d), we show beating and monochromatic magnetoacoustic
oscillations for torus-shaped and drum-like Fermi surfaces,
respectively.
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FIG. 6. The oscillations with a fixed amount of carriers under an
out-of-plane magnetic field. Panels (a) and (b) exhibit beating be-
haviors associated with the torus-shaped Fermi surface, while panels
(c) and (d) depict monochromatic oscillations associated with the
drum-like Fermi surface.
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