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Non-Hermitian spin dynamics in a coupled ferrimagnetic system
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The interplay of non-Hermitian (NH) spin dynamics in coupled ferromagnetic (FM) systems has unveiled in-
triguing phenomena, notably the manifestation of FM-antiferromagnetic (AFM) phase transitions at exceptional
points (EPs). Extending beyond traditional FM media, ferrimagnetic (FiM) media combine the advantages of
AFM and FM systems, displaying distinct attributes especially at the angular momentum composition (AMC)
point, xapmc. This study explores the profound influence of FiM composition on the NH spin dynamics of a
coupled FiM system. At xapc, the spin dynamics depicted by the Néel vector demonstrates a parity-time (P7)
symmetry, exhibiting power-law frequency splitting concerning external perturbations at the EP with a fixed
power of 1/2. However, deviation from xayc leads to partial converging of eigenfrequency branches at the EP
owing to the uncompensated angular momentum, displaying power-law frequency splitting with varied powers,
akin to an effective coupled RLC circuit with capacitance influenced by frequency variations. This investigation
opens a unique avenue in the area of P77 symmetry in magnetic NH systems, unraveling the nuanced behaviors

of coupled FiM configurations.
DOI: 10.1103/PhysRevB.109.184426

I. INTRODUCTION

A ferrimagnetic (FiM) medium is composed of two sub-
lattices of magnetic moments (spins) oriented in opposite
direction with different magnitudes. The properties of FiM
systems are intricately tied to the ratio of the spins (magnetic
moments) between these two sublattices. Because of differing
gyromagnetic ratios of the elements the FiM medium com-
prises, there exists a special angular momentum composition
(AMC) point, xamc, where the net spin diminishes while the
net magnetic moment remains nonzero.

At xamc, @ FIM medium exhibits ultrafast antiferromag-
netic (AFM) spin dynamics with detectable signals owing
to the uncompensated magnetic moments [1]. Furthermore,
the FIM medium at xapc displays several remarkable char-
acteristics. For example, the frequency of spin oscillation
and the Gilbert damping parameter experience a significant
increase in proximity to xamc [2]. Additionally, the velocity
of domain walls or skyrmions achieves its maximum value
near xamc [3,4]. Recent predictions also suggest an augmenta-
tion of magnon-magnon entanglement within a cavity of FiM
magnons coupled with photons at xamc [5]-

In addition to these magnetic properties, the study of
non-Hermitian (NH) [6-8] spin dynamics within a coupled
magnetic medium has attracted wide attention in recent years.
Here, NH dynamics features complex eigenvalues resulting
from the breaking of parity-time (P7") symmetry [9-12]. This
is in contrast to conventional Hermitian systems in quantum
mechanics. In an NH system, the breaking of P7T sym-
metry (P7 transition) at exceptional points (EPs) [13-17]
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is identified by the convergence of the real parts of the
eigenfrequencies, accompanied by the emergence of nonzero
imaginary components [18]. Additionally, the eigenfrequen-
cies undergo sensitive splitting at the EP when subjected to
external perturbations. The frequency splitting (A f) satisfies
a power-law relationship with the perturbation (¢), with the
power determined by the EP order [19-23].

Until now, research of NH spin dynamics has predomi-
nantly focused on the coupled ferromagnetic (FM) system
[22,24-26]. In these studies, NH spin dynamics was primarily
affected by the strength of coupling between the two FM
media. It is anticipated that in an NH coupled FiM system,
apart from the coupling strength, the spin ratio between the
two sublattices, particularly in proximity to xamc, could also
profoundly influence NH spin dynamics. Nevertheless, explo-
ration regarding the influence of FiM composition on NH spin
dynamics remains an open area.

In this article, we theoretically investigate NH spin dynam-
ics in a coupled FiM system, especially emphasizing the effect
of FiM composition on NH spin dynamics. At xamc, the FiM
medium exhibits P77 symmetry, displaying power-law fre-
quency splitting at the EP concerning external perturbations
with a fixed power of 1/2. However, deviation from xamc
results in convergence of partial eigenfrequency branches at
EPs, demonstrating power-law frequency splitting with vary-
ing powers due to the existence of a nonzero net spin, which
resembles a frequency-dependent capacitance in a coupled
RLC circuit.

II. MODEL AND THEORY

We investigated the multilayer system FiM layer I/heavy
metal (HM)/FiM layer II, incorporating Ruderman-Kittel-
Kasuya-Yosida (RKKY) coupling between the two FiM

©2024 American Physical Society
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FIG. 1. (a) Schematic of a coupled FiM system, including two
FiM layers with a heavy metal layer. In equilibrium, the spin an-
gular momentum aligns predominantly along the z direction. In this
coupled FiM system, the spin angular momenta governed by RKKY
coupling adhere to P7 symmetry. The equivalent circuit of two
coupled RLC circuits corresponding to (b) §; =0 and (c) & # 0.
The two RLC circuits mirror the two FiM systems, where the capac-
itance Cy symbolizes the RKKY coupling. The frequency-dependent
capacitance serves as an analogy to the FiM system experiencing a
composition deviation from the angular compensation point.

[(FeCo),_,,(Gd),,] alloy layers [Fig. 1(a)]. Specifically, our
study focused on the FM RKKY coupling between the two
FiM layers, characterized by the exchange energy Jg. Within
each FiM layer, the antiparallel spin alignment in the FeCo
and Gd sublattices was stabilized by intralayer AFM exchange
energy, denoted as J5. We fixed J5 as 1.09 x 1072" J [2] and
Jr varies between zero and 3.815 x 1072 J, which is on the
order of RKKY strength [27]. For simplicity, we neglected the
potential coupling between S; and Sy, as well as between S,
and S;. This coupling may become zero at a specific thickness
of the HM layer due to the abrupt sign-switching behavior of
the RKKY coupling with the distance between two spins [28].

The average saturation magnetizations of FeCo (Gd) in
the two FiM layers were labeled as M (M3) = My(My) =
Ma(Mﬂ). We defined M,, = (] — xG)MFeCo and Mﬂ = -xGMGd»
where Mpec, and Mgq represent the saturation magnetiza-
tions for FeCo and Gd, respectively. The magnitudes of the
spin angular momenta for FeCo and Gd are S, = M,,/y, and
Sg = Mglypg, respectively, where y, and yg are the gyromag-
netic ratios of FeCo and Gd, respectively. We defined &5 =
(My/va) — (Mg/yp) to illustrate the deviation of composition
from the angular momentum compensation point. Based on
the parameters [2,29,30] Mgeco = 3.21 x 10° A/m, Mgy =
1.10 x 10° A/m, ypeco = 1.93 x 10" 1/(sT), ygq = 1.76 x
10'" 1/(sT), and the atomic magnetic moments of Fe and
Gd, ppe = 1.92up and pgqg = 7.63up, 8, = 0 corresponds to
XAMC = 0.21.

We started via the Landau-Lifshitz-Gilbert (LLG) equa-
tions based on a macrospin model:

S1 = —¥uS1 X (JgSy +J4S3) + a8 x 8, (D

5

S5 = —ypS5 x (JaSy + JrSs) + aS; x S, (2)

o

S = —¥aS2 X (rSi +JaSs) — a$> x S, 3)
§4 = _Vﬁ§4 X (JA§2 ~|—JR§3) — Ot§4 X §4 . (4)

In a real coupled FiM system, the spin dynamics equations
can become more intricate. Several complex factors, such
as the coupling between S; and S; and between S, and S3,
differences in damping coefficients between S; (S;) and S3
(S4), and cross-damping terms between different spins, may
need consideration. The influence of these additional factors
on the NH dynamics of the coupled FiM system is addressed
in the Supplemental Material [31] (see also Refs. [16,32]
therein).

In the linear approximation, the spin was described as
S; = Sise, + (5i:8x + 5iy&y)e"" . Here Si; = |S;| for i = 1, 2,
and S;; = —|S;| for i = 3, 4. To maintain P7 symmetry, the
effective damping coefficients in the two FiM layers are de-
noted as « and —«, respectively. In this work, we considered

a fixed value of @ = 0.02. By introducing the wave function
Vi

Yi = si — 15y, the LLG equations were converted to w[gi] =
Vs
¥
H[:Z], where the Hamiltonian H is shown as below (please
Y

refer to Appendix A for more detailed information about the
derivation):

_D A B 0
(14ier) (14-ier) (14-ier)
Ap —Dy O B
| =iy (=) (I—ia)
H= An 0 —Dy By ®)
(14ia) (14-ier) (14-iar)
0 Ay By —Dy

(-ie)y (—iw) (I—i)
For the interchange of the spin pair in the coupled FiM

system [between S| (S3) and Sy (S4)], the matrix represen-

01 0 0
tation of P is given by P = ((1) 8 8 ?). From this P

0 0 1 0
operation, it becomes evident that H satisfies P77 symme-
try as (PT)H(PT)’1 = H. Here T means the time-reversal
operation, which satisfies THT ! = H*, with H* denot-
ing the complex conjugation of H. In addition to that,

-D Ar
the block matrix elements Hy; =[5 (%) ] and Hy, =
(I—ia)  (1—ia)
—Dy Bu
[('},f[’la) <'_+D’g)] are also invariant under the P7T operation.

1—ia 1—ia
T(his gcenglrio )elucidates the presence of P77 symmetry be-
tween the two pairs of spins governed by RKKY coupling,
i.e., (S], Sz) and (S3, S4)

To clarify the influence of FiM composition on NH spin
dynamics, we further deduced the spin dynamics equations
of the coupled FiM system expressed by the Néel vector. We
first defined the uniform magnetization s and Néel vector
nass = (Sq +5p)/2 and n = (s¢ —Sg)/2. Here s, and sg
are the unit magnetizations for FeCo and Gd, respectively.
Under the linear approximation, the components of nryr
can be written as nyqy = §(nanx, dniany, 1). Introducing
Wiany = Snyanx + idnyanyy, we derived the coupled dynamics
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FIG. 2. (a) Real and (b) imaginary part of the eigenfrequency f as a function of xg. (¢) The threshold of Jg (Jr i) for the P77 transition as
a function of x¢. The Jg m/Ja approaches zero at xamc. The inset exhibits the subtle changes of Jr /Ja near xg.

equations for Wiy as (please refer to Appendix B for more
detailed information about the derivation)

2
Wy — (i85 + ap)¥1 + ApW¥; — Ap¥p =0, (6)

ex
2

T+ 8, — o) + A —Ar¥r = 0. ()

Here Ag = —Jr(M, 4+ Mj) and Aex = 4JxMoMp, and p =
(Malya) + (Mplyp).

Equations (6) and (7) delineate dynamics reminiscent of
coupled inertial systems. It is noteworthy that an additional
term, —i(SS‘iII(H), is incorporated when the composition de-
viates from xapc. To illustrate the function of — iSS\iII(H),
we expressed Wyary = Wian,exp(—iwt) and substituted it into
Egs. (6) and (7). Consequently, the resulting eigenvalue equa-

tions for Wqp, can be expressed as Hz(\‘II]/IO) =0, with the
110
Hamiltonian H, expressed as
2 2 .
(35 — (Ag — w8,) — iwap Ag )

Ag 9L — (Ap — wb,) + iwatp

®)

Here a critical characteristic defining the coupled FiM
system with uncompensated spin angular momentum is the
wés term. This term, akin to a frequency-relevant factor, aug-
ments the parameter Ag, analogous to a stiffness constant in
an elastic system. Notably, when §; # 0, the alteration in
frequency under perturbation effectively modifies the stiffness
constant of this elasticlike system. Consequently, this leads to
a feedbacklike behavior, where changes in frequency modify
the system’s stiffness constant, leading to further changing of
frequency.

It is intriguing to observe that Eqs. (6) and (7) bear a
resemblance to the dynamics observed in a coupled RLC
circuit [Figs. 1(b) and 1(c)] [33,34]. In this analogy, the wave
function Wy, aligns with the charge of the two capacitances,
while parameters such as inductance (L), resistance (R), and
capacitance (C) correspond to the inertia term, damping term,
and the zero-order differential term concerning time in the
spin dynamics equations for the coupled FiM system. No-
tably, the negative R can be achieved through feedback from
a voltage-doubling buffer [35]. The coupling of the two ca-
pacitances by Cy mirrors the RKKY coupling within the FiM
system. In addition, the NH topolectrical circuit represents a

viable option for expressing this coupled FiM system [36].
The inclusion of NH circuit components, such as NH dampers
and nonlinear elements, streamlines the incorporation of gain
and loss within the circuit.

In the context of the equivalent circuit, §¢ = 0 corre-
sponds to an effectively infinite capacitance C, akin to a
short-circuit effect observed in alternating current circuits
[Fig. 1(b)]. Under these conditions, external perturbations,
such as those induced by an electromagnetic field, do not
influence the intrinsic capacitance of the RLC circuit. Con-
versely, when §; # 0, the capacitance becomes frequency
dependent [Fig. 1(c)]. Consequently, alterations in frequency
induced by external perturbations can further modify the
capacitance, instigating a feedback effect that contributes
to frequency variation. This feedback mechanism leads to
changes in frequency due to the modifications in capacitance
driven by external perturbations. This feedback frequency
modulation will be verified by the varied power of the power-
law frequency splitting at the EP that will be discussed
below.

III. RESULTS AND DISCUSSION

A. Eigenfrequency and spin dynamics modes
of the NH coupled FiM system

We draw the real and imaginary eigenfrequencies in
Figs. 2(a) and 2(b) (please refer to Appendix C for more
detailed information about the derivation).

Even though the coupled FiM system features three
branches of frequencies (fi, f», and f3), it cannot be taken
as a conventional third-order NH system with PT symmetry
since not all three branches converge at a single fixed EP
[19]. The real parts of f, and f3 (f; and f3) merge at two
distinct EPs at xg = 0.07 (0.48) [Fig. 2(a)]. This merging
is accompanied by the emergence of imaginary parts of f,
and f3 (fi and f3) at xg < 0.07 (xg > 0.48) [Fig. 2(b)].
This partial coalescence of the real eigenfrequencies stands
as evidence indicating the partial PT symmetry within the
coupled FiM system. Furthermore, the PT transition in this
study diverges from the pairwise coalescence of a sequence
of discrete eigenvalues observed in Bender’s quantum-
mechanics-based calculations [9]. In this work, within the
three frequency branches, two distinct branches converge at
separate EPs.
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FIG. 3. The phase diagram for the spin precession at different eigenfrequencies in the coupled FiM system with different x.

The x¢ values for the EPs can be adjusted by modifying
the RKKY coupling [Fig. 2(c)]. Specifically, the two EPs
merge at xapvc (8s = 0) when the critical Jg for the PT tran-
sition (Jg.) approached zero. Consequently, at §; = 0, the
PT transition occurs only when the Jr becomes zero. This
state can be achieved at various thicknesses of the HM layer
[27,37,38].

In addition to eigenfrequencies, the evolution of spin dy-
namics modes within the coupled FiM system serves as
another indicator of partial PT symmetry. The phase diagram
for the spin precession at different eigenfrequencies is pre-
sented in Fig. 3. Here the red and blue arrows denote the spins
of FeCo and Gd, respectively. The yellow and green ones
represent the directions for spin rotation. At f; (f2), when
xg < 0.48 (xg > 0.07), S| and S; satisfy the PT symmetry
between S, and S, while the PT symmetry cannot be sat-
isfied between §; and S3 (S, and S4). This illustrates partial
PT symmetry. On the other hand, the PT transition occurs
when xg approaches the EPs, which was reflected from a 90 ©
phase difference for the spin oscillation between the two FiM
layers. This suggests the appearance of the imaginary part of
the eigenfrequencies. When xg approaches xanc for §s = 0,
the spin precession at f3 changes its direction from counter-
clockwise to clockwise, which corresponds to the change of
sign of f3 in Fig. 2(b). Contrasting the phase diagram for the
FM-AFM transition in the coupled FM-NH system [12,24],
the focus of this work lies in the PT transition resulting from
the modulation of the xg, rather than the AFM-FM phase
transition.

B. Splitting of eigenfrequencies (A f) as a function
of perturbation ¢ at the EPs

In addition to the convergence of eigenfrequencies, another
vital characteristic of an NH system lies in A f at the EP under
the perturbation ¢ (Fig. 4). Typically, A f follows a power-law

relationship with &, the exponent of which is determined by
the order of the NH system [19]. In our analysis, we consid-
ered the perturbed Hamiltonian H, by adding ¢ to the first

@ |
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FIG. 4. The real part of eigenfrequency f as a function of per-
turbation & for (a) xg = 0.07, (¢) xamc, and (e) xg = 0.48. The
frequency shift (b) f3 — f2, (d) fi — f>, and (f) fi — f5 as a function
of ¢ in the logarithmic coordinates with the green dashed lines for
the linear fitting using the 1/2 slope.
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where wy = yJaMjg.

By derivation the eigenfrequencies of H, can be expressed
as  f*+ (ks + ek f? + (ko + eky) f2 + (ki + ek} f + ko =
0. Here k; and k. represent the coefficients from the
original determinant and the modified ones resulting
from the introduction of e, respectively. This equation,
a fourth-order nonlinear equation, can be perturba-
tively expanded wusing the Newton-Puiseux series:
fo = cno + e + cpe'? 4+ c,383* + cue with complex
coefficients c,; (n =1,2,3) [39]. Consequently, we obtain
the analytical results of A f as a function of ¢ for each pair of
branches:

Re(fs — ) = 0.31e2 — 0.07¢% + 0.22e,
Re(fi — fo) = —0.04ei + 4.60e2 — 1.51e7 + 1.56¢,
Re(fi — f3) = 0.11e% — 0.38¢2 — 1.23¢% + 2.68¢.

At xamc (8, = 0), it is obvious that the £!/? term is dom-
inant over other terms, specifically observed in Re(f; — f2).
This observation aligns well with the linear correlation be-
tween log(Af) and log ¢ displaying a slope of 1/2 across
a broad log ¢ range spanning from —6 to O [Fig. 4(d)].
Conversely, when §; # 0, besides the prominent el/? term,
the influence of other higher-order terms becomes noticeable,
notably the €3 and ¢ terms in Re(fr — f3) at xg = 0.48.
This observation corresponds to the gradual variation in the
slope of log Af versus log ¢, as depicted in Figs. 4(b)
and 4(f). The constant power for §; = 0 and the variation
of power with ¢ for §; # 0 is consistent with the predic-
tion based on the effective RLC circuit model as depicted
in Fig. 1.

C. Influence of spin pumping on the NH spin dynamics
in the coupled FiM systems

Finally, we consider the influence of spin pumping on
the damping coefficient and the NH spin dynamics in the
coupled FiM system [Fig. 5(a)].We first utilized the effec-

tive Gilbert damping (c.sr) of the FiM layer [2] as oegr =
(“FC;‘F’iZ:“C" + “G;QZG“ )/ (ﬁf:—cc — ’%) with the gyromagnetic ra-
tio YGd (FeCo), and the damping constant oG (FeCo)-

Based on the theory of spin pumping, a spin current can be
triggered and it flows into the nonmagnetic metal (NM) layer
due to the spin precession in the FiM layer at the FiM/NM
interface [40]. Because of the conservation of angular mo-
mentum, the loss of the angular momentum of the FiM layer
leads to the enhancement of the damping coefficient by Aa =

N
’ffe—jﬁf), where 7, Re(glé), and fg are the reduced Plank con-

stant, the real part of the effective spin-mixing conductance,
and the thickness of the FiM layer (f = 4 nm), respectively.
Here we exploited Re(gl¥) = 3.5 x 10'® m for the PYFiM
bilayer [41].

In the coupled FiM system, since the damping incre-
ment includes the contributions of spin pumping from the
left and right FiM layers [Fig. 5(a)] [42], the variation of
the effective damping constant can be expressed as oy =
Oleff + Qeft + Otrighe. Notably, the transfer of angular mo-
mentum between Pt and FiM was governed by FeCo via
s-d exchange [41]. The spin-pumping-induced damping in-

crease was thus expressed as Qefi = Otright = A\ZFiCZﬁI , Where
_ M _ VhRe(gq%‘) .
Lij—1p= S and Adpeco = Tty Based on these prin-

ciples, the p‘artial PT symmetry was still well kept under the
spin-pumping-induced variation of damping [Fig. 5(c)].

IV. CONCLUSIONS

In summary, our study presents the NH spin dynamics
of a coupled FiM system, which is strictly relevant to the
ratio of spins between the two sublattices in the FiM sys-
tem. At the angular momentum compensation point, the spin
dynamics described by the Néel vector satisfies the PT sym-
metry, exhibiting power-law frequency splitting concerning
external perturbations at the EP with a fixed power of 1/2.
However, when the ratio of spins between the two sublattices
deviates from the angular momentum compensation point,
the NH FiM system exhibits the coalescence of two out of
three real eigenfrequencies at the EP and displays a variable
power-law relationship between the frequency splitting and
perturbations. This variability mirrors the feedback-induced
frequency changes observed in coupled RLC circuits, where
two frequency-relevant capacitances are involved.
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APPENDIX A: DERIVATION OF THE HAMILTONIAN H

We started with the LLG equations for the spin dynamics
of the coupled FiM system:

S) =5 x (A1S; + B, S3) + C1 S, XSI , (A1)

Sy = $3 X (A2S) + ByS4) 4+ G385 x S5, (A2)

S =6 x (A\S +BISH+CoSh xS, (A3)

§4 = §4 X (A2§2 + Bz§3) + C4§4 X §4 . (A4)

Here Al —VaJR, Az _VﬁJAs Bi = —voJa, By =
—yﬂJR, Ci=&&,G = C3— , and Cy= — S"‘ , where

Ya(p) 18 the gyromagnetlc ratio, and a is the damplng
constant. J4 and J represent the strength of AFM and RKKY
interactions.

Under linear approximation, the spin can be ap-
proximated as S;(¢) = S;Z + (siX + s;yi)e’iw’, i=1,2,34.

J

Siss) = So = (1 — x6)SFeCo,s» and Szg4s) = Sp = —x6Saa,s-
X is defined as the atomic percentage of Gd in the FiM layer.
We further defined v, ; = s;x + is;y, and converted the LLG
equations to

U, =DV, —iC, W, — iAWY, — iBWs (A5)
W, = iD;W, + iC; W, — iAW, — iB; Y, | (A6)
U3 = iDy W3 — iCyWs — iAWy — By Wy, (AT)
U, = iDy Wy + iCpy Wy — iAW, — B Vs . (A8)

=A1Sy, An = AxSg, By = B1Sy, Bu=B,Sg, Gt =Cj,

Cu =GCs, Dy =A1Sy — B1Sg, Du = A2S, — B>Sg.  Finally,
the LLG equations can been expressed as

(1 = iCS)Wy = —iDy ¥y +i(A¥y + Bi¥s) . (A9)

(1 +iCiSo) Wy = —iDy W, + i(A; W) + BiWs) . (A10)

(1 — iCySp)W3 = —iDy Vs + i(A Wy + ByWs),  (All)

(1 +iCyySp)Ws = —iDy Wy + i(AyWa + By ¥s) . (A12)

Equations (A9)—-(A12) can be expressed in the form of an
eigenvalue equation as

Y —Di(1 —ix) A(1 —ix) Bi(1 — ix) 0 /2
/) 1 Ar(1 + i) —-Di(1 +ix) 0 Bi(1 + ix) /)
ol P l= , | | (A13)
w3 1+ Ol2 AH(l — lO[) 0 —DH(I — lOl) BH(l — lO[) Iﬁ3
Y4 0 An(l +ia) Bu(1 +ia)  —Du(l+ia) || ¥4
[
APPENDIX B: DERIVATION OF THE SPIN DYNAMICS ~ (S2 + S2) (i x i) - (B2)

EQUATIONS FOR THE COUPLED FiM SYSTEMS
WITH PT SYMMETRY

To derive the dynamics equations of the Néel vector, we

first define 5 = S:“Jfﬂ, i = S vﬁ . Based on Egs. (Al) and
(A2) in the main text, we have

Su:  Sp. e e e

—S51+ —s3 = — Jr(S1 X S + 853 X 84)

Yo )4}
Sa N - S N 2
+oz|:—(s1 X §1) + —ﬁ(Sg, X S3)i| .
Yo Vg
B

The left-hand side of Eq. (B1) can be written as p§1 +
1) nI, where p = S"’ + , 8 = ‘;—“ — B . The first term on
the right-hand s1de of Eq. (B1) can be expressed as
S1 XSZ+S3XS4 S (51 XS2)+S (53 X §3), where §] =
S[ + l’l], $H =811 + A, $3 = 81 — Ay, S4 = sy — ny;. Therefore,
S1 x S + S3 X S4 can be converted to

Si % S5+ 85 x Sy = (S5 + SF)IG x i) + (A x )]
+ (82 - Sﬁ)[(sl x 1) + (Ayxsi)]

It is easy to show that

ST X 81+ M X iy = §) X §] + 53 X §3,

§i X il + A X § = §i X §) — 8§ X 5.
As a result, under the linear approximation, the second
term on the right-hand side of Eq. (B1) is

SO( N = S - 5 N =
a[—(sl x §) + L5 x S3)] ~ ap(ir X 7). (B3)
Ya VB

Based on Eqs. (B2) and (B3), we can derive
_JR(Si + S?;)(ﬁl x 1) + ap(ii X 7ip) .
(B4)

/051 + Ssﬁl =

Via similar derivation, we also have
=JR(§3 X §4 - §1 X §2)
+Ja(S5 x Si — Si x S5)

pﬁl + 8v§1

+ apl( x §) + (i x )]
+ a8, [ x §) 4+ (@ x Al (BS)
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By keeping the leading term, Eq. (B5) can be approxi-
mately written as

pity A 4J7SaSp(Si X ) . (B6)

By defining Acx = 4J45,Sp and crossing product 7 at the
two sides of Eq. (B4), we further deduced

Ii[ X ny. (B7)

Combining Eq. (B7) and Eq. (B4), we have

2

(71 x 7ir) + 8,7y
X

= —Jr(S2 + S3) v x i) + ap(iy x 7ir) (B8)

P-4 5 o o . Y
— T+ 8 x iD= — Jr (S5, + S3) (i — 7ir) + apity

€X

(A9)

For FiM system II, based on the same derivation, we
deduced

p2 . .

fin + (it X fin)= — Jr(S; + S) iy — fin) + apii

ACX
(B10)

APPENDIX C: EIGENVALUE OF HAMILTONIAN H

Based on this equation, we deduce the eigenfrequencies as
below:

fia=[-4A0+DFVIB- 1B+ Cln, €D
i=@+B+C)/2r . C2)

Here the negative (positive) sign is for f1 (f2). A,
B, and C can be expressed by the different frequency
components wry = Vo JrS«, WRp = J/ﬁJRSﬁ, WAy = )/aJAS/g,
wpg = )/ﬂJASa. A= j(W-&—CI-&-I’), B=§, C=%
((Wra—®rp) + (g — Wpa))s F =C*+ 1D, I = 1D. Here
D = —(wap — @aa)*(1 +0?) — 4wpoorg — Hwpewap +
Wrp®Aq) + 2(1 + @) (@rawae + wrgwap), I' = C* + 2
[wapwae (WRp — WRa) + WRaWRE(WAx — WAR)].
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