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Controlled refraction and focusing of spin waves determined by the Aharonov-Casher effect
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The influence of an external static electric field on spin wave (SW) dynamics leads to an additional topological
phase called the Aharonov-Casher (AC) phase. It is manifested as a shift in dispersion and the group velocity
direction of the spin wave under the electric field. Within a linear approximation, the AC effect can be considered
by including the Dzyaloshinskii-Moriya-like interaction between neighboring spins, which is proportional to the
applied electric field. In this paper, we use these findings to examine the possibility of the electric field control
of the refraction of coherently propagating SWs. This is done by studying the propagation SWs across the
boundary between two regions of a homogeneous ferromagnetic film under the influence of different external
electric fields. We have derived an analytical expression for a magnetic Snell’s law and performed micromagnetic
simulations to demonstrate how the AC phase shift can control SW refraction. This effect enables us to quantify
the topological AC phase action. It presents a promising approach for guiding and manipulating the phase and
energy flow of SWs using an external electric field, opening a way to control magnonic devices.
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I. INTRODUCTION

The fundamental characteristics of spin waves (SWs)
are phase, amplitude, and propagation direction. Among
the important challenges motivating research activities in
magnonics [1–4] is finding mechanisms to operate these SW
properties. In optics, one of the spatially efficient methods
to control waves is reflection and refraction at an inter-
face between two materials with different optical parameters.
Although a magnetic field can influence magnetic character-
istics, these types of SW operations usually have significant
spatial coverage. It makes the compatibility of magnonic
devices with conventional voltage-controlled semiconductor
electronics more difficult. The possibility of using, e.g., an
electric voltage to manipulate the magnetic parameters of a
system and thus the dispersion relation of SWs has been
intensively discussed in recent reports [5–12] driven by its
physics and enormous potential for applications in magnonic
devices (see review articles [13–15] for details).

An external electric (E) field is also investigated as one
of the alternative and efficient solutions to control the SW
dispersion and, thus, the phase and power flow of SWs. In-
deed, it has been shown [16–20] that an external static electric
field causes a frequency shift of SWs, like the Dzyaloshinskii-
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Moria (DM) interaction, even in a ferromagnet where the
inversion symmetry is presented. It is a typical case of a
quantum topological effect in solid-state physics. According
to the quantum mechanics paradigm, the voltage control of
the magnetic parameters implies a modification of local (Lan-
dau) system parameters. The influence of the electric field on
SW energy is an example of a global—topological—effect in
the magnetization dynamics [21–26]. In particular, the orbital
motion of neutral magnetic moments in a static electric field
produces an extra—a topological origin—phase, the so-called
Aharonov-Casher (AC) phase [21,22]. In the first approxima-
tion, the influence of this field on magnetization dynamics
is equivalent to the generation of a DM-like interaction be-
tween the neighboring spins Si and S j . Thus, the effect can
be considered by being written in a conventional form as
di j · (Si × S j ). Here, the vector di j is orthogonal to the unit
vector ei j along the line connecting the neighboring spins and
the electric field E [16–19]. The calculations [17–19] based
on the superexchange model give di j = ξSOJe(E×ei j ), where
e is the elementary charge value, J stands for the Heisenberg
exchange coupling, and ξSO is the spin-orbit coupling. Zhang
et al. [20] showed, using experimental data on YIG (yttrium
iron garnet, Y3Fe5O12), that the SW’s phase control by an
external electric field could be effectively implemented in thin
ferromagnet films. Recently, Serga et al. [27] proved in their
experimental research that magnons could accumulate an ad-
ditional phase when interacting with an electric field through
the AC effect. They used two types of magnetostatic SW prop-
agating perpendicularly and parallel to the film magnetization
direction in YIG, which revealed the AC effect contribution in
the SW phase change.

The theoretical analysis confirms that the AC phase in-
duced by an external electric field could effectively control the
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SW power flux and caustics in thin ferromagnet films [28].
The conjunction of the magnetodipole interaction and SWs
coupling to the electric field also reveals itself in nonrecipro-
cal unidirectional caustic beams of dipole-exchange coupled
SWs [29]. An important practical consequence is that chang-
ing the sign of the electric field changes the shifts of the SW’s
group velocity, allowing for the SW focusing condition to be
obtained.

It has been also demonstrated that heterochiral magnetic
structures with DM interaction are an ideal platform for adapt-
able waveguides for SW [30–35]. In particular, Yu et al.
showed that the scattering of SWs at a domain wall in a single
magnetic material with DM interaction can be described using
the generalized Snell’s law [30]. In Ref. [32], the propaga-
tion and reflection of SWs at interfaces of magnetic films
with different DM strengths were examined. It was found
that SWs may experience a total reflection at interfaces of
regions with different DM strengths, similar to total optical
reflection at interfaces. Wang et al. analyzed the dynamics
of SW in a nonuniform electric field from the point of view
of the mechanism of generation and control of the magnon
spin current by an external electric field [36]. The presented
analytical and numerical results show that this mechanism of
spin current generation can become a competitive alternative
to the thermal one.

In this paper, we investigate the effect of the DM-like
interaction induced by a static external electric field on the
propagation of exchange and dipole-exchange SWs in a thin
ferromagnetic film. The findings of Refs. [16–20,28,29,37]
are employed to examine how an electric field can control the
refraction of SWs as they cross a boundary between regions
where different DM-like interactions are present due to E
fields of a different magnitude. We will first obtain analytical
expressions for the reflection and transmission of SWs at
such an interface. It has been demonstrated that the scattering
of SWs at such a boundary follows a generalized Snell’s
law in analogy to an optical fiber [31,32,34,35]. Due to the
DM-like effect (the AC phase) caused by an applied electric
field, these two regions act as magnetic media with different
propagation dynamics of SWs. Based on these findings, we
have conducted micromagnetic simulations to investigate the
effectiveness of the electric field in controlling the refraction
of coherently propagating SWs. We demonstrate how these
peculiar phenomena can be used as an alternative method
(used in Ref. [20]) to quantify the topological phase magni-
tude. Moreover, this makes it possible to distinguish between
the Aharonov-Casher effect and the contributions of magne-
toelectric effects simply by measuring the angles of incident
and refracted SW beams. Our results point to an important
avenue for manipulating SWs and developing electrically tun-
able magnonic devices. Some preliminary results of this study
can be found in Ref. [38].

The paper is structured as follows: In the next sec-
tion (Sec. II), we briefly describe the model under consider-
ation. In Sec. III, the analytical expression of magnetic Snell’s
law is presented for the scattering of SWs at the interface
between two parts of a magnetic film under different external
electric fields. To establish the exclusive effect of the E field,
we performed the analytical calculations for the exchange
SWs when the demagnetizing fields can be neglected. The

FIG. 1. Schematic illustration of the in-plane magnetized film.
The electric field is normal to the film. Please note the rotation of the
coordinate system (a) and (b).

analytical results for the refraction of the SWs are confirmed
by micromagnetic simulations presented in Secs. IV and V.
Here, a more rigorous expression for the SW dispersion is
used (the details are given in the Appendix and Supplemental
Material). The simulations are performed for the classical
magnetic material Y3Fe5O12, and they suggest that controlling
Snell’s law for SWs using an electric field may be experimen-
tally feasible. Section VI summarizes the main conclusions.

II. THE MODEL

Let us consider exchange SWs propagating in a homoge-
neous ferromagnetic film with the magnetization vector M
aligned in the x − y plane of the film, and the external mag-
netic field H0 is applied along the +y direction. The left/right
side of the film is under the effect of static external electric
fields E1(2) along the ±z direction, see Fig. 1. Our focus
will be on the reflection and transmission of SWs through an
“interface” —the boundary between the film regions under the
action of electric fields E1 and E2. To identify the effect of the
E-field-induced DM-like interaction exclusively, we discuss
in our analytical study (Secs. II and III) the simplest case
where a uniaxial anisotropy field HA is strong enough and the
demagnetizing field can be neglected. However, our numerical
simulations consider the dynamical dipolar fields originating
from the magnetization precession (Secs. IV and V). We focus
solely on the effect of E-field-induced DM-like interaction.
To achieve this, we make two assumptions: (i) other magnetic
parameters are homogeneous throughout the film, and (ii) we
assume that the SW wave vector k and the E field are mutually
orthogonal, the E field is normal to the film plane, and the
Doppler shift vanishes. The Doppler shift disappears when the
electric field and wave vector of the SW are perpendicular to
each other, see, e.g., Ref. [39]. Note that the SW’s Doppler
shift plays a dominant role in the magnetization dynamics of
rare-earth metals, and it is proportional to the mobility of the
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spin-polarized electrons. However, in the case of localized
spins in a magnetic dielectric, this effect is several orders
of magnitude smaller than the similar effect in the collective
magnetization dynamics of spin-polarized electrons (the band
theory of magnetism in metals). If the localized spins are cou-
pled by unpolarized electrons (the Ruderman-Kittel-Yosida
model), the SWs’ Doppler shift will be second-order relative
to the spin-polarized electrons [40]. More details of the uni-
form current effects on SWs in ferromagnetic metals can be
found in Refs. [40,41]. Assuming that the SWs’ Doppler shift
is negligible, we discuss two geometries below: the magneti-
zation M of the film is parallel [Fig. 1(a)] and perpendicular
[Fig. 1(b)] to the film boundary introduced by the E field.

The magnetization dynamics is described by the Landau-
Lifshitz equation

∂M
∂t

= −γμ0M × Heff .

Here γ stands for the gyromagnetic ratio, μ0 is the vac-
uum permeability, the magnetization M = M(r, t ) = MS +
m(r, t ), where MS stands for the uniform equilibrium mag-
netization of constant amplitude and m(r, t ) is the deviation
from equilibrium. The total effective magnetic field Heff com-
prises contributions from the exchange field Hex = J∇2M(r)
(J is the exchange coupling), the magnetic uniaxial anisotropy
field HA || y, and the electric field induced DM-like interaction
of the form [18,19] HE = 2dE × (ei j · ∇ )m. As noted above,
the vector dE is given by dE = ξSOJ (eE × ei j ); here, the unit
vector ei j is along the line that connects the magnetic moments
between points i and j; e is the elementary charge value, and
ξSO is proportional to the spin-orbit interaction strength. In
this subsection, the dipolar interaction and the damping term
are neglected to illustrate the electric field effect.

The SW propagation and dispersion relation in ferromag-
netic films has been studied earlier in detail [42]. In this
section, we will focus on the exchange SWs of high frequen-
cies and the SW dispersion relations in ferromagnetic media
affected by the static electric field E1(2) = E1(2)ez. Following
Refs. [30,31,33,34], we can present the dispersion relation as

ω1(2)(k)

γμ0
= H0 + HA + Dk2 − MSλSOE1(2)kx, (1)

where ω(k) is the angular frequency of the wave, |MS| = MS

is the magnetization saturation, D = JMS , the wave vector k
is in the film’s plane k = (k2

x + k2
y )1/2, λSO = 2JξSO|e|, and

HA stands for the magnetic uniaxial anisotropy. The last term
in Eq. (1) describes the electric field effect on SW dynamic.
It causes the isofrequency ellipses to move in the direction
of (E × MS ). In Fig. 1(a) geometry, the shift is perpendic-
ular to the boundary that separates the regions of the film
affected by different electric fields. In Fig. 1(b) geometry,
the isofrequency ellipses are shifted parallel to the E-field
boundary regions. This shift is equal to MSλSOE1(2) for both
cases. Figure 2 illustrates how the isofrequency contours of
the exchange SWs shift under the effect of the applied electric
field at different frequencies for the geometries in Fig. 1.

We would like to highlight two significant differences be-
tween our study and previous studies regarding the scattering
behavior of SWs in chiral magnetic films with DM interac-
tion [30,31]. In these cases [30,31], the isofrequency ellipses
of the SWs are pushed parallel to the domain’s boundary

FIG. 2. The isofrequency contours shift of exchange SWs [the
black curves, Eq. (1)] under the effect of the applied electric field at
different frequencies for the geometry in Fig. 1: (a) E = 0.7 V/nm,
(b) E = 0 V/nm, (c) E = –0.7 V/nm. The group velocity (red lines
with arrows) was obtained from Eq. (2). The material parameters
used for YIG are in the Appendix.

due to a conventional DM interaction. In our case, due to
the electrically induced DM-like interaction, the isofrequency
circles can be shifted by the E field normal or parallel to the
actual boundary regions of the film. This depends on whether
the magnetization M of the film is parallel or perpendicular to
the boundary.

The shift of the isofrequency circles in the up/down elec-
tric field domains, Eq. (1), has significant consequences for
the reflection and refraction of an incoming SW at the bound-
ary between magnetic film regions with different DM-like
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FIG. 3. Refraction of an incoming SW at the interface between
regions of the magnetic film subject to different external elec-
tric fields. (a) Magnetization is parallel to the E-field boundary
(dash-dotted line); (b) magnetization is perpendicular to the E-field
boundary. The blue color corresponds to the area of incident angles
where SW is completely reflected. Numerical estimation was per-
formed for YIG films with a thickness of 10 nm, E1 = 0.7 V/nm,
and E2 = −0.2 V/nm.

interactions (regions with different AC phases). In the fol-
lowing sections, we derive an analytical expression for a
generalized magnetic Snell’s law and examine how, by us-
ing a moderate external electric field, one can control SW
refraction and reflection at interfaces between regions with
different AC phase shifts. For the reader’s convenience, we
take advantage of geometric interpolation and the fact that ex-
change spin waves can be described by circular isofrequency
contours [30–33].

III. MAGNETIC SNELL’S LAW FOR SPIN WAVES

Magnetization is parallel to the E-field boundary. Let us
begin the discussion with the geometry where the E-field
boundary is parallel to the magnetization and the isofrequency
ellipse is shifted along the normal to this boundary, as shown
in Fig. 1(a). When the SW with an angle of incidence θ1 (the
angle of the group velocity to the interface normal +ex direc-
tion) is incident from the left side of the film to the right side,
it is refracted with an outgoing angle θ2, see Fig. 3(a). The
SW keeps the angular frequency after reflection ωr (kr ) and
transmission ωt (kt ), i.e., ω(k) = ωr (kr ) = ωt (kt ) where k,
kr , and kt are wave vectors incident, reflected and transmitted
SWs correspondingly. The continuity of the wave vector along

the interface is guaranteed by translational symmetry, so the
SW fronts must coincide at the E-field boundary. The SW’s
group velocity is

vg1(2) = ∂ω1(2)(k)/∂k = γμ0(2Dk − MSλSOE1(2)ex )

= 2γμ0Dkg1(2). (2)

Here we introduce the radius of the isofrequency circle
|kgi| = kgi(ω) = {(ω/γμ0 − HA − H0)/D + κ2

i (Ei )}1/2,
where κi(Ei ) = MSλSOEi/2D is the magnitude of the
isofrequency circle displacement. Thus, to fulfill the first
part of the wave vector continuity relations, the conservation
of k||y: kgy = kgry, the reflection angle must be equal to
the incident angle. Referring to Eq. (2), the second part
of the relations, kgry = kgty, leads to the Snell-like law in
geometrical optics for SWs. The generalized (magnetic)
Snell’s law, kg1(ω) sin θ1 = kg2(ω) sin θ2, is now equal to

{
(ω/γμ0 − HA − H0)/D + k2

1 (E1)
}1/2

sin θ1

= {
(ω/γμ0 − HA − H0)/D + k2

2 (E2)
}1/2

sin θ2. (3)

The SW’s incidence/refraction angles relation, Eq. (3), is
derived for the interface formed in a homogeneous magnetic
film subjected to different external electric fields. It differs
from Snell’s laws, obtained for interfaces created by two
magnetic domains [30] or between two regions with different
magnetic properties [43–47]. It is like a generalized Snell’s
law in Ref. [32] for a magnetic structure with DM interaction
in opposite directions. In our case, as in the case considered by
Mulkers et al. [32], the isofrequency ellipse shifts in the left
and right areas of k space are not symmetric: k1(E1) �= k2(E2),
as shown in Fig. 3(a). In addition, in our case, the magnitude
of the isofrequency ellipse shift in k space can be controlled
simply by tuning the strength of an external static electric
field.

In Eq. (3), we have two free parameters, E1(2), and thus, the
SW reflection can be tuned by adjusting the applied electric
field strength. According to Eq. (3), total reflection, θ2 = π/2,
occurs when κ2

2 (E2) < κ2
1 (E1) and the incident angle θ1 sat-

isfies the condition θC < |θ1| < π/2 [see Fig. 3(a)] with the
critical angle

sin θC =
{

(ω/γμ0 − HA − H0)/D + κ2
2 (E2)

(ω/γμ0 − HA − H0)/D + κ2
1 (E1)

}1/2

. (4)

When |E1| � |E2|, all the incident SWs are refracted. So, the
SW propagation and reflection conditions are controllable by
the E2/E1 ratio.

Magnetization is perpendicular to the E-field boundary. If
the magnetization is normal to the E-field boundary, Fig. 1(b),
the isofrequency ellipses are shifted along this boundary. In
Fig. 1(b), the angle of incidence θ1 is now the angle of the
group velocity to the interface normal +ey. Snell’s magnetic
law and the equation for θC for this geometry have the follow-
ing forms:

{
(ω/γμ0 − HA − H0)/D + κ2

1 (E1)
}1/2

sin θ1 + κ1(E1) = {
(ω/γμ0 − HA − H0)/D + κ2

2 (E2)
}1/2

sin θ2 − κ2(E2), (5)

sin θC =
{
(ω/γμ0 − HA − H0)/D + κ2

2 (E2)
}1/2 − [κ1(E1) + κ2(E2)]{

(ω/γμ0 − HA − H0)/D + κ2
1 (E1)

}1/2 . (6)

184437-4



CONTROLLED REFRACTION AND FOCUSING OF SPIN … PHYSICAL REVIEW B 109, 184437 (2024)

In this case, the incidence angle intervals for refraction and
total reflection are asymmetric with respect to the sign of θ1

[see Fig. 3(b)], except when κ1(E1) = −κ2(E2). The critical
angle can take any value between −π/2 and π/2, depending
on the κi(Ei ), and the applied electric field. In the absence of
an electric field (E1,2 = 0), the angle θC = π/2 and all inci-
dent SWs are propagated. The unconventional refraction and
reflection of SW are caused by the extra topological phase,
called the AC phase [21,22], induced by the E field. Like the
case of a conventional DM interaction [48], SWs in a system
with E-field-induced DM-like interaction have an anisotropic
dispersion relation. The anisotropy of energy dispersion can
cause a noncollinearity between the wave vector k and the
group velocity vg, see Eq. (2). The phase velocity of SWs also
depends on the angle between the magnetization M and the
wave vector k. As a result, the boundary between regions with
different electric fields acts as an abrupt magnetic boundary
for SWs.

As noted in the Introduction, it was recently found that
SW total reflections and negative refractions could occur at
the interface due to DM interactions [31,32]. SW refrac-
tions can be nonsymmetric at positive and negative incidence
angles in those cases. Additionally, it was shown that the
magnonic Goos-Hänchen (GH) effect of SW beams occurs
when SWs are totally reflected at the interface and vanish
otherwise [35,49]. The GH effect for SWs is a promising
way to study magnetic interface properties [33,49–53] and
manipulate the SW phase. The electric field controlling the
GH shift will be discussed elsewhere. This paper focuses
on demonstrating the effectiveness of E-field control on SW
refraction. To verify our analytical results, we examine the
external electric field controllability of the refraction of co-
herently propagating SWs using numerical verifications and
micromagnetic simulations. These simulations have been per-
formed in MuMax3 [54] using the parameters previously
estimated for YIG films [55,56] (see the details in Appendix).

IV. DISPERSION RELATION, REFRACTION
OF EXCHANGE SPIN-WAVE

This section examines the refraction processes at the E-
field boundary for exchange SW. We perform an analysis
using the expression for the SW dispersion that considers
dynamic dipolar fields originating from the magnetization
precession (see, e.g., Refs. [19,40]). Within the standard ap-
proach [40], the dispersion relation for the SW spectrum in
the film with H0||MS||y, k ∈ xy (Fig. 1) can be expressed as

ω(E , k) = γμ0[Hx(k)Hy(k)]1/2 − ωE (k). (7)

Here

Hx(k) = H0 + Dk2 + MSg(kd ) sin2 ϕk , (8)

Hy(k) = H0 + Dk2 − HK + MS[1 − g(kd )], (9)

ωE (k) = γμ0MSλSOEkx = ωMλSOEkx, (10)

with wave vector k = (k2
x + k2

y )1/2, d is the film thickness,
g(kd ) = {1 − [1 − exp(−kd )]/kd}, ϕk = arctan(kx/ky),
HK = 2Ku/μ0MS stands for the effective anisotropy field, and
Ku is the magnetic anisotropy. From Eqs. (7)–(10) one finds

that not only the external electric field but also the dipolar
coupling g(kd ) contributes to linear in k dependence of the
SW spectrum ω(k). However, there is an essential distinction
between these two constituents. The contribution due to the
electric field, Eq. (10), is anisotropic, kx, and its sign depends
on both the wave vector k and the magnetization directions.
In contrast, the dipolar (magnetostatic) component does
not. Thus, in addition to an ellipticity in the precession, the
external electric field “manifests” itself in a nonreciprocity of
the SW propagation ω(k) �= ω(−k). These features make it
possible to unambiguously distinguish the E-field effect from
the dipolar coupling contribution in an experiment.

Our analysis will use isofrequency curves derived from
Eqs. (7)–(10). We begin with the case where the exchange
term dominates the SW dynamics. So, we will consider ex-
change SWs to which large k vectors correspond.

Exchange spin waves. As mentioned above, the exchange
SWs have a more isotropic dispersion relation than the dipole-
exchange excitations [42]. Their isofrequency curves are
near-circular [30–33], which is also apparent in their refrac-
tion. In this case, Snell’s law [(3) and (5)] can be obtained
in the exchange limit from Eqs. (7)–(10), considering the
continuity of the wave vector component directed along the
E-field boundary.

In our numerical verifications for exchange SWs, we
suggested that the normal constant electric field Ez = ±
0.7 V/nm (see Fig. 1) influences one half of the film and
Ez = 0 on the other half. The YIG film has a thickness of
d = 10 nm. Other material parameters and details of simu-
lations are in the Appendix. Figures 4 and 5 illustrate the
micromagnetic simulation of refraction at the E-field bound-
ary and isofrequency curves obtained from Eqs. (7)–(10) for
the exchange SW. In these figures, ki is the wave vector of
an incident SW, kr represents the wave vector of the refracted
SW, and vg is the group velocity direction of the SWs (vg || kg).
In the simulated snapshots (Figs. 4 and 5), the spin wave
was excited by the rf field applied locally (antenna) in a
region located on the E = 0 side of the film. The details of
excitation are described in the Appendix. The red and blue
colors represent the dynamic deviation from the equilibrium
magnetization distribution for the SW propagating in each
half-space; red arrows indicate the group velocities of SW;
the phase velocities are parallel to k and directed along the
normal to the wave fronts.

In the geometry depicted in Fig. 4, MS is parallel to the
E-field boundary, and the SWs with all the incidence an-
gles refract to the area with Ez = ± 0.7 V/nm, according to
Eqs. (3) and (4). In this case, the E-field influence leads to
the changing wavelength of the refracted SW. The increas-
ing or decreasing of this wavelength depends on the positive
[Fig. 4(a)] or negative [Fig. 4(b)] sign of Ez, respectively.

When the MS is perpendicular to the E-field boundary,
it is possible to manipulate the refraction condition of the
spin wave by the electric field. It is illustrated in Fig. 5.
Here, the sections of the isofrequency curves marked in blue
correspond to the total internal reflection. The condition of
its realization can be derived from Eqs. (5) and (6). When
half of the film is under the field Ez > 0, negative refraction
takes place at 0 < kx < MSλSOEz/2D [it is marked as the
orange region in Fig. 5(a)]. This effect is characterized by the
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FIG. 4. Exchange SW refraction on the boundary of the magnetic
film consisting of two half-spaces with Ez �= 0 and Ez = 0. H0||MS

[see Fig. 1(a)]; | Ez | = 0.7 V/nm and Ez = 0; f = 50.0 GHz. Under
the effect of the E field, the isofrequency ellipse is shifted normally
to this boundary. (a) Ez > 0; (b) Ez < 0.

projections of group velocities: the vg of incidental and vg of
refracted waves have opposite signs on the E-field boundary.
The micromagnetic simulation results in Fig. 5(a) illustrate

FIG. 5. Same as Fig. 4 but for H0||MS normal to the boundary
[Fig. 1(b)] and a subsequent shift of the isofrequency ellipse along
the boundary. The blue lines on isofrequency curves correspond to
the areas of incident angles where SW is completely reflected. The
orange lines are the regions with a negative refraction effect. The
region of magnetization twisting near the E-field boundary is marked
by red and blue colors.

this case of refraction. It should be noted that the magneti-
zation twist near the E-field boundary in Fig. 5 is marked
in red and blue. This twist can be explained by analogy
with [57,58] due to the appearance of magnetic boundary con-
ditions at the E-field boundary as a result of different induced
DM-like interactions.

For Ez < 0 [Fig. 5(b)], negative refraction exists at
MSλSOEz/2D < kx < 0, while normal SWs refraction occurs
for other kx values, corresponding to the black sections of
isofrequency curves in Fig. 5. Similar asymmetric refraction
of SWs can also be realized in thin ferromagnetic films at the
interface with different DM interactions [31,32,35]. However,
in the considered case of the induced DM-like interaction,
the refraction mode can be manipulated by using the E
field.

The analysis of isofrequency curves and micromagnetic
simulations show excellent agreement in the refraction results
in Figs. 4 and 5. In particular, this applies to the directions
and values of the wave vector of the incident and refracted
SWs at a given frequency. Additionally, the results of the
micromagnetic refraction simulations are demonstrated in the
Supplementary Material [59] in the movies 4a.mp4, 4b.mp4,
5a.mp4, and 5b.mp4, which correspond to the cases presented
in Figs. 4(a), 4(b) 5(a), and 5(b).

In order to realize the electric-field-induced features of
SW refraction in the dipolar-exchange regime, a lower E-
field strength is required compared to exchange SWs. Unlike
exchange SWs, for dipole-exchange SWs, only expressions
(7)–(10) remain valid, and the isofrequency curves are not
circular.

V. REFRACTION AND FOCUSING OF
DIPOLE-EXCHANGE SPIN WAVE

For the dipolar-exchange regime, we assumed that the
electric field, applied to the half of the YIG film, is Ez = ±
0.35 V/nm, the SW frequency f = 7.9 GHz, the external
magnetic field μ0H0 = 0.2 T, and the film thickness is 30 nm
(see Appendix for details). The isofrequency curves obtained
from (7)–(10) illustrate the effect of static electric field on the
refraction of dipole-exchange SWs in Fig. 6.

Magnetization is parallel to the E-field boundary. Let us
consider a scenario where the magnetization MS is directed
along the interface between the electric fields’ areas [as shown
in Fig. 1(a)]. The volume dipolar-exchange SW falls from
the right part of the film with Ez = 0 to the left area with
Ez �= 0 (Fig. 6). Let us consider the isofrequency curves in
Fig. 6. The interval of wave numbers −33.6 µm−1 < ky <

33.6 µm−1 covers all incidence angle values. The points of
intersection of the isofrequency curves with the ky axis on the
right part of the film (Ez = 0) in Fig. 6 indicate this. When the
E field is along the z axis (Ez = ± 0.35 V/nm) in the left area
of the YIG film, the isofrequency curve has the form shown in
Fig. 6. There is no region of total internal reflection because
the wave number intervals ky of the isofrequency curve at
Ez = 0 are narrower than for the case Ez �= 0. The SW refrac-
tion is different for positive and negative E-field directions.
It occurs because the isofrequency curves are deformed and
shifted oppositely in k space in the E-field-affected regions.
At Ez > 0 [Fig. 6(a)], positive refraction is observed outside
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FIG. 6. The dipole-exchange SW refraction on the boundary
of the magnetic film consisting of two half-spaces, with Ez �= 0
and Ez = 0. H0||MS parallels to the boundary between areas with
| Ez | = 0.35 V/nm and Ez = 0. Under the effect of the E-field,
the isofrequency curve moves normally to this boundary. The SW
frequency f = 7.9 GHz. The orange line is the region with a negative
refraction effect. (a) Ez > 0; (b) Ez < 0.

of the interval −11.4 µm−1 < ky < 11.4 µm−1. However, in-
side the interval −11.4 µm−1 < ky < 11.4 µm−1, the group
velocity of the refracted and incident waves has the opposite
sign projections on the Ez(= 0)/Ez( �= 0) interface, and a neg-
ative refraction effect will take place. Suppose the direction of
the E field switches to the opposite [Fig. 6(b)]. In this case,
the isofrequency curve has a positive curvature at kx < 0, and
the spin wave will have positive refraction at all incidence an-
gles. Thus, when the MS vector is directed along the interface
between regions with Ez = 0 and Ez �= 0, the switching from
positive to negative refraction can be executed by reversing
the E-field sign. The results of the micromagnetic simulations
in Fig. 6 perfectly agree with the refraction processes illus-
trated on the isofrequency curves, which are obtained from
the analysis of analytical expressions (7)–(10).

Note that in the interval −11.4 µm−1 < ky < 11.4 µm−1,
the isofrequency curve at Ez > 0 contains a section symmetric
about the ky axis and has negative Gauss curvature. This
section is marked in orange in Fig. 6(a). Since vg is directed
along the normal to the isofrequency curve, the focusing of the
spin waves can be realized for the abovementioned interval of
ky. It is similar to the case in Ref. [60], where the focusing
features of SWs induced by the dipole-dipole interaction in
synthetic antiferromagnets have been studied.

Figure 7 shows an example of SW focusing controlled by
the constant electric field. In this case, we use two excitation
antennas in the film area where Ez = 0. The location of the
antennas is chosen to obtain two nearly parallel spin wave
beams. The simulation parameters remain the same as above,
except for the size of the film (see Appendix for details).
Figure 7(a) depicts an analysis of the isofrequency curves
for the SW propagation from the two antennas across the
E-field boundary at −11.4 µm−1 < ky < 11.4 µm−1, kx < 0,
and Ez > 0. Figure 7(b) shows the micromagnetic simulation
results for this process. It can be seen that in the part of the
YIG film with Ez > 0, there is spin-wave focusing induced by
DM-like interaction.

Suppose the E field changes its sign to Ez < 0, then the
isofrequency curve at kx < 0 has only a positive Gauss cur-
vature, Fig. 7(c). It causes the divergence of two parallel SW
beams incident on the E-field boundary. This is evidenced by
the results of micromagnetic simulations propagation of two
SW beams from the region with Ez = 0 to the region with
Ez < 0 in Fig. 7(d). Here, the induced DM-like interaction
leads to the divergence of the SWs. Therefore, the focusing or
divergence of the SWs at the E-field boundary can be changed
by reversing the direction of the electric field normal to the
film. For visual illustration, movies depicting the focusing
and divergence of SW beams at the E-field boundary can be
found in the Supplemental Material [59] in the files 7b.mp4
and 7d.mp4.

Magnetization is perpendicular to the E-field boundary.
Consider the situation when MS is normal to the E-field
boundary, Fig. 1(b). First, we analyze the propagation of
the SW using isofrequency curves. Suppose the wave vector
projection kx of the incident dipolar-exchange SW is within
the interval −22.2 µm−1 < kx < 22.2 µm−1, which covers all
possible incidence angles. Like the conditions depicted in
Fig. 5(a), in the geometry illustrated in Fig. 8(a), at Ez =
0.35 V/nm, the SW undergoes negative refraction when the
wave numbers of the incident SW are in the range of 0
< kx < 14.6 µm−1. The segment corresponding to this phe-
nomenon is highlighted in orange on the isofrequency curve
in Fig. 8(a). The positive refraction should be detected for
the SWs with −11.5 µm−1 < kx < 0 and 14.6 µm−1 < kx <

22.2 µm−1. The incident wave must have wave numbers
within the interval −22.2 µm−1 < kx < −11.5 µm−1 for the
existence of the total internal reflection.

When the projection of the E field changes its sign to
the opposite (Ez = −0.35 V/nm), all limits of intervals kx

change their sign as well [Fig. 8(b)]. This happens because
of a linear dependence of ω(E , k) concerning E , kx according
to Eqs. (7)–(10). The incident SWs with positive kx values do
not exhibit negative refraction, but it occurs at −14.6 µm−1 <

kx < 0. When 0 < kx < 11.5 µm−1 and −22.2 µm−1 < kx <

−14.6 µm−1, there is positive refraction. The total reflection
takes place for 11.5 µm−1 < kx < 22.2 µm−1.

All this analysis is confirmed by the results of micromag-
netic simulations, depicted in Figs. 8(a) and 8(b), respectively.
The directions of the simulated group velocities and wave
vectors of the incident and refracted SWs coincide almost
entirely with the corresponding vectors on the isofrequency
curves. Therefore, when MS is normal to the E-field boundary,
the effects of SW refraction depend not only on the sign of
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FIG. 7. Electric field control of focusing/divergence dipole-exchange SWs on the boundary of the magnetic film consisting of two half-
spaces, with | Ez | = 0.35 V/nm and Ez = 0 for H0||MS . The SW frequency f = 7.9 GHz. The area with a negative refraction effect corresponds
to the orange line. (a), (b) Analysis of the isofrequency curves and micromagnetic simulations for Ez > 0; (c) and (d) are the same as (a) and
(b) but for Ez < 0.

FIG. 8. Same as Fig. 6 but for H0||MS normal to the boundary
and a shift of the isofrequency curve along the boundary. The blue
segment is the area of incident angles where SW is completely
reflected.

the E field but also on the sign of the incidence angle at the
interface between electrically polarized and unpolarized parts
of the magnetic film.

As already mentioned, even in a ferromagnet where the
inversion symmetry is presented, an external electric field
causes a phase shift of the SW that is linear both in the
SW wave vector and in the applied electric field. This is an
example of a topological effect (the AC phase) in magneti-
zation dynamics [21–25]. Experimental data for YIG [20,27]
confirmed that the electrical tuning of the SW phase in thin
ferromagnetic films could be realized with high efficiency.
Just this topological effect—the additional phase shift by
the E field—is seen in Figs. 6 and 8 for the refracted SW.
The refraction processes depicted in Figs. 6(a), 6(b) 8(a),
and 8(b) are illustrated in the Supplemental Material [59]
by movies in the files 6a.mp4, 6b.mp4, 8a.mp4, 8b.mp4, re-
spectively. The DM-like interaction strength induced by the
electric field can be directly estimated by measuring the angle
of the two refracted SW beams for positive and negative
E-field directions. Micromagnetic simulations demonstrate
that this electric tuning can be highly efficient for the
dipolar-exchange SW regime, and the DM-like interaction
(the AC-phase effect) induced by an external electric field
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can be used to control the SW power flow direction in a
waveguide.

VI. CONCLUSIONS

Like in optics, where waveguides play a significant role
in data processing, SW guides are key cells in magnonics. In
recent years, immense experimental progress has been made
in generating, detecting, and manipulating SW characteristics
in nanoscale ferromagnetic films [14,15,20,61]. The obtained
results provide a basic understanding of SWs’ unique prop-
erties for data processing and information transmission in
magnonic devices. Several methods have been proposed to
use an artificially induced DM interaction that leads to a
nontrivial asymmetric dispersion relation of SWs, enabling
manipulation of the phase and propagation direction of SWs.

In this paper, we considered the possibility of tuning the
strength of DM-like interaction in different regions of a homo-
geneous magnetic film by an external electric field. Through
analytical calculations and micromagnetic simulations, we
demonstrated that in a homogeneous magnetic material, there
is the possibility of the static electric field control over the
refraction of SWs at the interface formed by the regions under
the effect of different electric fields. This is possible due to the
electrically induced Aharonov-Casher phase shift of the SW
phase (the DM-like interaction caused by the electric field).
As in the case of SW propagation and refraction at the inter-
face of magnetic films with different DM strengths [30–35],
the systems under consideration are an ideal platform for
versatile SW guides. We have shown that the external electric
field control of SW refraction regimes in magnetic film, up
to changing SW refraction from negative to positive and vice
versa, can be helpful for the development and design of elec-
trically controlled magnonic devices. From the fundamental
point of view, the discussed peculiar phenomena open an
avenue for quantifying topological effects in magnetization
dynamics.

In conclusion, condensed matter physics is revolutionizing
by introducing topology-grounded concepts that character-
ize the system’s physical states and properties [62–64]. A
representative case of topological effects on equilibrium
magnetization dynamics has been discussed in this paper.
The laser electric field can cause a dynamic phenomenon
with topological effects on magnon dynamics, which local
perturbations cannot disturb. Such theoretical proposals for
controlling magnetization dynamics based on the Aharonov-
Casher effect induced by laser electric field gradients have
been discussed in Refs. [65,66]. The Aharonov-Casher effect
generally provides a perspective direction for developing ul-
trafast topological magnonics. It is among all recent scientific
discoveries linked to topological effects in condensed matter.
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APPENDIX

Our micromagnetic simulation results were obtained by
solving the time-dependent Landau-Lifshitz-Gilbert equa-
tion using the “MuMax3” code [54]. The material parameters
we used for YIG are as follows: γ = 1.761 × 1011 rad/(s · T),
μ0 = 4π × 10−7 H/m, MS = 140.5 kA/m, μ0H0 = 0.2 T,
J = 2A/(μ0M2

S ), where A stands for the exchange stiffness,
A = 3.7 pJ/m [55], ξ−1

SO = 19 eV [18–20], the Gilbert damp-
ing constant 10−4 [67]. These material parameters were also
used to construct isofrequency curves based on Eqs. (7)–(10).
According to [56], the anisotropy constant Ku = 4300 J/m3

was chosen for the film thickness d = 10 nm in the case of
the simulation of exchange SWs, and Ku = 4600 J/m3 for
d = 30 nm in the case of the simulation of dipole-exchange
SWs. The choice of film thickness was determined by the
quasi-uniform profile of the dynamic magnetization’s normal
component in the cases of exchange and dipole-exchange
SWs. We used the film size of 6.5 µm × 2.5 µm × 10 nm with
the cell size 10 nm × 10 nm × 2.5 nm for micromagnetic
simulations of exchange SWs’ refraction. The simulations of
dipole-exchange SWs were done with two sizes of the film: (i)
for the SWs’ refraction, the film size was 26 µm × 10µm × 30
nm; (ii) 55 µm × 10µm × 30nm for the focusing of dipole-
exchange SWs. The films were discretized in the latter two
cases with 10nm × 10nm × 10 nm cubic-shaped elements.
Thus, the cell sizes are smaller than the exchange length of

YIG lex =
√

2A/(μ0M2
S ) ≈ 17 nm. We supposed that one-half

of the film has a DM-like interaction induced by a perpen-
dicular static electric field E. In this case, the vector of the
DM-like interaction is parallel to the film plane. The boundary
between the two regions with |E| �= 0 and |E| = 0 is a
straight line. We simulated two cases corresponding (i) to the
static magnetization vector MS || H0 parallel to the bound-
ary line and (ii) to MS || H0 perpendicular to the boundary
line. Such orientations of the E and MS permit the realiza-
tion of the Lifshitz invariants and boundary conditions [37],
corresponding to interfacially induced DM-like interaction in
Mumax3 [54,68]. The value of the DM-like interaction caused
by the electric field is chosen according to [19,37].

The simulations consisted of two parts for all considered
geometries. In the first part, the magnetization of the film was
relaxed in the magnetic field H0 to an equilibrium configura-
tion. Then, the perpendicular static electric field E was applied
to half of the film. Its values were |E| = 0.35 V/nm for the
simulation of the dipole-exchange SWs and |E| = 0.7 V/nm
for one of the exchange SWs.

In the second part of the simulations, the SW prop-
agation was studied. We used the method described in
Ref. [52] to generate the SW beam. The exciting magnetic
field hac||z is supposed to be located on the film side with
|E | = 0 under the rectangle area (denoted as the antenna
in Figs. 4–8). For this area, the space-time dependence of
the exciting magnetic field is described as hac(x′, y′, t ) =
h(x′, y′) sin(2π f t ); here x′, y′ is a local coordinate system
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with the x′ axis parallel to the long side of the rectan-
gle excited area (antenna) and the y′ axis perpendicular to
the expected wave front, h(x′, y′) = h0 exp[−2(x′ − x0′)2/(l ·
σ )2] · fH (y′ − y0′ + w/2) · fH (−y′ + y0′ + w/2), fH is the
Heaviside step function, l and w are length and width of
the excitation area (see also [52]). In our simulations, we
adopt the following parameters: σ = 0.2, μ0h0 = 0.004 T;
l = 5µm, w = 30 nm, time step �t = 0.1 ps, f = 7.9 GHz
for dipole-exchange SWs and l = 1.5 µm, w = 10 nm, �t =
0.025 ps, f = 50 GHz in the case of the exchange SWs.
The angle between the long side of the antenna and the

E-field boundary was ±10◦ for dipole-exchange SWs and
±5◦ for exchange SWs. The parabolic absorbing boundary
conditions [69] were applied at the film edges x = 0, x = Lx

and y = 0, y = Ly, to decrease the intensity of the reflected
SW. The width of the absorbing areas near the edges, where
the damping parameter increases parabolically from 10−4 to
1, is equal to 3–5 SW wavelengths.

The estimated differences between corresponding values
of the refracted wave vectors obtained from (7)–(10) (see
Figs. 4–8) and from the micromagnetic simulations are less
than 1.5%.
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Snell’s law for spin waves in heterochiral magnetic films, Phys.
Rev. B 97, 104422 (2018).

[33] Z. Wang, Y. Cao, and P. Yan, Goos-Hänchen effect of spin
waves at heterochiral interfaces, Phys. Rev. B 100, 064421
(2019).

[34] W. Bao, Zh. Wang, Y. Cao, and P. Yan, Off-axial focusing
of a spin-wave lens in the presence of Dzyaloshinskii-Moriya
interaction, Phys. Rev. B 102, 014423 (2020).

[35] F. Zhuo, Hang Li, Z. Cheng, and A. Manchon, Magnonic
metamaterials for spin-wave control with inhomogeneous
Dzyaloshinskii–Moriya interactions, Nanomaterials 12, 1159
(2022).

[36] X. Wang, L. Chotorlishvili, G. Guo, and J. Berakdar, Electric
control of emergent magnonic spin current and dynamic mul-
tiferroicity in magnetic insulators at finite temperatures, Phys.
Lett. A 382, 1100 (2018).

[37] X. Wang, L. Chotorlishvili, G. Guo, and J. Berakdar, Electric
field controlled spin waveguide phase shifter in YIG, J. Appl.
Phys. 124, 073903 (2018).

[38] V. N. Krivoruchko, A. S. Savchenko, Electric field control
of spin-wave refraction in thin ferromagnetic film, in
Proceedings of the 2019 IEEE 9th International Conference
Nanomaterials: Applications Properties (IEEE, Odesa,
Ukraine, 2019).

[39] J. Fernandez-Rossier, M. Braun, A. S. Nunez, and A. H.
Mac-Donald, Influence of a uniform current on collective mag-
netization dynamics in a ferromagnetic metal, Phys. Rev. B 69,
174412 (2004).

[40] P. Lederer and D. L. Mills, Possible experimental test
of the band theory of magnetism, Phys. Rev. 148, 542
(1966).

[41] V. Vlaminck and M. Bailleul, Current-induced spin-wave
Doppler shift, Science 322, 410 (2008).

[42] B. A. Kalinikos and A. N. Slavin, Theory of dipole-exchange
spin wave spectrum for ferromagnetic films with mixed ex-
change boundary conditions, J. Phys. C: Solid State Phys. 19,
7013 (1986).

[43] S.-K. Kim, S. Choi, K.-S. Lee, D.-S. Han, D.-E. Jung, and
Y.-S. Choi, Negative refraction of dipole-exchange spin waves
through a magnetic twin interface in restricted geometry, Appl.
Phys. Lett. 92, 212501 (2008).

[44] F. Ma and Y. Zhou, Interfacial Dzialoshinskii–Moriya in-
teraction induced nonreciprocity of spin waves in magnonic
waveguides, RSC Adv. 4, 46454 (2014).

[45] R. A. Gallardo, D. Cortés-Ortuňo, T. Schneider, A. Roldán-
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