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Band structure and excitonic properties of WSe2 in the isolated monolayer
limit in an all-electron approach
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We present a study of the electronic band structure and optical absorption spectrum of monolayer WSe2 using
an all-electron quasiparticle self-consistent GW approach, QSGŴ , in which the screened Coulomb interaction Ŵ
is calculated including ladder diagrams representing the electron-hole interaction. The Bethe-Salpeter equation is
used to calculate both the screened Coulomb interaction Ŵ in the quasiparticle band structure and the imaginary
part of the macroscopic dielectric function. The convergence of the quasiparticle band gap and lowest exciton
peak position is studied as a function of the separation of the monolayers when using periodic boundary
conditions. The quasiparticle gap is found to vary as 1/d with d the size of the vacuum separation, while
the lowest excitonic peak reaches convergence much faster. The nature of the exciton spectrum is analyzed
and shows several peaks below the quasiparticle gap when a sufficient number of k points is used. The results
are found to be in good agreement with previous theoretical and experimental studies after adding spin-orbit
coupling corrections and can be explained in the context of the Wannier-Mott theory adapted to two dimensions.
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I. INTRODUCTION

It is well known that two-dimensional (2D) materials show
strong excitonic effects owing to reduced screening in two
dimensions [1,2] and the intrinsic differences between the
2D and 3D Coulomb problem [3]. The lower dimensional-
ity also has a strong effect on the quasiparticle self-energy
[4–7]. Transition metal dichalcogenides are a well studied
family of 2D materials which can be isolated in monolayer
form. In practice, these monolayers are always placed on a
substrate and often also capped with additional layers such
as hexagonal boron nitride (hBN). This provides additional
screening of the surroundings of the monolayer. Determining
the true isolated monolayer properties of a freestanding layer
experimentally is thus a challenging task. This was achieved
for the optical gap in [8] but not for the quasiparticle gap.
On the other hand, computationally, determining the isolated
limit is also challenging because almost all calculations rely
on periodic boundary conditions and thus the convergence as a
function of interlayer spacing needs to be studied carefully. To
overcome this, some methods use a truncation of the Coulomb
interaction in the direction perpendicular to the layers [9–11]
or a mixed space approach [12]. In this paper, we pick WSe2

as an example to re-evaluate this question by extrapolating as
a function of the inverse distance between the layers.

Many-body-perturbation theory (MBPT) currently pro-
vides the most accurate approach to the electronic band
structure in the form of Hedin’s GW approach [13,14]
where G is the one-electron Green’s function and W the
screened Coulomb interaction. Likewise, the Bethe-Salpeter
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equation (BSE) approach [15–21] provides an accurate ap-
proach for optical absorption including local field and
electron-hole interaction effects. Most of the implementations
of these methods start from density functional theory (DFT) in
the local density approximation (LDA) or the generalized gra-
dient approximation (GGA) and make use of pseudopotentials
and plane wave basis sets. Here we use an all-electron im-
plementation based on the full-potential linearized muffin-tin
orbital (FP-LMTO) method [22,23], which uses an auxiliary
basis set consisting of interstitial plane waves and products
of partial waves [24] inside spheres to represent two-point
quantities, such as the bare and screened Coulomb potentials,
v,W , the polarization propagator P and the inverse dielectric
response function ε−1.

Different levels of the GW approximation are in use. The
most commonly used method is the G0W0 approximation,
in which perturbation theory is used to find the correction
due to the difference between the GW self-energy operator
and the DFT exchange correlation potential used at zeroth
order. Self-consistent GW in the sense conceived by Hedin
[13] does not necessarily improve the results because it ap-
pears to require one to include vertex corrections and go
beyond the GW approximation. A successful way to make
the results of GW independent of the starting point is the
quasiparticle self-consistent GW approach (QSGW ) [22,25].
Nonetheless, this method overestimates the quasiparticle gaps
because it underestimates screening. Typically, it underesti-
mates dielectric constants of semiconductors by about 20%
as illustrated for example in Fig. 1 in Ref. [26]. To overcome
this problem, several approaches are possible. One can include
electron-hole interactions in the screening of W by means of
a time-dependent density functional approach by including
a suitable exchange-correlation kernel [27,28]. The approach
we use here was recently introduced by Cunningham et al.
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FIG. 1. Band structure of WSe2 in the LDA (blue dashed dotted),
QSGW (red dotted), and QSGŴ (green solid). The bands are referred
to the valence band maximum within each method.

[29–31] and includes ladder diagrams in the screening of W
via a BSE for W (q, ω = 0). It can also be viewed as intro-
ducing a vertex correction in the Hedin’s equation for W . No
vertex corrections are included in the self-energy �, but this
is justified within the QSGW approach by the approximate
cancellation in the q → 0, ω → 0 limits of the Z factors
in the vertex � ∝ 1/Z and the coherent part of the Green’s
function G = ZG0 + G̃ [31]. Here Z = (1 − ∂�/∂ω)−1 is the
renormalization factor from the quasiparticlized G0 to the
dynamic G Green’s functions and G̃ is the incoherent part of
the Green’s function.

Given this new methodological development, it is of inter-
est to apply this approach to an already well-studied system,
such as WSe2, which is one of the main goals of this work.
Other goals are to study the convergence of various aspects
of the method, such as the number of bands included in the
BSE approach, QSGW without and with ladder diagrams,
which we call QSGŴ , and how these affect the dependence
of the gap on the size of the vacuum region. We compare
our results with previous theory and experimental work and
discuss the nature of the excitons. Our results confirm the
main conclusion of Komsa et al. [6] in a study of MoS2

that the long-range effects of the self-energy in GW lead to
a slow 1/d convergence of the quasiparticle gap with d the
size of the vacuum region but with a similar and compensating
slow convergence of the exciton binding energy, resulting in
a much faster convergence of the optical gap corresponding
to the lowest allowed exciton peak. This same conclusion was
also already obtained for hBN by Wirz et al. [7]. Beside the
behavior as a function of distance, which we find to mainly
affect the quasiparticle gap, we show that the convergence
of the exciton energy as a function of the k mesh included
in the BSE calculations is crucial to obtain good agreement
with the exciton gap and is even more important to obtain
an accurate representation of the spectrum of exciton states
beyond the ground state exciton. We study the spectrum of
exciton levels below the quasiparticle gap, including dark
excitons and explain their localization in k space and real

space in relation to the 2D Wannier-Mott theory. Spin-orbit
coupling (SOC) effects are included in the bands and added
as a posteriori corrections to the excitons. Our work on the
exciton spectrum analysis is inspired by the approach of Qiu
et al. [11] but, in spite of our more limited k mesh is able to
resolve various aspects of the real-space and k-space behavior
of the Wannier-Mott theory envelope function of the excitons.

II. COMPUTATIONAL METHOD

The band structure calculations carried out here use the
QUESTAAL package, which implements DFT and MBPT using
a LMTO basis set [23]. The details of the QSGW approach
and its justification compared to fully self-consistent GW
in the Hedin set of equations, can be found in Ref. [22].
The recent implementation of the BSE in this code is docu-
mented in Refs. [29–31]. Briefly, in this approach the screened
Coulomb interaction is calculated beyond the random phase
approximation (RPA) by including ladder diagrams. Diagram-
matically, this means opening the loop diagram PRPA(12) =
−iG(12)G(21) ≡ PRPA(1122) to a four-point polarization
PRPA and inserting the W electron-hole interactions via a
Dyson-type equation and then recontracting to a two-point
polarization,

P(12) = PRPA(12) −
∫

d (34)PRPA(1134)W (34)P(3422)

(1)

with PRPA(1234) = −iG(13)G(42). While here, the numbers
1 − 4 stand for particle position, spin and time, this is done
in practice by Fourier transforming to the frequency domain
and expanding in products of one-particle eigenfunctions. At
this point, we make the approximation of using only the static
W (q, ω = 0) in the above Eq. (1), but keeping the frequency
dependence in the P inherited from its PRPA(q, ω). Further-
more we make the Tamm-Dancoff approximation so that the
inversion of the above integral equation boils down to diago-
nalizing an effective Hermitian two-particle Hamiltonian with
the W kernel,

H (2p)
vckv′c′k′ (q) = (εck+q − εvk )δvv′δcc′δkk′

−( fck+q − fvk )Wvckv′c′k′ (q), (2)

where εnk are the one particle eigenvalues and fnk are
Fermi occupation functions. We then obtaining the spectral
representation,

Pvckv′c′k′ (q, ω) = [H (2p)(q) − ω]−1
vckv′c′k′ ( fc′k′+q − fv′k′ ), (3)

which is then contracted to its two point form and inserted in
the usual equation for W = [1 − vP]−1v to find the updated
W with ladder diagrams, called Ŵ . Thus, while the static
approximation ω = 0 for W is used to facilitate the solution
of the equation to obtain an improved polarization propagator
P beyond the RPA, the frequency dependence of P and hence
the final W is maintained. However, contrary to the usual BSE
approach for the macroscopic dielectric function which only
involves the q → 0 limit, here we need to diagonalize a two
particle Hamiltonian at each q point used in the evaluation
of the GW self-energy. Finally for the macroscopic dielectric
function calculations, a similar BSE equation approach is used
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but now with the usual kernel V̄ − W where the V̄ , the micro-
scopic bare Coulomb interaction term incorporates the local
field effects and W incorporates the electron-hole interactions.
This is only a brief overview of the approach which is fully
discussed in Ref. [30].

In the following, we summarize our convergence parame-
ters for their application to WSe2. We use a double (κ , Rsm)
basis set spdf gspdf on W, with 5p semicore states and 6d
high-lying states treated as local orbitals. Here κ2 is the Han-
kel function kinetic energy and Rsm is the smoothing radius of
the smoothed Hankel function envelope function. For Se, we
use a spdf spd basis set. The quasiparticle self-energy matrix
is calculated up to a cutoff of 2.5 Ry and is approximated
by an average diagonal value above 2.0 Ry. Convergence is
studied as a function of the k mesh on which the self-energy
is calculated and subsequently interpolated to a finer mesh
or along the symmetry lines by Fourier transforming back
and forth to the real space LMTO basis set. We find that
a 9 × 9 × 3 set is converged to within 0.1 eV. Somewhat
surprisingly, even for a vacuum region as large as 35 Å, we
need more than one k division in the short direction of the
reciprocal unit cell perpendicular to the layers in order to
obtain a clear 1/d behavior of the quasiparticle gap. This
reflects the long-range nature of the self-energy, as will be
discussed in more detail later. For the BSE calculations, and
the nature of the excitons, on the other hand, a finer in-plane
mesh is important. The in-plane lattice constant is chosen as
a = 3.32 Å in the P6̄m2 space group, which corresponds to
an AA stacking of the trigonal prism unit cell in each layer.
The stacking is irrelevant since we focus on the noninteracting
monolayer limit. The c lattice constant is varied to study the
convergence. The in-plane lattice constant is taken from the
Materials Project [32,33] and was optimized in the GGA.
The convergence with d , the distance between the layers,
is a major object of our study and discussed in Sec. III.
For the BSE steps of the QSGŴ calculations in Secs. III A
and III B, we use six valence and six conduction bands but
we checked that the results differed from those of 10 valence
and 10 conduction bands by only 30 meV. Note that there
are six Se-p and two occupied W-d states, so this includes
more than the relevant atomic orbitals and corresponds to a
range of at least 8 eV in the valence and conduction bands,
which proves to be sufficient to get the dielectric function
and band structure adequate in the range we study. Our cal-
culations do not include electron-phonon band gap zero-point
motion renormalizations. These were studied by Mishra et al.
[34] and were found to be only 30 meV.

III. RESULTS

A. Quasiparticle bands and band gaps

First, we explore the electronic structure at different levels
of theory (DFT, QSGW , and QSGŴ ) for several interlayer
distances d . The band gap is found to be direct with the
VBM (valence band maximum) and CBM (conduction band
minimum) at points K and −K . Figure 1 shows the DFT,
QSGW , and QSGŴ band structure for d = 25 Å speci-
fied by blue, red, and green, respectively. The band gap
changes from 1.53 eV in LDA to 2.95 eV and 2.71 eV in

FIG. 2. Band gaps in QSGW , QSGŴ and QSGŴ +BSE (optical
gap) as a function of the inverse interlayer distance using a 9 × 9 × 3
k mesh. Dashed lines show the linear fitting to estimate the band gap
at 1/d = 0.

QSGW and QSGŴ , respectively, using the converged 9 ×
9 × 3 mesh. In QSGŴ , including the electron-hole coupling
through the ladder diagrams in the calculation of the polar-
ization propagator P reduces W = (1 − Pv)−1v to Ŵ . Hence,
the self-energy � = iGŴ and the gap are also reduced. We
note that (EQSGŴ

g − ELDA
g )/(EQSGW

g − ELDA
g ) � 0.83, which

shows that the reduction of the gap is in good agreement with
the empirical approach of hybrid QSGW (h-QSGW ), which
proposes to reduce the QSGW self-energy by a universal
factor of ∼0.8. This approach was found to lead to good
agreement with experimental band gaps for several materials
[26,35].

To attain the strict monolayer limit, we change the in-
terlayer distance from 17.5 Å up to 27 Å and examine the
band gaps using different k-mesh samplings. Our results show
that it is only for the 9 × 9 × 3 and 8 × 8 × 3 k mesh that
we can see a clear linear trend for the gap as a function of
1/d . One expects a slow 1/d convergence because of the
long-range nature of the screened Coulomb interaction [6].
Figure 2 shows the band gaps versus 1/d for the 9 × 9 × 3
k mesh. We note that although the cell is quite large in the
direction perpendicular to the plane, the long-range nature of
the self-energy requires us to take more than one k point in
that direction to achieve convergence. As shown in Fig. 2,
QSGW and QSGŴ band gaps converge quite slowly with d ,
such that in the limit of infinite d , the extrapolated band gaps
are around 3.5 and 3.2 eV, respectively, which are about 0.7 eV
larger than the corresponding gaps at d = 17.5 Å.

We note that the slope of the QSGŴ band gap as a function
of 1/d is slightly smaller than that of the QSGW . They differ
in slope by about 14%. This is a secondary effect. While Ŵ
is decreased with respect to W by increased screening due
to electron-hole effects, the rate at which this is changed by
inserting larger vacuum regions in between the actual layers,
which lowers the effective dielectric constant of the overall
system, is not easy to predict. In other words, this would
require studying how the electron-hole interactions change as
a function of the dimensionality of the system or the reduced
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FIG. 3. (a), (b) Imaginary part of the macroscopic dielectric
function tensor ε2(ω) for x polarization within the IPA and BSE,
respectively; shown for four interlayer distances; (c) Oscillator
strengths along x associated with the excitonic states from the BSE
on a logarithmic scale for interlayer distance 27 Å.

and distance dependent screening in a 2D system. At this
point, we can only point out that there does seem to be a
dependence but we cannot yet provide a theoretical insight
into its origin.

B. Optical response

In this section, we turn to the optical absorption, which is
closely related to the imaginary part of the dielectric function
ε2(ω). Figures 3(a) and 3(b) show ε2(ω) for several interlayer
distances as calculated in the independent particle approxi-
mation (IPA) and in the BSE. The former omits both local
field and electron-hole interaction effects and corresponds
to vertical transitions between the bands. These calculations
have been done using the QSGŴ bands as inputs, and the
photon polarization was chosen to be along the x direc-
tion. By symmetry, the macroscopic dielectric function is
isotropic in the xy plane and we are primarily interested in
the in-plane polarization. For the BSE calculations shown in
Fig. 3(b), we include six valence and six conduction bands
in the two-particle Hamiltonian on a 9 × 9 × 3 k mesh. We
use the Tamm-Dancoff approximation, which has been shown
to be valid in a wide range of materials [36]. The spectrum
is broadened by including an imaginary part which linearly
increases with energy. Although there is an overall redshift
of the spectrum, one can see that the difference between the
IPA and BSE does not amount to a simple shift toward lower
energies, but instead, BSE significantly modifies the shape of
the spectrum. Moreover, in BSE a sharp peak occurs below
the quasiparticle gap, which corresponds to the first bright
exciton. The position of the various peaks in ε2(ω) does
not exhibit significant variation with respect to the interlayer
distance. In particular, unlike the QSGW gaps which change
strongly with the size of the vacuum region, the position of

FIG. 4. Energy of the lowest exciton as a function of the inverse
of the number of k points squared for d = 20 Å with Nv = Nc = 4.

the first peak or the optical gap stays practically constant
for this k mesh. This indicates an increasing binding energy
with the size of the vacuum region, as expected, given the
long-range nature and decreasing screening of the screened
Coulomb interaction W as the interlayer distance increases.
This is shown also in Fig. 2, which shows that the optical gap
is nearly constant as a function of interlayer distance within
the range of distances shown. In fact, it appears to slightly
decrease with layer distance, but this variation is within the
error bar of the calculations. Furthermore, as we discuss in
the next section, the exciton peak is sensitive to the k-mesh
sampling. In the results shown in Fig. 2, the mesh is kept
fixed at the same mesh as used in the QSGŴ band calculation,
and provides only a lower limit of the optical or exciton
gap.

Figure 3(c) shows the oscillator strengths for all eigenval-
ues of the two-particle Hamiltonian on a log-scale at d = 27
Å. Only the levels with highest oscillator strength in (c) show
up as peaks in (b). The oscillator strengths here are not nor-
malized and thus only the relative intensity between different
levels has physical meaning.

C. Convergence of exciton gap

To converge the energy of the first exciton peak, it is
necessary to use a finer k mesh, since it is localized in k
space. On the other hand, as we will show in Sec. III E,
for the lowest excitons, we can restrict the active space of
bands to fewer valence and conduction bands included in
the BSE. Figure 4 shows the exciton gap as a function of
1/N2

k , where Nk is the total number of k points in the 2D
mesh. The interlayer distance is d = 20 Å, which is close to
the converged monolayer limit. In fact, as mentioned earlier,
from Fig. 2 the BSE-calculated lowest exciton peak does not
vary significantly with d . Here we use Nv = Nc = 4, where
Nv and Nc specify the numbers of valence and conduction
bands used in BSE, respectively. For the direction normal to
the plane, three k points are used. The optical gap for the
isolated monolayer limit and for Nk → ∞ is thus found to
be ∼2.1 eV, whereas the quasiparticle gap in that limit is
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FIG. 5. Imaginary part of the macroscopic dielectric function
tensor ε2(ω) for x polarization within the BSE using one valence and
one conduction band on a 30 × 30 × 3 k mesh. Label X shows the
ground state exciton without SOC, known as 1s. X′ shows the second
bright exciton, known as 2s. A third prominent peak also appears,
which is labeled as X′′. The inset shows the splitting of the X exciton
due to SOC into two excitons commonly known as excitons A and B.
The spectrum is shifted so that the energy of the first peak coincides
with the converged value of 2.1 eV.

found to be 3.2 eV, implying an exciton binding energy of
1.1 eV.

D. Discussion of the exciton spectrum in relation
to prior theory work and experiment

Figure 5 shows ε2(ω) in the BSE as in Fig. 3(b), for d = 25
Å, but with a finer k mesh of 30 × 30 × 3 with Nv = Nc = 1.

This finer mesh provides us with a better picture of the profile
of the spectrum below and just above the quasiparticle gap.
We can readily notice that compared to Fig. 3(b), more weight
is shifted to the first peak, making it the strongest optical
excitation.

Table I shows some of the experimental and theoretical
results for the energy of the A (first bright) exciton, its binding
energy and the energy splitting between A and the A′(second
bright) exciton. To compare our results here with experiments
and other theory works in the literature, it is important to
include SOC effects. The QUESTAAL QSGW and BSE codes
do not yet allow us to fully include the spinorial nature of
the wave functions in the Green’s functions. However, we
can include the spin-conserving LzSz part of the SOC in the
GW parts, and add the remaining SOC terms perturbatively
in the subsequent band calculations. Doing so, we obtain the
splitting of the QSGW bands which can then also be used in
the BSE optical calculation. This gives the results shown in the
inset of Fig. 5, and is compared to the calculation without SOC
for the first peak. We can also include SOC perturbatively
in our QSGŴ calculations. In other words, we add the SOC
Hamiltonian to the QSGŴ Hamiltonian matrix in the LMTO
basis set and rediagonalize it. Adding SOC splits the lowest
exciton peak into the A and B excitons, which results from the
SOC splitting of the highest valence and lowest conduction
bands at and around the K point [37]. Our results show that at
the K point, the valence band splitting is about 445 meV, with
the VBM-B going 225 meV down and the VBM-A 219 meV
up in energy. However, the CBM, which has a much smaller
splitting, also shifts down for both spin directions by about

TABLE I. A exciton energy, A exciton binding energy and A-A′ energy splitting of monolayer WSe2 as reported in several experimental
and theoretical studies (PL: photoluminescence, EELS: electron energy loss spectroscopy)

Method Optical gap (eV)/Eb (meV) A-A′ splitting (meV)

hBN/ML-WSe2/hBN [41] Magneto-PL 1.727/170 131
hBN/ML-WSe2/hBN [42] Magneto-PL 1.712/172 131
ML-WSe2/Si/SiO2 [43] Linear absorption and two-photon PL 1.65/370 160
hBN/ML-WSe2/hBN [44] Magnetoabsorption 1.723/161 130
hBN/ML-WSe2/hBN [45] Gate-dependent reflection and PL ∼1.72/- 120
hBN/ML-WSe2/hBN [46] Magneto-photocurrent 1.725/168.6 128.6
hBN/ML-WSe2/hBN [47] EELS 1.697/- -
ML-WSe2/Si/SiO2 [48] PL and reflectance 1.744/- -
ML-WSe2/PC [49] Absorption ∼1.66/710 200
ML-WSe2 [8] Momentum-resolved EELS 1.69/650 -
ML-WSe2/Si/SiO2 [50] 1- and 2-photon PL excitation 1.75/600 ± 200 150
ML-WSe2/SiO2 [51] Reflectance 1.67/- -
hBN/ML-WSe2/hBN [52] PL ∼1.75/- -
ML-WSe2/hBN/n-doped Si [53] Photoemission 1.73/390 ± 150 -
hBN/ML-WSe2/hBN [54] Magnetoabsorption 1.722/- -
ML-WSe2 [39] GW -BSE 1.52/900 -
ML-WSe2 [38] GW -BSE ∼2.1/596 -
ML-WSe2 [38] GW -BSE-Pert. SOC ∼1.8/533 140
ML-WSe2 [38] GW -BSE-SOC ∼1.7/550 140
ML-WSe2 [55] LDA+GdW 1+BSE+SOC 1.76/- -
ML-WSe2 [39] G0W0+BSE+SOC 1.52
ML-WSe2 [50] GW0+BSE ∼2
ML-WSe2 [57] GW +BSE 1.78/620 -

aExplained in Ref. [56].
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0.035 eV. Including these a posteriori SOC effects, the A ex-
citon in our results is placed at ∼1.8 eV, which is in excellent
agreement with results from Ref. [38]. These authors include
SOC fully as well as perturbatively and it is with the latter that
we have the best agreement. Numerous experimental results
also place the A exciton at about 1.7–1.8 eV, whereas some
older theoretical calculations [39] find it near 1.5 eV. In Fig. 5,
we label our exciton peaks as X, X′, and X′′ to indicate that
they do not include SOC. Each would split into an A and B
peak when SOC is added.

Our calculated binding energy of ∼1 eV is slightly higher
than previously reported values. Ramasubramaniam [39] ob-
tains a gap of 2.42 eV at K, but his calculation includes SOC.
If we compare with the average of the SOC-split states, his
quasiparticle gap would be 2.67 eV but this is at an inter-
layer separation d = 15 Å. Furthermore, this author obtained
a lower indirect K-
 gap from the valence band at K to a
secondary valley in the conduction band along the �-K axis,

. In Fig. 2, the smallest distance we consider is 17.5 Å
and it already gives a slightly higher gap. Our extrapolated
quasiparticle gap for infinite distance is significantly higher.
Ramasubramaniam’s lowest exciton peak occurs at 1.52 eV
for the A exciton and 2.00 eV for the B exciton, showing
that this splitting simply corresponds to the corresponding
valence band SOC splitting at K. His exciton binding energy
is thus reported as 0.9 eV using a k mesh of 6 × 6 × 1. We
can see that our exciton binding energy is only slightly higher
than his, while our optical gap and quasiparticle gap are both
significantly higher but in better agreement with [38] and
experiment.

Most of the experimental results in Table I refer to WSe2

layers encapsulated or influenced by a substrate. Only the
q-EELs results of Hong et al. [8] correspond to freestanding
monolayers. The main point is that the exciton gap itself is
largely independent of the substrate or encapsulation, but the
quasiparticle gap and hence the exciton binding energy is not.
The exciton binding energy in Ref. [8] is estimated by compar-
ing the optical exciton gap with a GW0 calculated quasiparticle
gap and thus the discrepancy between their 650 meV and our
larger exciton binding energy stems from the different extrap-
olated quasiparticle gap, which is larger in our calculation.

Moreover, Fig. 5 shows that between the lowest exciton
and the quasiparticle gap, other peaks occur. By examining
the oscillator strengths, we see that there are also several dark
excitons in this region as shown in Fig. 3(c). We identify the
next bright exciton which is slightly lower in intensity but
clearly visible in ε2(ω) in Fig. 5 as the X′ exciton, which, in
the literature, is usually associated with either a 2s or 2p type
exciton using the hydrogenic Rydberg series nomenclature.
Whether 2s or 2p are showing up in experiment depends on
the experimental probe used: two-photon absorption reveals
the 2p excitons, while linear absorption or luminescence re-
veals the 2s excitons. This arises from the different matrix
elements and symmetry selection rules. We should note that
this classification does not imply a strict hydrogenic Ryd-
berg series, because the system is 2D rather than 3D and the
screened Coulomb potential does not behave simply as 1/εr
since the screening in 2D is strongly distance dependent [40].
Furthermore, a 2p type exciton having an envelope function
which has nodes would be dark in the ε2(ω) spectrum but

accessible in two-photon absorption experiments. Adding
SOC will split this peak into the two A′ and B′ peaks. Fol-
lowing our previous discussion of including SOC effects, We
expect the splitting between A and A′ to stay almost the same
as X and X′, since we associate them to s-like states. We call
the next peak X′′, which is close to X′ in energy but relatively
higher in intensity. We also caution that the details of the
exciton spectrum shown in Fig. 5, such as peak splittings and
positions depend strongly on the convergence with k points.
However, qualitatively, Fig. 5 is in good agreement with the
results of Ref. [38] without SOC and shows the same relative
intensities for X, X′, and X′′. In particular, our X-X′ splitting
is about 255 meV which is very close to the reported value
of 215 meV by [38] for a 39 × 39 × 1 k-mesh sampling. This
value is higher than the values in Table I, which the authors
contribute to the substrate effects used in experiments. These
authors also report a value of 140 meV using a coarser k mesh,
which is closer to experimental results.

We conclude that both convergence as a function of k mesh
and vacuum thickness plays an important role. This was also
concluded by Qiu et al. [11] in the case of MoS2. These
authors in fact dealt with the monolayer separation by using a
truncated Coulomb potential and used an even finer k mesh.
Their use of a truncated Coulomb interaction allows for an
easier convergence to isolated monolayers and they compare
the screening dielectric constant with the strict 2D Keldysh
limit [1].

E. Exciton wave function analysis

1. Overview

To better understand the nature of excitons, we can an-
alyze the k-space and real-space distribution of the first
few excitons. First, we calculate Av,c

λ (k) = 〈v, c, k|�Ex
λ 〉 for

a particular band pair {v, c} along several high-symmetry
paths in the BZ where λ denotes the excitonic eigenstate.
Here we focus on the first few excitons by separately con-
sidering the ranges of energies which include only λ =
1, 2 (degenerate-bright), λ = 3 (dark), λ = 4 (dark), λ = 5, 6
(degenerate-semi-bright), λ = 7, 8 (degenerate-semi-bright)
and λ = 21, 22 (degenerate-bright). We should note that
bright excitons λ = 1, 2, λ = 5, 6 and λ = 7, 8 correspond to
X, X′, and X′′ peaks in Fig. 5, respectively.

In this section, we use Nv = 1, Nc = 1, which allows us
to use a finer k mesh. This will be justified in Sec. III E 2;
however, we have explicitly checked that Nv = 1, Nc = 1 give
essentially the same results for the exciton region below the
quasiparticle gap as Nv = 4, Nc = 4 for the smaller k meshes
used. For studying the overall ε2(ω) up to higher energies in
the continuum, it is important to include more bands but this
limits the number of k points we can afford. When focusing
on the excitons, the opposite is true and the important conver-
gence parameter is the number of k points.

Figure 6 in Sec. III E 2 shows the band weights of var-
ious excitons. For each λ, we show the weight W c

λ (k) =∑
v |Avc

λ (k)|2 at each k by the size of the colored circle on the
conduction band c and likewise we use W v

λ = ∑
c |Avc

λ (k)|2
for the weight on the valence band. The colors only distin-
guish between different bands and have no physical meaning.
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FIG. 6. Weights of the exciton wave function along high-symmetry paths, contributed by different bands (a)–(f) for six excitonic
eigenvalues. The size of the colored circles indicates the exciton weight as explained in the text. The colors have no meaning and only
serve to distinguish different bands.

Next, in Sec. III E 3, we investigate Av,c
λ (k) for a partic-

ular exciton and band pair as a function k on a mesh of k
points. These exciton expansion coefficients Av,c

λ (k), in fact,
are the Fourier transforms of slowly varying envelope func-
tions within the Wannier-Mott k · p theory of excitons [11].

This slowly varying envelope function would be a hydrogenic
function in the case of a 3D isotropic system, and the full
real-space exciton wave function is found from this envelope
function modulated by the product of the Bloch functions at
the valence and conduction bands at the k point where the
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exciton is centered. Here, they are 2D analogs and somewhat
distorted by the anisotropies. In 2D, the angular behavior of
the envelope function is described by the 2D Laplacian equa-
tion, which has solutions of the form cos mφ and sin mφ with
m = 0, 1, 2, . . . , and are referred to as s, p, d, . . . in anal-
ogy with the 3D case. The general solution eim(φ−φ0 ) contains
an arbitrary phase, resulting from the overall arbitrary phase
of the eigenstates of the two-particle Hamiltonian diagonal-
ization, but this only affects the orientation of these exciton
wave functions in k space. This 2D behavior is valid as long
as the slowly varying potential for which the slowly varying
envelope function is a solution of the effective Schrödinger
equation, is indeed axially symmetric. This is true for the
k points close to point K in the region contributing to the
exciton. Beyond a certain distance in k space, one might
expect a trigonal warping. The real-space excitons at short
distance thus will not show a circular but rather hexagonal
shape. Conversely, the less strongly bound excited excitons
are more spread in real space and hence more localized in
k space, in the region where circular symmetry is valid. The
main advantage of this analysis is that it shows us the sign
changes of the envelope function as a function of the angle
and hence the angular patterns, which can explain why certain
excitons are dark.

Finally, we will examine the excitons fully in real space in
Sec. III E 4. In that case, we look at |�(rh, re)|2, where we can
either fix the hole at rh or the electron at re, and then plot the
probability distribution of the other particle. Since the valence
and conduction bands, from which the excitons are derived,
are all mainly W-d like, either choice is equally good and we
choose to fix the hole. This distribution will show both the
large scale envelope function behavior and the local atomic
orbital character.

Before we present our exciton analysis results, let us men-
tion that our discussion of bright and dark excitons here is
limited to the singlet excitons. Excitons can also be dark due
to the spin structure as was discussed for WSe2 and MoS2 by
Deilman et al. [55]. The darkness of excitons considered here
is rather related to the excited nature of the excitons in the
Rydberg series, and their slowly varying envelope function in
a Wannier-Mott exciton model.

We also note that all bright excitons are doubly degener-
ate and all dark excitons are singly degenerate. The double
degeneracy of the first bright exciton results from the equal
contributions at K and −K . These are related by time reversal
symmetry and hence, there is a Kramers degeneracy. Their
double degeneracy can also be understood from the symmetry
analysis of Song et al. [58]. In fact, the exciton is expected
to be localized near the W atom since the top valence and
bottom conduction bands are both dominated by W orbitals.
The excitons can thus be classified according to the symmetry
of the W site which is the full symmetry D3h of the crystal.
Because we focus on excitons with polarization in the plane,
this immediately tells us that all bright excitons will be dou-
bly degenerate and correspond to the E ′ representation. Dark
excitons which are symmetric with respect to the horizontal
mirror plane (as we find to be the case for all the ones we
examined) must thus correspond to the A′

1 or A′
2 irreducible

representations which are both non-degenerate. The distinc-
tion between the two is whether they are even or odd with

respect to the vertical mirror planes and or twofold rotations in
the plane.

2. Band weights

Figure 6 shows the band weights for various excitons.
We can clearly see that almost all the contribution comes
from the pair of the highest valence and lowest conduction
bands focused on or around point K in the Brillouin zone
and decaying as we move away from K in an anisotropic
way. For example, the conduction band has a larger mass
along the KM than the K� direction and the exciton spreads
out further along the KM direction. We can explain this in
terms of the Wannier-Mott hydrogenic model of the exciton.
First, indeed, the localization in k space implies a large spread
in real space consistent with the Wannier-Mott type exciton.
Second, within this model the effective Bohr radius of the
exciton is inversely proportional to the band effective mass
and hence gives a smaller Bohr radius in real space for the
MK direction which corresponds to a larger spread in k space.
Figures 6(b) and 6(c) demonstrate the weights for the second
and third excitons in energy, which are |Avck

λ=3| and |Avck
λ=4|, re-

spectively. For these two dark and nondegenerate excitons, we
can clearly see that almost all the contribution still comes from
only the pair of the highest valence and lowest conduction
bands focused around point K in the Brillouin zone but now
with a zero value at point K itself, in clear contrast to the
first bright exciton where the contribution at point K is the
largest, as shown in Fig. 6(a). Figure 6(d), shows the weight
|Avck

λ=5|, |Avck
λ=6|, which corresponds to fourth exciton in energy,

doubly degenerate and semibright, i.e., less bright than the
first bright exciton. This exciton has characteristics in between
those of the previous bright and dark excitons, with an overall
distribution like the dark excitons but nonzero contribution at
point K . Figure 6(e) corresponds to fifth exciton in energy
which resembles the first bright exciton in oscillator strength
but less extended around K . Figure 6(f) shows the excitonic
weights for an exciton with relatively higher energy, which
in its k-space distribution, resembles the dark excitons, even
though it has a strong oscillator strength. In k space, we also
see it has larger dip at and around point K .

3. k-space analysis

To explain the behaviors noted in Sec. III E 2, we need
to fully examine the k-space relations of Avc

λ (k) instead of
only looking at their absolute values along high-symmetry
lines. Because the bright excitons are doubly degenerate, any
linear combination of the two eigenstates is also an eigenstate
and this makes it difficult to visualize them. Thus, in this
section we focus on the dark excitons.

In Fig. 7 we show the real, imaginary, and absolute values
of the envelope function Avc

λ (k) for the first two dark excitons
over the 2D k space in one unit cell as a color plot. Top
and bottom rows correspond to λ = 3 and λ = 4, respectively.
This requires an even finer k mesh but we can now restrict
the v and c to just the valence and conduction band edges
and thus afford to have a 30 × 30 mesh in the plane. In spite
of the rather coarse pixelation, we can see that around both
points K and K ′ = −K , there is a threefold symmetry with
alternating positive and negative signs as we go around the
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FIG. 7. Real, imaginary and absolute values of the envelope function Aλ
vck for the first two dark excitons over the k space. First and second

rows belong to λ = 3 and λ = 4, respectively. High symmetry points are labeled as magenta in the absolute value panel, as reference.

central point K or K ′. In between we may see a white line
of pixels indicating a node. This indicates a cos(3φ) type
of behavior for the envelope function. There appears to be a
slight offset of the nodal lines from the symmetry directions
but this arises from an arbitrary overall phase of the two
particle eigenstates. Considering that the matrix elements of
the velocity operator in the plane are fully symmetric around
K , these sign changes indicate that the exciton will be dark by
the modulation of the threefold symmetry envelope function.
Furthermore, we can see that for the λ = 3 exciton the signs

of the k-space envelope function are opposite near K and K ′
or more precisely the function is odd with respect to a vertical
mirror plane going through the � − M line while for λ = 4 the
signs are the same. So, as mentioned before, we conclude that
exciton λ = 3 can be described as an A′

2 exciton while λ = 4
is an A′

1 exciton. However, both become dark by the threefold
symmetry of the envelope function around K and K ′.

As already discussed in Sec. III E 1, a cos (mφ) behav-
ior is expected but the question arises why we only see a
m = 3 or f -like envelope function for these lowest energy
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FIG. 8. Real-space probability density of the first three bright excitons along with one higher energy bright exciton, shown for a section that
goes through the tungsten atoms in the middle, perpendicular (top), and parallel (bottom) to the out-of-plane axis, respectively. For the color
bar limits, the same minimum (cyan) and maximum (yellow) values are used in all maps. Values smaller (larger) than this range are shown by
the saturation colors cyan (yellow).

dark excitons. States with lower m are indeed expected but
would be more spread out in real space (the higher the angular
momentum, the more localized by the centrifugal term (of
the form m2/r2) and hence more localized in momentum
space; therefore, in order to access p-like or d-like states
originating from and around point K , as reported in Ref. [11]
for MoS2, we would need a much finer k mesh to capture
the fine structure around this point. With the k mesh used in
this study, we only access points in momentum space which
are not close “enough” to K responsible for p- or d-like
states.

Our analysis in terms of the envelope function resembles
the approach used by Qiu et al. [11] for MoS2. However, they
used a special dual mesh approach, which allowed them to
use k meshes as large as 300 × 300. With our 10 time smaller
divisions we still obtain a rather pixelated view of the k
space behavior. Therefore we can unfortunately not obtain the
nodal structure near each point K as accurate. The effective
k spacing (2π/a)/30 is about 0.06 Å−1 but the size of the

exciton spread itself is of order 1 Å−1 and thus we do not
have sufficient resolution to fully see the fine structure which
would reveal the Rydberg like excited states of the exciton.
The number of excitons we can resolve also depends strongly
on the fineness of the k mesh and as mentioned before does
not allow us to capture the p or d-like excitons.

4. Real-space analysis

Next, we turn our attention to the real-space spread of
the exciton wave functions. In Figs. 8 and 9, we visualize
the exciton wave functions in real space as a colormap. The
interlayer distance of 25 Å is used for the calculations of this
section.

Each panel shows the spatial distribution of one exciton,
on a section going through the W atoms in the middle of
the supercell, perpendicular to the out-of-plane axis (top)
and perpendicular to the in-plane axis (bottom). Figure 8(a)
corresponds to the lowest energy exciton. As we can see,
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FIG. 9. Real-space probability density of the first two dark excitons in energy, shown for a section that goes through the tungsten atoms
in the middle, perpendicular (top) and parallel (bottom) to the out-of-plane axis, respectively. For the color bar limits, the same minimum
(cyan) and maximum (yellow) values are used in all maps. Values smaller (larger) than this range are shown by the saturation colors cyan
(yellow).

the overall shape resembles the hexagonal symmetry of the
structure rotated by 60◦, such that the highest weight (yellow)
lies on a hexagonal region extending from two to four unit
cells away from the hole. Looking closer, we can see that
the symmetry is actually 3-fold consistent with the three-
fold symmetry of the W site. Also, around each W atom,
a dumbbell-like distribution of the electron density can be
seen, which originates from the d orbitals of the individual
W atoms. This can be best seen in the edge-on projection,
which clearly shows d-orbital shapes. The orientation of this
dumbbell-like distribution changes locally going from one
edge of the hexagon to the other.

For the two dark excitons, we see a different character
shown in Fig. 9. In Fig. 9(b), the distribution intensity is the
highest around the W atom in the center, while in Fig. 9(a),
it is almost zero around W in the center. Furthermore, in
Fig. 9(a), we see clear nodal lines at 120◦ from each other,
reminiscent of the cos (3φ) pattern in the k-space figure.
In Fig. 9(b), we still see regions of low values in rings
around each atom but still showing some threefold symmetry.
However, their overall sizes in the real space are pretty close
to each other and somewhat smaller than the previous bright
exciton. On the other hand, for the next bright exciton shown
in Fig. 8(b), the spread out is substantially farther. As men-
tioned before, as the exciton energy approaches the gap and
the exciton binding energy is reduced, the exciton spreads
further in real space.

Interestingly, even for the lowest energy bright exciton,
the envelope function is not at its maximum in the center
but is rather ring shaped with a dip in the very center. In
the second bright exciton, shown in Fig. 8(b), the central
region is distinctly triangular shaped and corresponds to a
larger central region with very low value. The spatial extent
of this exciton is significantly larger than the first bright
exciton, consistent with the 2s character. These features can
be explained in terms of the 2D envelope functions which
correspond to the electron-hole attraction potential. Because

of the 2D screening being very distant-dependent, it behaves
like a weak logarithmic potential ln (r) near the origin and
as an unscreened 1/r potential far away [2]. The solutions
for the 2D Schrödinger equation with a logarithmic potential
were studied by Atabek, Deutsch, and Lavaud [59]. Because
of the weak logarithmic potential, the m = 0 (or s-like states)
do not start as r0 or a constant but more like r as can be
seen in Fig. 4 of [59]. They go through a single maximum
at finite r consistent with the ring shaped envelope we see.
For the 2s state, there is a node but the onset starts not at
r = 0 but at finite r. The stronger unscreened Coulomb in-
teraction at large distance means that excited states like 2s
states are pushed out to larger r. This is consistent with the
large triangular hole in this exciton wave function in Fig. 8(b).
The triangular shape at close distance in real space results
from the triangular warping of the bands involved in k space
at large k. Even for the lowest exciton, the center region is
triangular rather than circular.

The next bright exciton, shown in Fig. 8(c) shows very
similar behavior as the first bright exciton. We recall that the
doubly degenerate exciton labeled λ = 5, 6 is the X′ exciton
while λ = 7, 8 corresponds to the X′′ exciton. It is somewhat
surprising that X′′ and X are so similar in spatial extent.
However, we can see from Figs. 8(a) and 8(c) that they have
different probability densities. We picked the same minimum
and maximum values mapped to the color scale for both to
facilitate an absolute comparison. They also have somewhat
different k-space localization: X′′ falls off faster with k away
from the band edge K than X does, as shown in Fig. 6. Finally,
Fig. 8(d) shows the bright exciton with the largest exciton
energy discussed in this paper, which has a wider spread and
a clear radial node structure.

Overall, the real-space and reciprocal-space exciton wave
functions show an interesting variety of behaviors which
can largely be understood in terms of the 2D problem
with a Keldysh-type distant-dependent screened Coulomb
potential.
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IV. CONCLUSIONS

In this paper, we presented a study of the band structure and
excitons in monolayer WSe2 using an all-electron muffin-tin-
orbital implementation of the QSGW and BSE approaches.
The calculations went beyond the usual IPA and RPA based
GW by including the electron-hole interaction effects in the
screening of W , which is then called Ŵ . As is already well
known, the quasiparticle gaps were found to converge slowly
as a function of the interlayer distance, as 1/d and the re-
placement of W by Ŵ essentially provides a downward shift
of the gap, which however is not entirely constant but with
a smaller slope as a function of 1/d for the QSGŴ . The
exciton spectrum was found to be in excellent agreement with
prior theory work [38] and various experiments when SOC
corrections of the bands are added. As expected, the excitons
show a smaller variation as a function of interlayer distance,
as a result of the compensation of the exciton binding energy
and quasiparticle gap self-energy shift, which are both pro-
portional to Ŵ . Converged exciton eigenvalues were shown
to require a very fine in-plane k mesh in order to obtain
agreement with experimental exciton gaps. The nature of dark
and bright excitons was analyzed in terms of their reciprocal
space and real space envelope functions and showed distinct
behaviors. First, all the excitons examined were derived al-
most exclusively from the top valence and lowest conduction
bands near K . But the dark ones had zero value at K itself.
The darkness of two of the excitons was found to result from
the threefold symmetry nodal pattern of the envelope function
but these two dark excitons still show distinct behavior in real

space. The exciton symmetries were analyzed in the context
of the Wannier-Mott theory adjusted for 2D. The threefold
symmetry of the first dark excitons found here indicates f -like
excitons. We expect that there are also p- and d-like envelope
functions in a Rydberg-like series, but the reason why the
lower angular momenta p- or d-like excitons could not be re-
vealed is related to the limitations in the number of k points we
could include in the BSE. A finer mesh near the band extrema
at K and −K is required to capture these excitons which are
expected to be more localized in k space. Among the bright
excitons, we were able to identify the A′ exciton and identify
it with a 2s like exciton state. Our present study provides a
detailed look at how the Mott-Wannier model and qualita-
tively explains the exciton series. However, it shows that the
strongly distance-dependent screening of the Coulomb inter-
action between electron and hole modifies the spatial extent
and shape of the exciton envelope functions. These features
emerge naturally from the first-principles BSE approach even
though we do not explicitly solve for a Wannier-Mott slowly
varying envelope function.

Some data related to this work are available [60].
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