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Optical conductivity of overdoped cuprates from ab initio out-of-plane impurity potentials

D. M. Broun,1 H. U. Özdemir,1 Vivek Mishra ,2 N. R. Lee-Hone,1 Xiangru Kong,3 T. Berlijn ,3 and P. J. Hirschfeld4

1Department of Physics, Simon Fraser University, Burnaby, British Columbia V5A 1S6, Canada
2Kavli Institute for Theoretical Sciences, University of Chinese Academy of Sciences, Beijing 100190, China

3Center for Nanophase Materials Sciences, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831, USA
4Department of Physics, University of Florida, Gainesville, Florida 32611, USA

(Received 27 December 2023; revised 26 March 2024; accepted 23 April 2024; published 14 May 2024)

Dopant impurity potentials determined by ab initio supercell density functional theory calculations are used
to calculate the optical conductivity of overdoped La2−xSrxCuO4 (LSCO) and Tl2Ba2CuO6+δ (Tl-2201) in
the superconducting and normal states. Vertex corrections are included to account for the effect of forward
scattering on two-particle properties. This approach was previously shown to provide good, semiquantitative
agreement with measurements of superfluid density in LSCO. Here we compare calculations of conductivity
with measurements of terahertz conductivity on LSCO using identical impurity, band, and correlation parameters
and find similarly good correspondence with experiment. In the process, we delineate the impact of the different
disorder mechanisms on single-particle and transport relaxation processes. In particular, we reveal the critical
role of apical oxygen vacancies in transport scattering and show that transport relaxation rates in LSCO are
significantly reduced when apical oxygen vacancies are annealed out. These considerations are shown to be
crucial for understanding the variability of experimental results for overdoped LSCO in samples of nominally
identical doping but different types. Finally, we give predictions for Tl-2201 terahertz conductivity experiments.
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I. INTRODUCTION

The standard model of superconductivity in metals re-
lies upon the BCS pairing instability, generalized to in-
clude attraction mediated by fluctuations other than lattice
phonons. The superconducting state condenses from a Lan-
dau Fermi-liquid normal state, which can be significantly
renormalized by interactions but which, nevertheless, contains
well-defined fermionic quasiparticles as the elementary exci-
tations. Cuprate high-temperature superconductors continue
to present clear challenges to the Landau-BCS paradigm, par-
ticularly in the underdoped to optimally doped regime, where
the normal state is a strange metal and a host of intertwined
orders survive as remnants of the Mott-insulating parent com-
pound. Nevertheless, a Landau Fermi-liquid description is
expected to reemerge at sufficiently high doping levels, as
kinetic energy must eventually dominate in the high-density
limit. It is therefore valid and important to test the extent to
which the Landau-BCS paradigm can provide a description of
cuprate physics, particularly on the overdoped side.

A complication in pursuing this approach is the role of
disorder, which acts in nonintuitve ways in a d-wave su-
perconductor and can mask some of the clear experimental
signatures expected in the clean limit. To this end, we have
been pursuing a program that attempts to accurately incor-
porate disorder into the calculation of physical properties of
overdoped cuprates, so that the Landau-BCS approach can
be tested against experiment. A particularly important set
of electrodynamic measurements was carried out on highly
crystalline molecular beam epitaxy (MBE)-grown films of
La2−xSrxCuO4 (LSCO), in which doping was controllably
tuned across the overdoped regime. In a nutshell, these exper-
iments revealed features that at first sight seemed at odds with

d-wave BCS theory. Superfluid density ρs displayed a clear
linear temperature dependence, a hallmark of clean d-wave
superconductivity, but simultaneously showed a strong cor-
relation between Tc and zero-temperature superfluid density,
something that is usually only associated with the pair-
breaking effects of disorder. Terahertz (THz) spectroscopy
carried out on the same samples showed that the linear tem-
perature dependence of ρs was accompanied by large transport
scattering rates, of the order of 2Tc, and a large fraction of
residual, uncondensed spectral weight in the T → 0 limit.
Both of these observations were unexpected for a clean
d-wave superconductor.

Our approach to capturing this behavior in LSCO is
based on a semirealistic, tight-binding parametrization of
angle-resolved photoelectron spectroscopy (ARPES) elec-
tronic structure [1], with Fermi-liquid corrections applied at
the lowest energies. In our early work, we employed a simpli-
fied model in which the defects were treated as point scatterers
for concreteness and computational simplicity. It was shown
that weak, Born-limit scatterers, representing dopant defects
located away from the CuO2 planes, provided an excellent
and internally consistent description of a wide range of physi-
cal properties, including superfluid density [2,3], THz optical
conductivity [4,5], and thermal properties [6]. In the lat-
ter case, the approach was successfully extended to include
Tl2Ba2CuO6+δ (Tl-2201), again basing the calculations on
ARPES-determined electronic structure [7]. Despite the con-
vincing agreement with experiment, a number of concerns
emerged in response to that early work, in particular that
the use of the Born limit implied arbitrarily small impurity
potentials, inconsistent with the actual dopants in LSCO and
Tl-2201 [4]. In addition, questions were raised about the
magnitude of the normal-state scattering rate �N , which
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FIG. 1. Doping-dependent Fermi surfaces of overdoped (a)–(e) LSCO and (f)–(j) Tl-2201, showing the Lifshitz transition in LSCO, with
the tight-binding parameters ε0, t and t ′ as defined in Refs. [3,6]. The Lifshitz transition in Tl-2201 does not occur within the superconducting
doping range. Dashed circles show the FWHM of the central scattering intensities of the Sr dopant in LSCO and the Cu substituent in Tl-2201,
respectively, illustrating the effectiveness of umklapp scattering near the antinodes. Not shown is the scattering intensity for the apical oxygen
vacancy in LSCO, which is nearly pointlike and effective at all wave vectors.

includes the combined effect of the impurity potential and
concentration and was taken essentially as a fit parameter.
Finally, the weakness of the point scatterer approximation was
recognized already in Ref. [5], where it was noted that dopant
impurity potentials in cuprates must have significant spatial
extent, given their location outside of the CuO2 planes. The
importance of extended impurity potentials was also pointed
out in Ref. [8], although the details of those calculations have
been challenged [9,10].

To address these concerns, we have embarked on a sig-
nificant extension of our earlier work, starting with ab initio
calculations of the impurity potentials of the three main de-
fect species in LSCO and Tl-2201 [11]: the Sr dopant and
the apical oxygen vacancy in LSCO and the Cu defect that
cross substitutes for Tl in Tl-2201. These calculations employ
a Wannier-function-based approach to obtain the impurity
potentials in tight-binding form, which are then used in sub-
sequent calculations of the dirty d-wave superconductor. As
expected, the ab initio potentials are extended in real space,
resulting in strongly momentum-dependent matrix elements
in q space and requiring vertex corrections for the calculation
of two-particle properties. This procedure was implemented
in Ref. [11] for the case of superfluid density. With the shape
and magnitude of the potentials fixed by the first-principles
calculations, a good, semiquantitative account of the dop-
ing and temperature-dependent superfluid density in LSCO
was obtained starting only from very reasonable assumptions
about defect concentrations.

In the present work, we extend this approach to the calcu-
lation of optical conductivity, which is a sensitive probe of the
processes that relax charge currents in a d-wave superconduc-
tor. We show that with the same impurity potentials and with
assumptions about defect concentration similar to Ref. [11],
we obtain good, semiquantitative agreement with THz spec-
troscopy of MBE-grown LSCO thin films [4] in terms of the

magnitude of the conductivity, the degree of pair breaking and
residual spectral weight, and the overall scale of the transport
relaxation rate. The calculations reveal a crucial role for apical
oxygen vacancies in transport scattering due to their scattering
potential having nearly pointlike character, resulting in signifi-
cant scattering intensity at large momentum transfers. Indeed,
within the LSCO system, we can understand the significant
differences in residual conductivity and resistivity between
ozone-annealed microbridges [2] and square-centimeter thin
films [4] entirely on the basis of apical oxygen vacancies,
with the residual resistivity of well-annealed microbridges ap-
proaching the intrinsic limit set by the Sr dopants on their own.
Additionally, we provide predictions for overdoped Tl-2201,
for which no comparable measurements of optical conductiv-
ity currently exist.

We begin by briefly summarizing the methods used to cap-
ture the electronic structure of LSCO and Tl-2201, followed
by sections describing how the ab initio impurity potentials
are obtained and then self-consistently incorporated into the
theory of disorder pair breaking in a dirty d-wave supercon-
ductor. Readers interested in further details are referred to
our earlier work on superfluid density [11]. We follow this
with a presentation of the formalism used to calculate optical
conductivity, including vertex corrections.

II. HOMOGENEOUS ELECTRONIC STRUCTURE

As in our previous work on overdoped cuprates [3,5,6,11],
our models for LSCO and Tl-2201 are built on two-
dimensional tight-binding parametrizations of the ARPES-
determined Fermi surfaces and band structures [1,7]. The
semirealistic nature of these models is particularly important
for overdoped LSCO, which undergoes a Lifshitz transition
around p = 19% hole doping, as shown in Fig. 1, at which a
Van Hove singularity at the antinodal points passes through
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FIG. 2. Fermi velocities for LSCO and Tl-2201 as a function
of angle around the Fermi surface, measured from the antinodes.
Proximity to the Van Hove singularity in LSCO causes deep minima
in the antinodal Fermi velocity, even well away from the Lifshitz
transition. Although Tl-2201 is situated far from the Lifshitz tran-
sition, a gradual reduction in antinodal velocity is discernible on
overdoping.

the Fermi level. As a result, the electronic dispersion near the
antinodes is very flat. This enhances the local density of states
and impurity scattering rate near the antinodes but, due to the
suppression of Fermi velocity (shown in Fig. 2), makes the
contributions from these parts of the Fermi surface relatively
unimportant to two-particle, transportlike properties such as
superfluid density and optical conductivity. Nevertheless, it
is important that the antinodal regions be treated very care-
fully: as previously discussed in Ref. [11], calculations that
convert momentum sums to Fermi-surface integrals assuming
the usual infinite linearization of the electronic dispersion near
the Fermi surface lead to unphysical artifacts such as a strong,
doping-dependent enhancement of the overall scattering rate
and therefore of impurity pair breaking at the Lifshitz transi-
tion. Although computationally more expensive, calculations
based directly on momentum sums eliminate these artifacts
and are necessary close to the Van Hove crossing.

In the case of LSCO, the doping evolution of the electronic
structure is captured by a doping-dependent interpolation of
the ARPES tight-binding band structures [12]. The chemical
potential, which is the only parameter with significant dop-
ing dependence, is set by the correspondence between hole
doping and Fermi volume. In order to capture the many-body
renormalization that occurs at the lowest energies, an overall
mass renormalization m∗/m = 2.5, determined independently
via a comparison with specific heat data [11,13,14], is applied
to the ARPES bands.

The limited ARPES data for Tl-2201 [7] mean that the
doping evolution of the Fermi surface is generated via rigid
band shift, as in Ref. [11], with the doping dependence of the
chemical potential again set by the Fermi volume. It should be
noted that, unlike for LSCO, there is no additional many-body
renormalization required for Tl-2201, as the ARPES measure-
ments of Platé et al. [7] were carried out at sufficiently low
energies (tens of meV) to capture the low-energy dispersion
directly.

Additional details of the tight-binding dispersions can be
found in Refs. [3,6]. The doping evolution of the LSCO
and Tl-2201 Fermi surfaces, shown in Fig. 1, illustrates the
qualitative differences between the materials and shows how
proximity to Fermi-surface replicas in neighboring Brillouin
zones is key to understanding the importance of umklapp
processes in antinodal scattering, which are sketched for
the Sr dopants and Cu substituents in Figs. 1(d) and 1(i),
respectively.

III. IMPURITIES IN LSCO AND Tl-2201

The ab initio calculations of impurity potentials for each
of the three main defect species (the Sr dopant and apical
oxygen vacancy in LSCO and the Cu-Tl cross substitution in
Tl-2201) were performed in the following way, as described
in more detail in Ref. [11]. For each type of impurity, two
density functional theory (DFT) calculations were carried out:
one for a 3 × 3 × 1 supercell containing a single impurity
(La35SrCu18O72, La36Cu18O71, or Tl35Ba36Cu19O108) and one
for a pure reference system (La4Cu2O8 or Tl4Ba4Cu2O12).
The DFT calculations were Wannier projected to define pairs
of one-orbital tight-binding Hamiltonians: one for the super-
cell Hamiltonian for the ith impurity Hi

supercell and one for the
reference Hamiltonian H0. The difference between the two
tight-binding models then defines the corresponding impurity
potential in tight-binding form:

Hi
imp ≡ (

Hi
supercell − μiN̂ i

) − (H0 − μ0N̂ )

=
∑

R,R′,σ

δHi
RR′c†

Rσ
cR′σ

≡
∑
R,σ

V i
Rc†

R,σ cRσ +
∑

R �=R′,σ

δt i
RR′c†

Rσ cR′σ . (1)

Here μi and μ0 are the chemical potentials of the simulation
with and without the impurity, respectively, and the two-
dimensional (2D) lattice vectors R and R′ are measured in a
coordinate system in which the impurity sits directly above
(or below) the origin. The impurity potential consists of a
set of site energies V i

R along with local modifications to hop-
ping integrals δtRR′ in the vicinity of the impurity site. These
were tabulated in Ref. [11], along with symmetry-generated
form factors and a detailed technical exposition of the DFT
calculations and Wannier-projection method. We note DFT
impurity potentials are initially calculated in units of the
DFT-derived nearest-neighbor hopping |t |, with the physically
relevant value of |t | subsequently set by taking the experimen-
tally measured value from ARPES, thereby correcting for the
tendency of DFT calculations to systematically overestimate
the electronic bandwidth in correlated materials.

The real-space impurity Hamiltonian is then recast in mo-
mentum space to obtain the matrix elements between Bloch
states V i

k,k′ :

V i
k,k′ =

∑
R,R′

δHi
RR′e−ik·Reik′ ·R′

=
∑

R

V i
Re−i(k−k′ )·R +

∑
R �=R′

δt i
RR′e−ik·Reik′ ·R′

. (2)
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FIG. 3. Impurity scattering intensity arising from site-energy terms V i
R, taken from Ref. [11], as a function of momentum transfer k − k′ ≡

q = (qx, qy ) for (a) the apical oxygen vacancy in LSCO (site centered), (b) the Sr dopant in LSCO (plaquette centered), and (d) the Cu-Tl
substitution in Tl-2201. (c) shows the combined effect of Sr dopants and apical oxygen vacancies in LSCO for nVO = 6% and nSr = 11%.

The site energies V i
R give rise to terms that depend only on

momentum transfer, q ≡ k′ − k. (The hopping modifications
cannot be expressed in this way but turn out to be small
compared to the site energies.) This allows the dominant part
of the impurity potential to be visualized in q space. Note
that the full ab initio defect potentials, including hopping
modifications, are used in all calculations reported in this
paper.

In Fig. 3, we plot the scattering intensity |V i
q|2 for the

impurity types that typically occur in LSCO and Tl-2201 [11].
Due to the fact that the apical oxygen site located closest to
the CuO2 planes is site centered [see Fig. 3(a)], the associated
impurity potential is nearly pointlike, with significant scatter-
ing intensity at all momentum transfers. Large-q scattering
is crucial to the relaxation of charge currents, particularly
in a d-wave superconductor, for which internodal scattering
dominates electrical relaxation [15]. The Sr dopants, on the
other hand, contribute scattering intensity that is concentrated
near q = 0 (and umklapp replicas). This is due, in part, to the
Sr site nearest the CuO2 plane being plaquette centered [see
Fig. 3(b)], which means that a defect at that location affects
the four neighboring Cu sites equally, imparting a nonzero
range to the impurity potential.

The doping process in LSCO is often assumed to be
synonymous with addition of Sr, in which each Sr simply
adds a hole to the band. However, ARPES measurements
on LSCO reveal a discrepancy between Fermi volume and
Sr concentration [16], suggesting that the actual relation is
nSr = x = 0.69p. This was considered in Ref. [11], along with
the conventional relation, nSr = x = p. While the assumed
form of nSr (p) had no significant effect on superfluid density
due to the fact that Sr dopants, with their scattering intensity
concentrated near q = 0, are not a strong source of pair break-
ing, the result highlights the complexity of the doping process.
The most likely reason for such discrepancies is the presence
of O vacancies in some samples and a possible negative cor-
relation between the two dopants [17], suggesting that high
concentrations of Sr dopants drive out apical oxygen.

The apical oxygen vacancies in LSCO were shown in
Ref. [11] to be the dominant source of pair breaking if their
concentration is significant (at or above the few percent level).
That they can occur in high-Tc samples to such an extent
is well known [17–19], but concentrations are difficult to
determine independently. Based on x-ray data [19], even well-
annealed crystals (i.e., annealed at 500 ◦C for 1 week in 1 atm
O2) can have apical oxygen vacancies at the 9% level. While
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these results were established decades ago, the O content in
the most recent high-quality samples still depends sensitively
on geometry and synthesis method, as discussed below.

The plot of |V i
q|2 in Fig. 3(d) reveals why, from a transport

perspective, Tl-2201 is qualitatively cleaner than LSCO. The
Tl2O2 double layers, which form an additional structural el-
ement not found in LSCO, are relatively well separated from
the CuO2 planes. The high volatility of Tl2O3 at the growth
temperature leads to a deficit of Tl, which is replaced by Cu
on roughly 4% to 7.5% of Tl sites [20–23]. These excess
Cu atoms, being further from the CuO2 planes, produce a
softer, longer-range potential than the Sr dopants in LSCO,
generating impurity matrix elements that are sharply peaked
near q = 0 (and umklapp replicas), with very flat valleys of
near-zero scattering intensity in between. The Cu cross sub-
stituents also play a vital role in the overdoping of Tl-2201,
as Cu+ has a valence of −2 relative to Tl3+, making it an
effective hole dopant. As in Ref. [11], we therefore set the
concentration of Cu defects (as a percentage of in-plane Cu
atoms) to be nCu = p/2, with nCu varying from 8% to 15%
across the overdoped range. To the extent that it is present,
interstitial O2− can be argued to play a similar role, as it
similarly dopes two holes and is located in the Tl2O2 dou-
ble layers. This has an additional benefit, as these interstitial
oxygen atoms act as an oxygen buffer that minimizes the
equilibrium concentration of apical oxygen vacancies. LSCO
has no equivalent oxygen reservoir, so it is highly exposed to
the formation of apical oxygen vacancies and the associated
strong, pointlike scattering potentials.

IV. DIRTY d-WAVE SUPERCONDUCTIVITY

The “dirty d-wave” theory of cuprate superconductors is
built around the Nambu-space Green’s function of a super-
conductor. Within the Matsubara formalism, the renormalized
Green’s function is written as

G(k, iωn) = − iω̃k,nτ0 + 	̃k,nτ1 + ξkτ3

ω̃2
k,n + 	̃2

k,n + ξ 2
k

, (3)

where ξk is the band dispersion relative to the Fermi level,
τi are the Pauli matrices in particle-hole space, ω̃k,n ≡ ω −
�0(k, ωn) are the renormalized Matsubara frequencies, and
	̃k,n ≡ 	k + �1(k, ωn) is the renormalized superconducting
gap. Note that for the type of momentum-dependent scattering
generated by extended impurity potentials, the self-energies
�0 and �1 are both nonzero and are explicitly momentum
dependent, unlike the case for point scatterers. In principle,
the electronic dispersion is also renormalized as ξ̃k = ξ + �3;
however, as argued in Ref. [11], a �3 self-energy is unnec-
essary, as any impurity renormalization of the quasiparticle
bands is already captured in the phenomenological ARPES-
derived dispersions.

The renormalization equations for ωn and 	k take the form

ω̃k,n = ωn + 1

N

∑
i, k′

ni

∣∣V i
k,k′

∣∣2 ω̃k′,n

ω̃2
k′,n + 	̃2

k′,n + ξ 2
k′

− i
�U

N

G0
, (4)

	̃k,n = 	k + 1

N

∑
i, k′

ni

∣∣V i
k,k′

∣∣2 	̃k′,n

ω̃2
k′,n + 	̃2

k′,n + ξ 2
k′

. (5)

Here the impurity potentials of the extended, out-of-plane
defects V i

k,k′ are treated to second order, and Ref. [11] showed
that the scattering phase shifts associated with these defects
are sufficiently weak that the Born approximation is adequate.
We also allow for a small concentration of strong scattering
impurities, which are treated as pointlike unitarity scatterers
in the t-matrix approximation. These are parameterized by
their contribution to the normal-state scattering rate �U

N and
generate an additive term in the �0 self-energy inversely pro-
portional to the momentum-integrated Green’s function,

G0(iωn) = 1

πNN0

∑
k

1
2 Tr[τ0G(k, iωn)], (6)

where N is the number of sites in the lattice and N0 is the
density of states (DOS) per spin at the Fermi level.

As in earlier work based on weak-coupling BCS [3,5,6,11],
we assume a separable form for the pairing interaction
V0dkdk′ , where V0 parameterizes the pairing strength and the
eigenfunction dk takes the form of the simplest d-wave har-
monic of the square lattice,

dk = [cos(kxa) − cos(kya)]. (7)

Here a is the in-plane lattice parameter, and dk satisfies the
normalization condition 1

N

∑
k d2

k = 1. In terms of this, the
d-wave BCS gap equation can be written as

	k = −2T

N


c∑
ωn>0

∑
k′

V0dkdk′
	̃k′,n

ω̃2
k′,n + 	̃2

k′,n + ξ 2
k′

, (8)

where 
c is a high-frequency cutoff and the k′ sum runs over
the first Brillouin zone. As shown previously [3,11], the com-
bined effect of pairing strength V0 and energy cutoff 
c can be
captured by a notional clean-limit transition temperature Tc0.
It is important to note that Tc0 does not imply the transition
temperature that would be achieved if disorder were removed
from the material. In any real cuprate, inelastic scattering
and other fluctuations would destroy superconductivity well
before reaching that temperature, something that can be seen,
for instance, in the strong downward curvature of ρs(T ) on the
approach to Tc in YBa2Cu3O6+x (YBCO) [24], which is not a
feature of weak-coupling BCS. In our model, we take Tc(p) to
have the parabolic shape implied by experiment and solve the
gap equation in the presence of disorder to infer Tc0(p), with
these quantities shown in Ref. [11], for LSCO and Tl-2201.

V. OPTICAL CONDUCTIVITY

The electric conductivity can be calculated using the Kubo
formula that relates the conductivity σ to the retarded current-
current correlation function �:

σ j j (
) = −e2 Im � j j (q = 0,
)



, (9)

where e is the electron charge and j = x, y, z denotes the
spatial direction in real space. Pointlike scatterers do not
renormalize the current vertex for even-parity superconduc-
tors [25]; therefore, the bare current-current response is
sufficient for calculating conductivity in that case. In contrast,
the bare current vertex is modified in the presence of extended
scatterers [15], and the current-current correlation function
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with impurity-dressed current vertex then reads

� j j (q = 0, i
) = T

N

∑
k,ωn

Tr
[
v

j
kG(k, iωn)G(k, iωn + i
)

×� j (k, iωn, iωn + i
)
]
. (10)

Here ωn and 
 are the fermionic and bosonic Matsubara fre-
quencies, and v

j
k is the bare current vertex, which for a general

dispersion is v
j
k = dξk/dk j . For the remainder of this section,

we replace the full-Brillouin-zone momentum summation
with an angular average over the Fermi surface and integrate
out ξk. The initial and final momenta in the impurity potential
functions are restricted to the Fermi surface. Since the main
contribution to the current-current correlation function comes
from quasiparticles near the Fermi surface, this is a reliable
and computationally efficient approach for the conductivity
in the energy ranges we are interested in. Nevertheless, we
have cross-checked the Fermi-surface-based approach against
more computationally expensive calculations that employ a
full-Brillouin-zone momentum summation, and as long as the
Fermi surface is not too close to the Van Hove singularity, the
two methods are in good agreement. The vertex correction can
be described as

� j (φ, iωn, iωn + i
) = v
j
φ[τ0γ0(φ, iωn, iωn + i
)

+ τ1γ1(φ, iωn, iωn + i
)

+ τ3γ3(φ, iωn, iωn + i
)], (11)

where φ is the angle over the 2D cylindrical Fermi surface.
Finally, for the conductivity we obtain

σ (
) j j = −e2T




∫ ∞

−∞
dω[ f (ω + 
) − f (ω)](L−+

j j − L++
j j ).

(12)
The vertex function depends on iωn and iωn + i
 and must
be analytically continued to obtain the physical conductivity
as a function of real frequency 
. In Eq. (12), the integrand
L±+

j j denotes L±+
j j (iωn → ω ± iη, iωn + i
 → ω + 
 + iη),

and L±+
j j is

L±+
j j = 〈(

v
j
φ

)2
[γ ±+

0,φ (I±+
φ + J±+

φ ) + γ ±+
1,φ K±+

φ ]
〉
FSφ
. (13)

Here the Fermi-surface average is

〈· · · 〉FSφ
= 1

N0

∫ 2π

0

dφ

2π
Nφ[· · · ], (14)

and the angle-dependent single-spin DOS is

Nφ = |kF (φ)|2
π h̄d vF (φ) · kF (φ)

, (15)

where d is the interlayer spacing. The other components of
Eq. (13) are

I±+
φ = 	̃±

φ 	̃′+
φ + ω̃±

φ ω̃′+
φ

Q±
φ Q′+

φ (Q±
φ + Q′+

φ )
, J±+

φ = 1

(Q±
φ + Q′+

φ )
,

K±+
φ = ω̃±

φ 	̃′+
φ + 	̃±

φ ω̃′+
φ

Q±
φ Q′+

φ (Q±
φ + Q′+

φ )
, ω̃±

φ = ω̃φ (ω ± iδ),

ω̃′+
φ = ω̃φ (ω + 
 + iδ), 	̃±

φ = 	̃φ (ω ± iδ),

	̃′+
φ = 	̃φ (ω + 
 + iδ), Q±

φ =
√

(	̃±
φ )2 − (ω̃±

φ )2,

Q′+
φ =

√
(	̃′+

φ )2 − (ω̃′+
φ )2. (16)

Here the branch cut for the complex square-root function is
along the negative real axis. The renormalized energy ω̃(φ,ω)
and gap 	̃(φ,ω) are obtained by solving the self-consistent
equations for the self-energies,

ω̃±(φ,ω) = ω ± iη + nimpπ

∫
φ′
Nφ′ |Vφφ′ |2 ω̃±

φ′

Q±
φ′

− �U
N

g± , (17)

	̃±(φ,ω) = 	φ + nimpπ

∫
φ′

Nφ′ |Vφφ′ |2 	̃±
φ′

Q±
φ′

. (18)

Here g± = 〈ω̃±
φ /Q±

φ 〉FSφ
, and the self-consistent equations for

the vertex functions are

γ0±,+ = 1 +
∫

φ′
Fφφ′γ0±,+(I±,+ + J±,+)

+
∫

φ′
Fφφ′γ1±,+K±,+, (19)

γ1±,+ = −
∫

φ′
Fφφ′γ0±,+K±,+ −

∫
φ′

Fφφ′γ1±,+(I±,+ − J±,+),

(20)

∫
φ′

Fφφ′ =
∫ 2π

0

dφ′

2π
πnimpNφ′ |Vφφ′ |2 vFφ · vFφ′

|vFφ|2 . (21)

The vertex correction for the τ3 component vanishes in this
approximation due to particle-hole symmetry near the Fermi
surface. The self-consistent equations for the vertex functions
are solved using standard iteration methods, followed by nu-
merical calculation of the conductivity. In the next section, we
present and discuss the results.

VI. RESULTS

Ab initio calculations of impurity potentials were presented
in Ref. [11]. These potentials were then employed to calcu-
late the optical conductivity of LSCO using the formalism
described in Sec. V, with the results plotted in Fig. 4. In order
to make a comparison with the THz experiments from Ref. [4]
shown in the last row of Fig. 4, the conductivity calculations
were performed for overdoped samples at hole doping levels
of p = 22.3%, 24.4%, and 25.2%, corresponding to super-
conducting transition temperatures of 27.5, 13.5, and 7 K.
These doping levels are sufficiently beyond the Van Hove
doping that the momentum-sum and Fermi-surface-integral
methods agree. For this reason, Fermi-surface integrals were
used to calculate all the conductivities and self-energies pre-
sented in this section. In all cases, the doping-dependent Sr
concentration nSr = x = 0.69p was assumed, but as with the
superfluid density in Ref. [11], the conductivity spectra are not
particularly sensitive to that choice.

In accordance with the THz experiments, calculations of
σ (ν) were carried out both in the normal state (T > Tc)
and deep within the superconducting state (T = 1.6 K). Note
that because our model contains only elastic disorder scatter-
ing, there is no additional temperature dependence of σ (ν)
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FIG. 4. (a)–(o) Calculated optical conductivity of overdoped LSCO at hole dopings of p = 22.3%, 24.4%, and 25.2%, chosen to correspond
to the superconducting transition temperatures of the samples in the THz study in Ref. [4], reproduced in (p)–(r). At each hole doping,
the number of Sr dopants is held fixed while the concentration of apical oxygen vacancies is scanned from nVO = 0% to 8% to illustrate
separately the effects of the two impurity species. Each panel contains a normal-state spectrum (T > Tc) and a superconducting-state spectrum
(T = 1.6 K), with the shaded area indicating the spectral weight that condenses to form the superfluid.

once we reach the normal state. By virtue of the conductiv-
ity sum rule, the shaded regions between the normal-state
and superconducting-state σ (ν) spectra indicate the spectral
weight that condenses to form the superfluid density and

therefore provide a graphic illustration of the degree of pair
breaking (i.e., superfluid suppression).

To illustrate the importance of apical oxygen vacancies
to transport relaxation in LSCO, conductivity spectra are
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FIG. 5. Residual T → 0 (a) normal-state conductivity and (b) resistivity in LSCO, with theory curves (solid lines) compared to dc transport
measurements on ozone-annealed microbridges (open circles) and THz spectroscopy of square-centimeter thin films (open triangles) from
Ref. [4]. Theory curves were calculated assuming nSr = 0.69p and �U

N = 0.57 K, with apical oxygen vacancy concentration ranging from
nVO = 0% to 10%.

presented for five different apical oxygen vacancy concen-
trations, ranging from nVO = 0% to 8%. Comparisons with
the experimental results from Ref. [4] plotted in the bottom
row of Fig. 4 show that close agreement with experiment is
achieved when apical oxygen vacancy concentration is within
the range nVO = 4% to 6%. As pointed out earlier, it is ex-
tremely difficult to obtain an independent measurement of
apical oxygen vacancy concentration in these materials, but
x-ray structural refinements on LSCO single crystals report
nVO as high as 9% in well-annealed crystals [19]. The THz
experiments in Ref. [4] were, by necessity, carried out on
large, square-centimeter, MBE-grown thin films, and the high
degree of crystallinity achieved in the MBE process likely
makes the annealing out of oxygen vacancies relatively dif-
ficult due to the need to diffuse oxygen in laterally from the
edges of the large samples.

To further illustrate the sensitivity to oxygen annealing, we
show the effect of apical oxygen vacancy concentration on
residual (T → 0) normal-state conductivity and resistivity of
LSCO in Fig. 5. Here we make a comparison with two differ-
ent types of experimental data, taken from Ref. [4], showing
dc transport measurements on ozone-annealed microbridges
and THz spectroscopy of square-centimeter thin films. While
the data agree at the higher-Tc end, they display a striking
bifurcation at lower Tc (i.e., when more heavily overdoped),
with the ozone-annealed microbridges exhibiting consistently
better conductivity and lower residual resistivity. The exper-
imental data overlie curves of calculated conductivity and
resistivity for apical oxygen vacancy concentrations ranging
from nVO = 0% to 10%, providing a ready explanation of the
variance between the two sample types. This is consistent
with our conjecture that the need to laterally diffuse oxygen
in these highly crystalline materials provides a kinetic barrier
to annealing out oxygen vacancies in larger samples, with
the required diffusion length in the microbridges, by contrast,
being only a matter of microns. For the larger samples, it is
also consistent with the measurements of Kim et al. [17],
suggesting that high concentrations of Sr dopants drive out
apical oxygen.

We present calculated conductivity spectra for Tl-2201 in
Fig. 6, with doping levels chosen to give the same Tc’s as for
LSCO in Fig. 4. Due to a lack of suitable Tl-2201 samples,
no experimental data on the THz conductivity exist, so these

figures serve as a prediction and as a comparison with LSCO.
There are several features to note. While there is some slight
doping dependence of the assumed defect concentration (the
excess Cu atoms that substitute onto some of the Tl sites), the
dominant variation with doping is driven by Tc itself, which
in turns sets the size of the superconducting energy gap and
therefore the sensitivity to pair breaking. For the Tc = 27.5 K
material, the majority of the spectral weight condenses into
the superfluid, leaving a narrow residual Drude peak at the
lowest temperatures, riding on a broad background absorption
at frequencies out to the gap energy and beyond. (As previ-
ously discussed in Ref. [5], in the context of point scatterers,
there is usually no sharp gap feature in the optical conduc-
tivity of d-wave superconductors.) As Tc becomes smaller
(and, along with it, the energy gap), the residual Drude peak
increases in width and decreases in magnitude, with more and
more of the absorption shifting into the broad background.
Interestingly, the calculated spectra for LSCO in Fig. 4 sug-
gest that if square-centimeter thin films of La2−xSrxCuO4

(LSCO) could be prepared with apical oxygen vacancy con-
centrations in the 1% range, they would show very similar
behavior, i.e., would display charge dynamics that are compa-
rably as “clean” as for Tl-2011, a material often noted for its
chemical purity. This illustrates a somewhat surprising point:
that Tl-2201’s reputation as one of the cleaner cuprates is
not primarily due to qualitatively lower cation disorder or to
that disorder being located farther from the CuO2 planes but
due to having an additional structural unit—the Tl2O2 double
layers—that act as a reservoir for interstitial oxygen, serving
as a buffer that suppresses the formation of apical oxygen
vacancies.

To further explore the low-frequency charge dynamics of
LSCO and Tl-2201 in the normal state, we show angle-
resolved plots of scattering rate, lifetime, and mean free path
in Fig. 7. In the case of LSCO, the calculations were carried
out at a fixed doping of p = 23.5%, without (nVO = 0%)
and with (nVO = 8%) apical oxygen vacancies. For Tl-2201,
we show results for optimal doping (p = 16%) and strong
overdoping (p = 30%), with a concomitant change in the
concentration of Cu substituents (nCu = 8% and 15%, respec-
tively). A key feature of our calculation is the inclusion of
vertex corrections, allowing us to properly take into account
the forward-scattering character of the impurity potentials.
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FIG. 6. Calculated optical conductivity of overdoped Tl-2201 at hole dopings of p = 28.5%, 29.8%, and 30.4%, chosen to correspond to the
transition temperatures of LSCO shown in Fig. 4. As with LSCO, each panel contains a normal-state spectrum (T > Tc) and a superconducting-
state spectrum (T = 1.6 K), with the shaded area indicating the spectral weight that condenses to form the superfluid.

This enables us to explore the difference between one-particle
and two-particle (transport) scattering rates, which differ by
the angle-dependent vertex function γ0(φ). This is plotted in
Figs. 7(a)–7(d). We see that vertex corrections in LSCO turn
out to be small, even in the absence of apical oxygen vacan-
cies (i.e., when the only scatterer is the Sr dopants, which
have a relatively weak scattering potential). By contrast, in
the Tl-2201 system, the vertex corrections lead to significant
differences between single-particle and transport lifetimes of
order 1.

As mentioned above, the spatially extended nature of the
realistic disorder model gives rise to impurity matrix elements
Vk,k′ with very strong momentum dependence. This, com-
bined with anisotropic electronic structure, leads to elastic
scattering rates that vary strongly around the Fermi sur-
face, something that is a well-established part of cuprate
phenomenology [7,12,26–35]. Transport is zone diagonal
dominated, as per Ioffe and Millis [27], due to a combina-
tion of factors: the ability for small-q processes to efficiently
scatter between antinodes in adjacent Brillouin zones (i.e., to
give rise to significant umklapp scattering) and, in the case
of LSCO, the deep depression of the antinodal vF (φ) in the
vicinity of the Van Hove singularity. On the experimental side,
a comprehensive Dingle analysis of quantum oscillation data
in overdoped Tl-2201 yields single-particle mean free paths
in the range 330 to 410 Å, noting that strong self-selection in
quantum oscillatory experiments preferentially favors the re-
gions of the sample with longest mean free path [36]. This is in
qualitative accord with Figs. 7(o) and 7(p). Two-particle mean
free paths inferred from magnetotransport measurements in
overdoped Tl-2201 are larger, of the order of 500 to 1000 Å
[37–39], confirming both the zone-diagonal-dominated nature
of transport and the presence of vertex corrections of order 2
to 3, in line with our ab initio calculations.

VII. CONCLUSIONS

We demonstrated that a materials-specific dirty d-wave
approach, previously shown to quantitatively agree with su-
perfluid density data in two of the most studied overdoped
cuprate materials, LSCO and Tl-2201, describes THz conduc-
tivity data on the same LSCO films with similar accuracy. Our
study highlighted the role of apical oxygen vacancies in LSCO
in samples produced by different techniques and suggested
that strong variations in dc resistivity seen in samples with

the same nominal doping are consistent with different levels
of O vacancies. Since the O vacancies produce a relatively
large and short-range potential relative to Sr, the O-vacancy
concentration has important consequences for the angular
dependence of the scattering rate in the normal and super-
conducting states and therefore for the relative importance of
forward-scattering processes. Our calculations indicate that if
scattering from the O vacancy could be removed by annealing,
LSCO would exhibit dramatically different low-frequency
conductivity spectra, with narrow Drude peaks in σ (
), rem-
iniscent of our predictions for Tl-2201. The spectral weight
available to form the superfluid would also be significantly
increased.

In the Tl-2201 system, the doping by Tl-Cu cross sub-
stitution induces much-longer-range scattering and relatively
weak potentials, leading to a strongly momentum-dependent
scattering rate. Vertex corrections, included here in our
calculations of the conductivity, are correspondingly more
important. Although THz measurements of the conductiv-
ity have not yet been performed, we made clear predictions
for the expected conductivity spectra, including quite narrow
Drude components even in the normal state. The materials-
specific analysis confirmed quasiparticle mean free paths that
are longer than in LSCO by roughly a factor of 3, as deduced
in earlier phenomenological analyses.

The materials-specific dirty d-wave approach has now not
only succeeded in quantitatively reproducing puzzling exper-
imental results on superfluid density and THz conductivity
but has also confirmed the choice of phenomenological pa-
rameters used earlier to fit specific heat, the Volovik effect,
and thermal conductivity of the same materials [6]. Armed
with these confirmations of the theory in the superconducting
state, it would now be interesting to see whether various
puzzles in the normal state can be addressed by the same
approach, e.g., the angle dependence of normal-state elastic
scattering in cuprates measured by angle-dependent magne-
toresistance. Of course, the physics of linear-T resistivity and
other non-Fermi-liquid effects are not included in this ap-
proach, so our theory can perforce apply only in the overdoped
regime far from any critical point. Nevertheless, it will be
useful to use it to separate the relatively mundane materials-
specific effects discussed from the true exotic physics of
interacting fermions located elsewhere in the cuprate phase
diagram.
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FIG. 7. Angle-dependent charge dynamics in the normal states of LSCO and Tl-2201. Overdoped LSCO, p = 23.5%, with Sr-dopant
concentration nSr = 16%, is shown without apical oxygen vacancies (first column) and with apical-oxygen-vacancy concentration nVO = 8%
(second column). Tl-2201 is shown at optimal doping, p = 16%, with copper defect concentration nCu = 8% (third column) and at p = 30%
with nCu = 15% (fourth column). (a)–(d) Vertex function γ0(φ), showing enhancement of the charge current due to forward scattering. (e)–
(h) Single-particle scattering rate �sp(φ) = Im{�0(φ)} and transport scattering rate �tr (φ) = 2�sp(φ)/γ0(φ). (i)–(l) Single-particle lifetime,
τsp(φ) = 1/[2�sp(φ)], and transport lifetime, τtr (φ) = 1/�tr (φ). (m)–(p) Single-particle mean free path, �sp = vF (φ)τsp(φ), and transport mean
free path, �tr = vF (φ)τtr (φ).

Finally, we should remark that the disorder-averaged the-
ory can also break down when samples become strongly
inhomogeneous. A recent study showed that in quan-
tum simulations of disordered d-wave superconductors, the
disorder-averaged theory was accurate to surprisingly high
disorder levels but broke down for very low average super-
fluid densities when the system broke up into distinct islands

at low temperatures [40]. Such patchiness of isolated su-
perconducting regions has, indeed, been observed in some
samples of LSCO [41]. Whether the ideal disorder-driven
zero-temperature transition to the normal metal is controlled
in the best samples by pair breaking or inhomogeneity is an
important open question that requires further experimental
work.
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