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Andreev reflection is a fundamental transport process occurring at the junction between a normal metal and
a superconductor (an N-S junction), when an incident electron from the normal side can only be transmitted in
the superconductor as a Cooper pair, with the reflection of a hole in the normal metal. As a consequence of the
spin singlet nature of the BCS Cooper pairs, the current due to Andreev reflection at an N-S junction is always
symmetric in spin. Using a Keldysh Nambu Floquet approach, combining analytical and numerical calculations,
we study in details the AC transport at an N-S junction, when the two spin components in the normal metal are
driven by different periodic drives. We show that, in the Andreev regime, i.e., when the superconducting gap is
much larger than the frequency of the drives, the spin-resolved photoassisted currents are always equal even if
the two drives are different. In addition, we show that in this regime the excess noise depends only on the sum
of the periodic drives, and we consider in particular the case of Lorentzian pulses (Levitons). We also show how
these properties get modified when going beyond the Andreev regime. Finally we give a simple analytical proof
of the special properties of the Andreev regime using an exact mapping to a particular N-N junction.
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I. INTRODUCTION

Electron quantum optics (EQQO) aims at describing and ma-
nipulating single electronic excitations in condensed matter
systems [1,2]. This is achieved by adapting scenarios of quan-
tum optics like the Hanbury-Brown and Twiss experiment [3]
where the intensity correlations from coherent photons at the
output are observed or the Hong-Ou Mandel setup [4], where
photons collide at the location of the beam splitter and correla-
tions are measured at the output. In condensed matter settings,
electron wave guides can be achieved with a two dimensional
electron gas, while a quantum point contact mimics the beam
splitter. However, electrons differ from photons as they are
charged particles and bear fermionic statistics. This means, in
particular, that they interact strongly with their neighboring
electromagnetic environment and are always accompanied by
a Fermi sea. In recent decades, the combination of theoretical
[5] and experimental [6] efforts, boosted by advances in fabri-
cation techniques, has provided EQO with a strong foothold.
Even if EQO has been initially studied in situations when the
role of electronic interactions is neglected or minimized [6,7],
it is nowadays also studied in strongly correlated systems
such as the fractional quantum Hall effect [8,9] and hybrid
superconducting devices [10-12].

In particular EQO has flourished due to the availability of
single electron sources working in an AC regime [13,14], such
as the mesoscopic capacitor [15], or voltage tailored trains of
Lorentzian wave packets called “levitons” [5-7,16—19]. These
Levitons consist of “pure” single electron excitations [20], i.e.,
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devoid of unwanted electron-hole pairs. For instance, when a
combination of AC and DC bias is applied to a device, the
measurement of the output excess noise [6,20] (with respect
to the proper reference situation with only an applied DC
bias) allows the detection of these spurious electron-hole ex-
citations. Connecting electron waveguides to superconducting
leads opened the way to new EQO effects, such as electron
(respectively hole) conversion into Bogoliubov quasiparticles
[21-23] above (respectively below) the gap or Andreev reflec-
tion [24] (AR) of electrons or holes inside the gap [10].

This normal-superconducting junction was discussed ear-
lier by Belzig et al. [25], where they considered the zero
temperature limit and focused on the two limiting regimes
where the drive frequency is either much larger or much
smaller than the gap of the superconductor. In the latter
one, where transport is dominated by Andreev reflection,
they found excess noise suppression also for Levitons carry-
ing a half-integer charge. Recently, the intermediate regime
has been explored using a microscopic model together with
Green’s functions in the Keldysh formalism, allowing the
computation of the average current as well as the period-
averaged noise to all orders in the tunneling constant and at
finite temperature [12].

In this article, we extend the preceding setup to a “con-
ceptual” situation where spin components are independently
driven by periodic sequences of pulses (having the same fre-
quency). This additional degree of freedom is like a “knob”
we can play with, eventually allowing us to shine a new
light on the underlying processes leading to a vanishing ex-
cess noise in the Andreev regime. More precisely, computing
the spin-resolved currents and the excess noise through the
normal-superconducting (N-S) junction as functions of time,

©2024 American Physical Society
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we emphasize that the properties of the junction actually
depend only on the total drive. For instance, in contrast to a
normal-normal (N-N) junction, we find that, independently
of the drives imbalance, both spin resolved currents have
always the same values, which is a manifestation of the spin
symmetry of the Cooper pairs in the superconductor. This also
implies that the total excess noise vanishes as long as the
spin-dependent drives actually combine to a proper sequence
of Lorentzian pulses, where each pulse injects an integer
charge per period. Roughly speaking, it means that the excess
noise vanishes as long as the charges injected by each species
dependent train of Levitons add to an integer, extending the
half-integer charge Levitons situation obtained for balanced
drives. A more quantitative analysis of the excess noise as
a function of the properties of the two drives for Levitons
(injected charges and time delay) allows us to emphasize more
precisely the conditions for having a vanishing excess noise.

Even though our main goal is to provide a better under-
standing of the underlying physics at the N-S junction in the
Andreev regime, we would like to mention that, this model
could be experimentally achieved by using a quantum spin
Hall bar [26] or two half-metals, whose separation needs to
be smaller than the superconducting coherence length [27,28].
The latter proposition would constitute a new type of Cooper
pair beam splitter [29-36], where typically crossed Andreev
reflection [37,38] plays a fundamental role.

The paper is organized as follows. In Sec. II, we introduce
the theoretical framework for tunneling through the junc-
tion in the presence of two periodic pulses with the same
period, but driving independently each spin components. In
Sec. III, we numerically and analytically study the spin-
resolved currents and the excess noise in the Andreev regime.
We also compute an effective Dyson equation describing the
underlying physics as a metal-metal junction, providing an
interpretation of our results. We conclude in Sec. IV. Some
additional technical aspects are presented in the appendices.

We adopt units in which /i = kg = 1 and the electronic
charge is e < 0. The temperature of the system corresponds
to ® and B denotes the inverse temperature, i.e., 1 = k0.

II. MODEL

We adopt a standard approach developed for junctions
involving superconductors in which the BdG equations are
discretized [12,39]. The metallic and superconducting leads
are described at equilibrium by tight binding Hamiltonians
Hy and Hg; Hy simply corresponds to the kinetic term, i.e.,
amounting to the electrons hopping between neighboring sites
of a single 1D chain. For the superconducting lead, Hg, in
addition to the kinetic term, also includes a pairing term,
which at the meanfield level reads

A (el +cipenn), )

where i labels the various sites of these leads, A is the
superconducting order parameter and c;, is the electron anni-
hilation operator at a given site i with spin o. This mean-field
approximation is known to provide a very good description
of the properties of superconductors in the weak pairing

Oy T

FIG. 1. Model: two half-metal leads are connected to the same
superconducting lead. Each half-metal is tuned to allow the prop-
agation of a given spin species only, either 1 or | and is driven
by a different voltage source. The superconductor is grounded. The
Andreev reflection from one lead to the other is possible as long
as the coherence length £ of the supraconductor is larger than the
distance between them.

regime which corresponds to the usual situations in meso-
scopic physics.

One defines the Nambu spinors at each boundary of the
tunneling junction between the two leads:

Yy = (cheny) ¥§ = (el es), )
such that the total Hamiltonian reads
H = Hy + Hs + ¥, Wys¥s + Hec., 3)

where the tunnel matrix from the normal lead to the supercon-
ducting lead reads

i1 (1) 0
Wis () = X<e 0 _e-mm) @)

A is the tunneling amplitude for both spin species. The
functions ¢, (1) = e fioo dt'V,(t") are the time-dependent
phase differences between the leads accounting for the spin-
dependent drives V, (¢) applied on the metallic lead.

This situation could be realized by having a metallic lead
actually corresponding to two different leads made of spin-
polarized half-metals, allowing us, thereby, to drive each spin
component independently. Conceptually, it amounts to having
two separate leads for the normal metal side, see Fig. 1.
Of course, one could have a more realistic description of
the tunneling junction, i.e., including the (transverse) geom-
etry of the leads and/or the superconducting order parameter.
However, as long as the junction size is much smaller than
the superconducting coherence length &, one can neglect the
spatial variation of the superconducting order. Along the same
lines, if the transverse size of the junction is small enough (of
the order of the Fermi wavelength), i.e., only a few channels
are actually coupled through the junction, which amounts to
describing the junction by a transmission matrix [39]. Our
tight-binding model provides the simplest parametrization of
the transmission coefficient t (see below) of the junction. Of
course, more elaborate models can be studied. For instance
allowing a more complicated tunneling scheme involving
more sites would lead to a different relation between the
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transmission matrix and the microscopic parameters. Still, in
the wide band limit, one expects that the microscopic details
of the description of the junction should not play an important
role as long as the transmission properties are properly taken
into account and matching the experimental results.

The moments of the current operator are computed within
the framework of Keldysh theory [40—42], defining thereby
time ordered Green’s functions on the Keldysh contour, such
as

G, 1) =iy, (") ®y,;), )

where G;“]T is the full Green’s function dressed by the tunnel-
ing Hamiltonian, j and j are lead indices. For instance, the
total current flowing in the metallic lead at the junction reads
as a Nambu trace:

(Iv (1)) = eTrnR[oWys(1) Gy (¢, 1)], (6)

where 0N denotes the real part. In addition, one can compute
the spin-resolved currents (Iy, (¢)) as follows:

(I+o0,)
2

(Ing (1)) = eTrN‘R[ Ws(t)Ggy (¢, 1 )], (N

ie., corresponding to the two diagonal elements of the 2x2
matrix a,WNS(t)G v (t,1). Similar expressions for the real
time zero frequency noise correlator can be derived and are
given in Appendix C

For periodic drives, the voltage drives split in their DC and
AC parts:

Vo () = Vbco + Vacs (1), (8)

where Vpc, is time-independent, and V¢, (¢) averages to zero
over one period T = 27 /2 of the periodic drive. The injected
charge per spin per period is g, = eVpcy /2. In practice, the
DC components of the drives are actually fully taken into
account by shifting the Fermi energy of each spin component
of the normal metal by —eVpc,, such that one is left dealing
only with the AC part of the drives. Using the periodicity of
the drives, we introduce the Fourier components p;, of the
functions e~ , namely,

e—i¢a(l) — Zpla' (qa )e—ith' (9)
i

By doing so, we use Floquet theory [9,12,43—46] in which the
total Hamiltonian is separated into an infinite number of inde-
pendent harmonics in Fourier space. The Floquet theory goes
beyond this simple Fourier decomposition. Indeed, it states
that as a consequence of the AC drive, the electrons can gain
or lose energy quanta leading to the formation of side bands.
The Floquet weight P, = |p;,|? therefore corresponds to the
probability for an incoming electron with spin o to absorb /
photons of energy 2. The voltage biased lead is then better
described as a Floquet state, a superposition of Fermi seas,
which we now refer to as “Floquet channels”, with shifted
chemical potential u, — @, — eVpcs + (€2 and an intensity
given by the corresponding Floquet weight Py, .

As explained in details in Ref [12], one can write the
Keldysh dressed Green’s function as

ngx? = (]1 - g’sEgNgf\,E,f,s)
x [g§™ + &sZsnen (Zsy N)_l]
(]l - ZSNgNEX/Sgg‘) TinEn (10

where, within the Floquet formalism, the different quantities
become infinite matrices in the Nambu-harmonic space. For
instance, the self-energy X" reads

r.a pn—m, O
S (@ )=A< o _p;knn,i) (11)

-1

and, assuming the large bandwidth limit for the leads, the bare
Green’s function in the superconductor reads

Aoy + (w +n2)1
=0 VA = (w+nQEis)e

&spm(@) = (12)

and, in the metal,

gxlilnm = Fildun. (13)

The other bare Green’s functions, such as gf~(w) and g}~ (»)
are given in Appendix A, together with a full expression of
the Keldysh dressed Green’s function Gy, ().

III. ANDREEV REGIME

In the Andreev regime A >> €, the bare Green’s functions
in the superconductor simplify to

gS nm(a)) —0,6,m and hm gS nm(a)) (14)
such that the Keldysh dressed Green’s function Eq. (10) for-
mally simplifies to

3

Gy = (li—ﬂ)z["xPTpTUxP —o,PP'o,PT], (15)
where we have defined ¥ = AP and the matrix T describes
the thermal distribution of the electrons in the normal lead, see
Appendix A. Note, that one could be tempted to simplify the
second term using the fact that o0, PPo, = 1. However, this
expression would then become ill-defined when computing
the system properties: since each term taken separately leads
to divergent sums, convergence is obtained only after carefully
grouping and rearranging terms, which, eventually would lead
to unphysical results, more precisely losing the time depen-
dence of the observables, such as the junction currents.

A. Current

As explained above the spin-resolved currents are obtained
from Wyg (t)G v (¢, t) which, within the Floquet theory reads:

(L)) = 5 Z / , doe (I (0) + T w)

(16)
with

I5, (@) = 0 Y [Ensmk(@)Giy (@)oo, (17)
k
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such that, in the Andreev regime, one obtains:

_e M 3 —in—m) ( o ok
) = 5 ij L doe (Qp(@) + (@) (18)
with
(@) = o[Po, P TPo,P' — Po,P'Po,P'T| . (19)
Inserting the expressions for P and 7, one obtains that
Ql(@) = D Pl Py Prost Promt [tanh (%) ~ tanh (‘” e )} 0)

rk,s

and a similar expression for Q} (), see Appendix B. Note that it is crucial to start from the proper expression (15) for the
Green’s function to finally get the difference between the two tanh functions, which ensures properly converging sums and
integrals. Indeed, performing the following change of variables, x = w + (s + ¢, )2 and shifting all the indices by s (except s

itself), the sum over s can be carried out, yielding

¢ )\4 = i(m—n X x+m§2—(q +q )
(I(t) = _m Z / dx e )Qtpi_n,Tp;k—k,Lpr—&ip’—meT |:tanh (%> — tanh < i) | . @

by _
n,r.k,m

20

The integral can easily be performed and the preceding expression becomes

2e A4 )
L)) = — i(m—n)QU %
which using the definition of the p;, leads to
&2
(L)) = ETA(VW) + Vi (1)), (23)

where 74, = 41* /(1 + A2 is the so-called Andreev transmis-
sion and does not depend on the temperature. In the weak
link regime, A < 1, T4 A4, ie., the square of the transmis-
sion coefficient of the junction, that one needs to transmit
two electrons (one up and one down) to form a full pair
in the superconductor. Obviously, the expression for (/(t))
is the same, such that both currents are always equal and
proportional to the sum of the applied drives, recovering the
fact that the N-S junction, in the Andreev regime, depicts a
fully linear behavior. Furthermore, in the Andreev regime,
since only processes involving pair creation/annihilation in
the superconductors are taking place, it implies that the num-
ber of transmitted electrons with different spins must always
be equal, and thereby that (/;(z)) = (I, (¢)). This has to be
contrasted with the metallic regime, i.e., A = 0, where one
obtains (see Appendix B for details)

2
(I, (1)) = 2%rv”(r), (24)

with the (normal) transmission 7 = 4A? /(1 + 222, As ex-
pected, each spin current is simply proportional to the
respective drive. The fact that one obtains t4 from t upon
replacing A with A? is simply a consequence that, at every
order, the elementary scattering process in the Andreev regime
involves two tunneling events through the junction.

The properties of the currents can be seen in Fig. 2, which
displays I, (¢) as a function of time for a vanishing V|, = 0 and
V4 (t) corresponding to a train of Levitons of charge g4 = 1. In
the Andreev regime 2 < A (bottom right plot), one can see

Pken Pk | P—r,L Pr—m. <q¢ +qy — m> (22)

(

that both currents are equal and proportional to V; (), corre-
sponding to Eq. (23). Close to the Andreev regime, 2 = 0.1A
(bottom left plot), both /4 and I, depart from their Andreev
value, but, as expected, the impact of the quasi-particles exci-
tations, directly driven by V4, is stronger on /;. For increasing
values of €2, reaching the intermediate regime 2 ~ A (top
right plot), I;(¢) decreases whereas I (¢) increases, both dis-
playing additional oscillations compared to V;, emphasizing
the nonlinear behavior of the N-S junction [12]. For 2 > A
(top left plot), corresponding to a normal-normal junction,
I, (¢) vanishes (of the order of (A/ Q)?), whereas I4(t) be-
comes again proportional to V,(¢), see Eq. (24).

B. Excess noise

Finally, along similar lines, one can compute the zero-
frequency noise averaged over a period, see Appendix C:

2
(S) = %|:4r§® +274(1 — TA)Z(S +ar +q)QIp)

x coth <w)j| , (25)
20

where p = 3" p,| ps—r1. Using the definition of the coeffi-
cients p;,, we obtain

ph=a

/2
/ dt giiSQIej[(m(f)Jﬂm ®] (26)
T Jr ’

2

which is therefore the Fourier component of e %= je.
of the AC part of the total drive Vacy(t) + Vacy (¢). There-

fore, the formula above for (S) is the same as the one for
zero-frequency noise averaged over a period for an effective
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FIG. 2. Current of spin up and spin down electrons as a function of time for different drive frequencies 2 where only the up spins are
driven, i.e., V, = 0. The figure was obtained with the following parameters: ® = 10~ and g; = 1. The top left plot corresponds to Q@ = 10A,
i.e close to the normal regime. As expected, the spin up current /;(¢) is proportional to V;(¢) where I () is almost vanishing, of the order of
(A/Q)? smaller than /; (). On the contrary, in the Andreev regime Q = 0.01A (bottom right plot), /; and I, are equal and proportional to
V4 (t). In the intermediate regime £ = 0.3 A (top right plot), one can see the impact of the nonlinear behavior of the junction: both /; and I,
display a very different behavior as a function of time, with additional oscillations compared to the drive V; (). Close to the Andreev regime
Q = 0.1A (bottom left plot), both I; and I, depart from their Andreev value, but, as expected, the impact of the quasi-particle excitations,

directly driven by V}, is stronger on /.

normal-normal junction,

- 2
(M), = %[4126 +2r(1—1)

eVpc + nQ2
X Z(EVDC + nQ)|pa|* coth ([)2—®>],

27

driven by V() = V;(¢) + V,(¢), i.e., the total drive applied to
the NS junction. This emphasizes that, not only for the cur-
rent, but also for the noise, the behavior of the junction only
depends on the total drive. This has an important consequence
for the excess noise, in particular when each drive corresponds
to a train of Levitons, i.e., a sequence of Lorentzian pulses
defined as follows:

of 1 U
Vo (t) = Vg <n Xk: n2+(t/T_k)2>. (28)
where n = W/T is the ratio between the width of the pulse
W and the period of the drive 7. In that particular situation,
the total drive V (t) simply corresponds to a sequence of
Levitons fully characterized by VOT + Vl, i.e., its total charge
q = qy + q,, resulting therefore in a vanishing excess noise
when g is an integer. This is a well known results when both
drives are the same and each corresponding to a half-Leviton,
i.e., g4 = g, but our computation shows that it extends to
any situations where gy + g, is an integer. This is exempli-
fied in Fig. 3, where one plots the excess noise, defined as

Sexe = (8) — (S) 4, in the (g4, g}) plane, for the N-S junction
driven by periodic Lorentzian drives, g, corresponding to the
injected charge for each spin component per period. (S),.
is the DC noise computed for the same injected charge. As
predicted by Eq. (25), in the Andreev limit 2 < A, the excess
noise vanishes along lines corresponding to gy +¢q, € Z. As
explained in Ref. [12], for intermediate regimes, the excess
noise does not vanish anymore, and, for Q2 > A, i.e., in the
normal-normal regime of the junction, the excess noise only
vanishes when both ¢, are integers.

In addition, we would like to emphasize that, for the excess
noise to vanish in the Andreev regime, our calculations show
that the full shape of the total drive V (¢) has to correspond
to a sequence of Levitons with an integer charge, which is
actually a stronger constraint than just having an integer total
injected charge. In the preceding example, where each drive
corresponds to Lorentzian pulses centered at the same times
ty = kT, this condition was fulfilled as soon as g4 + g, is an
integer. On the other hand, if we consider, for instance, the
situation where each drive corresponds to the same sequence
of Levitons with a (fractional) charge ¢,, but being shifted
in time one with respect to the other, i.e., V| (t) = V}(t + 6t),
then, the total drive V' (¢) is simply a periodic sequence made
of two Levitons per period, each one having a charge ¢,,
which, unless 8¢ = 0, results in a finite excess noise. This is
emphasized in Fig. 4, where the excess noise is plotted as
function of ¢, for different value of é¢. As one can readily
see, for half-integer ¢, , the excess noise vanishes only when
6t = 0. For integer ¢, since each drive V,, alone will result in
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FIG. 3. Excess noise at the junction driven by a Lorentzian drive
(of width n = 0.1) as a function of the injected charges ¢4 and g,
and at low temperature (® = 0.001). The frequency of the drive is,
from top to bottom plot, 2 = 100A, 2 = 0.3A, and 2 = 0.01A,
corresponding respectively to the normal, intermediate and Andreev
regimes. As one can see, in the normal regime, the excess noise only
cancels when both Levitons injected charges ¢; = g, = 1. On the
contrary, in the Andreev regime, the excess noise cancels as long
as the total injected charge per period g; + ¢, is an integer. In the
intermediate regime, the excess noise is, in general, nonvanishing.

a vanishing excess noise independently from the other drive,
the total excess noise vanishes for all values of the delay 4.
From a physics point of view, it emphasizes the difference
between half-integer drives and integer ones: For half-integer
drives, i.e., g, = 1/2 for instance, the Andreev reflection of
each spin component produces a “half-pair” in the supercon-
ductor; each of these “half-pair” must then be produced “at the
same time” to allow for a whole pair to be transmitted in the
superconductor. This reasoning goes beyond the half-integer
case, and generalizes to any combination (g4, g, ) satisfying
gy +¢q, =1 [26]. On the other hand, for integer drives, the
Andreev reflection of each spin component produces a whole
pair, independently of the Andreev reflection of the other spin
component, allowing for a noiseless current in the junction.

C. Equivalence with an effective metal-metal junction

The fact that both the current and the noise only depends on
the sum of the drives can be directly inferred from the Dyson
equation in the time domain, which reads formally

(HL/):gU—t@%:K/dndhgt—nﬂyathXQfL

(29)
where g is the bare Green’s function. Every Green’s function
has the following block structure

.1’
G :| (30)

7.1’
G= Gn 0 m.1]
Gsy | Gss
each G;’]f”’ is a 4x4 matrix corresponding to Nambu plus
Keldysh dimension. The matrix W reads

W(t, 1)

Wey | 0 ’
0 | —Wsy

=6(t — 1)

(€29
where Wy is the 2x2 tunneling amplitude matrix in Nambu

space, see Eq. (4).
Iterating once the Dyson equation, one obtains

G(t,t)y=gt —1)+ gt —t)W(t1,)g(tr — 1)

+ gt —t)W (11, 12)g(t, — 13)W (13, 14)G (14, 1),
(32)

where integration over the intermediate times is implicit.
In the Andreev regime, the superconductor bare Green’s
function simply reads
0
], (33)

OE 5<r)[ o

where each 2 x2 subblocks are in Nambu space and combined
together in the Keldysh space. Thereby, one obtains the fol-
lowing effective Dyson equation for the normal metal dressed
Green’s function Gyy:

G, 1) = g5 (1 — 1)+ &5 (t — )W (1)G55 (11, 1),

(34)
where
=~ _ WNS | 0 —O0y | 0
o= |2 [ S
Wen 0
X[ 0 —WSN}
¥ 0
:[ w |0 } (35)
with
Wy (1) = WysoWsy
o 0 | £i(910+0,(0)
=—A |: 11O+, 0) | 0 - (36

As one can see, the effective Dyson equation describes a
metal-metal junction where one metal is made of spin up and
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FIG. 4. Excess noise at the junction driven by a Lorentzian drive (of width n = 0.1) as a function of the injected charge ¢ = g, = g, for
various time shifts ¢. The frequency of the drive is & = 0.01 and the reduced temperature is ® = 0.001. For integer injected charge ¢, the
excess noise always vanishes independently of the time shift §¢, emphasizing that in this case, the fotal drive V; + V| corresponds to a sequence
of integer Lorentzian pulses. On the contrary, the excess noise for g = 0.5 is finite as soon as the time shift is nonzero, emphasizing that, in
that case, the fotal drive is not a sequence of integer Lorentzian pulse. Only when 8¢ = 0, both pulse sequences V; and V, add to a sequence of
integer Levitons, resulting in a vanishing excess noise. The inset displays the currents /; and /, and the drives V; and V, as functions of time,
emphasizing that, in the Andreev regime, the currents are equal and simply proportional to the fotal drive.

the other of spin down, the effective drive being the sum of
the original drives. More precisely, because of the Nambu
description of the system, the up spins are electrons, where the
down spins correspond to holes. From that point of view, if the
sum of the effective drive consist of a train of Levitons of total
charge g = g4 + ¢, it amounts to converting g electronic
charge with spin up to ¢ positive charges with spin down,
i.e., removing ¢ electronic charges with down spin as well,
corresponding, as expected, to having created g pairs in the
superconductor, for a total charge transfer through the junc-
tion equal to 2¢. Similar results have been obtained recently
when computing the final state in N-S junction driven, in the
Andreev regime, by a single Lorentzian pulse [26].

Finally, we would like to mention that the present theory
predicts that applying opposite drives, i.e., such that V4(¢) =
—V,(¢) results, in the Andreev regime, to vanishing quantities
such as currents, excess noise... Therefore, in this configura-
tion, one could have a direct and precise probe of the impact of
the finite superconducting gap on the N-S junction properties,
close to the Andreev regime.

IV. CONCLUSION

We have shown from both a numerical and an analytical
point of view that, in the Andreev regime, a N-S junction
behaves as a normal metal driven by the sum of the drives
applied to the junction. More precisely, we have shown that
the spin up and spin down currents have always the same
value, proportional to the total drive V. Similarly, the excess

noise only depends on Vi, and vanishes as long as the total
drive amounts to a Lorentzian train of pulses injecting an
integer number of charges per period. These results are simply
explained by mapping the N-S junction to an effective N-N
junction driven by Vi,. The physical origin of this behavior
can be traced back to the spin symmetry of the Cooper pairs in
the superconductor. In the Andreev regime, they are the only
excitations available for the transport, which enforces an equal
amount of spins up and spins down flowing through the N-§
junction, even if different spin-dependent drives were applied.
The present study mainly focused on the Andreev regime, but
it would be worth to have a more thorough analysis of the
properties of the system in the nonlinear regime 2 >~ A, i.e.,
understanding how the fact the two spin species are indepen-
dently driven impacts the currents and excess noise.

In addition, we would like to stress that a possible experi-
mental realization of this system could be achieved using spin
polarized half-metals for the normal leads [26], in particular
allowing us to study the impact of the time delay between the
drives. From that point of view, our microscopic model can
be adapted for a more detailed comparison with experimental
results.

Furthermore, these transport properties could be studied
using cold atomic gases trapped in optical lattices. In these
systems, one could prepare, for instance, an initial wavepacket
made of a given species and measure the time evolution at the
boundary between the normal side and the (strongly) paired
superconducting side, studying thereby the time-resolved An-
dreev reflection [47]. Moreover, going beyond the standard
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Finally, it would be interesting to extend our approach
to the case of different types of superconductors (P-wave,
topological [49], high T, etc.), where both singlet and triplet
pairings must be taken into account [50]. In this situation, the
physics of Andreev reflection is much richer, giving rise to
more complex metals involved in the effective description of
the junction.

J

APPENDIX A: DYSON’S EQUATION FOR KELDYSH GREEN’S FUNCTIONS.

In this section, we summarize the results derived in Ref. [12].

Definitions
Defining
Q A
wF = lim wrn . A*=lim ,
550 /A2 — ( + nQ2 £ i5)? >0 /A2 — (w4 nQ + i8)?
1
+ + + a2 +1\2 +4\2
= : = A — (A%,
S @R (aDh F2nter T T ((@)" = (A;7)
— AT — AT - _ .t A A
Bp=200 = B g = (ARG 4 0F ), B = Filbum
&sim = @1 + A,6)(tanh(w + nQ) F Doy &y = —i(T F 1Sy,
w+nQ—eVpcy
$ra Pn—m,t 0 A tanh (—) 0
X =A O 20 w+nQ+e Snm Al
SN,nm ( 0 _p;—n,¢> ( 0 tanh( + Q;(:) VDC¢) ( )

the Keldysh dressed Green’s function reads
Gl = DETET [0, P TPy Pl A + W Af 0]+ 0 P Ty Py 0 Prn —id2 A AT ]
+ P TiP Prwlot 4 i2? + id*wf o7 — 2tw] ]
+ PuTi Py o P —id2 A 0 + A4 AT
+ Pun{ e E[@, + X (1 4 iX 0, YA AT — w0 @,) + iX (o, @, — A, A;)]
+ [—ir2 + DA A A, —of o)) — of + 210, 1)
+ 0 Pl A0 + A A (AL A — 0 @)1 F (A + 2 AN, (A2)

where we introduced 7,, such that T,,,, = T,,8,,, and ¢ = tanh (2322

an error in the equivalent formula of Ref. [12] has been corrected.

) F 1). It should be mentioned that, obtaining this equation,

APPENDIX B: COMPUTATION OF THE CURRENT AS A FUNCTION OF TIME
The spin-resolved currents in the junction are defined as
oo
(Io(1)) = e/ dt' [o,Wns ()8(t — 1)Gsn(t', 1) — 0:Gsn(t, 1 YWs (1)(t — )]0

—00

2
2

e .
=53 Do [ dw e T 0 Ens ik ()G 1 (@) = 026 1 (@) Bt (@)oo (B1)
nkm* 2

Using the following relations:
Gi§ = —(G57)| and B = Zsw. (B2)
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the currents can be written as
L) = 5= f do e [0 Ens k(@) (@), + 101, m) = (), (B3)
n,k,m 2

where the second term is the complex conjugate of the first one after taking m — n and n — m. Since the terms in G, see
Eq. (A2), that contains an odd number of o, do not contribute to the diagonal matrix elements of o, X G, one is left with

(I, @t)) = —xz > f dwe MU g e =G Pl 0 Prs Ty Ph 0 P —iA> AT AT

n,m,rk,s©
+ PisTyPy Prnlo + ir* + iMoo — 1oy
+ 8 8m Pam (& (@1 + i3 (0 @k — AgAL) + 22 (1 + iR o ) (A Af — wf @y)]
+ =i + A AL — of o) = of + X o DI+ (1, m) = (m, )]s (B4)

1. Zero gap limit

In this regime, one has
o =+i, @w,=—i, and AT =A, =0, (B3)

n

such that the average current simply reads

o) =2 Z/

n,m,r,s,k

2
2

w+ k2

dw " [a P PinSsrbrm tanh( ) - aZP,j'kPknLPj,P,m] . (BO)

agag

As expected, the preceding expression is diagonal in spin space, such that, after summing over r and s, one gets

+ kQ o+ mS2 — eVpc
1 daw /M8 m.1| tanh @ —tanh [ ————M—1} |, B7
(o)) = = (1 +A2)2 2/ we DPk—n, 4 Pk—m 1 | tan 20 an 20 B7)

m,n,k

and a similar expression for (/). Changing variables as @ = w 4+ k2, m = m — k and 7i = n — k and summing over k, the
current becomes

e A2 00 ‘ w o — (m+q1)Q
L) = — —— d i(m—n)Qt _r|tanh [ — ) = tanh 1 ' B3
(I (1)) U] ;/oo we PLyaP-mt | tanh { 52 anh { ——o—— (B8)
At zero temperature, the final integration over @ can be performed and yields
eQ A2
<10'(t)> = —— &> el(n m)Qt(m —|— g) m,o P, 0’ (B9)

v thh’ usulg the e:lpIeSSIOH Of the Pk [y and qg > Sllnpl} Iesults mn
’ (1 / "2) 7

as expected.

2. Infinite gap regime
In this regime, one has

wF=w,=A,=0 and AF=1 thus & =1/(1+21%, (B11)

n

such the currents, see Eq. (B4), become

(] ( )) 2 (1 + )\4)2 Z / o dw {e—i(n—m)Ql [GZPZkO'kaJY},P:rO’x/Prm - O—zrplkrpksnpjrprm]aa + [(l’l, m) - (m’ n)]*}
n,m,r,k,s z

(B12)

Formally, the second term, one could use that Zn’m P,janTYPYT,P,m = 8,5 Ts0sm, but that would make the whole expression
divergent for all k # m, i.e., for all terms but the currents averaged over a period. Therefore, when expanding the sums, one must
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always pay attention to keep convergent series. Performing a careful expansion, in the Andreev regime, of Eq. (10), one can
show that the Keldysh dressed Green’s function reads
23 +
+7
Gy = RESDY — o, P(T —1DP'0, P — 0,0, P(T —1)], (B13)

such that a properly converging expression of the current is

(1 (t)) 2 (1 + )L4)2 Z / dw {e_[(n s [O’ZIP'ko’xlpksTfpj;axlprm - O'Z'P;kO'kastrO’x'Prme]gg + [(l’l, m) - (m, I’l)]*}
nm,rk,s®
(B14)
More precisely, the 2x2 matrices o, P kokasTP 0xPrm — 0, P kaPksP 0Py T, are diagonal with the following entries
a)+s§2+eVDC¢ w+mQ—eVDC¢
i ¥ r—s.| Pr—m.1 | tanh | —————~ | —tanh .
pkfn,']*psfk,ip vl«p 77\[ an < 2@ an 2@
o+ 52 — eVpe, o+ mQ + eVpc,
- pn—k,ipk—x,Tpﬁ—s,Tp;—r,L |:tanh <TT> — tanh < 20 1. (B15)

Thereby, one gets

24 o+ 52+ eVpe
—i(n—m)Q2t 3
hO) = 3 T / doe {”“T”v“”* g (S

n,m,r,k,s

_ tanh (“’ + ’”QG; EVD”)] 4 m) — (m, n)]*}. (B16)

2

Perform the following change of variables, x = @ + (s + ¢ )2and shift all the indices by s (except s itself), one can perform the
sum over s, which yields

i(m—n)Qt _* X x—}—mQ—(qT +ql)
<IT( ) = (1 )\4)2 Z / dxe [pk n7~py kipr 5,4 Pr— mT|:tanh (%) —tanh( 20 . (B17)

The integral can be performed and the preceding expression becomes

A4 .
(L) = m Z =S p kn A Dok y P—r L Pr-m 1 (@1 + g — m), (B18)
which using the definition of the p;, leads to
62 TA
(L)) = ;7(%(1) +V, (1)), (B19)

and, similarly, (I, (1)) = £ 2 (V,(t) + V,(1)).

APPENDIX C: NOISE CALCULATION
The total noise is defined as
+00
Snn(t) = / di'[Iy(t + 1)) — (In(t + 1) {In ()], (C1)
—0oQ
where Iy is the total current operator across the junction. Using Wick theorem, its average value becomes

+00
(Syv (1)) = —€ / dt'Trn (2R [0 Wis (1) Gy (1, 1) Wrs(t )Gy (1, 1)] — o-Wsn (1) G (¢, 1 )o-Wys(t )Gy (t', 1)

oo

— o Wys()Gyy (t, 1o Wys(t)Gsg (t', 1)}, (C2)
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which for a periodic drive leads to

- Q/2 dw
( ) = —262/ Z_TrNH[ZRC(UZESNG;VF;GZESNG;/;) - UzESNG]J\;];UzENSGES+ - (TZENsG;;O'ZESNGXUJVr , (CS)

Q2 &7

which, in the Andreev regime, becomes

. U2 g,
(S) = —26°1y / ETrNH[(l — 14)PTP 0, PTPTo, — 1 + 14 T?). (C4)
-Q/2
Computations along the same lines as for the currents lead to
< _ €|, ) ) Qm+4q1 +41)
() = — 14700 + 204 (1 — 1) ;(pn’ipr,ipm_mpm_nﬁ)(m + g4 + q,)Q coth (T) . (C5)
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