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Chemical disorder induced electronic orders in correlated metals: Rekindled failed-order scenario
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In strongly correlated metals, long-range magnetic order is sometimes found only upon introduction of a
minute amount of disordered nonmagnetic impurities to the unordered clean samples. To explain such anti-
intuitive behavior, we propose a “rekindled failed-order” scenario of inducing electronic (magnetic, orbital, or
charge) order via chemical or lattice disorder in systems with coexisting local moments and itinerant carriers.
By disrupting the damaging long-range quantum fluctuation originating from the itinerant carriers, the electronic
order preferred by the local moment can be reestablished. We demonstrate this mechanism using a realistic
spin-fermion model and show that the magnetic order can indeed be recovered as a result of enhanced disorder
once the length scale of phase coherence of the itinerant carriers becomes shorter than a critical value. The
proposed simple idea has a general applicability to strongly correlated metals, and it showcases the rich physics

resulting from interplay between mechanisms of multiple length scales.

DOLI: 10.1103/PhysRevB.109.195126

I. INTRODUCTION

Typically, random disorder is expected to suppress long-
range orders in materials, especially those with a characteristic
length scale such as antiferromagnetic order, antiferro-orbital
order, or charge density order. This is in part because of the
damage to quantum phase coherence resulting from the inho-
mogeneity in density, in addition to the direct disruption of the
preferred spatial periodicity of the long-range order. Indeed,
in dirtier samples with more impurities, one usually observes
weaker magnetic [1-4], superconducting [5-7], and charge
[8-11] orders. Correspondingly, one often intuitively seeks
cleaner and more uniform samples for stronger long-range
orders.

However, some exceptional cases exist in which long-range
order, for example magnetic order, can emerge from the in-
troduction of disorders, such as nonmagnetic impurities. A
well-known example is the emergence of antiferromagnetic
(AFM) order in Sr,RuQO4 [12-15] when a minute amount
(~3%) of Ru*" is substituted by nonmagnetic Ti** ions.
Similarly, iron-based superconductor LaFePO also devel-
ops antiferromagnetism upon As substitution of P [16-18].
Indications that AFM order could emerge from unordered sys-
tems also have been found in both hole- and electron-doped
cuprates via nonmagnetic Zn substitution of Cu [19-24]. Sim-
ilar phenomena are also found in Zn-doped heavy-fermion
material CeColns [25]. Such an anti-intuitive behavior ap-
pears to contradict the above fundamental consideration of
quantum phase coherence, and thus poses a great challenge
to our generic basic understanding.
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Theoretically, in a strongly correlated and highly polariz-
able environment, it is natural to expect the development of
local effective moments around even nonmagnetic impurities
[26-28]. Such an effective moment surely would have a large
impact on the local correlation, such as modifying its tem-
poral fluctuation or inducing a spatial standing-wave pattern
through reflection against impurities [29-32]. Nonetheless,
since these effects are primarily local in nature and cen-
tered around random location of the impurities, it is unlikely
that they can provide positive contributions to the formation
of long-range order, especially those with a characteristic
spatial period, such as an antiferromagnetic order. The lack
of geometric frustration in these systems also renders the
“order-by-disorder” scenario [33—40] inapplicable. Therefore,
a generally applicable mechanism for the observed seemingly
anti-intuitive behavior is desperately needed for such a long-
standing puzzle.

Here, we propose a generic “rekindled failed-order” sce-
nario of inducing electronic order via a small amount of
chemical or lattice disorder in strongly correlated metals.
Accepting that most of unordered correlated metals only fail
to order due to the influence of itinerant carriers [41,42], we
suggest that scattering against the impurities can suppress the
damaging carrier-induced long-range quantum fluctuation and
in turn allow the local moments to order. We demonstrate
this generic mechanism using a realistic spin-fermion model
derived from FeSe as a prototypical case with a failed antifer-
romagnetic (AFM) order [41]. Using the linear response as a
measure of the stability of the AFM ordered state, we find that
with a stronger disorder the long-range magnetic order indeed
establishes. Further analysis indicates that the main physical
effect of impurity scattering is equivalent to shortening the
length scale of carrier-induced quantum fluctuation, such that
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FIG. 1. Key question of the study: How can chemical disorder
induce electronic orders in materials? Our “rekindled failed-order”
proposal: Disorder induced scattering can suppress the damaging
long-range fluctuation of a failed order state and in turn allows the
intrinsic electronic order to emerge.

the correlation of local moments is no longer overwhelmed
at long range [41]. Our study demonstrates a typical example
of the rich interplay between mechanisms of multiple length
scales present in most strongly correlated metals, to which our
proposed simple idea can be applied in general.

II. REKINDLED FAILED-ORDER MECHANISM

Figure 1 illustrates our proposed scenario to resolve the
long-standing puzzle of electronic ordering upon the intro-
duction of chemical disorder in correlated metals. The key
theoretical question here is how disorder, a generic source
of incoherence, can induce a coherent long-range order. We
make use of the following two generic physical effects that are
well established both theoretically and experimentally over
the past decades: (1) gapless (metallic) itinerant fermionic
carriers induce slowly (power-law) decaying long-range fluc-
tuation in spin [43,44] (and charge [44]) channels, and
(2) translational symmetry-breaking disorders damage long-
range coherence of itinerant carriers and the fluctuations they
introduce [45-48]. Particularly, the first effect has been shown
[41] to naturally explain the experimentally well-known con-
sequence that (3) materials with d- or f-local moments
favoring strong antiferromagnetic correlation typically fail to
order magnetically given strong enough metallicity [49,50].

Our proposal is based on such a “failed-order” scenario
[41], shown in Fig. 1, in which the long-range order pre-
ferred by the correlation between local moments is disrupted
by the long-range quantum fluctuation induced by itiner-
ant carriers [42]. Such quantum fluctuation can be quite
effective in general since in contrast to the exponential de-
cay of the order-related correlation in three dimensions, the
carrier-induced fluctuation has generic power-law decay, due
to the discontinuity at the Fermi surface of the fermionic carri-
ers [46-48]. Therefore, by restricting the fluctuation to a short
enough finite length scale, we propose that the presence of
weak disorder can generally play a positive role in promoting
the long-range order of the local moments.

III. DEMONSTRATION

A. Spin-fermion model as a demonstration

Below we demonstrate this generic rekindled failed-
order mechanism using a representative realistic spin-fermion
model, whose family often emerges as the low-energy effec-
tive model for a wide range of higher-energy models, such
as the large-U regime of the one-band [51] and multiband
Hubbard models [52], and the charge transfer regime of the
periodic Anderson model [53]. (The previous study on Zn-
doped cuprates viat — J model [54] can also be considered as
a specific example of our general proposal.) In fact, upon inte-
grating out the higher-energy intra-atomic charge fluctuation,
most strongly correlated materials with strong intra-atomic
Coulomb interaction reduce to various forms of spin-fermion
models as their low-energy effective description.

As a generic example, consider a typical realistic spin-
fermion model consisting of coupled local moments affected
by itinerant carriers [41,42,55-58]:

H= Z*Iii’si Sy — %F Z Si + ChOv Cimys

il imvy’

+ Z tjmj’m’c;mvcj’m’m (1)

Jjj'mm'v

where the local moments S; at site i and ¢’ couple via J;7 such
that a magnetic stripe (7, 0) order is preferred by the local mo-
ments [41]. The nontrivial physics emerges when these local
moments couple to the itinerant carriers ¢/ = of orbital m and
spin v at the same site i via coupling constant Jg, where o,
are the Pauli matrices. This is because the itinerant carriers
can propagate between sites with kinetic parameter ¢, 7, and
are thus able to mediate an effective long-range interaction
[46-48] between the local moments at longer timescale (or
lower energy) relevant to the slower spin dynamics. In this
general case, the fermion orbitals at sites j can reside at the
same site i as the local moments or those without (such as
ligand sites).

We proceed with the following steps. We first integrate out
the influence of the itinerant carriers to second order, which
associates their long-range fluctuation with the effective in-
teraction between the local moments. We then demonstrate
the system’s failed-order nature using the linear response of
the ordered state as a measure of its instability. After that,
we simulate the disorder effect numerically and confirm the
establishment of long-range order. Finally, we analyze the
various emergent length scales in our result and provide an
intuitive microscopic picture for the leading physics.

B. Integrating out itinerant carriers

The emergent magnetic interaction can be obtained by
integrating out the faster itinerant electron degrees of freedom.
For simplicity, we stick to the weak coupling regime where Jr
can be considered a perturbation that renormalizes [41,42,56]
the linear spin-wave theory [59] (also see Appendix A) for the
preferred long-range ordered state. Represented in the second
quantized magnon creation operator a[.T associated with the
Holstein-Primakoff transformation [60], the resulting spin-
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wave Hamiltonian reads as

M
HY = Zkz‘aj—ai + qu (aj-ai’ + aiaj;)
i i

AF
+ Z Jin(alal, + aap), @)
i#i”

where K; =2 ZZAF Jp =2 ZfM Ji ensures the preservation
of the Goldstone mode of the ordered system. Here for clar-
ity, the summation is split into those between the parallel
(FM) and antiparallel (AF) pairs of spins. The effective cou-
plings are renormalized by J;; = Jiy + Ay and Jip = Ji +
Bi;», respectively, where A;;» and B;;» denote the (long-range)
magnetic coupling mediated through itinerant carriers.

C. Failed-order state

We now seek a failed-order state as the unordered state
prior to the introduction of chemical or lattice disorder. It
was recently suggested [41] that the semimetallic FeSe is
such a failed-ordered system whose AFM order only appears
under external pressure greater than 1 GP when the carrier
density decreases. In essence, the reduction of carrier density
weakens the carrier-induced long-range fluctuation and in turn
allows the long-range AFM order of the local moments to
emerge. The fact that the failed-order state can be overcome
by mere 1 GPa of pressure implies that the long-range fluc-
tuation is close to being overcome by the ordering, making
it an ideal model system for our demonstration. We thus
take the parameters of Eq. (1) from the previous density-
function based study [41], which incorporates ¢, of five
d orbitals and three p orbitals, JF = 0.8eV, § = 1.7, and
J =19 and 12 meV for the nearest and next-nearest neigh-
bors, respectively. A discrete 500 x 500 momentum mesh
and a 10-meV thermal broadening are used to ensure a good
convergence.

Let us first verify the failed-order state before introduc-
ing disorder scattering, by examining the stability of the
ordered state via its linear response. Figure 2(a) and its inset
show that in the absence of disorder, the obtained spin-wave
energy-momentum dispersion displays no positive-energy ex-
citation in the vicinity of (;r,0). Such lack of positive-energy
excitation in the linear response is a direct indication that
the assumed AFM ordered state is unstable, in this case due
to the carrier-induced long-range fluctuation that overwhelms
the correlation at length scale longer than 27 /Ag. In other
words, we have verified that our starting point is indeed a
failed-order state, in which the local moments are unable
to establish long-range order even at the zero-temperature
limit [61].

D. Simulating disorder scattering

We now proceed to include the effect of disorder-induced
scattering on the itinerant carriers and investigate its effect
on the long-range order. Specifically, we aim to calculate the
linear response of the long-range ordered state by ensemble
averaging over a large number of chemically disordered con-
figurations. It is well established [46—48] that the main effect
of disorder on the magnetic quantum fluctuation of itiner-
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FIG. 2. An example of rekindled failed order. (a) In the failed-
order state, imaginary frequency (shown as negative energy) appears
near (77,0) in magnon dispersion as magnified in the inset, indicating
that the (7,0) AFM order is unstable due to carrier-induced fluctu-
ation at long range beyond 27 /Agq. (b) Illustration of one disorder
configuration containing 1664 sites in a 80 x 80 grid, with randomly
sampled W(r) within [0,Wy.x]. The orientation of periodicity of
each disorder configuration (represented by the tilted square) is ran-
domly chosen to suppress the associated artifacts. (c) Introduction
of disorder with strength W,,, = 20 meV weakens the long-range
fluctuation, allowing the correlation to extend to a longer 27 /Ag
range. (d) By Wy« = 30 meV, all excitation energies become real
and positive (Ag = 0), indicating that the preferred magnetic order
is a stable phase. In other words, the electronic long-range order is
induced upon introduction of weak disorder.

ant carriers is to introduce incoherent phase shifts along its
propagation without affecting its power-law spatial decaying
profile. We therefore approximate the incoherent phase shifts
in the fluctuation within each configuration according to [47]

Jir —> Jiir cos ¢y, 3)

where
2 Ti
Qi = —/ dsW(r) 4
th ry

accumulates phase shift from scattering against spatially ran-
dom potential W (r) along a straight path from position r; of
site i’ to position r; of site i (see the Appendix D for detail
on discretization of the disorder strength and its path integra-
tion). The strength of the disorder potential W (r) is randomly
sampled from a uniform distribution between 0 and Wy,.x. We
apply Eq. (3) to disorder configurations with large systems
(typically containing around 1600 sites) of various shapes and
orientations in the simulation [62-65]. [See Fig. 2(b) for an
example.] For each configuration containing different phase
shifted J;; for each pair of i and i/ [Eq. (4)], the magnon
spectral function is then calculated via numerical bosonic
Bogoliubov diagonalization [66] (see also Appendix B) of
HSY followed by the unfolding procedure [67] before being
averaged over the ensemble.

E. Rekindled failed order

Figures 2(c) and 2(d) give the resulting magnon energy-
momentum dispersion under increasing disorder strength.
Since the main effect of disorder is through the phase shift
of the carrier-induced long-range fluctuation, the physical
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broadening [62—65] in energy and momentum due to the lack
of translational symmetry is not apparent. Interestingly, at
Wiax = 20 meV [Fig. 2(d)] the momentum region without
positive frequency reduces to a smaller one, indicating an
increase of the length scale in which the ordering persists.
Most importantly, at Wi,y = 30 meV [Fig. 2(d)] the magnon
spectrum shows well-defined positive frequency in the en-
tire momentum space, indicating that the proposed stripe
(r,0) AFM order is a stable state of the system! This con-
firms our proposal (cf. Fig. 1) that by disturbing enough the
carrier-induced long-range fluctuation via disorder scattering,
a strong electronic order can emerge from the previous failed-
order state.

Figure 2 also shows a clear trend about the emergence of
long-range order. As the disorder increases, Ag systematically
decreases, reflecting the fact that the correlation is able to
extend to a longer length scale ~2m /Aq. Associated with it
is the systematical reduction of the strength of the “negative”
frequency (representing imaginary frequency) associated with
the unstable magnon mode, indicating that the damaging long-
range fluctuation systematically becomes weaker. At the point
when the strength is no longer able to negate the magnon
frequency, Ag becomes zero and the correlation can extend
to the system size and establish the long-range order.

F. Length scale analysis

To gain further microscopic insight on how disorder scat-
tering produces this unusual effect, notice that according to
Eq. (3), the main effect of the scattering is to induce a phase
shift proportional to the path integral. Therefore, one would
expect the coherence of the renormalization of Jiv to suffer
systematically at longer range. Particularly, beyond a charac-
teristic length scale that emerges when the random fluctuation
of the phase reaches the order of 2, the power-law tail of the
carrier-induced fluctuation should no longer be effective.

To verify this simple intuition, we investigate the effects of
finite length scale of the carrier-induced quantum fluctuation
and their influence on the magnon dispersion. Specifically, we
introduce a finite scattering rate 27 in the evaluation of A;;
and B;; in a clean system (without disorder) to regulate their
effective length scales. Figure 3(a) summarizes the resulting
magnon dispersion for n = 1 to 7 meV. Indeed, the strength
of the imaginary frequency becomes weaker systematically as
the scattering rate increases, and eventually all magnon fre-
quency becomes positive at n > 5 meV, when the long-range
order becomes a stable phase. Notice that the momentum
region without positive frequency and its associated Ag scale
reduces systematically, just like in the above cases with disor-
der. As expected, in the aspect of allowing the correlation to
grow in range and finally reach a long-range order, a reduction
in the length scale of carrier propagation leads to a suppres-
sion of the long-range fluctuation similar to that caused by the
disorder.

Figure 3(b) provides a more quantitative comparison be-
tween several relevant length scales in our results. First, notice
that in this length-scaled controlled picture, our results display
a well-defined ¢g* at which the magnon dispersion starts to
become “negative.” It turns out that its corresponding length
scale AX = 2m /g* follows perfectly the length scale of the
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FIG. 3. (a) Magnon energy-momentum dispersion upon restrict-
ing the length scale of carrier propagation via controlled scattering
rate 7. With shorter length scale of coherent propagation (larger scat-
tering rate), the region with imaginary frequency reduced, indicating
a longer 2w /Ag correlation resulting from a shorter length scale
2w /q* of the carriers’ damaging fluctuation. By 1 > 5 meV, the
excitation energy becomes fully real and positive, so the (;r,0) AFM
ordered state becomes stable. (b) In unit of the lattice constant ay,
the length scale of carrier-induced damaging fluctuation A* = 27 /g*
follows perfectly the scale of the mean-free path M oc vy /7. It
also roughly corresponds to the length scale of the variation of the
emerged long-range coupling A2 defined as 0J(r, n)/onl,_,ar = 0.
The light green region hosts a stable (7r,0) AFM order.

carrier mean-free path oc vy /n = M. A similar consistency
is also found in the length scale of the variation of the
emerged long-range coupling (see Appendix E) 1A defined
through 0J(r, n)/9n|,_,»7 = 0. In essence, the limitation of
the coherent length scale of the carrier-induced fluctuation,
independent of its origin, leads to a similar suppression of its
effectiveness at long range, thereby allowing the correlation to
extend to a longer range and eventually establish a long-range
order [in the green region in Fig. 3(b)].

IV. DISCUSSIONS

Our proposed (purely quantum) mechanism is not to be
confused with the quantum adaptation [37,38] of the order-by-
disorder effect [33—40] illustrated in Fig. 4(a). In geometric

(a) Order by disorder (b) Rekindled failed order
E E
classical quantum J
+ <0> suppress <0>
quantum quantum + disorder
fluctuation fluctuation
quantum quantum J
<0> <O>

FIG. 4. (a) lllustration of quantum order-by-disorder mechanism
vs (b) our rekindled failed-order mechanism. The former starts with
heavily degenerate states that get split by quantum fluctuation, while
the latter starts with a nondegenerate failed-ordered metallic state
that develops degenerate broken-symmetry states upon suppression
of long-range fluctuation via disorder scattering. Here £ denotes the
typical energy of the system eigenstates with expectation value (O)
of the order parameter. Notice that the energy scale of the long-range
fluctuation (acting on the red states) can be much weaker than the
short-range coupling J.
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frustrated spin systems, classical energy consideration would
suggest a heavily degenerate ground-state manifold, with each
spin pointing to arbitrary directions. However, as a conse-
quence of the level repulsion principle, quantum fluctuation
resulting from coupling within the degenerate manifold can
greatly lift the degeneracy to even just a few states. In contrast,
our proposal applies to metallic systems with nondegener-
ate failed-order ground states, as shown in Fig. 4(b). Upon
suppression of the long-range fluctuation of itinerant carriers
via introduction of chemical or lattice disorder, the ground
state becomes degenerate and the system settles in one of the
spontaneous broken-symmetry states.

In essence, our proposal uses the disorder-induced de-
coherence to defeat the long-range fluctuation such that
the short-range correlation’s tendency toward long-range
order can flourish. It is easy to verify (e.g., repre-
sentative models in the Appendix F) that the above
physical effects generally emerge: (a) strong itinerant
carrier-induced long-range fluctuation, (b) formation of the
failed-order state, and (c) the emergence of long-range or-
der upon suppression of range of coherence of the itinerant
carriers. Therefore, our proposal of rekindled failed order,
as illustrated in Fig. 1, is completely general, robust, and
insensitive to specific models or lattice structures.

Similarly, while the above example concerns only the
magnetic order, the underlying principles are generic to al-
most all symmetry-breaking ordering since they mostly make
use of only the general behavior of various mechanisms at
long length scales. For example, typical long-range orders
are driven by short-range many-body couplings that produce
a nonlocal correlation with an exponential decay at a long
range. On the other hand, due to the discontinuity associated
with the Fermi surface, the fermionic carrier-induced fluc-
tuations usually have a long power-law tail that trumps the
exponential decay of the above correlation. This makes our
proposed failed order more common than one might realize.
Indeed, in strongly correlated materials one often finds a rapid
demise of finite-momentum long-range order upon enhancing
metallicity, even though the correlations remain very strong at
short range. As long as the damaging carrier-induced fluctu-
ation only marginally overwhelms the ordering, our proposed
mechanism would apply. By suppressing via weak chemical
disorder the carriers’ ability to coherently interfere with the
ordering at long range, the system has a chance to reveal
its preferred long-range electronic order, in magnetic, orbital,
charge, or other channels. (Naturally, this mechanism is not
expected to apply when disorder becomes so strong that it
causes too much damage to the long-range coherence of the
ordering itself.)

V. CONCLUSION

In short, to resolve the long-standing puzzle of the emer-
gence of electronic order via the introduction of chemical
disorder widely observed in strongly correlated metals, we
propose a rekindled failed-order scenario and verify it through
a realistic spin-fermion model and a stability analysis based
on linear response of the ordered state. In essence, we propose
that many of these strongly correlated metals are in a failed-
order state, in which the preferred order of the local moments
is overwhelmed by carrier-induced long-range fluctuation.

The main effect of the disorder is to efficiently reduce the
coherent length scale of the damaging fluctuation and thereby
allow the intrinsic long-range electronic order to emerge. Our
study demonstrates a typical example of the rich interplay
between mechanisms of multiple length scales present in most
strongly correlated metals, to which our proposed simple idea
can be applied in general.
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APPENDIX A: LINEAR SPIN-WAVE THEORY

We review in this Appendix the linear spin-wave theory
[59] employed in our analysis for the stability of an ordered
state. While the theory is supposed to be accurate only in
the well-ordered regime, an unstable response revealed by
this theory is still qualitatively indicative to the physical
instability.

Start with the Heisenberg Hamiltonian

H' = Z-Iii/si Sy,
il

(AD)

where the local moment S; at site i couple with another spin
at site 7/ via J;; ferromagneticlly (J;; < 0) or antiferromag-
neticlly (J;; > 0). If the spins in the system are collinear, it
is convenient to transform the spin operators from the local
frame to the laboratory frame via a spin rotation

§F =385 8 =8, §F =S5, (A2)

where k; = ¢/Q% = +1. The x and y components of the spin
operator have the relations to the raising operator S} and
lowering operator S; :

St=8"+i8, § =8 —-i§. (A3)
The spin operator can be represented by the bosonic operator
via the Holstein-Primakoff (HP) transformation [60] up to the
leading order,
Si=85— a:fa,-, St =428q;, ST = VZSaj,

1 1 1

(A4)

where S is the magnitude of spin, and aj is the creation oper-
ator. Therefore, we can obtain the quadratic linear spin-wave
Hamiltonian with bosonic operators

M
H' — Z Kia a; + Zjii’ (ajay + aia;)
; i

AF
+ Y Jialal, + aiap),
i

(A5)

where K; =2 ZfF Jin — 2 ZlFM Ji» ensures preservation of
the Goldstone mode of the ordered system. Here the sum-
mation is split into those between the parallel (FM) and
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antiparallel (AF) pairs of spins. The bosonic operators satisfy

the commutation relations

lai, a1 =8, [af,all=lai,ai]=0.  (A6)

A simple one-band spin-wave Hamiltonian represented in
momentum g space is

H"™ =" JNg)aja, + a_gal ) + P () aja’, +aga_y),

—-q
q
(A7)
where J4(g) is the coefficient after Fourier transformation
of aiTai/ (i=1i ori##i) and JB(g) is the coefficient after
Fourier transformation of aj'aj,,. The corresponding spin-wave
dispersion is

w(q) = VIIA@P — VB (@)~ (A8)

APPENDIX B: BOGOLIUBOV DIAGONALIZATION
OF GENERAL QUADRATIC BOSONIC HAMILTONIAN

This Appendix introduces a method to diagonalize a gen-
eral Bogoliubov Hamiltonian beyond the standard 2 x 2 size,
following the previous proposal [66]. Considering a general
quadratic bosonic Hamiltonian

H = Ztijajaj + r,-jaja; + ri;a,-aj, B1)
ij
where #;; is the hopping parameter, and 7;; is the parameter
for creating two bosons with index i and j. Since Hamiltonian
is Hermitian, f;; = tjfi and 7;; = 7;;. The Hamiltonian repre-
sented in the diagonal basis is

H = Zéibjb,‘, (B2)

where ¢; is the eigenvalues of index i. The new bosonic opera-
tors bj satisfy the bosonic commutation relations that same as
al in Eq. (AG). There are relations between the new and old
bosonic operators,

i N A _ Nx TrrAx
b= aTi+ ) aTy bi=) aTi"+) aTi,
j i j /

(B3)
where T]’l\' and Tfl‘ are the eigenvectors. Therefore, we can
define a redundant and overcomplete basis:

o IleU s s
Al = @ B =Y AlT,
1 {a,- (i=I—No.ofi), IeD > I XJ: Jn
(B4)
where U and D mean the up and down channel, respectively.
Tj; is the matrix of eigenvectors

TN A
T, —s (70 ). (B5)

A Nx
Ti T
Due to the bosonic commutation relations, there is

1, IeU

-1, IeD. (B6)

By, B;] = ¢;81y, wherec; = {

Substituting Eq. (B4) into (B6), we can obtain the rule of
orthonormalizing eigenvectors

Z[AI’»A}]T;]TJ’J = ZCKTEITKJ =10y (B7)
v K

The commutating result between Hamiltonian and B] is

[H, B]] = cie/B] = ZA}TJ,c,e,. (BS)
J

Equation (B8) also can be expressed using Eq. (B4) as

Y H AT =Y | D tpdl + > (5 + thoay | T

K keU j J

— Z Ztkjaj + Z(‘L’kj + rjk)aj Tx;.

keD \ j j
(B9)

Combining Egs. (B8) and (B9), we find
Tcrer =y MykTx, (B10)
K
where

t —27;
My =" . (B11)

2T_ik — Iy

The non-Hermitian matrix M is the matrix that we should
diagonalize, and we can derive the eigenvalues ¢; and corre-
sponding eigenvectors by solving M.

APPENDIX C: INTEGRATING OUT THE CARRIERS

Here, we derive the effective linear spin-wave Hamilto-
nian via integrating out the influence of itinerant carriers
[41,42,56]. In general, the spin-fermion Hamiltonian contains
local moments and itinerant carriers

H :Hloc —I—Hil —I—HF, (Cl)

where H'° is the spin Hamiltonian of local moments, Ht s
the Hamiltonian of itinerant carriers, and HF describes the
coupling between local moments and itinerant carriers. For
simplicity, HF is Hund’s coupling-like, and we use the one-
band linear spin-wave Hamiltonian in Eq. (A7) as an example
to show how to integrate out the itinerant carriers.

We treat the Hund’s coupling Jr between the itinerant and
local degrees of freedom as perturbation

Ji
HY = =22 ) 8ic, 0 Cim. (€2)

where 0,/ are the Pauli matrices and cjmv represents creating
an itinerant carrier at site i of orbital m with spin v. Applying
a canonical transformation to the Hamiltonian in Eq. (C1),

e®He ® =H+[A H] + 5[A [AH] 4+, (C3)
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results in the renormalized linear spin-wave Hamiltonian from
its quadratic components

H = H" + ((H")’ + 3[A, (H)])e

= > T g)aja, +a_,a" ) + TP (q)aja’, + a_,a,)]
q

(o2))
up to the second order of bosonic operators, where
) =T )+ A, TH@)=T%@q) +B@). (C5)
Here,
2
=5 5t
(Co)

and

IS < filk) = fr(k + q)
B =35 2 50~ Bt )

X D Uik 4 @)Uy (), (U (k + ). (CT)

where E;(k) denotes the eigenvalues with momentum k
and band index [ (that absorbs the spin index as well)
and Ul (k) denotes the eigenvectors in the basis of or-
bital m with spin v =1 or |. N denotes the number of
discrete momenta of the system. f;(k) = W is the
standard Fermi-Dirac distribution function for a given chem-
ical potential u, and S the effective magnitude of the local
moments. Note that J4(g) contains the a constant correction
term 21—;, Yo i)Y, vIUL (k)* that is from the Hund’s
coupling.

We also can get similar results using a dynamic method by
using the perturbation theory with Green’s function to inte-
grate out the carrier channel. The real part of the susceptibility
in momentum ¢ space is

RS <~ L) — folk + OUER) — Bk + )
AD =S T ) Bkt T 1P
2

kil
X DUtk + @)Uy (k)

m

(C8)

and

_JiS Z Lfi(k) — furk + pIE(k) — Ep(k + g)]

T 2N £ [E1(k) — Ev(k + @) + &2

X Y Uik + QU (UL (kYU (k + q). (C9)

mm’

B(q)

The typical numerical broadening of § = 0% is not necessary
here since we are only interested in the zero-frequency limit
of the renormalization. We can investigate the effects of the
finite length scale of the carrier propagation on their quantum
fluctuation and in turn the influence on the magnon dispersion.
This is easily implemented by imposing a finite one-body
scattering rate 1 in Eq. (C8) via § = 2. Diagonalization of

0 20
5 1 15
G 10
6 j 5
1 0
0 2 4 6
rlay) W(r) (meV)

FIG. 5. An example path integral of the disorder-dependent
phase factor in a discrete 8 x 8 lattice from light yellow site (1,2)
to dark yellow site (4,4). Along the straight path, it would pass a set
of squares with different depths of blue color which represent the
strength of potential energy W (r).

the spin-wave Hamiltonian gives the spin-wave dispersion

w(@) = A @P — T (@)P.

(C10)

APPENDIX D: WEAK DISORDER ON THE EMERGED
LONG-RANGE COUPLINGS

Here, we will show the procedure of introducing the weak
effect of charge disorder on the emerged long-range cou-
plings. It is well known [46—48] that the main effect of
disorder-induced scattering on the magnetic quantum fluctua-
tion of itinerant carriers is to introduce incoherent phase shifts
along its propagation without affecting its power-law spatial
decaying profile. When the Fermi wave vector kg is well
defined, the oscillations with weak nonmagnetic disorders can
be expressed as [47] J(r) cos (2Kg - r + ¢,), where J(r) is the
magnitude with power-law decaying, r is the vector different
between different positions in real space. In discrete lattice,
the renormalized linear spin-wave Hamiltonian in Eq. (C4)
can be represented in real space in terms of Eq. (AS) via
Fourier transformation with renormalized spin-spin coupling
parameter J;;. The renormalized spin-spin coupling parameter
contains the oscillating factor cos [2kg(r; — r;)] between dif-
ferent sites. However, in realistic systems, the Fermi surface
is typically not perfectly nested and thus the oscillation in
Jiz is not with a fixed 2kg period, but instead, it displays
a rather complicated pattern. We therefore approximate the
disorder-induced phase shift via

Jii —> Jiir cos iy, (D1
where J;; contains the power-law decaying term and oscillat-
ing term. The disorder-dependent phase is

2 I‘I-,
Qi = —/ dsW(r),
hvg Jy,

where W (r) denotes the strength of the spatial disorder ran-
domly sampled from a uniform distribution between 0 and
Whax and the integration is along a straight path from position
r; of site i to position ry of site i’. Here vg is the Fermi velocity
and 7 is 1 in the atomic unit. The Fermi velocity in our
calculation is estimated via the derivative of the Hamiltonian
concerning its momentum around Fermi energy. Then we will
show how to discretize the disorder-dependent phase factor
from a continuum space to a discrete lattice. An example of

(D2)
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FIG. 6. Examples of disorder configurations with the maximum value W,,,x = 20 meV in an 80 x 80 lattice. The black dotted squares

show disordered patterns which have different sizes and orientations.

discretizing the phase factor is shown as Fig. 5. Every site at
the lattice has different random potential energy from zero to a
maximum potential energy Wp,x. We treat the potential energy
W (r) dominating a square range around the site r;. The total
phase factor is the summation of W (r) x ds from r; to ry. ds
is the length in the square range around the disorder site. We
generate random potential r; in lattice with different sizes and
orientations in the range of [0, Wyax]. Three kinds of disorder
configurations as examples are shown in Fig. 6.

APPENDIX E: LENGTH SCALE OF VARIATION
OF THE EMERGED LONG-RANGE COUPLING

As discussed in Appendix C, the resulting renormalized
spin-wave Hamiltonian is in Eq. (C4) with the coefficients
JA and JB including A(g) in Eq. (C8) and B(g) in Eq. (C9),
respectively. These coefficients become different with dif-
ferent scattering rates n, resulting in different long-range
couplings J; in real space.

The dispersion of the pure FeSe in Fig. 2(a) shows the
magnetic order is unstable along the g, direction. Therefore,
we can summate the contributions of J;; along the x direction
and obtain the fluctuating decaying couplings along the y
direction.

Figure 7 shows the renormalized spin-spin interaction J
at long distances with different =1 and 7 meV for FeSe
as an example. The coupling is suppressed at long range

FIG. 7. Renormalized spin-spin interaction J along y direction
at the range from 10ay to 70ay with scattering rate 1 and 7 meV.
J is oscillating decaying. The two different lines across this range
that show the long-range coupling is suppressed when the disorder is
stronger.

and enhanced at short range with increasing damping energy.
Since lines with different  would | cross with each other, we
can define a length scale A% as 8J(r, )/3n|,_,s = 0. Such
a length scale can be estimated from the plot with an error bar.

APPENDIX F: MORE DEMONSTRATION
OF THE REKINDLED FAILED-ORDER MECHANISM

To verify the general “rekindled failed-order” mechanism,
we provide here two more rather generic examples: (1) a
one-band model on a square lattice with local spin-fermion
coupling, and (2) a decorated square lattice with nonlocal
spin-fermion coupling, to demonstrate the generality of our
proposal. All the examples display similar (a) strong itinerant
carrier-induced long-range fluctuation, (b) formation of the
failed-order state, and (c) the emergence of long-range order
upon suppression of the range of coherence of the itinerant
carriers, as the robust consequence of the underlying generic
physical effect mentioned in the paper. Example (1) can be
viewed as the example of one-band spin-fermion model, and
(2) is similar to the cuprate system that belongs to doped
charge transfer insulators.

1. One-band spin-fermion model

We construct a translational symmetric two-dimensional
one-band Hamiltonian for the itinerant carriers with the near-
est neighboring t = —0.2 eV by treating the out-of-plane
terms small. Here, we choose the filling factor 0.9 near the
half-filling case. The Neel AFM state is the reference mag-
netic ordered state with the parameter J =2 meV for the
nearest neighbors of the local moments for S = 1. The Hamil-
tonian of the coupling between the local moments and the
itinerant carriers is the same with Eq. (C2), and the parameter
is Jg = 0.6 eV. We use the method mentioned above in Ap-
pendix C to integrate out the carriers and obtain the magnetic
susceptibility of a failed-order state shown in Fig. 8(a). A
discrete 500 x 500 momentum mesh and a 100-meV thermal
broadening are used to ensure a good convergence.

As shown in Fig. 8(a), the obtained magnetic susceptibil-
ity displays no positive-energy excitation in the vicinity of
(7, ) and (0,0) indicating the assumed AFM ordered state
is unstable. Since the carrier-induced long-range fluctuation
overwhelms the correlation at long range, the local moments
are unstable to establish long-range order at zero-temperature
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FIG. 8. Emergence of long-range magnetic order via the intro-
duction of disorder to a failed-ordered metal with large magnetic
moments. Magnetic susceptibility is shown here as a measure of
the stability of the preferred ordered state. (a) In the clean system
(Wiax = 0) imaginary (shown as negative) frequency appears near
(r, ) and (0,0), indicating the (r, ) AFM order is unstable due to
carrier-induced fluctuation at long range. (b) Introduction of disorder
with W.x = 3 meV weakens the fluctuation, allowing the correlation
to extend to a longer range. (¢c) By Wp.x = 6 meV, all excitation
energies become positive, indicating the correlation is now long
range and the preferred (;r, ) magnetic order is a stable phase. That
is, the electronic long-range order is induced by the introduction of
chemical disorder.

limit. When increasing disorder strength, for example at
Wiax = 3 meV [Fig. 8(b)], the momentum region without
positive frequency is reduced which indicates an increase of
the ordering length scale. At Wy,x = 6 meV [Fig. 8(c)], the
magnon spectrum shows well-defined positive frequency in
the entire momentum space, indicating that the proposed Neel
(r, w) AFM order is a stable state of the system!

2. Doped charge transfer insulator

For doped charge transfer insulators like cuprate, an ef-
fective spin-fermion model can be derived from a multiband
Hubbard model via integrating out the high-energy physics
[52]. The effective spin-fermion model in cuprates contains
two different orbitals for itinerant carriers residing on O and
the local spins at Cu. Different from the previous examples
mentioned above, the couplings between itinerant carriers and
local moments are nonlocal. For simplicity, we consider the
coupling between local moments and itinerant carriers as

H' = % Z S; - c_}mvavu’cjmv’s (F1)
ijmvy’
where the local moments are at the copper site i and itinerant
carriers are located at the oxygen j. In this case, the carriers
are not renormalized by the AFM order state if the spins lack
quantum fluctuations.
Using the same method discussed in Appendix C, we can
derive the itinerant carrier-induced spin-spin couplings in real
space:

]&ZZ_JFZ

fi(ky) — fr(ky)

> coslritky — ke ) —Er k)

iki koLl

k m k ,m %
Zcos (%)UAT(kl)Ui,ﬁkz)

where N denotes the number of discrete momenta of
the system. When m =1 or 2, the momentum k only

2

x ., (F2)

(@) Wingx =0V |(0) Wingx = 0.07 eV [(¢) Winax = 0.14 €V

/\ /N

Energy (eV)

0.0) @0 wm 00 @) wn 00 ®0) @n 00

N

FIG. 9. Emergence of long-range magnetic order via the intro-
duction of disorder to a failed-ordered metal with large magnetic
moments. Magnetic susceptibility is shown here as a measure of
the stability of the preferred ordered state. (a) In the clean system
(Wmax = 0) imaginary (shown as negative) frequency appears near
(r, ) and (0,0) as magnified in the inset, indicating the (;r, 7) AFM
order is unstable due to carrier-induced fluctuation at long range.
(b) Introduction of disorder with W,,,x = 0.07 eV weakens the fluc-
tuation, allowing the correlation to extend to a longer range. (c) By
Wiax = 0.14 eV, all excitation energies become positive, indicating
the correlation is now long range and the preferred (7, 7) magnetic
order is a stable phase.

have the x or y component. The total contribution Jy; contains
the bare coupling of the local moments Jy; and the long-range
fluctuations J§..

Having these necessary methods, we construct a trans-
lational symmetric two-dimensional two-band cupratelike
Hamiltonian for the itinerant carriers with the nearest-
neighboring hopping |f;| =1eV and the next-nearest-
neighboring hopping |f;| = 0.8 eV by treating the out-of-
plane terms small. 15% hole doping is chosen in this case.
The AFM ordered state with parameters J = 0.93 eV for the
nearest neighbors of the local moments. The AFM coupling
between local moments and itinerant carriers is Jg = 0.5 eV.
The magnitude of spin is S = 1. A discrete 300 x 300 mo-
mentum mesh and a 100-meV thermal broadening are used
to ensure a good convergence. Using the methods including
integrating out the carriers, linear spin-wave theory, and the
introduction of disorder mentioned above, we can obtain the
magnetic susceptibility with and without disorder.

As shown in Fig. 9(a), the obtained magnetic susceptibil-
ity displays no positive-energy excitation in the vicinity of
(m, ) and (0,0) indicating the assumed AFM ordered state
is unstable. Since the carrier-induced long-range fluctuation
overwhelms the correlation at long range, the local moments
are unstable to establish long-range order at zero-temperature
limit. When increasing disorder strength, for example at
Wiax = 0.07 eV [Fig. 9(b)], the momentum region without
positive frequency is reduced which indicates an increase of
the ordering length scale. At Wy.x = 0.14 eV [Fig. 9(c)], the
magnon spectrum shows well-defined positive frequency in
the entire momentum space, indicating that the proposed Neel
(m, m) AFM order is a stable state of the system!

In reality, the indications that AFM order could emerge
from unordered systems also have been found in hole-doped
cuprates via Zn substitution of Cu, as measured by muon
spin resonance («SR) [21] and neutron scattering experiments
[20,22,23]. A strong electronic order can emerge from the
failed-order state via the introduction of disorder, and the
results are generic.
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