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In this article, we explore conditions of continuous emergent symmetries in gapless states, either as topological
quantum critical points (TQCPs) or a stable phase with protecting symmetries and connections to smooth
deformations of the gapped states around. For a wide class of gapless states that can be associated with fully
isolated scale-invariant fixed points, we illustrate that there shall be emergent continuous symmetries that are
directly related to smooth deformations of gapped states with symmetries lower than the protecting ones G,.
A short-distance invariance of gapped states under deformations can descend to be an emergent continuous
symmetry when approaching the gapless limit. Around one TQCP with G, = ZI' symmetry, we construct these
deformations explicitly and show emergence of symmetries via fully gapped quaternion superconducting states
that break the protecting symmetry G, = Z7 . For a 3D TQCP in DIII classes with G, = ZI, Ugy = U(1), and
Ny = % fermions but without charge U (1) symmetry, we further explicitly construct a corresponding boundary
representation based on a 4D topological state with lattice symmetry H = Z x U(1) and Ny = 1 fermions.
The lattice model is shown to be dual to a conventional 4D topological insulator. Although emergent continuous
symmetries appear to be robust at weakly interacting TQCPs, we further show the breakdown of such one-to-one
correspondence between deformations of gapped states and emergent continuous symmetries when gapless states
become strongly interacting. In a strongly interacting limit, gapless states can be represented by a smooth
manifold of conformal-field-theory fixed points rather than a fully isolated one. A smooth manifold of strong
coupling fixed points hinders emergence of a continuous emergent symmetry in the strongly interacting gapless
limit, as deformations no longer leave a gapless state or a TQCP invariant, unlike in the more conventional weakly
interacting case. This typically reduces continuous emergent symmetries to a discrete symmetry originating from

duality transformations under the protection symmetry G,,.
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I. INTRODUCTION

Recently, there have been quite fascinating discussions on
gapless topological states [1-15]. Unlike gapped topologi-
cal states, a subject on remarkable progress had been made
during the last decade or so, and become reasonably well
understood [16-31], gapless states remain to be a subject of
intensive research, especially when it comes to their general
structures. In our view, there are a few major challenges
when topological gapless states are concerned. One has been
that the gapless low-energy sector is much richer in terms
of excitations compared to fully gapped states. So for in-
stance, the topological entanglement entropy and topological
degeneracy that are commonly used as nonlocal topological
order of gapped phases cannot be clearly defined [32,33],
at least not possible without major modifications. The other
challenge, which is a closely related one but more from
practical observation points of view is that surface states
as hallmark signatures of most topological states, especially
symmetry-protected ones, typically become faded away when
gaps shrink to zero and surface states in many cases can no
longer be well isolated from the gapless bulks. This standard
paradigm, however, can be violated in some critical states.
Recent studies concentrated on one dimensions have iden-
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tified a few examples of surprising edge modes in gapless
conformal-field-theory states [2,3,6,8].

Perhaps the one very surprising aspect of gapless states,
say as quantum critical ones, is that their symmetries can
be much higher than gapped topological phases in the close
proximity with protection symmetry G,. Here we use the
subscript in G, to refer to the protecting symmetry of topo-
logical states. Topological quantum critical points (TQCPs)
separating topologically different phases with protection sym-
metry G, can further process emergent symmetries, which
had been widely observed. Existence of these TQCPs solely
rely on surrounding gapped topological phases protected by
symmetry G, and are well defined only when symmetry G,
is present. In fact, the presence of protecting symmetry G,
is a necessary condition for these TQCPs although it is not
sufficient.

Furthermore, generally we believe these emergent symme-
tries lead to t’Hooft anomalies when we further impose them
locally or gauge them. In very broad classes of studies, one
can show that the t’Hooft anomalies in d-dimension gapless
systems with emergent symmetries can be related to diffi-
culties of gauging d-dimension surfaces or boundaries of a
(d + 1)-dimension topological bulk. This feature of topolog-
ical matter had been utilized to classify quantum anomalies
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in quantum gauge field theories [34-37]. All these appear
naturally in the context of effective field theories (EFT), al-
though at the moment it is not entirely clear what happens at a
more microscopic level or at intermediate or ultraviolet scales
where simple EFTs may not be adequate.

If gapless states are in a stable phase protected by a symme-
try group G, they shall be represented by infrared stable fixed
points with the protection symmetry G,. Even such gapless
states usually have higher emergent symmetries in addition
to protecting symmetry G,. As far as they are not gapped by
breaking the protecting symmetry G,, there appears a robust
infrared emergent symmetry group, even robust again weak
interactions, at least in the infrared limit.

While many observations had been made on emergent
symmetries and generalized emergent symmetries have even
applied to classify gapless phases, a few important questions
appear to have not been answered so far.

Question a. One is to what extent one can adopt the concept
or the paradigm of emergent symmetries for discussions of
physical phenomena or measurables? Can one actually di-
rectly probe such emergence in measurements? Answer to this
question remains largely unknown although there are limited
evidences pointing a positive answer.

Question b. The other general question is the origin of these
puzzling emergent symmetries; why they usually show up at
TQCPs in topological states with protecting symmetries but
not in most conventional order-disorder transitions or where
they are from, how they are related to gapped state properties,
and how they look like at a more microscopic level or in lattice
models. We are not aware of intensive discussions on this
general aspect but believe it is important enough to deserve
more efforts to have clear understanding and offer transparent
and intuitive answers. Specifically, we are interested in under-
standing emergent continuous symmetries in high dimensions
and whether and how they can be related to deformations of
gapped phases around TQCPs.

Question c. The third important question is perhaps how
robust emergent symmetries in gapless states are and to what
extent they depend on weak or strong interactions and types
of fixed points that are involved at TQCPs.

This article is devoted to partially answering the sec-
ond and third questions above with emphases on smooth
deformations of ground states, how deformations look like
in the surface-state representation of a (d + 1)-dimension
lattice model, and the roles of strong interactions. The phe-
nomenological picture emerging from our studies bridges a
gap between microscopic wavefunctions, lattice models, and
EFTs, and between weakly interacting limits and strongly
interacting ones. Although most quantitative analyses will be
carried out in the context of DIII class states of topological
superfluids that we have been working on quite intensively
during the last few years, the main phenomenology and ap-
proach appear to be general enough to be applicable to other
symmetry-protected topological states.

The main conclusion is that it is G,, the protecting sym-
metry itself, which is always required for defining topological
states, makes gapless TQCPs more symmetric than they ought
to be. Same shall even be applicable to symmetry-protected
gapless phases. By contrast, generic order-disordered phases
are much more robust against variations of G, the symme-

try group of interaction Hamiltonians and condensation itself
can often occur disregarding symmetry groups although the
Wilson-Fisher universality does crucially depend on symme-
try groups G.

The article is organized as follows. In Sec. II, we make
a few general remarks and clarifications of our approach and
issues studied in this paper. In Sec. III, we discuss possibilities
of deforming gapped symmetry-protected topological (SPT)
states by lowering or breaking the protecting symmetry group
G, so to smoothly connect topologically distinct states. We
demonstrate that such general deformations, which shall exist,
can lead to an invariance when performing on a surrounded
gapless state and therefore result in continuous emergent sym-
metries. The sufficient condition for this to happen is that the
TQCEP is associated with an isolated scale-invariant fixed point
and is disconnected with other fixed-point states. Here, we
also contrast explicitly to what happens in an order-disorder
quantum critical point where such deformations are gener-
ically forbidden because of robustness of condensation of
bosons.

This part of discussions is presented in terms of general
topological quantum critical point phenomenology and we
strongly believe shall be applicable to many other symmetry-
protected gapless states beyond what we will focus later in
this article.

In Sec. IV, we summarize our main results on the relation
between smooth deformations and emergent continuous sym-
metries when a TQCP with protecting symmetries is either
represented by an isolated fixed point or lives in a manifold
of fixed points. We illustrate the one-to-one correspondence
in the former case while in the later case such a relation gen-
erally breaks down. In Sec. V, we show explicit deformations
in a quaternion superconductor and illustrate such deforma-
tions of wavefunctions can be applied to smoothly connect
two topologically distinct DIII class time-reversal-symmetric
topological superconducting states. We also apply the similar
idea to a gapless nodal point phase protected by a reflection
parity symmetry. In both cases, we show the explicit connec-
tion between deformations of gapped states with no protecting
symmetries and higher emergent symmetries in gapless states
H = G, x Ugy, where Ugy is the emergent symmetry in-
duced by a deformation group Up. In Sec. VI, we further treat
solid-state ground states as vacua of effective field theories
and illustrate such deformations beyond the wave-function
approach to include generic interactions between emergent
real fermion fields.

We further explicitly construct (d + 1)-dimension lattice
models with higher protecting symmetries including the emer-
gent symmetry of the gapless states, H = G, X Ugy. We
demonstrate that the surface states of (d + 1)-dimensional
topological states protected by the larger symmetry H pre-
cisely project out d-dimension gapless states or a TQCP.
The opposite surfaces represent two TQCPs with the same
protection symmetry G, and emergent symmetry Ugy = Up
and they are connected by a parity transformation. For d = 3
with Ugy, = U(1) and a TQCP in DIII class superconductors
without charge-U (1) symmetry, such a (d + 1)-dimension lat-
tice model is dual to a 4D topological insulator with charge
U(1) symmetry and its surface states form a representation
of TQCPs separating two gapped topologically distinct states
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with protecting symmetry G,. Details are presented in Ap-
pendix D.

In Sec. VII, we discuss a strongly coupling limit where a
TQCP is identified to be a fixed point in a smooth manifold of
other fixed points without protecting symmetry G,. We show
in this limit the deformations can trace out other conformal
fixed points without protecting symmetry but do not leave the
TQCP invariant. There are no continuous emergent symme-
tries unlike in the weakly interacting limit where the fixed
point is an isolated one. Instead, the gapless TQCP can only
have a discrete Z, parity symmetry. In Sec. VIII, we conclude
and discuss open questions.

Before leaving the Introduction, we also want to point out
that emergent gauge symmetries and/or gauge fields had been
previously emphasized in other beyond-Landau paradigm
quantum critical points. For instance, symmetries can emerge
at deconfined quantum critical points [38] that separate an
Néel state, which breaks SU(2) spin rotation and transla-
tional symmetries, and a valence bond solid phase, which
breaks lattice translational and rotational symmetries but with
spin-rotation symmetry unbroken. This article on the other
hand will be mainly concerned with emergent symmetries
in gapless states separating different topological states that
are invariant under the same protecting symmetry group G,
without lattice translational symmetry breaking.

II. THREE GENERAL REMARKS ON OUR APPROACH TO
EMERGENT SYMMETRIES AND BEYOND

Before starting our discussions on the subject, we would
like to make three general remarks on the method employed
in this article, the relations between our conclusions and a few
previous results, and the limitation of our current studies.

Remark one. To understand Question b raised above, the
origin of these puzzling emergent symmetries that usually
show up at TQCPs with protecting symmetries but not in
the more conventional Landau order-disorder transitions, we
find it is extremely productive to analyze the phase diagram
(or boundary) topology in the Landau paradigm and compare
it with that around the TQCPs. In the Landau paradigm,
phases with different off-diagonal long-range order cannot
be smoothly deformed into each other even when the sym-
metry group of the Hamiltonian G is lowered into a smaller
group Gs. One of the productive way to proceed is to ex-
amine whether this is still true when SPT phases separated
by TQCPs are concerned. For this purpose of probing the
phase boundary topology around a TQCP, we study the de-
formation of gapped phases around TQCPs to see if they can
be smoothly connected when the protecting symmetry G, is
explicitly broken. Here it is imperative that the deformation
group breaks the protecting symmetry G, as otherwise it can
never smoothly connect two topologically distinct SPT states. It
turns out that the distinct feature of deformable gapped states
around a TQCP plays a very important role in the emergent
symmetry—the emergent symmetry is defined by the same
group as the deformation one.

The deformation group, which allows us to smoothly con-
nect different SPT phases also plays an instrumental role in
our discussions on Question c, whether the emergent symme-
try group depends on interactions and how.

It is worth emphasizing that the deformation group itself
has to break the protecting symmetry G, in order to connect
two gapped phases separated by a TQCP, according the gen-
eral paradigm of SPT [18]. The path we are following here
towards the emergent symmetry in gapless states is partially
motivated by the deformation construction in gapped phases
in Refs. [18,21] but differs in detailed structures. And here we
only consider the deformation group generated by a local op-
erator, which we then naturally relate to a standard symmetry
group.

Remark two. In a previous study of SPT phase transitions,
emergent gauge fields such as non-Abelian deconfined fields
related to Banks-Zaks fixed points have been proposed as
effective field theories of an exotic class of TQCPs [39].
There, the authors took a top-to-bottom approach asking what
phase transitions in SPTs can be described by a class of non-
Abelian gauge fields interacting with fermions if TQCPs are
deconfined critical points.

The current article is mainly concerned with the issue of
emergent symmetries. And we instead take a bottom-to-up
approach asking what shall be the emergent symmetries at
TQCPs in SPTs with a given protecting symmetry and a given
change of topologies. In the class of TQCPs in DIII class
topological superconductors we have investigated, because of
the t’Hooft anomalies, we also illustrate that there can be no
emergent gauge fields at TQCPs. So these TQCPs studied in
this article do not belong to the universality classes proposed
in Ref. [39].

In this article, we are mainly focused on a fundamental
representation of TQCPs within SPT states protected by sym-
metry G, unique and generic for quantum phase transitions
with a minimum change in topological invariants that itself
is set by the symmetry G,. In general, we find the emergent
symmetry as a group shall be a function of both protecting
symmetries and changes of topological invariants and so there
can also be emergent gauge fields. The general conditions of
(a) when there shall be emergent gauge fields and (b) what
kinds of gauge fields shall emerge, given (i) the protecting G,
and (ii) a specific change of global topologies are a fascinating
question we do not have an answer yet and perhaps shall be
more thoroughly studied in the future.

Remark three. Some transitions in SPT in low dimen-
sions can also be mapped into transitions involving symmetry
breaking via a nonlocal transformation such as Jordan-Wigner
transformation [26]. Recent studies in connections to quantum
information even suggest that one can obtain a topologically
ordered (TO) state from a SPT by following a measurement
protocol, which effectively performs a nonlocal Kramer-
Wannier transformation [40].

If one further includes nonlocal transformation, it becomes
more challenging to clearly define phase boundaries between
different quantum matter and/or TQCPs, than in a more
standard framework where we usually restrict ourselves to
local unitary transformations or local deformations. We do not
have definitive answers to fermionic TQCPs in the presence
of nonlocal deformations, especially in high dimensions, but
speculate that to discuss emergent symmetries near TQCPs
at that general level, one needs to carefully take into account
higher form symmetries of fermions (also see discussions in
Conclusions), which is beyond the scope of the current article.
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But this is definitely a very fascinating issue to pursue in the
future: How to identify high form emergent symmetries near
fermionic TQCPs?

However, if we just take a specific one-dimensional exam-
ple in Ref. [26] where a mapping between the single quantum
Ising chain and a BDI class superconducting chain had been
established, then we can explicitly show that the TQCP in
the BDI class in the single chain limit does not exhibit a
continuous emergent symmetry. That is consistent with the
usual identification of a Z, emergent O-form symmetry at a
quantum critical point in a 1D Ising spin chain, due to duality.
As our studies mainly explore a relation between continuous
deformation groups of gapped states and continuous emergent
symmetries appearing at TQCPs, our approach in this case
only states that if there are emergent symmetries, they have
to be discrete ones, which is fully consistent with the single
chain Ising model and related BDI class physics.

Finally, let me emphasize that all the discussions of emer-
gent symmetries in this article are related to fixed points
and the infrared physics indicated by these fixed points. The
emergent symmetries can be broken when moving away from
the fixed points but only in a quite subtle way. In general,
irrelevant operators do lower the emergent symmetry if the
energy scale is increased but the emergent symmetry shall
remain in the IR limit as an asymptotic symmetry. What is
demonstrated in this paper is that there are TQCPs with strong
interactions where the emergent symmetry in the IR limit is
distinctly different from that at an isolated fixed point.

III. EMERGENT CONTINUOUS SYMMETRIES AND
SURROUNDING GAPPED STATES WITHOUT
PROTECTING SYMMETRIES

In this section, we will connect infrared emergent sym-
metries in a gapless state to an ultraviolet invariance of
the ground-state wavefunctions of surrounding gapped states
without protecting symmetries when a symmetry transforma-
tion is carried out in these states. Our discussions on this
connection will be focused on two different but related general
aspects of the phenomena.

(A) Paths of continuous deformation of symmetry protect-
ing topological states into surrounding gapped states without
protecting symmetries can naturally lead to continuous emer-
gent symmetries in gapless states as generically these paths
or corresponding transformations can be contractable when
acting on a gapless state. Existence of such paths, without
encountering a line of critical points, on the other hand, is
always suggested or generally granted by the symmetry pro-
tecting nature of topological states.

(B) Conversely, the emergent symmetries and correspond-
ing transformations in the gapless state always imply an
ultraviolet invariance of surrounding gapped states when per-
forming the same transformations. Furthermore, the local
operators in these gapped states that are nonscale invariant,
nevertheless, shall all have the same scaling dimensions at
short distances and are in the same universality class as the
gapless state. And they naturally belong to the same phase
from the scaling points of view. Paths of gapped states traced
out by the transformations cannot cross a line of critical

FIG. 1. (a) Deformations of gapped states around a gapless
TQCP with protection symmetry G,. Only the horizontal axis M|
is protected by G, but the rest of the plane where M, breaks the
symmetry G, has a lower symmetry. Smooth deformations Up(A)
along the upper half of the dashed oval connects two topologically
distinct gapped states 70, T'1 (light blue dots) located along the
horizontal axis M;. The lower half of the dashed oval describes a
deformation Up,(A) induced when applying G, to Up(}), or Up, =
UG"p1 (A)UDUGP(A). Up together with Up, trace out a closed loop
(dashed oval) around the TQCP leading to an emergent symmetry at
the TQCP. (b) Loop (dashed oval) traced out by smooth deformations
of gapped states around a stable gapless state (red dot in the center)
protected by a symmetry G,. Symmetry G, is only present along the
third axis perpendicular to M,-M, plane (the arrowed axis from the
red dot in the center) where gapless states form a stable phase. The
3D volume away from the arrowed axis breaks the symmetry of G,
and states are fully gapped except along the center arrowed axis.

points, which otherwise would lead to different scaling be-
haviors.

A. Topological states with protecting symmetries and adiabatic
deformation without protecting symmetries

We start with the aspect A and focus on gapped states
next to a gapless state of interest. Although the discussions
can be easily generalized to a gapless phase, for simplicity
of our discussions, we assume the gapless state is quantum
critical and represents a topological quantum critical point
(TQCP). A TQCP separates two topologically distinct phases
with protecting symmetries G,. We can introduce an axis of
mass operators with protecting symmetries G, and TQCP is
an isolated point along the axis of G, with the mass set to be
zero (see Fig. 1).

The gapped topological ground state is invariant under
H = G, and so has a nondegenerate manifold M, = G,/H =
1. It is critical that in our discussions, M, is the same on two
sides of a TQCP; i.e., two phases only differ by topologies not
in terms of the standard symmetries H.

As a side note, let us mention that G, in general can
be different from G, the symmetry group of the underlying
interacting Hamiltonian. For instance, for a topological in-
sulator of time-reversal invariance, G, = ZzT X U(1), in this
case, G, = G without conventional symmetry breaking and
M, = 1. However, when applying to time-reversal topolog-
ical superfluids in DIII class states, G, = Z7 without U(1)
symmetry but G = Z! x U(1). The spontaneous symmetry
breaking leads to M, = G/H where H = G, =Z; is the
invariant group of the ground state. In this convention, M, =
U (1). In our later discussions, we follow the notion used in the
community of topological matter by working with the protect-
ing symmetry G, directly, and M, = G,/H rather than with
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G and the difference between these two presentations does not
play a role in our discussions on topology.

We start with a gapped topological state |Wrq) with pro-
tecting symmetries G,. The topological phase is well defined
only when G, symmetry is present in the system. However, if
we allow deformations via local unitary transformations into
states without G,, then symmetry protection is absent and the
initial state |\Wro) can always be smoothly connected to trivial
states or other topologically distinct states on the other side
of TQCPs via these deformations. Let us name the final state
|W71). The unitary transformation that connects them can be
specified as

[Wry) = Up(r € [0, 1) Wro),
[Wro) = |Wraz0), [W71) = [Wriz1). (1

The deformation or transformation Up(A) traces out a path of
states C that connects the initial |Wrq) to the final state |Wr )
when A varies continuously from zero to one.

For our purposes of discussions later, we restrict ourself
to unitary transformation induced by by an operator of the
form ), O(r) where O(r) is local, the correlation functions
of local operators shall be invariant under such deformation.
That is if

[O@), O] =0

the states traced out by U shall be correlated in the same way.

This indicates two important features of the deformation.
First, all the states including |W7) are short-ranged correlated
or fully gapped just as the initial state |\Wr¢). The path traced
out by U(A € [0, 1]) cannot cross a line of critical points
where states are fully scale and conformal symmetric.

Second, some of the states along path C (excluding the
initial and final), if not all the states, must not have the
protecting symmetry G,. Otherwise, a path induced by Up,
fully protected by symmetry G,, shall remain entirely in a
given gapped topological phase and cannot connect states
in two topologically distinct phases. And C cannot cross a
TQCP as local unitary transformations preserve short-range
correlations.

As below we are mainly interested in the case of DIII class
states with time-reversal symmetry, we will focus the case
when G, = ZJ. Since states along C are not invariant under
protecting symmetry group G, and all are fully gapped, let us
assume that C transforms into C, under the action of G, or
Ug,- The corresponding antiunitary transformation to produce
such a path is

Up«(2) = Ug,Up()UgG",  x €0, 1]. 3)

ifr #1r 2)

We further notice that the gapped topological states
|Wro.r1) shall be invariant under the group of protecting sym-
metry UG,,,

Us,Wror1) = [Wror1)- 4)

Equation (4) together with Eq. (1) indicates that at A =
0,1,

Ug,Up(h = DUG! = Up(r = 1), (5)

Ug,Up(h = 0)Ug, = Up(r = 0), ©)

while at A # 0, 1, the above equalities do not hold.

Putting all the considerations together, we then conclude
that there shall be continuous deformation given by a closed
path C + C, that precisely encloses the gapless state in the
Hilbert space. The corresponding transformation is defined as
U €[0,2]),

oo e o - [0P0) el
prel0 D=1 0 ) e

where Up(0) = Up,(0) and Up(A = 1) = Up.(A = 1) follow-
ing Eq. (6).

To summarize, we find that since two gapped states belong-
ing to two different topological phases can be deformed into
each other without encountering a line of critical points when
the protecting symmetry G, is explicitly broken, there shall
be a closed path Cr = C + C, connecting the two states. The
path traces out gapped states without protecting symmetries
but with two point (A = 0, 1) along the path held fixed in two
topological phases with protecting symmetry G, (see Fig. 1).

The size of the path Cr can be adjusted by choosing |Wr¢)
or |Wr). This is effectively to set the mass gap under defor-
mations. The key point is that as the path encloses a TQCP, it
is not contractable unless it shrinks into the TQCP, the gapless
limit. And as the local unitary transformation leads to the
same scaling property of correlations, local operators in all
the states along the path shall have the same universal scaling
dimension. This also implies that all gapped states remain
invariant in an ultraviolet limit under the transformation of
Up(R).

This shall be the same universal scaling dimension appear-
ing at the TQCP. By choosing |Wrg 1) to be very close to a
TQCEP, the close path has to shrink toward the TQCP. All the
universal structures in gapped states along the path eventu-
ally descend down to the infrared limit when states turn into
gapless and critical. Specifically, the unitary transformations
along the path Cr can now directly act on a TQCP if the loop
of Cy shrinks down to zero size.

If the TQCP is the only gapless state with long-range
correlations surrounded by fully gapped states (without the
protecting symmetries), the transformations have to leave the
TQCP invariant as the local transformation cannot turn it into
gapped states. Hence under such an assumption, we have
established a firm relation between the closed deformation
paths tracing out gapped states in the absence of the protecting
symmetries G, and emergent symmetries at a gapless TQCP.
This simple observation turns out to point to an origin of
emergent symmetries that we have frequently encountered in
many gapless states related to symmetric protected topologi-
cal phases.

Before leaving this subsection, we emphasize that the
the equivalence between the above smooth deformations
of gapped states without protection symmetries G,, and
emergent continuous symmetries in a TQCP separating
symmetry-protected topologically distinct phases, relies cru-
cially on the isolation of the fixed point, i.e., the TQCP is
represented by a completely isolated fixed point. An example
of such is a free-fermion fixed point, which is applicable to
all TQCPs in symmetry-protected topological phases in the
tenfold-way classification [16,17]. In high dimensions, the
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free fermion fixed point is further infrared stable in terms of
interactions.

However, the one-to-one correspondence between smooth
continuous deformations of gapped states and emergent sym-
metries in the gapless TQCP would break down if there were
a smooth manifold of fixed points to which a TQCP with
protecting symmetry belongs to. In that case, the unitary trans-
formations could simply lead to deformations of a TQCP, or
a fixed point with symmetry G, into other fixed points in the
manifold typically with lower symmetries rather than leaving
the TQCP invariant. Later on in Sec. VII, we will illustrate
that this indeed happens if the gapless TQCP is not isolated
and there are a family of infrared stable strongly coupling
conformal fixed points that can be traced out by continuous
deformations.

Another way to put this sufficient condition for emergent
continuous symmetries is that the gapless state at TOQCP has
to be a singlet under the action of deformations Up. And if the
scale-invariant fixed point for the TQCP is a fully isolated one
even when the protecting symmetry is lowered, then this is
sufficient to keep the gapless state being symmetric under the
deformations. However, if the fixed point belongs to a larger
smooth manifold of fixed points, then the deformations will
trace out a path of scale-invariant fixed points in the smooth
manifold with lower symmetries.

B. Implications of emergent IR symmetries on UV invariance
in gapped states without protecting symmetries

In the previous subsection, we have illustrated how smooth
deformations among gapped states without protecting sym-
metries that generally have to exist can be applied to connect
two topologically distinct symmetry-protected states. And the
local transformations or smooth deformations eventually re-
sult in emergent symmetries at a TQCP or in gapless states. In
this subsection, we take a look at the issue with an opposite
view and ask what can or have to happen when the uni-
tary transformations Up(A), A € [0, 2] that leave the gapless
states invariant and define the emergent continuous symmetry
groups Ugy are applied to a gapped topological state |Wro).
The scenario is fully consistent with the discussions presented
in the previous section. That is, a symmetry-protected topo-
logical state has to be smoothly connected to a topologically
distinct state in another phase under the protection of same
symmetry group G, without crossing a line of critical point.
The gapped states traced out under Up(A) or by the deforma-
tion path Cy have to break the protection symmetry G,.

First of all, a generic element in group Up(X) does not leave
|Wro) invariant as Up represents an emergent symmetry in
gapless states rather than a lattice symmetry applicable to all
gapped states with protecting symmetry G,,. So, it has to trace
out a path along which all gapped states have the same corre-
lations. But if such a path defined by Up were entirely within
a single-gapped topological phase with protection symmetry
G, centered around a fully gapped state, then when the |W7o)
approaches the center, the path shrinks and eventually falls
on the gapped state. This would again leave a gapped state
invariant or result in an unexpected emergent symmetry. So
without introducing a gapped-state emergent symmetry, the
path can only center around the gapless state or the TQCP

and then has to connect two topologically distinct states with
protecting symmetry G,,.

This is only possible if (a) Up(A) transforms nontrivially
under G, or noninvariant under G, and (b) states traced out
are without protecting symmetries so that the path Cr breaks
the protecting symmetry G,. For instance, if (a) were not
true, Up(A) leaves all states with protecting symmetry G, and
hence all in the same topological phase as |Wr¢). This again
is inconsistent with the observation of a smooth connection
between two topologically distinct states by Up(X) centered
around a TQCP.

Such a path traced out by local unitary transformation
cannot cross a line of critical points of Wilson-Fisher type
as all states along the path are gapped. (a) and (b) basically
indicate that there shall be a smooth deformation between
topological states through gapped states without protection
symmetry G,. And topological states are stable only when the
protection symmetry G, is unbroken.

Moreover, emergent symmetries and corresponding trans-
formations in the gapless state always imply an ultraviolet
invariance of surrounding gapped states. All the local op-
erators in these gapped states shall have the same scaling
dimensions in the short distance and naturally belong to the
same phase from the scaling points of view.

This was also the starting point of the previous section. So
now we have established an equivalence between smoothly
deforming a symmetry-protected topological state into a topo-
logically distinct one when the protecting symmetry is broken
or relaxed and an emergent continuous symmetry at a TQCP.

In the next two subsections, we will discuss why such
emergent symmetries do not usually appear in the standard
Landau paradigm of order-disorder transitions and generalize
the emergent symmetry concept to symmetry-protected gap-
less phases, which are infrared stable, unlike a TQCP.

C. Distinction between TQCPs and QCPs in the standard
Landau paradigm

In the standard Landau paradigm, a ground state can be
invariant under group H. H could be a subgroup of the sym-
metry group of the interactions G or H C G. The coset of
H is M, = G/H that defines the ground-state manifold. In
maximally disordered states, H = G, then M, has only one
element and the ground state is nondegenerate. However, in
a maximally ordered state, H = I because of spontaneous
symmetry breaking and its coset is just G itself (see Fig. 2).

In many realistic applications, quantum critical fields are
also invariant under H = G just like in disordered states. So
the gapless ground-state manifold M, = G/G is nondegener-
ate represented by a Wilson-Fisher fixed point with space-time
scale-conformal symmetry. In the general cases, M, = G/H
with H C G. Broadly speaking, the symmetry group at QCPs,
H is lower or at mostly equal to G. In situations of multicriti-
cality, H can be enhanced beyond G but those are not generic
from the point of view of quantum criticality and we will not
elaborate here.

In order to make a connection to TQCPs discussed in the
previous section, we now ask what can happen if we lower
the symmetry G by adding symmetry breaking interactions.
Let us assume that the symmetry group becomes Gs C G
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H=Gp E H=Gp
(a) No TQCP N'o
H=G H H=Gs
@
(b) Disord. QCP Ord.

FIG. 2. (a) Symmetries in two gapped topological phases with
different topological invariants N,,, N, and at a typical TQCP where
a topological phase transition occurs. The gapped phases are pro-
tected by symmetry G, which is also the symmetry of the ground
states. H = G, X Ugy and the symmetry at the gapless TQCP is
higher than G, because of emergent symmetries, i.e., G, C H.
(b) Near an ordered-disordered phase transition. symmetries in dis-
ordered and ordered phases are G and Gs C G respectively. At a
generic gapless QCP, the symmetry group H is equal to G, but not
higher (G shall also be the symmetry of interactions).

where the subscript S implies a smaller symmetry group. The
question we are going to address is: Can we now smoothly
and continuously deform a disordered noncritical state |\Wj)
into an order one |\W|) on the other side of a QCP defined by
the symmetry group G via taking the initial state across the
Hilbert space with a lower symmetry Gg?

If we restrict to our deformation to transformations out of
local unitary operations, then generally this is forbidden by
the principle of spontaneous symmetry breaking. Consider a
global unitary transformation Up(A), which is again generated
by a local operator O(R) via ) _p O(R). For measurable phys-
ical operators F (r), we can define the following correlations:

Co(ry —rp) = (WolF (r))F (r2)| Vo), ®)

Ci(ry — ) = (W |[F(r)F (r2)|¥y). 9)

If there existed a unitary transformation so that |W;) =
U (A = 1)|Wy), then C; has to be related to Cy via

Ci(r; —ry) = Co(r; — 1) = (Wo|F (1)) F ()| W),
Fo)=UXx=DF@®U'(x=1), (10)

where one can show that F(r) is also a local operator if U
are local unitary transformations. Furthermore, for the partic-
ular deformations studied below, the correlation length is also
conserved. They can be further generalized to the ones without
preserving correlations, similar to what had been proposed in
Ref. [21].

Following the principle of the operator-product-expansion,
in the UV limit when r; — r, — 0, all products of these local
operators can be expanded linearly in terms of a set of local
operators of given scaling dimensions. This implies that

Ci(r = 0)=Co(r = 0) ~ Co(r = 0) ~ D
where np is defined as the scaling dimension of the local
operator F' and d,, is the scaling dimension of a local primary
operator in the conformal field theory that dominates the ul-
traviolet dynamics.

However, in the infrared limit, near a generic QCP, cor-
relations of local operators such as F(r) on two sides of a
QCP shall exhibit distinctly different properties because of

]/'277F _d[)

the presence (absence) of long-range orders in the ordered
(disordered) phase. At large distances, Cyp ; are controlled by
different infrared stable fixed points. One breaks the symme-
try group G down to H C G and the other one is symmetric
under the action of G. Equation (10) on the other hand implies
an equivalence of correlations in states |V ) as far as the
long-range order is concerned. And it cannot be valid near a
QCP.

The absence of such smooth deformations around a QCP
that connect two states in two different phases of the sym-
metry group G suggests that a disordered state can only be
deformed into another disordered state, but not to a state in
the ordered phase. In addition, paths traced out by the unitary
transformations shall be bounded a critical line or a hyper-
surface of Wilson-Fisher critical points where long-ranged
correlations appear. This in turn indicates that a gapless QCP
under symmetry group G shall be naturally extended into
gapless critical states with lower symmetries such as Gg so
that deformations across QCPs are strictly forbidden even
when the symmetry G is relaxed.

In the Appendix A, we will illustrate this in a concrete
model. We show that no continuous symmetry such as Up
symmetry shall emerge at a generic QCP if the symmetry
group G is either partially broken explicitly or lowered into
a smaller symmetry group G. Here, we use partially broken
to refer to breaking a specific subgroup symmetry. We exam-
ine two simple symmetry groups: either G = U(1) x ZI or
G=250Z.

The important conclusion is although universality classes
of QCPs crucially depend on symmetry group G (as well
as dimensionalities), the presence of QCPs in the context of
order-disordered transitions is very robust and persists even
when a symmetry group G is partially broken or lowered
to Gs. Generically, QCPs shall form a line or hypersphere
separating order-disordered phases when symmetry groups
are varied. The universalities of QCPs along such a line are
usually different depend on the symmetry group at a particular
QCP. The robustness can be attributed to the general conden-
sation phenomenon that shall always occur along the line and
need no symmetry protection. This distinguishes the Landau
paradigm from TQCPs discussed below.

Let us assume that a mass operator with symmetry G, say
myg (or my), forms a one-dimensional parameter space and a
QCEP sits at m, along the symmetry axis defined by mg or
m; (see Fig. 3). When mass operators are further extended
to include operators of nonzero m, that break a subgroup
symmetry in G or lower the symmetry G to Gg, then there
are a few possible scenarios of how a QCP with symmetry G
along the axis my (or the axis m;) extends into a line of QCPs
in the plane of my — m, (or m; — my plane) etc.

One very natural one is that a QCP simple extends into an
open uncompact line of fixed points when subgroup symmetry
is broken explicitly. Second possibility is that a QCP instead
becomes a point on a compact line or a closed loop in the
plane. We show such a case in a model when the time-reversal
symmetry subgroup Z! in symmetry group G = Z, ® Z1 is
further broken when additional mass operators m, are intro-
duced.

Itis also possible that when symmetry G is broken a QCP at
a critical value m, with symmetry G becomes a crossing point
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m2 m3

FIG. 3. A conventional order-disorder QCP (red dots) with
Hamiltonian symmetry G defined along the horizontal axis [either
mp as in (a), (c), and (d) or m; in (b)]. In the rest of the plane,
the symmetry G can be either partially explicitly broken or simply
lowered to Gs C G. (a) A generic situation where a QCP along the
axis of my with symmetry G is extended into an open line (red) of
critical points into the myy-m, plane when a subgroup symmetry in
symmetry group G is further explicitly broken. (b) Another situation
where QCPs with symmetry G become a closed loop (red) of critical
points in the plane when a subgroup symmetry of the Hamiltonian
symmetry G is broken beyond the horizontal symmetry axis of m;.
In this case, there can be a second QCP along the symmetric axis. As
illustrated in Appendix A, an example of (b) is when the Z subgroup
in G =27, ® ZI along the m, axis is further broken in the m; — m,
plane when moving away from the horizontal axis of m;. In (c) and
(d) when the symmetry G is simply lowered into a smaller group
Gy in either the my-m; or my-m, plane away from the horizontal
axis of my, generically the QCP along the axis of m, with Hamil-
tonian symmetry G becomes an intersecting point of two critical
lines [see Appendix A for discussions on G = U(1) x ZI lowered
into Gs = Z, ® ZI]. In (a)~(d), smooth deformations around a QCP
(dashed oval enclosing the red dots) are strictly forbidden because of
a line or lines of critical points emitted from the QCP located along
the horizontal symmetry axis.

of two or more extended lines with lower symmetry Gs (see
Fig. 3). One such example given in the Appendix A is a model
with G = U(1) x ZI and what happens when its symmetry is
simply lowered to Gs = Z» ® Z! . At such a QCP, the ground-
state symmetry is H = G while the symmetry of the rest of
the critical line is H = Gg. (When this happens, a QCP with
symmetry H = G can alternatively be viewed as a multiple
critical point from the point view of lower symmetry QCPs
with symmetry Gs.)

In all cases that interest us, continuous deformations
around a gapless QCP with symmetry G smoothly connecting
two states on two sides of a QCP respectively are forbidden
and there will be no emergent continuous symmetries unlike
in TQCPs discussed in the next few sections.

D. Symmetry-protected gapless phases and adiabatic
deformations without protecting symmetries

Before concluding our general discussions, we briefly
comment on deformations around a gapless phase with pro-
tecting symmetries. The discussions can be carried out parallel
to what we have had on a TQCP except that the gapless states
now form a stable phase. We shall represent the phase by a

finite segment along an axis of relevant mass operators with
protecting symmetry G, rather than a point in the parameter
space (see Fig. 1). The parameter space that is perpendicular
to the chosen axis of G, or simply the axis G, breaks the
symmetry by including mass operators M, M, with lower
symmetry Gs C G, and we call the plane M;-M, perpendicu-
lar to the axis of G,,.

In order for continuous symmetries to emerge in the gap-
less phase via the mechanism of deformations, we would have
to allow that a gapped state with symmetry Gy surrounding the
gapless states along axis G, can be deformed into each other
via a closed loop. Such a loop again shall always be pierced
by the axis G,. A deformation path not pierced by G, axis
sits entirely inside the gapped phase, away from the axis of
gapless phases with symmetry G,. Again, when contracted
to the center of the path loop, the gapped state at the center
develops an emergent symmetry, which shall not be happening
as an emergent symmetry is not a lattice symmetry. So the path
has to be noncontractable in the gapped phase and can only
be contracted when it falls on the axis of G,. A closed loop
shrinks into a zero-size one only when the deformed state is
gapless.

On the other hand, the deformations induced by unitary
transformations Up in the gapped phase around the axis G,
always leave the gapless state invariant and becomes an emer-
gent continuous symmetry in the gapless limit if the gapless
phase is represented by an isolated fixed point. Just like in
the case of TQCPs, the continuous deformations in gapped
states with lower symmetry Gy around the axis G, indicates
an emergent continuous symmetry in the gapless states along
the axis of G,,.

IV. SUMMARY OF OUR MAIN RESULTS

Before we carry out detailed discussions in more concrete
models, we first summarize our main findings. Two main
questions we are going to address below are:

(i) Why are there emergent symmetries at TQCPs or in
symmetry-protected gapless phases and how they are related
to gapped phases around them?

(i) How general are these emergent symmetries and to
what extent do they, either continuous or discrete ones, depend
on fixed points involved, strong coupling or weakly interact-
ing?

Our main conclusions are:

(A) Unlike at conventional QCPs in order-disordered tran-
sitions where H the symmetry of QCP can be the same as the
symmetry of interactions G, at TQCPs with protection sym-
metry G,, the symmetry group can be H = G, X Ugy. The
emergent symmetry group Ugy, is closely related to Up(L), a
group of deformations around the gapless TQCP. If the TQCP
with protection symmetry G, is represented by a well-isolated
scale-invariant fixed point (see Fig. 4), one can show that Ugy
shall be precisely equal to Up (), the group of deformations of
gapped phases around the TQCP that smoothly connects two
topologically distinct gapped phases with protection symme-
try G,.

Such continuous deformations Up(X) when applied to a
gapped topological state can always trace out gapped states
without protecting symmetry G, or with lower symmetries as
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FIG. 4. TQCP as an isolated fixed point vs as a fixed point lo-
cated in a smooth manifold of other fixed points without protecting
symmetries. (a) A closed path (dashed oval) of deformations of
gapped state around a TQCP (red dot) with protecting symmetry G,
in the plane of M,-M,; the states along the axis of M, are symmetric
under G, but the rest of the plane breaks the protecting symmetry
G,. TO, T'1 (blue dots) are two topologically distinct states with
symmetry G,. (b) Two scenarios for a gapless TQCP (at M, , = 0);
the horizontal (1) and the vertical (2) axis are, respectively, for
interactions with and without protecting symmetry G,. The top one
is when the TQCP is an isolated infrared stable noninteracting fixed
point that has the protecting symmetry G, and the gapless state is
unique. Deformations leave it invariant. The bottom one is for the
strongly interacting limit where there can be a smooth manifold of
conformal field theory fixed points. Here a TQCP is identified with
one of two fixed points (red dots along the horizontal axis) with
protection symmetry G,. The deformations applied to a TQCP trace
out all conformal fields along the ring-like manifold that break the
protecting symmetry G, and hence do not leave the TQCP invariant.
Two fixed points on the horizontal axis are dual to each other. Dashed
lines here imply possible separatrices in renormalization flows to-
wards the ring manifold. See Sec. VII and Appendix D for details.

Up (1) breaks the protecting symmetry. The only state with
protecting symmetry G, that can be invariant under Up(}) is
the gapless state enclosed by deformed gapped states.

(B) An obvious example of a well-isolated scale-invariant
fixed point in the neighborhood of a subspace protected by
symmetry G, is an infrared stable noninteracting or weakly
interacting fixed point. The gapless state then is uniquely de-
fined and deformations will always leave it invariant. We find
an explicit form of deformations in a 3D quaternion super-
conductor where TQCPs with protecting symmetry G, = Z7
belong to the universality class of free real fermions.

(C) The one-to-one correspondence between deformations
and emergent continuous symmetries, however, breaks down
when the TQCP with protecting symmetry G, is not repre-
sented by an isolated fixed point. This can happen in strongly
interacting limits where the fixed point of the TQCP with
protecting symmetry G, locates itself in a manifold of other
strong coupling fixed points without protecting symmetries.
In this case, in addition to deformations of a gapped topo-
logical state into gapped states without protecting symmetry
Gp, Up(A) also deforms the strong coupling fixed point of
TQCP with symmetry G, into other fixed points with lower
symmetries. In fact, the manifold can be exactly traced out
by the deformations Up(A) and represents a set of conformal-

field-theory fixed points without protecting symmetries except
the ones related to TQCPs. In this case, the strong coupling
TQCP with protecting symmetry G, is no longer symmetric
under the deformation group Up(X) and does not exhibit an
emergent continuous symmetry. It can nevertheless have a dis-
crete Z, symmetry originating from a duality transformation
preserving the protecting symmetry G,.

(D) In general, continuous deformations of gapped states
around a TQCP are a necessary but not a sufficient condition
for emergent continuous symmetries. It becomes a sufficient
one only when the TQCP is an isolated fixed point.

V. GAPLESS STATES WITH EMERGENT U (1)
SYMMETRIES

So far we have argued a general relation between contin-
uous deformations Up(A) in gapped phases with symmetry
Gs(C Gp) and emergent symmetries Ugy at TQCPs or other
gapless states with protecting symmetry G,. We have illus-
trated that a gapless state can be thought as a singlet under
the action of group Up(}) if it is a well-isolated fixed point
while gapped states are usually Up(A) charged and can be
deformed by Up(i). Below we will examine these issues in
a few concrete models.

A. Symmetry-protected TQCPs with emergent U (1) symmetries

We start with 3D topological superconductors with pro-
tecting time-reversal symmetry Z7 = G,. The emergent U (1)
symmetry at a gapless TQCP in this limit was pointed out
before; the corresponding symmetry group Ug)y, is generated
by one of the six generators of Spin(4) = SU2) ® SU(2)
group [41]. In order to visualize an explicit connection to
smooth deformations of gapped states surrounding it that can
be employed to connect two topologically distinct states, we
first examine the deformations of gapped ground states in the
BCS representation. Later on we generalize it via an effective
field theory to track the deformations of its vacuum, which
captures non-mean-field physics beyond the BCS theory.

The gapped states under our considerations are of the struc-
ture of p + is,

A(k) = ioy[o - exnpy(k) + ing(K)]Ao(IK]),

nok)+m(k)=1, n,,€R. (12)
n,(K) = AF’_|k| ny(k) = Ay
P AKDT T T Ag(K)D)

where ey is a unit vector along the momentum k.

As n,, € R, states in Eq. (12) are precisely quaternion
states. An outstanding property of a quaternion state is its
pairing amplitude lives in a S* sphere. Each point of the
sphere S° defined by (exn,, ny) represents a quaternion state,
with A, ; being the p-, s-wave pairing amplitudes respectively.

Ao(k|) = /AZ]k|> + AZ shall be finite everywhere in the

momentum space for arbitrary k except when n; = 0. When
ny, = 0, A(k = 0) vanishes at k = 0.

When n, = 0, Eq. (12) describes a Z” invariant topolog-
ical superconductor in the DIII class. A finite n; breaks the
protecting time-reversal symmetry G, = Z1 and lowers it to
Gs = Zj, i.e., no symmetry. So a finite n, potentially allows
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a deformation from a gapped topological state into another
distinct one or a trivial one. We define |Agn,, Agny, () pes as
a quaternion BCS state and Agn,, Aong and p are p-wave
pairing amplitude, is-wave pairing amplitude and the chemi-
cal potential u, respectively.

To simplify our presentation, we assume a strong pairing
limit where mAIZJ > u and the one-particle dispersion €k is
very flat so that can be neglected when |k| < Ay, = A,m,
A, being the ultraviolet (UV) scale of our theory. (However,
this assumption can be easily relaxed.)

Now we introduce the following deformation operator:

D= % / dr[¥7 (0)io, W(r) — Wi (r)io, W' (r)],
Up(L) = explinAD]. (13)

Pairing at momentum (k — k) in a quaternion state only
involve five out of total sixteen possible Fock states. There
are (i) empty state or spin singlet with no particles or N = 0,
[1) = |S = 0, N = 0), (ii) spin singlet pairing states with N =
2,12) = |8 =0, N = 2), (iii) spin triplet pairing states |3), |4),
I5) €e|S=1,N=2).

We can restrict the deformation in the subspace of (|1), |2))
by the following modification of D:

D — ,PbcsDPbcsa Pbcx = 1_[ [|l><l| + |2><2|]{k,7k}
{k,—k}

(14)

where we have further listed the projection operator P to
project away non-BCS element induced by the transforma-
tions or deformations.

These deformations of a quaternion state lead to

Up(M)| Aony, Aong, ) pes = [RAn,, RARg, Rit)pes,
R = pecosAm i + Agng sin A,

R(A)Aon, = AgngcosAmr — wsin Amw,

R(A)Agn, = Agny,. (15)

Equation (15) indicates how the quaternion state can be de-
formed under the deformation transformation Up. First of all,
when ng = 0 and the state can be identified as a topological
one in the DIII class with protection symmetry G, = Z7, the
deformations lift the state to the quaternion state manifold
with nonzero n, while lowering the protecting symmetry G, =
ZI to Z,. It effectively generates a rotation in the u — Aon,
plane. Second, when p = ng = 0, the states under deforma-
tions remain to be in a submanifold of quaternion states with
ng being zero and with protecting symmetry G,. We identify
this as the gapless limit.

Third, if we apply to the case n, = 0 and the state is a triv-
ial is-wave superconductor, the deformations leave the state
in the n, = 0 quaternion submanifold. Finally, it is impera-
tive that n, under such deformations remains fully invariant
and symmetric. One can also verify that for |Wry) with a
finite-positive u and n; = 0 so that it is a gapped topological
state with protecting symmetry G, = Z7, at arbitrary A, the
deformed state Up(1)| W) remains to be fully gapped in the
quaternion manifold.

As discussed in the previous section, the topological dis-
tinct states we want to deform and smoothly connect are
[Wro,71). In the quaternion manifold, states with G, = 2T in
DIII class can be expressed as

[Wr0) = |Ao, 0, 1) pes,
[W71) = 1A0, 0, — ) pes (16)

where two states are ZzT invariant as ng = 0 and are in a
submanifold of quaternion states.

More specifically in terms of deformation Up (), following
Eq. (195),

[Wry) = Up(M)|Wro) = |Ag, = SIn AT, L COS AT )jes. (17)

In this case, among all the states along the path of A € [0, 1],
only at A =0, 1 states are ZZT invariant and n, = 0 corre-
sponding to |Wr¢ 71). The rest all break the ZI' symmetry.

The continuous deformations of Up(A € [0, 1]) without
crossing a critical line in the w — Agn, plane with lower
symmetry Gg = Z; or no symmetry therefore trace out fully
gapped quaternion states between A =0 and A =1 with-
out protecting symmetry G,. The path C defined by Up(A €
[0, 1]) smoothly connects two states |Wro 1) via lowering the
symmetry from G, to Gy as anticipated in the previous general
discussions.

If we choose the state to be at a gapless TQCP with u = 0,
then following Eq. (17) the same deformations Up(X) keep
such a state in the submanifold where n;, = u = 0 for arbitrary
A. This thus clearly leaves the gapless state of TQCP invariant
and hence leads to an emergent symmetry. That is the smooth
deformations in gapped phases without protecting symmetry
G, = ZI that connect two topologically distinct states are
precisely the same emergent symmetry group that a gapless
TQCP shall have. Because of the emergent symmetry, the gap-
less states are invariant under H = ZZT X Ugm, Uen = Up(X),
instead of G, = Z7. Let us emphasize that in superfluids the
charge U (1) is broken and the deformation group Up(A) is not
associated with the conventional charge U (1) symmetry.

B. Symmetry-protected gapless phases
with emergent symmetries

Now we turn to another example of smooth deformations,
a 3D gapless nodal phase with protecting symmetry G, = Z,
being the parity group [42-48]. The state we are considering
can be a k, + ik, chiral state in two components L, R or
oy = 1. The locations of L, R nodal points at o,k can be
physically tuned by an external magnetic field. Indeed, the
gapless state can be conveniently created by applying a large
external magnetic field along the y direction to a time-reversal
symmetric topological superconductor. So all the continuous
symmetries such as SU(2) spin rotation symmetry, charge
U (1) symmetries as well as the time-reversal symmetry are
broken because of underlying spin-orbit couplings, pair con-
densation, and external fields respectively. The only symmetry
survives in the phase is a discrete reflection symmetry P (see
below).

The external magnetic field around the y direction is further
renormalized by pairing in the topological state and can have
an effective form of ayBﬁff, B;ff = cky, proportional to the
y-component momentum k, measured from the L, R nodal

184503-10



EMERGENT SYMMETRIES AND INTERACTIONS IN HIGH ...

PHYSICAL REVIEW B 109, 184503 (2024)

points =£k,y. Note again that the underlying spin-orbit cou-
pling in topological superconductors breaks the spin rotation
symmetry, either SU (2) or U(1) subgroup symmetry.

However, a reflection through the plane of y =0, does
leave the gapless state invariant as

ky = k¢, ky—> —ky, k;,—k;,, L—R, o,— —o0,.

(18)
The last equality together k, reflection result in a desired re-
flection symmetry of the effective pseudomagnetic field B;ff,
ie., B;ff — B;ff. In fact, such gapless states are protected
by the parity symmetry associated with the reflection P, and
P2 =1.

The states are no longer gapless when the o, ; couplings
with the effective pseudofields, UaBgff, o = x,z, are also
present. These two pseudofields represent couplings between
the two nodal points L, R or o, = %1 degrees of freedom in
the nodal point phase and play the same role as a magnetic
field to a physical spin. Under the same reflections, chfg —
—chfg and so their presence explicitly break the protecting
parity symmetry G,. We can choose the following gapped
BCS state near a chiral gapless phase in an effective field Bf:

AK) = Aolky + ik, 1Trxo, B = (By, B;ff = cky,0) (19)

where the gapless phase is stable when BT = Bgff = 0 with
the protecting parity symmetry G, = Z,. With B = B, # 0,
the protecting symmetry G, is explicitly broken and states
become fully gapped.

At (k, —K) states, pairing in the nodal phases involve four
different states: (i) empty states; (ii) two two-particle pairing
states at L or R points; (iii) one four-particle states involving
two pairs at both L and R nodal points.

We can introduce the deformation operator related to the
following pseudospin operator:

D= / drwt(r)o,W(r), Up(h) = explireD], A € [0,2].

(20)
When applied to a general gapped state specified as
W) = |Ao: (BS, B, B2, @1
Up(2) further deforms the state around the B, axis while
leaving all deformed states fully gapped,

Up(MI¥) = |RAq; (RB™, RBST, RB")),

RAO = A(), RB;ff = B;ffa
RB" = B cos A + B sin A,
RBM = B cos Awr — B sin A (22)

Now we consider an initial gapped state near a nodal point
phase specified as

|Wo) = |Ao: (BS" =By, B{" = ck,, BS" =0)),  (23)
again Up(A) further deforms the state around the B, axis and
the closed path is simply defined by the circle Bfffz + Bgffz =
Bj (see Appendix B for details). Az conveniently defines the
location of (B, BE) around the circle. In Fig. 1, we have

shown a similar deformation in an M, — M, plane that is
equivalent to the BT — B plane discussed here.

The deformation path is pierced by the axis of B;ff =
B;’ff = 0 and so when we take the limit of By = 0, the defor-
mation acting on the gapless nodal phase state with arbitrary
L, R locations leave every state in the phase invariant. The
gapless phase therefore has a single emergent continuous
symmetry group defined by the deformation group Up(A).

Note that because the charge U (1) symmetry is broken in
a superconducting phase, charge is not conserved and the de-
formation symmetry discussed here shall not be confused with
the conventional U (1) symmetry. Furthermore, time-reversal
topological superconductors do not have either SU (2) or U (1)
spin rotation symmetries so after applying an external mag-
netic field, both spin rotation symmetries and time-reversal
symmetry are absent and only a reflection Z, symmetry sur-
vives.

The deformation above Up(A) transforms a gapped state
nontrivially and does not leave a gapped state invariant. The
protecting symmetry group G, = Z; is discrete and there are
no continuous symmetries in interactions and so not surpris-
ingly, Up(A) cannot be the symmetry group of a gapped phase.
However, as seen here there can be an emergent symmetry
group in the gapless phase with protecting symmetry G, = 7,
so the ground-state symmetry group H = G, X Ugy, Ugy =
Up(X) higher than the protection symmetry G, = Z, itself.
The symmetry-protected gapless phase here can be shown
to be a T — o dual of the TQCP discussed in the previous
subsection [41].

This concludes our discussions on deformations of gapped
states with lower symmetries and how these are related to
emergent symmetries in gapless states with protecting sym-
metries G,. It is not entirely surprising that this symmetry-
protected gapless phase also exhibits an emergent infrared
symmetry Ugy = U (1) given the T — o duality between the
nodal phase and a TQCP as pointed out in Ref. [41]. In the
next section, we turn to the EFT for TQCPs and study the vac-
uum of the EFT when acted on by the deformation operator D.

VI. EMERGENT IR SYMMETRIES
AND ANOMALIES IN EFTs

To study the emergent IR symmetries beyond the mean-
field physics studied in the previous section, we employ an
effective field theory (EFT), the vacuum structure of which
contains quantum fluctuations and correlations including con-
formal field theory physics well beyond the simple BCS
theory. The effective field theory or EFT for gapless phases
or TQCPs in superconductors was put forward previously. To
discuss the deformations in gapped phases around them, we
further generalize the EFT by including mass operators ex-
plicitly. Without loosing generality, we can cast an interacting
Hamiltonian of massive real fermions in the following infrared
form:

Her = Hy + Z MmXTﬂmxv
m=1,2

Hy

1 p )
E/dl‘[x (M) - iV (r)

+aix" Bixx"Bix +gax" Boxx Box + -1,
(24)
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where o = (o, @y, ;). And o4, i = x, y, z, and B; > are mutu-
ally anticommuting Hermitian matrices. That is,

{ai, 0} =285,  {Bm,

a,-'}. =, 18;1 = ﬁnu

ﬂn} = 28m,n»

I=Xx,)2

{aivﬂm} =0,
m=1,2. (25)

We will restrict to real fermions with four components or
Ny = 1 in terms of four component Dirac fermions. Ny = 1
turns out to be a minimum number of degrees of freedom for
our discussions on the specific protecting symmetries, or it

forms a fundamental representation.

{xi, x;j} = dij.
(26)

x" = xes x5 xa), % (0) = xi(o),

We have also chosen to introduce two interactions, g;, for
later discussions on emergent symmetries, although for the
four component real fermions, these two operators turn out to
be always equivalent. And « matrices are real and symmetric
ones while B, are antisymmetric purely imaginary matrices.
That is,

aiT:Oliza;k, ﬁ;:—ﬁmzﬁ;,
i=x,y,z, m=1,2. 27

This EFT has an isolated free fermion fixed point at

My =M, =0, g =g =0. (28)
This isolated scale-invariant fixed point serves our purpose of
discussions on emergent symmetries at TQCPs and continu-
ous deformations of gapped states.

We will focus on weakly interacting TQCPs around this
isolated free-particle fixed point in this section. However,
the EFT does have a strong coupling fixed point as g; ~
g =1—d in d =2, 3. However, this strong-coupling limit
physics is much more convenient to study using its ultraviolet
completion of the four-fermion interaction theory. Details are
presented in Sec. VII. The physics near the strong coupling
fixed point turns out to be very different from the ones dis-
cussed below because of strongly interacting emergent bosons
and a manifold of fixed points with lower symmetries. We will
come back in Sec. VII.

In our representations, we further introduce a SU(2) sub-
group of an Spin(4) group where emergent symmetry groups
can be easily studied. The three generators, g;,i = 1, 2, 3 can
be related to two mass generators f; » in a simple way,

g2 = PB1=PHo, q3=PB=ifoy,
{Bo, i} ={Bo, ¥} =0. (29)

Q=Y = i()tXOl),O[z,
T
g=q =—q =-q},

One can verify the above algebra straightforwardly by taking
into account Egs. (25) and (27) and anticommuting relation
between By and «;, i = 1, 2, 3. Furthermore, ¢;,i =1, 2,3
that are antisymmetric pure imaginary Hermitian generators
indeed form an su(2) algebraic group.

A. TQCPs with G, = Z7

Now for discussions on symmetry-protected TQCPs under
a global protecting symmetry G, = ZT, i.e., time-reversal
symmetry, we can further enforce that 8y = 8, has an even
parity under the time-reversal transformation and o; i =
1, 2, 3 have to be odd so that the Hamiltonian is time-reversal
invariant (TRI) under the time-reversal transformation. That
is,

T'oT =—a;, T 'B0T = po. (30)
Equations (30) and (29) further indicate that
T YT =y, T'BT=-p 31)

That is the mass operator M, associated with 8, defined above
always breaks the time-reversal symmetry while M, is time-
reversal invariant.

As we have seen before, to study continuous deformations
of a gapped phase, it is imperative to lift the Hamiltonian
off the subspace protected by G, so to create a manifold of
gapped states with lower symmetries Gs. By allowing M,
terms in the EFT, we are able to continuously deform the
gapped vacuum of the EFT. The gapped vacuum describes the
ground state, which in principle captures the non-BCS effects
when interactions g, are present. So at least in the limit that
EFT is applicable, the deformations of EFT can be applied to
a broader class of states with richer structures than the simple
BCS states we have used to illustrate the main ideas.

Once we identify the vacuum of our EFT as a ground
state in topological classes, instead of deforming the vacuum
directly, we deform the Hamiltonian and infer the property of
the deformed vacuum via the following relations:

Heie (M1, My)|vac) iy, m,) = Eglvac)u, my
—  Heg(My, Mo)|vac) i, my = Eglvac) i, my- (32)

Here tilde refers to the deformed EFT or vacuum under the
deformation of Up()),

Heir (M, Ma) = Up(M)Hee (M1, M2)Up ' (M),
|vac) i, .m,) = Up(R)vac)m, my- (33)

Now if we define the deformations in terms of
1 1
D= 3 / drxT(r)g x(r), Up(r) = exp <i§AnD),

(34)
where g together with g, 3 or 8 » form an su(2) group alge-
bra. One can easily show that

Het (M1, M) = Her(My, M>),
M, = cos Aw M, — sin Am M5, (35)
M, = cos AmM, + sin AT M.
To obtain this result, we have utilized the result that D
commutes with Hy defined in Eq. (24) and the EFT with
interactions g;, or Hy remains symmetric under the same
Up(A).
We now can assign the vacuum of H (M, 0) as the initial
topological state with protection symmetry G, = Z7 that we
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want to deform. By applying Up(L = 1) to |¥ro), we ob-
tain the final gapped state |Wr;) with the same protection
symmetry G,. But they are topologically distinct. However,
under Up(X), A € (0, 1), all deformed gapped states break the
protecting symmetry G, because of finite M, as anticipated.
To summarize, we have

Wr1) = |[vac)—m,,0)- (36)
Note under the time-reversal transformation 7,
Up«(\) =T 'Up(MT = Up(=2) =Up(2 — %), (37)

so that Up(2 — 1), A € [0, 1] can be applied to define C, while
Up()\) defines C within the same domain of A. Therefore, the
closed path Cr = C + C, is given by Up(X), A € [0, 2].

When applying Up (L) to the gapless limit of M} = M, =
0, the closed loop falls on the gapless state and Heg (0, 0) is
therefore invariant. This in turn verifies that the ground state
or the vacuum is symmetric, or has an emergent symmetry
exactly defined by the deformation operator D. One can show
that in both the noninteracting limit and weakly interacting
limit with finite but small g;, the EFT always exhibits such an
emergent U (1) symmetry.

[Wro) = [vac)m, o

B. Gapless phase with G, = Z, being the parity group

The same EFT can be applied to study the gapless nodal
phase with protecting parity symmetry G, = Z,. For that, we
have to work with «; and By transformed properly under the
reflection parity group P. Under the reflection through y = 0
plane, we require that Eq. (18) holds. To maintain the invari-
ance of the EFT under such parity transformations, we further
introduce P as a unitary transformation defined in terms of
anticommuting ¢; matrices,

P =ia ;. (38)
Therefore,
P oy P =y (39)
Furthermore,
P~ B12P = —Bia, (40)

where B, are both parity odd ensured by the relation 8, =
iB1y [defined in Eq. (29)]. The EFT set up this way forms a
representation of the gapless nodal phase with the protecting
symmetry G, = Z, when M;f;, i = 1,2 are both set to be
zero. In the fully gapped phases with finite M ,, the symmetry
is lowered from G, = 7, to Z;.

The deformations of gapped phase can be done using the
same operator in Eq. (34) as g; is part of the su(2) algebra
in Eq. (29) and generates the desired deformations around
the gapless state with M| = M, = 0. The deformations lead a
close loop defined by Up(4), A € [0, 2] pierced by the gapless
phase and become the invariant group of the gapless phase
when the deformation loop falls on the gapless state (see
Fig. 1). That ultimately again results in an emergent contin-
uous symmetry in the gapless phase

In the following section, we will show that an EFT for a
lattice model with the same symmetry group defined by D, or
with lattice symmetry defined by Up(A), is distinct from the
EFT with such an emergent symmetry. The EFT above cannot

TABLE I. Elevated 4D model with a higher symmetry.

Dim. Ny Latt. sym. Emerg. sym. Surf. stat.
3D i G, Ugy = Up(2) Helical
4D 1 G, x Ugy Usid = Up(n) Nonchiral

be realized in lattices with the same symmetry in the same
dimension. The EFT for TQCPs above therefore is anomalous
from the point of view of the symmetry group Ugy = Up(RA).

C. Emergent symmetries vs lattice symmetries: Lattice models
invariant under emergent symmetry group

The gapless state above is invariant under H = G, x U(1)
due to emergent symmetries while the protecting symmetry
G, = Z] or Z, is lower than H. Now we are going to examine
a lattice theory with symmetry defined by H. We shall illus-
trate explicitly that the number of fermion degree of freedom
Ny for the symmetry group H in a lattice model is always
at least double compared to Ny in the EFT with protection
symmetry G,. It is closely related to the well-known issue of
fermion doubling in lattice gauge theories and here manifests
explicitly in gapless TQCPs or phases with protecting sym-
metry G, (see Table I).

The model in a three-dimensional lattice with H = G, x
Ugy symmetry, G, = ZzT and Ugy = U(1) can be con-
structed as a subclass of the following generalized model:

H = Hy + Hy.
Hy =) faict - axnia+20 Y Xn BoXnXa BoXn, (41)
n,a n

Hy = ZXHT[Mlﬂl + M3 B82] Xn+a;

n,a

Here n = (n,, ny, n;) with integer n;, i = x, y, 7 are lattice site
indices and lattice constants are assumed to be unity. o =
(o, @y, o) are real symmetric vector matrices and B > anti-
symmetric ones as defined in the previous section. a = =e;,
i =x,y,z are unit vectors pointing to nearest-neighboring
sites along x, y, z direction respectively.

Imposing a lattice symmetry including the emergent U (1)
symmetry forces M, to be zero as finite M, , breaks the
emergent symmetry Ugy = Up that in our case is a U(1)
group. The rest of the terms are invariant under the group
of H. However, this lattice model leads to 23 copies of gap-
less fermions in our EFT and they form a representation of
Ny = % x 8 = 4 Dirac fermions rather than Ny = % This is
the fermion doubling problem generic to lattices with U (1)
symmetries such as the one under consideration and is in-
dependent of the lattice structure we have chosen to work
with [49-51]. Typically, such a theory has well-known t’Hooft
anomalies, which we refer to standard discussions in field-
theory textbooks. So the d-dimension gapless states of Ny =
% fermions with both emergent symmetry and protection
symmetry cannot be realized in a d-dimension lattice of the
same number of fermions Ny and with the lattice symmetry
H = G, X Ugy including both the protecting one G, and
emergent symmetry Ugyy.
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In the next subsection, we, however, show that the EFT
can emerge on a surface of (d 4+ 1)-dimension lattice model
of Ny =1 fermions so to implement the same symmetry
group H = G, X U(1) where both the protecting symmetry
and U (1) are subgroups.

D. Constructing (d + 1)-dimension theories with higher
symmetries from d-dimension theory via quantum doubling:
N f — 2N f

We now show that a gapless TQCP or phase with a protect-
ing symmetry G, and emergent U (1) symmetry is naturally
represented by a surface. To construct a d-dimension surface
theory with H symmetry explicitly, we first generalize a d-
dimension lattice model with protecting symmetry G, only
to the (d + 1)-dimension lattice theory with H = G, X Ugy,
Ugy = Up. So d-dimension theory and (d + 1)-dimension
theory have different lattice or UV symmetries and the differ-
ence is the emergent symmetry Up(A). To generate the desired
(d + 1)-dimension lattice model with the lattice symmetry of
H, higher than the symmetry group G, in the d-dimension
theory we start with, we first double the number of fermions
from Ny in the d-dimension lattice, to 2Ny in the (d + 1)-
dimension lattice. This is sufficient to guarantee the (d +
1)-dimension lattice model has a higher ultraviolet symmetry.
Also in the process of elevating a d-dimension model to a
(d + 1)-dimension model, both before and after, the lattice
models can describe both gapped symmetry-protected states
and gapless TQCPs, but with different protecting symmetries.
We summarize the main results in Table 1.

The above emergent symmetry structure in the gapless
states in the (d + 1)-dimension lattice model, Uéﬁl), or the
full deformation group Up(A) will be further introduced later
on.

Details of such constructions are presented in Appendix D
for readers who are interested in a surface representation of
a TQCP. There, we explicitly construct a (d + 1)-dimension
lattice model, the surface of which can realize an EFT for
d-dimensional TQCPs with both U (1) emergent symmetries
and protecting symmetry G, = Z7. The (d + 1)-dimension
lattice turns out to be dual to a 4D strong topological insulator
with charge U (1) symmetry. An equivalence is established
below between a 3D TQCP with Ny = % gapless fermions in
a topological superconductor without charge U (1) symmetry,
and a 3D surface of a 4D strong topological insulator with a
charge U (1) symmetry of Ny = 1 fermions. Main differences
between the construction of effective topological surfaces here
for TQCPs and the domain-wall fermions in the standard
quantum field theories are also commented on in Appendix D.

VII. EMERGENT SYMMETRIES IN THE PRESENCE OF
STRONG INTERACTIONS: EMERGENT BOSONS AND
CONFORMAL FIELDS

So far we have focused on the limit of weak four-fermion
interactions where the emergent symmetries at TQCPs can
be conveniently related to infrared stable (with respect to
interactions) weakly interacting fixed points and are robust
as far as the low-energy sector is concerned. What happen to
emergent symmetries when TQCPs are represented by strong

coupling fixed points or conformal field theories (CFTs) are
not very well understood, especially from the point of many-
body state deformations. However, for the purpose of studying
deformations of gapless states and symmetries near a strong
coupling fixed point, the EFT with four-fermion interactions
turns out to be inadequate.

Here we instead will illustrate the complexity of deforma-
tions in the gapless limit and dynamics using an extended
model involving real fermions interacting with one single
massless scalar field. The emergent bosons that mediate long-
range interactions among fermions naturally result in strongly
interacting fixed points that we can associate with a strongly
interacting TQCP well beyond the weakly interacting model
so far we have dealt with. It is important to note that in the
most generic situation of strongly interacting real fermions,
we can couple fermions with only one single scalar field
that is invariant under the global protecting symmetry group
G, = Z2T . As shown below, both emergent bosons and real
fermions can be strongly interacting.

For our purpose, before projecting out the states with pro-
tecting symmetry G,, we consider the following generalized
model:

Hegr(mo; gy1, gv2, 84) = Hoy + Hop + H,

Hoy :/dr XTa~iVX(r)+ Z MmXTlng )
m=1,2

Hop = / dr[7*() + Vor) - Vo) + mie’(®)],  (42)

H; = / dr| ) gYm¢(r)xT(r)ﬂmx(r)+%fb“(r) ;

m=1,2
[p(r), 7 ()]=is(r — '), [p(r), p(x']= [7(r), 7 (r')]=0,

where

i=12.
(43)

x" = (s x)s (), x (e} = 8 ;8(r — '),

We denote the boson mass as m and fermion masses as M .
Under the time-reversal transformation 7, these real fields
transform accordingly,

Xx—= x =ipKx, ¢—>¢'=¢, w—on'=n (44

where K is an action of complex conjugate and 8, = if;y,
y = ia,oya;. Note that ) = By is even under the time-
reversal transformation while B,, «;, i = x,y, z are odd. In
addition, as stated before, B, are antisymmetric hermitian
and «;, i = x,y, z are symmetric ones. To study gapped topo-
logical states with the desired protection symmetry G,, in
Eq. (42) we have to further demand M; = gy, = 0 as these
operators explicitly break the protecting symmetry. And the
TQCEP is identified with the limit when the time-reversal-
invariant mass operator M; becomes zero.

184503-14



EMERGENT SYMMETRIES AND INTERACTIONS IN HIGH ...

PHYSICAL REVIEW B 109, 184503 (2024)

A. Fixed points and fixed-point manifold
in the strong-coupling limit

When my is finite and bosons are massive, one can safely
integrate out the gapped bosons and in the low-energy sector
this procedure leads to the four-fermion interactions that had
been considered in previous sections. As we will see below,
this is exactly the limit when an emergent U (1) symmetry
appears in the gapless limit of M, = M, = 0, i.e., H = Z] x
U (1) as discussed extensively in the previous sections.

Indeed for the scale much lower than the mass scale my,
dynamics of scalar fields are locally independent. In this
local-field-dynamic limit, it is convenient to set the scaling
dimension of scalar fields as

_@+n _d
[pl=L" =, [xl=L"2, 45)
and treat the rest kinetic terms as irrelevant operators.

Not surprisingly, a direct scaling analysis leads to the
following equations in the tree level for coupling constants
gym,m = 1,2, and g,

dgyy d—1_
T 8v1 + )
dgy, d-—1

— 7 46
ar > 8y2 + (46)
dgs d+1_
- 2 84t --v,

where r = In A, A is the running scale of the EFT. gy, =
gYmA%, m=1,2,and g4 = g4A%. It indeed explicitly in-
dicates that in two, three dimensions, there is a well-isolated

infrared stable fixed point
gr1i=gr2=84+=0, 47)

i.e., an infrared stable free-particle fixed point, which we can
identify as a quantum critical theory. A TQCP identified with
this EFT with massive scalar field therefore shall belong to the
universality class of free fermions. We recover the weakly in-
teracting TQCP physics discussed in the previous sections via
a four-fermion interacting EFT. This infrared stable fixed
point does have an emergent U (1) symmetry because it is a
fully isolated free-particle fixed point.

Below we will exclusively focus on the massless limit
of My =0 so that real fermions at TQCPs can be strongly
interacting due to their couplings to the emergent massless
bosons. This effectively represents an ultraviolet completion
of the four-fermion interaction model where the strong cou-
pling fixed point leads to the Gross-Neveu mechanism of mass
generation [52]. In the massless limit, the scaling dimensions
of the scalar field, together with those of real fermion fields,
take a more standard form

_@-n _d
[pl=L""%", [xl=L% 48)
The EFT in Eq. (42) in this limit allows strong cou-
pling conformal field solutions or CFT states as its infrared
stable fixed points. When the gap closes and M| = M, =
M,y = 0, the one-loop renormalization group equations for
H(0; gy, gv2, g4) derived in a diagrammatic approach (see

\ N
\,
1 1=~ S\ 2,772
T ) /‘/ o
7 (a) / (b)
/,1 1\
! i
\o 2y
© / ©)
/,1 \‘ \\1,2 2\\\/
! i ! i
‘\ 1 1/ \\2 2,’

FIG. 5. Examples of diagrams contribute to Eq. (49) and the ring
of fixed points in Eq. (50). Dashed (blue) lines are for real fermion
fields and the solid (black) ones for scalar fields. 1,2, and 4 numerate
the type interaction vertices appearing in our calculations. 1,2 are for
gr1.y2 respectively while 4 is for g4.

Fig. 5) have the following form:

dgyr  d—3_ - s ~

o= a8+ gl

dg d—3_ < s ~

7”: 7 gyz—i—gyz[g%/l‘i‘g?ﬁ]’ (49)
dg 22 2P
d_;‘z(d—3)g4+gi—c[g%/1+g%’2]'

Here 8y; = gyiA“T, i=1,2. 34 = g4A?"3 are the dimen-
sionless coupling constants and we find that ¢ = 4.

A very important feature here is that for dimensions lower
than three or d < 3, there are a ring of scale-invariant fixed
points that define a family of conformal field theories. The
ring is defined as

- - o 3—d _, 1 /e
g%’l‘i‘g%/z: [8y = 5 84 = |:§i7][3—d].

(50)

where ¢ = ¢ + 1. Enforcing gy;, gy» on the ring, one can
verify that Eq. (50) is infrared stable as the standard Wilson-
Fisher fixed point when g} = [% + %[3 —d].

Meanwhile, the free-particle fixed point is defined as

&1 =8.=8=0. (5D

This fixed point is fully isolated but infrared unstable when
d < 3 so cannot be identified as a TQCP of our interests. In
addition, there is an infrared unstable strong coupling fixed
point specified as

&1=8,=0, g=3-d (52)
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The ring of strong-coupling fixed points shrinks towards
the free-particle fixed point as one approaches the three
dimension. When d = 3, the strong coupling fixed points
coalesce into the noninteracting fixed point and become
marginally stable. On the other hand for higher dimensions
or d > 3, the only fixed point is noninteracting that is also in-
frared stable. However, at these fixed points, free real fermions
coexist with additional emergent free or weakly interacting
real scalar bosons.

Only the infrared stable fixed points in the gy -gy2-g4 space
form a faithful representation of quantum critical points, or
TQCPs. Below we will focus on the ring manifold of strong
coupling fixed points. These discussions illustrate the differ-
ence between gapless TQCPs as an isolated fixed point and
those as a fixed point in a smooth manifold and main applica-
tions can be found in TQCPs in low-dimensional topological
superconductors such as two-dimensional ones.

It is worth noting the manifold of conformal fixed points
we have studied here are distinctly different from super-
symmetry conformal field fixed points studied in a few
previous articles [53-58]. In those studies, the scalar fields
that fermions are coupled to are complex ones or equivalent
to complex ones rather than a single real scalar field. There
is either a U (1) charge symmetry [53,54,56,57] or an emer-
gent U(1) symmetry. In the former case, the fixed point of
a U(1) theory is fully isolated. In the later case discussed in
Ref. [58], the general couplings between Ny = % fermions and
two real scalar fields ¢; » can be expressed as gy y». But the
fixed points are again isolated with g5, = +g3, = [g}]* =
%(3 — d) reflecting an emergent U (1) symmetry (when the
masses of two real scalar fields vanish identically).

The manifold here also differs from the result on super-
symmetric surface states in Ref. [59], which requires Ny = %,
one-half of the real fermions as in our studies. In all previous
cases above, conformal theories are represented by standard
well-isolated Wilson-Fisher fixed points but with additional
emergent supersymmetries. However, in all those studies,
fixed points are well isolated and do not form a smooth mani-
fold.

B. Deformations of a TQCP into conformal fields without
protecting symmetry G,

We will now apply this result to illustrate what happens
when a TQCP is not an isolated fixed point due to strong
interactions. To apply to a TQCP where M; = M, = 0, we
again take the massless limit of my = 0 so that the TQCP can
be a strong-coupling fixed point as the massive limit of mg 7% 0
only leads to an isolated noninteracting fixed point that we
have discussed in the previous sections.

However, to have a desired time-reversal symmetry of
G, = ZT, we shall also further set gy, =0. In dimen-
sions lower than three, the interacting model has two
strong coupling scale-invariant fixed points, which represent
conformal-field-theories with time-reversal symmetry. They
are

3—d
gri=8& =% — gy =0,
I I
84=8 = |:§ + 7i|[3 —d]. (53)

The rest of the fixed points along the ring with nonvanishing
coupling of gy, all break the protecting Z] symmetry.

In short, in d < 3 a strongly interacting TQCP with pro-
tecting symmetry G, = T can now be a CFT state with
strongly interacting gapless fermions and scalar bosons. It
is further smoothly connected to other strong coupling CFT
states that fully break the protecting symmetry G,,.

Now we are ready to study what deformations do to the
time-reversal symmetric scale-invariant fixed point. Applying
the deformation Up(A) with D = 1 [drx”y x introduced be-
fore to the Hamiltonian Eq. (42), following Appendix C one
can easily confirm explicitly that the terms involving f », i.e.,
the mass operators and Yukawa coupling operators, transform
nontrivially as

Bi — B} = cos Az By + sin Az B,
B — B5 = —sinAm B + cos Aw Bs. (54)

while the rest of the terms simply remain invariant.

The deformations of Up(X) thus lead to the following
transformations of the CFT fixed point for the TQCP with the
protecting symmetry G,:

Hetr (03 gy1, gv23 84) = U (M Herr (03 g}, 0; g5)Up (M),

gv1 =COSATEy, gy2 = —sinAmgy, ga = gi. (55)

As in gapped phases, the deformations break the protection
symmetry G, = Z1 and lead to CFTs along the ring without
the protecting symmetry G,. For instance, at Ax = 0, 7, the
CFTs are time-reversal invariant as gy, = 0 while all other
gapless CFTs break the time-reversal symmetry as gy, # 0.
And the Yukawa coupling follows a simple circular rule under
the deformations

g+ 8 = 817, 8 = & (56)

Deformations Up(X) transform the strong coupling TQCP
represented by a CFT with gy; = g}, gv2 =0, and g4 = g}
into other strong-coupling fixed points along the ring with
symmetries lower than G,,.

So in this case, the fixed point is not isolated and the actual
strong coupling CFT fixed points form a ring, which can
be precisely traced out by the deformations Up(A). Gapless
CFT states surrounded by gapped phases are not unique. The
smooth deformations in this case do not lead to an emergent
continuous symmetry in the gapless TQCP, which is in stark
contrast to the weakly interacting fixed point where there is
a unique free-fermion gapless state related to a fully isolated
fixed point in the space of interacting Hamiltonians.

As mentioned before, in addition to deformations of a
gapped topological state into gapped state without protecting
symmetry G,, Up(A) also deforms the strong coupling fixed
point of TQCP with symmetry G, into other fixed points
with lower symmetries. In fact, the manifold can exactly be
traced out by the deformations Up(A) and represents a set of
conformal-field-theory fixed points without protecting sym-
metries except the one connected to TQCPs.

C. Duality and emergent Z, symmetry

Although the deformation group Up(}), A € [0, 2] gener-
ally breaks the protecting symmetry G, and can transform a
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TQCP into conformal fields in a lower-symmetry manifold,
there is a subgroup of Up(A) that is invariant under G,.This
property of deformations is essential because for gapped states
there shall be at least two states along the deformation path
that have the protecting symmetry G, (see Sec. Il and Fig. 1).
This property ensures that a path traced out by continuous
deformations can connect two topologically distinct gapped
states symmetry with protecting symmetry G,,. In our case, we
define it as Z, subgroup defined by { Up(A = 0), Up(A = 1)}.
For gapped states |Wro 71), |Yr1) = Up(A = 1)|Wro).

In terms of weakly interacting EFTs in Eq. (24) in Sec. VI,
one can verify that

Hegt (£M,, M, = 0)
— Heie(FM1, M> = 0)
=Up' (A = DHenr(£My, M2 = 0O)Up(3 = 1),
Ug, Up(h = NUg, = Up(r = 1), (57)
which indicates a duality between two EFTs on two sides of a
TQCP and for UD(2) = UD2(1 ), Ul;l (2)HefoD(2) = Heff. That
is, as Up(A = 1) is invariant under the protecting symmetry
group Ug,, the Hamiltonian of the EFT in one topological
phase is dual to the one in the other phase under the same
protecting symmetry G,,.
Now if the TQCP is an isolated fixed point one, when M =
M, =0,
Het(My = 0, M, = 0)
— Her (M, =0, M, =0)
=Up' (b = DHer(My = 0, My = 0)Up(h = 1), (58)
and
Upy'(h=DxUp(h = 1) = iyy. (59)
The gapless TQCP, if is an isolated fixed point, needs to be
self-dual under Up(A = 1). The self-duality in this case is
sufficient to leave the gapless state invariant under any of
Up(L), A € [0, 2] leading to an emergent U (1) symmetry. i.e.,
Hege(My = 0, My = 0)
— Het (M, = 0, M, = 0)
= Up' O Her (M) = 0, My = 0)Up (1),  (60)
and
Up'(MxUp(h) = exp (isrmy)x, A €[0,2]. (61)

Consequently, the self-duality of an isolated fixed point there-
fore leads to a continuous emergent symmetry.

Let us now turn to the strong-coupling limit and CFT
fixed points. A TQCP can be specified as one of the CFTs
with gy = gy, gvo =0 in Eq. (42). These are the only
fixed points with the protected symmetry G,. The action of
U (A = 1) transforms one into the other and vice versa,

He(0; £gy, 0: 84)
— Her(0; Fgy, 0:8%)
= Up ' (1)Hegr (05 £5, 0, g5)Up(1). (62)

Therefore, the two G,-symmetric CFTs related by Up(A = 1)
are dual to each other under the deformation transformation

Up(A =1). And UL%(A = 1) = Up(A = 2), which is an iden-
tity when acting on the CFTs.

This dual relation leads to the following Z, parity sym-
metry at the TQCP as the CFTs in Eq. (42) indeed remain
symmetric under a Z, parity symmetry transformation. That
is,

X(@) = x'(r) = exp <i%y>x<r>, B(r) > —¢(r).

He (05 gy, 05 8%) — Hly = Herr(0; g3, 05 84). (63)

This duality symmetry is the discrete emergent symmetry
surviving a smooth manifold of many fixed points. So in the
strong-coupling limit, a TQCP has an emergent Z, symme-
try rather than a continuous U (1) symmetry in the weakly
interacting limit. The symmetry group of the TQCP is H =
ZI ® Z, with an emergent symmetry related to the duality in
Eq. (62).

VIII. CONCLUSIONS

To summarize, we have established an intimate connection
between emergent symmetries in gapless states or TQCPs
with protecting symmetry G, and continuous deformations
Up (1) in surrounding gapped phases with no protection sym-
metries. We show that if the TQCPs are represented by a
fully isolated scale-invariant fixed point, smooth deformations
shall lead to an emergent continuous symmetry Ugy, with Ugy
precisely given by Up(A).

However, if TQCPs are one of CFT fixed points located
in a smooth manifold of other fixed points that do not have
protecting symmetry G, continuous deformations do not
leave TQCPs invariant. Instead, a subgroup of the deformation
group Up(A) that is symmetric under the group of protect-
ing symmetry G, transforms a fixed point of TQCP into
its dual. This results in a duality symmetry between CFT
fixed points with protecting symmetries. The TQCP in the
strong-coupling limit has an emergent duality symmetry or a
Z,-parity symmetry although gapped states around the TQCP
are still continuously deformable.

We also explicitly elevate the d-dimension lattice model
of Ny fermions with protecting symmetry G, to (d +
1)-dimension lattice models of 2N, fermions with higher
protecting symmetry H = G, X Ugy. Using the method of
elevation of symmetry, fermion number along with the di-
mension, we illustrate that the d-dimension TQCPs between
topological states with protecting symmetry G, can be prop-
erly represented by a surface of (d + 1)-dimension lattices
with higher protecting symmetries H and two surfaces corre-
spond to two copies of TQCPs under parity transformations.
In the case of symmetry group G, = ZJ , our analysis shows a
3D TQCP in topological states of DIII class without charge
U(1) symmetry can be properly represented by a surface
of a 4D lattice model that is dual to 4D strong topological
insulators with charge U (1) symmetry.

Although in this article, we mainly focus on 3D TQCPs in
topological superconductors, the phenomenologies of defor-
mations and their relations to emergent symmetries are very
generic. While details of emergent symmetries remain to be
understood in many other phenomena, we also believe the
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approaches outline here can be useful for identifying sym-
metries or deformations of gapped states around a TQCP.
For instance, in a celebrated 1D model where AKLT-like
states can make a transition to trivial states without edge
degeneracies [60], a gapless topological quantum critical
point has been explicitly constructed and further displays an
emergent symmetry of SU(2) so that the state is further in-
variant under SU (2) ® SU (2) rather than SU(2) itself as in
the gapped phases. The deformations induced by the emergent
SU (2)-symmetry group potentially can be a way to under-
stand how gapped states in two phases around a critical point
can be smoothly deformed into each other.

The studies here rely on identifications of smooth de-
formations of gapped or CFT fixed points that lead to
emergent symmetries, either continuous or discrete. All the
deformations we have considered are generated by local uni-
tary transformations defined by D. The question of how
to generalize these discussions to deformations of nonlocal
transformation remains to be investigated.

In earlier studies of 1D gapless states, quantum doubling
taking into account dual-theory symmetries further play an
extremely important role, contributing to more emergent sym-
metries even in conventional order-disordered transitions [1].
In high dimensions, dual-theory symmetries are usually char-
acterized by categorical symmetries or high-form extended
symmetries. In high spatial dimensions we have focused on,
how those emergent high-form symmetries look like in simple
deformation pictures remain to be fully understood and can be
an exciting direction to pursue in the future. It is possible that
in those cases one needs to take into account deformations
with nonlocal unitary transformations beyond what we have
considered here. These generalizations, if possible, can be
very inspiring for better understanding of general categorical
symmetries. The other open questions are the boundary dy-
namics of gapless states discussed here, whether there can be
nontrivial surfaces even when the bulk becomes critical. From
the point of view of anomalies, it would not be impossible to
have fascinating boundaries in the strong coupling CFT limit.
However, this remains to be seen in the future.

As mentioned in the introduction, it is interesting to further
explore the physical consequences of emergent symmetries in
gapless states from a point of view of observations. Can one
actually probe such emergence in direct measurements? In
general, conformal field theories (CFT) crucially depend on
underlying symmetries. How the emergent symmetries shall
be part of the construction of CFTs remains to be debated. An
earlier analysis seems to suggest that emergent symmetries
can be quite restricted in the infrared limit and it can quickly
evolve into lower symmetry or no symmetries at all once mov-
ing up in the energy scale. Its relevance in the strong-coupling
limit can be further debated.

The other fascinating question is what is the use of emer-
gent symmetries? Can they be applied to trap or manipulate
emergent topological particles or even topological qubits? In
the class of TQCPs studied here in the weakly interacting
limit, the dynamics can be mapped into a single copy of
Weyl fermions, which are usually forbidden in the presence
of charge U (1) symmetry. Consequently, the emergent sym-
metries are not gauge-able because of the well-known t’ Hooft
anomalies. We further notice that there are no standard Adler-

Bell-Jackiw type mixed anomalies because in the effective
field theory here the real fermions do not interact with the
charge U (1) gauge fields. Absence of emergent gauge fields
at generic TQCPs in charge-U (1) symmetry-breaking super-
conductors turns out to be a very unique feature that differs
from that at deconfined quantum critical points emphasized
previously [38]. However, we do not expect that this remains
to be a generic feature at TQCPs between topological phases
with charge U (1) symmetries. We plan to further research this
subject in the near future.
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APPENDIX A: CONTINUOUS DEFORMATIONS
FORBIDDENED AROUND A QCP IN THE LANDAU
PARADIGM

Let us consider an order-disordered quantum phase transi-
tion in high dimensions with symmetry G. For complex fields
¢(r) and conjugate fields 7 (r), we introduce the following
general model:

H = Hy+ Hy + H;,

Hy = f dr{* (O (r) + V() - Vo)L,
Hy = / drlmog” (9(F) + 26" (16" () + HEIHE)

.My
+ 17(¢*(1‘)¢*(r) — ¢(r)p(r))], (AD)
where we have muted interaction terms in H;. And
[¢(r), 7*(r)] = id(r — ).

The mass operator of mg is U (1) symmetric and is the most
symmetric one among all the three mass operators above. The
operator of m; breaks the U (1) symmetry group but remains
invariant under both a Z, subgroup of ¢ — —¢ and time-
reversal transformation ¢ — ¢*. The operator of m, breaks
both the time-reversal symmetry of ZI and U(1) symmetry
but is still invariant under the Z, reflection.

Therefore, when both m; and m, are zero, the symmetry
group is G = U(1) x ZI' while when m; is finite but mp =
0, the model is symmetric under symmetry group G =7, ®
ZZT . When m, also becomes finite, the model has the lowest
symmetry with G = Z,. For our purpose, it is convenient to
reexpress it in the following representation:

H = Hy + Hy + Hy,

Hy = f drin” (Or(r) + VoT V)],

Hy = f drlmod” (OH(r) + m T (O)r.(r)

+mp” ()¢ (r)], (A2)
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where H; are again symmetric interactions. m is again a
conjugate field of m7 = (71, mp) and satisfies the standard
commutation relation [¢(r), 77 (r')] = i8(r — r')Z. Finally,
¢T = (¢1, ¢») is a two-component real scalar field, which can
be thought as real and imaginary parts of the complex field,

" = ¢ —ign.

¢ = ¢ +ip, (A3)

my,1 2 carry the units of the square of masses but can be either
positive or negative.

In the limit of m; = my = 0, the model is symmetric under
the group, G = U(1) x ZJ. A finite mass term of m, breaks
the U (1) symmetry and lowers the symmetry to Gy = Z; ®
ZI'. Here Z, is the reflection symmetry and Z! is the time-
reversal transformation in the symmetry group G. When m, =
0, these symmetries can be defined as

Zp—>dp=—¢, H—H=H,

Z2T:¢>—><5:Ktz¢, H— H=H. (Ad)
K, a complex conjugate, can appear in Z, transformation but
in the real scalar field representation, K = 1 as all matrix
operators in the Hamiltonian have to be real Hermitian. When
my becomes nonzero, Z7 subgroup in the symmetry group
Gs=7,® Z2T becomes further broken [61].

In the my — m; plane when m, = 0 or the my — m; plane
when m; = 0, moving away from the axis m, where m; or m,
becomes nonzero lowers the symmetry G to Gs = Z, @ Z1 C
G or Gs = Z, C G. The quantum critical point (QCP) of my =
0 in the model with G = U(1) x ZI becomes an intersection
of critical lines my = £m; in the my — m; plane when m, =
0 or critical lines of my = £m; in the my — m, plane where
m; = 0. And there can be no smooth deformations connecting
order and disordered phases along the horizontal direction of
mo where m; = my = 0and G = U(1) x ZT (see Fig. 3).

Let us now restrict to the plane of my — m; where m, is set
to be zero. The Z!I transitions are given by a straight line of
my = my and Z, transition line is m; = —my (see Fig. 3). So
for a generic theory where my # 0 and positive, there shall
be two order-disordered transitions driven by m;. At m; =
me1 = my, there is a transition between symmetric phase and
ZI time-reversal symmetry breaking phase. At m; = mg =
—my, there is a transition between symmetric phase and Z, re-
flection symmetry breaking phase. And m.; > m; > m,, the
phase is disordered with symmetry of Gs = Z, ® ZI or H =
Gs=7,® ZZT . Beyond the critical points of m,; ., ordered
states are invariant under subgroups Hy = Z, * Z1 , Hy = Z1
respectively. Here Z, x Z] refers to a symmetry under the
combined of two transformations. And H; ; C Gy as in the
standard paradigm. At the critical points, as usual, H = Gg.
One can easily extend this result to the my — m, plane when
my = 0.

In the m; — m; plane but with nonzero my(> 0), the exten-
sion of m, > turns into a close circle of radius m? + m3 = m3,
which is one of the general scenarios discussed in the main
text (see Fig. 3). Within the circle, states are fully gapped
and disordered. Outside are smoothly connected symmetry
broken states. However, there can be no smooth deformations
encircling around either of m.; ., points as both are on the
circular line of critical points in the two-dimensional plane.

In the order-disorder transition paradigm, this hinders smooth
deformations that had been found around a TQCP.

It is for this reason, generically we do not have continuous
emergent symmetries around these QCPs along the m; or m;
axis with symmetry Gy. At gapless QCPs, the symmetry group
H is exactly Gy, not higher that Gy.

APPENDIX B: DEFORMATIONS OF A GAPPED STATE
AROUND A GAPLESS PHASE WITH PROTECTING
SYMMETRY G,

The gapped nodal states when BT = By, can be expressed
as

1Wo) = M i fy o S o ST _10)

where fkT’ 4 and fli , are creation of fermionic modes with
negative frequencies near L, R nodal points respectively (see
below).

Mode operators fli 4 fkT__ are related to the fermion cre-

ation operators W' = (W], W) via the standard BdG form,
FANRENTIL AR N 51 2
FARRESRTIL ATV

B

(B2)

In this part of discussions, we have defined that \Il; 4(ro)

are local eigen operators of Q, = [dr¥'o, W with eigen-
values =+ respectively. Furthermore, the “£” operators are
defined as

+
\Ijk,+

[Qny \IJ£’+],
\IJE’_ = _[Qna wli_]’

\Ij—k,+ = _[th \Ij—k.-l—]?
Vg =[On Vx4l

That is, \I!li 4 are the eigen operators of O, with eigenvalues
= respectively. And

(B3)

h = / dr¥’(r)o - n¥(r). (B4)
The unit vector n is defined along the direction B,
Beff "
n= W, B = (B(), Cky, 0) (BS)

The deformation operator is

D = %/dr\IJT(r)Uy\IJ(I'), [D, \pT(rO)] — \Iﬁ(l‘o)()'y.

(B6)
Following Eq. (B4), and
Up 0 (ro)Up(r) = W' (ro) exp (ilamay),
Up0)W(rg)Up(r) = exp ( — it imo,)W(ro),  (B7)

one can show that U (A)|Wy) with A € [0, 2] is equivalent to
the ground state of B! rotated around the y axis by an angle
of A starting at BT = By and B¢ = 0.
Indeed, under Up (1),
On — Ox, 0y =ny,
i, = n,cosAm +n,sinAm, (B8)

H, = N, CoSAmT — n,SinAx.
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In the real fermion representation of x T = x7, the effective
field theory for nodal phases can be written as

Heff = HO + ZMmXT,BmX7

Hy = % / drlx" (0 - iV (r) (B9)

+eix" Bixx"Bix + gax" Boxx Box + -1,

where o = (o, @y, @;). o, i = x,y, 2, and By, are mutually
anticommuting Hermitian matrices having the following ex-
plicit forms:

ay =17, Q1,
B

o, =17,Q1,

B = Ty ® Oy.

oy = cTy Q oy,

T ®o, (B10)

APPENDIX C: DEFORMATION OPERATOR IN TERMS OF
REAL-FERMION FIELDS OF EFT

Consider 2n component real fermion fields x(r). For a
general deformation operation of the form

1
D= E/drxTDX, Dl = —D =D (C1)

Under Up(X) = exp(i%knD), A€ [0,2],

Up0)x (x0)Up(2) = exp ( — iiax D) x (ro),
Ug(k)x(k)UD(A) = exp ( — i%)»er))((k). (C2)

Up can be any U(1) subgroup in a Spin(2n) group, which
all together has n(2n — 1) generators with group algebras
isomorphic to SO(2n). This property has been applied to track
the deformations of gapped states or EFTs.

APPENDIX D: d-DIMENSION SURFACES OF
(d + 1)-DIMENSION BULK WITH HIGHER
LATTICE SYMMETRIES

This section is to explicitly construct a (d + 1)-dimension
lattice model, the surface of which can realize an EFT for
d-dimensional TQCPs with Ugy, = U (1) emergent symmetry
and protecting symmetry G, = Z; . The (d + 1)-dimension
lattice bulk turns out to be, effectively, a 4D strong topologi-
cal insulator with charge U (1) symmetry. An equivalence is
established below between a 3D TQCP with Ny = % gapless
fermions in a DIII class topological states without charge
U (1) symmetry and a 3D surface of a 4D strong topological
insulator with a charge U (1) symmetry of Ny = 1 fermions.

1. What happens to deformation operators
in a (d + 1)D gapped bulk?

Now we will construct the (d + 1)-dimension model
with lattice symmetry H = G, X U(1), starting with a d-
dimension model with lattice symmetry equal to G, = Z]
but without U (1) symmetry. The main idea is to enlarge the
symmetry group by increasing fermion numbers, in this case

simply by doubling Ny = % toN; =1.Ford =3,
d+1 (d+1 d+1)
H(+)=H0+)+H}f/]+ ,

d+1 .
Hy™D =" xlia - axnia + 80 Y Xa BoXnXn BoXn:
n,a n

Hy ™" =2Mo ) xa iBo ® Ty xne, (D1)
n.e,
= Mia ) X Bo® Zidnin
n,b

+Mi5 Y Xo Bo® Tixn-
n

Here H\“™" is identical to Hy defined in Eq. (41) but with
summations over 4D lattice sites, n = (ny, ny, n;, ny), n;, i =
X,¥,z,n are integers. Unit vectors a = +e; are along the
positive and negative i = x, y, z directions, respectively, and
unit vectors b are along the positive and negative of x, y, z, n
directions. X, , . are Pauli matrices for the quantum doubling.
The first term in H;,;Hl) is proportional to Mj; the sum is
along the positive nth or fourth direction only and e, is the
unit vector pointing to a neighboring site along that direction.
Mia, Mg are the mass terms playing an important role in
discussions of 3D surfaces, which we will turn to shortly. In
addition,

Bo® ] = ®F,, [f®T] =—-H®Z,. (D2)

The ZI symmetry is evident as f is a time-reversal sym-
metric operator and iX,, X, are real matrices,

T—IH(d-H)T — H(d+l).

Consider U;11(X) generated by a (d + 1)-dimension defor-
mation operator,

(D3)

1 1
Dy = E/dl‘XTm ® X x, Usp =exp (IE)L”DLI-H)-
(D4)

This deformation operator D, differs from the d-dimension
one D introduced in Sec. VI by X, operator.

The (d + 1)-dimension lattice model is now invariant, i.e.,
under Uy, (A),

X = X =Ugh0)xUsn (),
H@+D _, g+l Ud_J:IH(dH)UdH = HU+D, (D5)

so that indeed the lattice model has a higher symmetry of H =
ZI x U(1) instead of Z7 .

Below we will show that on surfaces, Dy, and Uy, de-
formations fall back to desired 3D deformation operator D on
two opposite surfaces. The EFTs on two surfaces are precisely
related to two TQCPs with emergent symmetries and are sim-
ply connected by a parity transformation. Two deformations
are smoothly connected to 4D bulk deformations.

2. d-dimension surfaces of (d + 1)-dimension Gapped
bulk as EFT of TQCPs

Now we will find the 3D surface EFTs for the 4D bulk
with lattice symmetry given by H = ZI' x U(1) and identify
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them as TQCPs in 3D with protecting symmetry G, = Z7 and
emergent symmetry Ugy = U(1) or TQCPs in states of DIII
class.

If we set M5 = 0" and focus on the momentum near ky, =
0, we can obtain the typical domain-wall fermions in a 3D
surface. (To prevent the bulk from developing gapless nodal
points, we enforce that M, is a small positive value.) The
surface projection operator is

1+ X,

5
P2(+) = 1 precisely projecting out the desired gapless N =
1 fermions on the surface.

However, on the surface, there will be 23~ gapless Ny = %
Dirac fermions around (ky, ky, k;) = (&1, &>, &3)7 points in the
momentum space, §& = 0, 1,i = 1, 2, 3. They are all invariant
under the d-dimension deformations Up(X) as on the sur-
face x; = Py(£)x, X, P(£) = £P;(x). The surface states are
eigenstates of X,.

Especially, if the surface is projected out by operator Py(+),
the (d + 1)-dimension deformation operator D, becomes
exactly equal to D and falls back to be the d-dimension de-
formation operator discussed in the previous section. In such
surfaces Uy (A) = Up(X) becomes fully equivalent to the 3D
deformations on the surface. So in this case, there will still be
231 copies of Ny = % gapless fermions, leading to Ny = 2
effective Dirac fermion fields, half of the degrees in bulk 3D
lattices with the same lattice symmetry where there can be 23
copies of Ny = % gapless fermions. And just like in the 3D
lattices, in this construction, half of these fermions are left
handed and others are right handed in a 3D surface.

The large number of copies of Ny = 1/2 gapless fermions
can be further reduced by working with the model of a fi-
nite My without lowering the symmetry group of H = Z7 x
U (1). We can work with a mass so that 8M 4 > Mg > 4M4.
This leads to a negative mass at momentum (0,0,0,0) only but
positive ones for the rest of Dirac cones at (&1, &, &3, &),
& ==1,i=x,y, z, n. The gapless surface state of such a 4D
gapped bulk with H = ZI x U(1) therefore will have exactly
Ny = % fermions and naturally is symmetric under Up(A) or
the U (1) group, apart from being symmetric under Z7 .

The effective field theory of the 4D bulk for our studies of
3D surfaces has a simple form of

Py(£) = (D6)

1 ) )
HED = E/dr[XT(r)[oz iV + Moo ® y - id,]x (1)

My / drxT (0o ® Sex @)+ (DY)
where M| = M4 — 8Mp is a negative mass.

As mentioned before, for the surface with projection op-
erator P(+4), the deformation operator becomes D, = D,
the d-dimension operator. The ()):pposite surface in 4D has a
projection operator Py(—) = %, ¥, Pi(—) = —Ps(—). The
4D deformation operator D41 = —D, falls back to be the 3D
one with an additional minus sign. Uy41(X) = Up(—2), in-
stead being equal to Up(A) itself. This is equivalent to make a
transformation from ¢; — —q; with q; = i a,a;. Therefore,
the U (1) symmetries on two surfaces are given by D, Up(A)
and —D, Up(—A) respectively, a characteristic of anomalies.

On the physics side, the opposite surface represents the
EFT for another gapless quaternion superconductor with
Ao — —Ap and ng =0 or a TQCP so that it is symmetric
under Z7. The two 3D TQCPs represented on two opposite
surfaces in 4D are simply connected by a reflection of k —
—K in their 3D spaces. It is further tempting to point out the
4D gapped bulk is also a topological state but with higher
protecting symmetry of Z7 x U(1). In fact, one can identify
it as a dual of a 4D topological insulator with charge U (1)
symmetry but in a real fermion representation.

Note that this construction of 3D real fermions does
not lead to single chirality of fermions, unlike in standard
quantum-filed-theory approaches to single chirality complex
Dirac fermions. The reason is that at TQCPs we are interested
in have both left- and right-handed real fermions. What we
have achieved is to produce a surface with only one single
cone of gapless real Dirac fermions or Ny = % while other
copies are all projected away, starting with a lattice model
with symmetry of H = G, X Ugy.

For our studies of the surface realization of TQCPs, we
have elevated the number of fermions in the lattice model from
N; = 1in3Dto Ny = 1in4D so that the 4D lattice model can
have a higher lattice symmetry, i.e., an emergent symmetry
of U(1) as its lattice symmetry. The 3D surface projection
operator is therefore simply X, rather than y itself to reduce
Ny from its bulk value of Ny = 1 to its surface value Ny = 1.
To ensure single copy of such a theory, we have also further
facilitated our discussions by effectively setting our model to
be equivalent to a strong 4D topological insulator.

The 4D model with lattice symmetry H = ZI x U(1) and
N; =1 constructed in this subsection can be shown to be dual
to the 4D topological insulator model studied in Ref. [62] (see
also general discussions in Refs. [63,64]) as both have U(1)
symmetry as its lattice symmetry. Dualities between different
3D gapless topological states were previously discussed in
Ref. [41]. Below we employ a similar strategy to illustrate a
duality between a gapped 4D topological insulator and the 4D
lattice model above.

3. Dualities between the elevated 4D lattice model and 4D
topological insulators in AII class
To establish a duality between the 4D lattice model we
put forward above for the study of 3D TQCP and 4D strong
topological insulators in AIl class, we first define x! =
(Xml > Xm2> Xm3» Xm4), m=+ unlquely as

1

Xon (F) = == [y (1) + Y (O],
X (1) = %[wm(r) + ¥, (0],
o (8) = =l ) = U}, O
Kma (£) = %[wm(r) — Y, (O1. (D8)

Here 1, 2, 3, 4 are indices for the real fermions; 1, | are ones
for spins and m = 1, 2 are states with orbitals of X, = £1.
w;jn mi> (Y¥mt,my) are the creation (annihilation) operators of

184503-21



FEI ZHOU

PHYSICAL REVIEW B 109, 184503 (2024)

complex physical fermions with given orbitals & and spins
1, J. The eight component real fermions form a fermionic
representation of Spin(8) group. For a 3D TQCP in DIII class
topological states with Ny = % fermions, the real fermion rep-
resentation is the one of Spin(4) group as studied in Ref. [41].

The 4D lattice model with Ny =1 is elevated out of a
3D DIII class topological superconductor. In the real fermion
scheme above, it shall have the following explicit matrix op-
erator structure in Eq. (D1):

o =1,80, o =—-T &0, a, =1, ®1,
=170 Ey’ B1 = Y Xy, qlD =, R0, Q 2,
[, 7] = [B1.a7]. i=x.y.z.0 (DY)

Notice again «;, i = x, y, z, n are real symmetric matrices and
B1 = Bo ® X, is antisymmetric purely imaginary.

A 4D topological insulator on the other hand has the fol-
lowing structure in Eq. (D1) in terms of real fermions defined
in Eq. (D8):

ay=%,Q0, o=%X00, a=-T,Q% &0,
G=5,0%, fQ=10%, =7,0111,
o, g1l =B, q1], i=x,y201, (D10)

where g; here and ¢? above with the superscript inferring
the dual theory are the operators defining the U(1) lattice
symmetry in Egs. (D10) and (D9) respectively.

We can establish a duality between the two physical
phenomena by noticing the U (1) symmetry operator in the
elevated 4D lattice model for TQCPs and the one in a 4D
topological insulator, are part of a spin(3) subgroup given by

LRI, 0,1, T, X; Q0. (D11)

Define a Spin(3) rotation that connects two U (1) charges
as

i1
Up = exp (lE/XTQo)(), x" =l 1D

1
Oy = Z—ﬁ[rx Y, Q0+, + 1. R, ®0,]. (DI12)
We find that two 4D theories defined in Eq. (D1) with oper-
ators given in Egs. (D9) and (D10) respectively are dual to
each other and are related by the duality transformations in
Eq. (D12).

To prove the equivalence, we start with the theory for 4D
topological insulators in AIl class specified in Eq. (D10).
We then take into account the following relations. For any

operators
Ai=/XT05iX, B, =/XT,31X,

where «;, i = x, Y, z, n and B are defined in Eq. (D10), under
the transformations in Eq. (D12) we can define

A — Al =UAU,", B, — B, =UB U;". (D14)

(D13)

One finds explicitly that
A§=/xTali, B, =/xTﬂ1Dx,

D D D
o, = oy, By = P

Uiy = 47 910 5.z (D15)

One can verify explicitly that «”, i =x,y,z,7 and BP
obtained in Eq. (D15) are equivalent to the operators defined
in the elevated 4D lattice model in Eq. (D9) that we have
employed for a boundary representation of a 3D TQCP in DIIL
class topological states. This proves the duality between the
two models.

4. Gapless states in (d + 1)-dimension theories:
More emergent symmetries

Before leaving this section, we briefly comment on
Uéﬁl) = Up(A), the emergent symmetry at gapless TQCPs
in the (d + 1)-dimension lattice model with protecting sym-
metry H = ZI' x U(1), higher than the protection symmetry
G, = Z! in the d-dimension lattice model we start with. At
gapless TQCPs in the later model (d-dimension), the emer-
gent symmetry is Ugy = U(1).

Ny =1 Dirac fermions have eight components in the real
fermion representation and the unitary transformations in the
real representation form an Spin(8) group. Spin(8) has 28
generators all of which have to be antisymmetric and purely
imaginary Hermitian in the real fermion representation.

One can verify that the emergent symmetry in the (d + 1)
dimension is simply an Spin(3) subgroup generated by

0, = / dry" (r)y ® Z,x(r),

0, = / dry"(r)Z,x(r), (D16)

0. = / dry"(®)y ® T, v = i

The corresponding Spin(3) group leads to Up(1), the full
deformation group in the (d 4 1)-dimension lattice. The gap-
less TQCPs in d + 1-dimension lattices are symmetric under
the full deformation group, in addition to the deformation
subgroup U, C Up(r) discussed before. The emergent sym-
metry in this case is given by UE(”IZV;L]) = Up(1). Note that the
lattice U (1) symmetry group in the d-dimension lattice model
is generated by y, without depending on X, ,, ..

The emergent infrared symmetry, together with the (d +
1)-dimension protecting symmetry H group, lead to the
full symmetry group that leaves (d + 1)-dimension gapless
TQCPs in the lattice model invariant. That is

U =2] x Spin(3) or ZI x SU(2) (D17)

much higher than the lattice symmetry group of H = ZT x
U (1) for gapless TQCPs in d dimensions.

APPENDIX E: RENORMALIZATION GROUP EQUATIONS
FOR A RING OF FIXED POINTS

In this Appendix, we outline the solutions to the renormal-
ization group equation (RGE) near a TQCP. We show that by
forcing TQCP strongly interacting with protecting symmetry,
we need to identify the TQCP with the protecting symmetry
G, = ZI with a scale-invariant time-reversal symmetric fixed
point among a ring of fixed points. The ring of fixed points,
all without protecting symmetries except at gy, = 0 points,
can be obtained by taking into account the anticommuting
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relations between B, and o, i = 1, 2, 3 as well as

Tepir = TeBi 2 = Tefi 3 = 0, {B1, B2} = 0. (ED)

Diagrammatically, the RGE can be obtained using the dia-
grams in Fig. 5.
Equation (49) can be reorganized into

dgey . d-3
By (4221 5),

dt 2

dg ,(d—3

¥ o2 (242, E2
" gy( 5 +g2Y> (E2)
48

o= d -3+ —ci.

Here we have introduced
gx = 8r1c0s0 + gyasind,
8y = —8y18inf + gyrcos6,0 € [0, 2n], (E3)

2 - 2
&y =&+ &

One can see clearly that Eq. (E2) is invariant with respect to
SO(2) rotations in the plane of gy; — gy» and is independent
of the choice of 6 angle.

For d < 3 or dimensions lower than three, the solutions to
Eq. (49) and the renormalization flows are fully determined
by the lines defined as

8y =0 (E4)
and a ring of fixed points defined as

TR A Zd. (ES)
All the renormalization flows are along the radial directions
in the plane of gy; — gy, towards the ring and they all are
terminated at the ring.

The CFTs of these fixed points all break the protecting
symmetry G, except at two points of gy» = 0. However, for
d > 3, the ring shrinks to a point at &, = 0 and the fixed point
is a fully isolated one with the protecting symmetry G, = Z7 .
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