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Iron-based superconductors display a large degree of variability in electronic structure at the Fermi surface,
resulting in superconducting gap structures, Tc’s, and other properties that vary considerably from family to
family. Recently, it was noted that across many different families of Fe-based systems, the ratio �max/Tc is
found to be quasiuniversal with a large value of ∼3.5 compared to the one-band BCS weak-coupling result of
1.76. Here, �max is the measured maximum gap across the Fermi surface. This remarkable fact was attributed to
strong-coupling effects arising from Hund’s metal physics. Here, we perform a “high-throughput” scan across
band masses, Fermi energies, and interaction parameters in a weak-coupling Suhl-Matthias-Walker model. We
find that unexpectedly large values of �max/Tc can be achieved within weak coupling, and that quasiuniversal
behavior similar to experiment emerges for those systems where interband interactions dominate intraband ones.
However, within the current framework, a large mass contrast between bands is required.
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I. INTRODUCTION

Iron-based superconductors have fascinated the supercon-
ductivity community for more than a decade. Originally hailed
after their discovery in 2008 [1] as a second class of high-
temperature superconductors similar to the cuprates, it was
quickly realized that they display a much richer variability
of superconducting behavior, due to their multiband, mul-
tiorbital character [2]. It is widely believed these Fe-based
superconductors (FeSC) are unconventional, i.e., that pairing
is driven by repulsive interactions [3]. Unlike cuprates, where
a d wave pair state is realized, most iron-based materials are
thought to pair in a dominant s-wave state, with different
order parameter signs on different bands [4,5]. In addition,
experiments show that significant gap anisotropy exists in
some materials, including those with gap nodes. Within the
usual spin fluctuation theory, this gap structure is driven by
several features of the effective interaction, but in particular
by the distribution of orbital weights on each Fermi-surface
sheet [6–8].

In addition to strongly differing low-temperature gap
sizes and structures, the FeSC display a wide range of
superconducting transition temperatures, from a few degrees
Kelvin up to ∼70 K in monolayer FeSe grown on SrTiO3.
Variations in the overall strength of the superconductivity
across this family are generally attributed to Fermi-surface
features [6–11] such as the number, size, and d-orbital content
of the small Fermi-surface pockets around the high-symmetry
points of the Brillouin zone, degree of nesting of the pockets,
and Fermi velocities. Bare effective Coulomb interactions
also vary substantially from material to material [12].
While the phase diagrams of Fe-based systems have some
commonalities, there are examples of good superconductors
in this class that do not share them. For example, unlike the
“canonical” phase diagram where superconductivity evolves
via chemical doping from a magnetic parent compound,
neither FeSe nor LiFeAs have long-range magnetism at

ambient pressure, and require no chemical doping to become
superconductors [3].

Thus an apparent overall lack of universality in the prop-
erties of the Fe-based systems themselves hinders the search
for the underlying, presumed universal physical mechanism
of superconductivity. Recently, however, it was pointed out
by Miao et al. [13] that a sizable number of superconducting
Fe-based materials, from very weak to very strong super-
conductors, have at least one item in common: a quite large
value, of roughly 3.5, of the ratio of the maximum T → 0
gap on the Fermi surface, �max, to Tc. To show this, values
of the ratio �max/Tc for 16 materials with widely varying Tc’s
were compiled from reported angle-resolved photoemission
(ARPES) data. In BCS theory for conventional superconduc-
tors, this number �/Tc is 1.76, and is indeed referred to as a
“universal ratio” that emerges from the theory. Of course, it
is well known that both strong-coupling effects beyond BCS
[14] and gap anisotropy [15] can increase this ratio. Lead (Pb),
for example, has a ratio �/Tc of about 2.25, and underdoped
to optimally doped cuprates have quite large ratios as well
[16]. But it is less the size of the ratio that is remarkable in the
Fe-based materials, than the apparent universality in a class of
superconductors where so much is understood to depend on
the details of the electronic structure.

Lee et al. [17] approached the problem in terms of a
model reflecting Hund’s metal physics, including interactions
mediated by nearly localized high-energy spin modes. These
authors did not attempt to show that universality of the ratio
would emerge from models reflecting the degree of variability
in the electronic structure of the Fe-based materials. Instead,
they studied the so-called “γ model” of a one-band super-
conductor with singular power-law interactions described by
a susceptibility χ ∼ �−γ , and showed that �max/Tc could be
increased substantially above the BCS value, and agreed with
the Miao et al. value when γ = 1.2. Since this behavior is
close to the observed behavior γ of Fe-based superconductors
at high energies, they suggested that the observed quite large
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value of �max/Tc was due to the physics of a Hund’s metal.
Within the framework employed, they showed that large gap
values were possible, but no real notion of a �max/Tc robust
against system details emerged from these calculations.

Here, we take a quite different approach, arguing that
the large �max/Tc ratio of ∼3.5 may in fact be most nat-
urally explained in the framework of a simple multiband
weak-coupling theory. By weak coupling, we mean that the in-
teractions within and among bands are assumed much smaller
than the relevant Fermi energies and the energies of the pair-
ing bosons. We show, within a simple Suhl-Matthias-Walker
(SMW) ansatz of constant pairing interactions in band space
[18], that values of �max/Tc cluster close to a universal value
characteristic of the effective mass ratio between the two
bands of the model, provided the pairing is dominantly inter-
band in nature. This occurs independent of band parameters
and other system details. While analytical solutions to this
model exist [19,20], the full analytical solution is rather com-
plicated, and our conclusions do not appear to be trivial to
extract from it. We therefore exhibit the numerical results,
both because we can present our discussion in such a way as
to give the reader an intuitive feel for the solution, and because
it contains some data outside the strict weak-coupling range.

The measured value ≈3.5 of the universal ratio does not
emerge naturally unless a very large band mass ratio is as-
sumed, however. As we show, this is not characteristic of
the Fe-based superconductors. The result is nonetheless quite
striking, and we suggest on this basis that the dominant inter-
band nature of the interactions, assumed in many discussions
earlier [2,4,5,21] but rather difficult to prove in practice, is
the true essential feature of Fe-based superconductivity. In the
discussion section, we propose for more realistic multiorbital
models a mechanism that may be analogous to the mass
anisotropy in the simple two-band case considered here.

II. MODEL

A. Two-band superconductivity

In contrast to Ref. [17], we explore here under which cir-
cumstances a “universal” ratio �max/Tc might be expected in
an ensemble of systems characterized by several bands, cou-
pling constants, masses, etc. We begin with a simple two-band
model [18,22] with constant interactions within and between
bands. To simulate Fe-based systems, we assume that one is a
hole band and the other is an electron band, as shown in Fig. 1,
with

ε1(k) = EF1 + (k − kM )2

2m1
, (1)

ε2(k) = EF2 − k2

2m2
. (2)

We have modeled the intraband interactions V11 and V22, as
well as interband interactions V12, using the λ interaction
matrix

[
λ11 λ12

λ21 λ22

]
=

[
m1 ∗ V11 m2 ∗ V12

m1 ∗ V21 m2 ∗ V22

]
,

FIG. 1. The band structure of our two-band model for mass ratio
2. EF2 = 50 meV and EF1 = 50 meV are the Fermi energies of the
two bands. VF2 and VF1 are the Fermi velocities of the two bands.
V11, V22, and V12 represent the interactions between the bands. The
colored region is the energy cutoff ωd = 100 meV.

where m1 and m2 are the band masses and positive interactions
are taken to be attractive. The two-band BCS equations that
determines � and Tc are

�1 = λ11�1F1(�1, T ) + λ12�2F2(�2, T ), (3)

�2 = λ22�2F2(�2, T ) + λ21�1F1(�1, T ), (4)

and the functions Fα (�, T ) for the electron and hole bands
α = 1, 2 are

F1[�1, T ] =
∫ ωD

−EF1

dξ
1

2
√

ξ 2 + �2
1

tanh

⎛
⎜⎝

√
ξ 2 + �2

1

2T

⎞
⎟⎠, (5)

F2[�2, T ] =
∫ EF2

−ωD

dξ
1

2
√

ξ 2 + �2
2

tanh

⎛
⎜⎝

√
ξ 2 + �2

2

2T

⎞
⎟⎠, (6)

where we have taken the Fermi energies (band extrema) equal
EF2 = |EF1| ≡ εF for simplicity [23], and measured energies
relative to the chemical potential μ, ξ = εα (k) − μ as usual;
hence all gaps open below Tc around the fixed chemical po-
tential μ.

We performed a consistency check of our code for mass
ratio 2 and different regimes of interband and intraband cou-
plings. We observed from Fig. 2 that when we have no
interband coupling, the two � behave independently and give
two different Tc. But as we progressively keep increasing
the interband coupling strength, �1 and �2 converge at the
same Tc. Since the mass of band 1 is larger then band 2
initially we have �1 > �2, but as the interband interaction
increases we observe an increase in the �2 value until it
finally becomes greater than �1 for an interband larger than
the intraband interaction.

�max is defined to be the maximum of �1,�2 at zero
temperature. Note in Miao et al. [13], the maximum is also
taken over the Fermi surface, but here we adopt an isotropic
approximation for simplicity. Although seldom discussed, it
is clear that the �max/Tc ratio can be quite large compared to
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FIG. 2. |�| vs T in various regimes of interband vs intraband
pairing with mass ratio 2. (a) λ11 = 1.43 λ12/21 = 0; (b) λ11 = 1.43
and λ21 = 0.143; (c) λ11 = λ21 = 1.43; (d) λ11 = 1.14 and λ21 =
1.43. For all cases shown, λ22 = 2λ11 and λ12 = 2λ21.

1.76, generally forcing the minimum gap ratio �min/Tc at the
same time to be considerably smaller.

To differentiate between the different regimes of inter-
versus intraband interactions we define a logarithmic quantity

β = log
λ12 + λ21

λ11 + λ22
,

which parametrizes the degree of interband pairing. β → ∞
is pure interband pairing, while β → −∞ is pure intraband
pairing.

B. “High-throughput” approach

In a materials class with many different members with
quite different electronic structures, it is an appropriate
starting point to assume them to have random values of the pa-
rameters determining �max and Tc within reasonable physical
ranges. First, we consider a uniform probability distribution
of the most important such parameters, namely the individual
interaction matrix elements λi j , as shown in Fig. 3(a). We
have divided our study into three regimes based on the values
of the elements of the interaction matrix to help identify the
qualitative underlying physics. These include three ranges of
β identified in the figure by their color coding, strong inter-
band coupling β > 1 (green), weak interband coupling β < 0
(blue), and comparable interband and intraband coupling 0 <

β < 1 (orange).
Figure 3(a) shows that our distribution is indeed uniform,

i.e., not biased towards any particular regime of potentials.
The way the points are distributed is as follows. There are
roughly an equal number of points for β < 0 and β > 0 now
since the regime for β > 0 is divided in β > 1 and 1 > β > 0
the points are further divided between the two regimes. Fig-
ure 3(b) shows that such an evaluation gives rise to Tc values

which are not in the physical range, therefore when we look at
the results of the high-throughput approach for different mass
ratios we will focus mainly at the physical values.

Our high-throughput approach then involves solving (4)
for Tc and the superconducting gaps for the various different
values of λi j . We repeat the exercise for differing values of the
Fermi energies, effective masses, and BCS pairing cutoffs to
check what influences the �max/Tc ratio. The overall coupling
strength is adjusted to keep Tc in a reasonable physical range
for Fe-based superconductors.

III. RESULTS

In Fig. 3, we show the results of our high-throughput anal-
ysis. We consider two different mass ratios, m1/m2 = 3, 10,
and report the value of �max/Tc for different λi j . In Fig. 3(b)
we show the �max/Tc values obtained for the full range of
λ’s shown in Fig. 3(a) for the particular choice m1/m2 = 10.
Points are distributed between the expected asymptotic ratio
values: 1.76 for the weak negligible interband coupling case,
as discussed above, and a value close to

√
m1/m2 = 3.16 for

the dominant interband coupling. (see Fig. 4 below and the ac-
companying discussion). All points in between these asymp-
totes require numerical evaluation. In Figs. 3(c) and 3(d), the
distribution of �max/Tc is shown for two different values of
the mass ratios m1/m2, 3 and 10. Independent of the value
of the mass ratio, we find some common features, namely
clustering around the asymptotic values for small β or large β.
When the interband and intraband coupling are comparable,
1 > β > 0, the values of �max/Tc do not cluster and are in-
stead scattered rather uniformly between the two asymptotes.
As seen in Fig. 2, in this regime where the inter/intraband
interactions are comparable, the two gaps �1 and �2 are close
in magnitude and we observe a crossover from �1/�2 > 1
to �1/�2 < 1 when the interband becomes larger than the
intraband interaction (for mass ratio m1/m2 > 1).

In order to achieve a large universal value of the �max/Tc

ratio within the current simplified framework, it is clear that
we must assume that all materials are dominated by interband
pairing interactions, β > 1. In this case, we have a cluster
of points near the upper limit for each mass ratio, so the
�max/Tc ratio is constant and larger than the BCS value for
all “samples.” The interesting observation is that the upper
limit increases with an increase in the mass ratio, as shown
in Fig. 4, where we compare with the interband-only solution
which was obtained by setting the diagonal terms in the
interaction matrix to zero. We further include a comparison
with the analytic solution obtained from Ref. [20],

2�1(0)

Tc
= 3.52eA1 ,

2�2(0)

Tc
= 3.52eA2 ,

where

A1 = m2τ
2R ln(τ−1), A2 = −m1R ln(τ−1),

R = (m1 + m2τ
2)−1,

and τ is given by

τ = 1
2 {λ22 − λ11 + [(λ22 − λ11)2 + 4λ12λ21]1/2}λ−1

12 .
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FIG. 3. (a) Uniform distribution of λi j values used in “high-throughput” search for fixed band mass ratio m1/m2 = 10. The blue point
represents β < 0, orange points 0 < β < 1, and green points are for β > 1, representing three regimes of interband and intraband potential
ratios. (b) Calculated ratio of the maximum gap to critical temperature, �max/Tc from two-band BCS equations (4), using parameter sets
represented in (a). Note the clustering of points around the weak-coupling value 1.76 and strong-coupling value 3.42. (c), (d) Comparison of
high-throughput results for two different mass ratios (3 and 10) in the weak-coupling regime. The upper and lower limits of �max/Tc for large
and small β are indicated by thin solid lines with slopes given.

To find the upper asymptote values of �max/Tc we work in the
pure interband limit where λ11 and λ22 are zero. Depending on
whether we increase ν1 or ν2 in our calculation we will have
either �1 and �2 giving us our �max. In our study we increase
m1, hence �2 gives us our �max, and we plotted the expression
for �2(0)

Tc
in Fig. 4. This T = 0 result is quite similar to the

well-known exact result |�1/�2| = √
m2/m1 that holds in

this limit near Tc [11]. However, it requires a mass ratio near
10 to achieve a �max/Tc ratio near the observed value of
3.5 [13]. Such large mass differentiations are not observed
in Fe-based systems, however. In Table I, we exhibit Fermi
velocities on electron and hole bands in common units
so that a comparison across materials is straightforward.
Maximum values of the mass ratio 2–3 are much more
typical than the larger values required within this theory.
Furthermore, mass ratios differ substantially from material to
material, implying a breakdown of any possible universality

that might have been present had all interactions been
strongly interband in nature and all systems had a common
mass ratio.

Other parameters in the model were found to have much
less significant impact on the �max/Tc ratio. For example, we
have considered how these results change when the Fermi
energies EF1 and EF2 are varied. We find that the values of
�max and Tc change but the ratio of �max/Tc does not. The
same was true for changes in the energy cutoff. As expected
in the weak-coupling limit, changes in the cutoff changed the
values of �max and Tc, but the ratio remained approximately
the same for a given mass ratio.

IV. DISCUSSION

We have considered the effect of varying the most common
physical quantities thought to influence a superconductor’s
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TABLE I. Fermi velocities (meVÅ) of electron and hole bands evaluated from ARPES data of different iron-based superconductors. The
average mass ratio and the maximum mass ratio were evaluated by the ratio of electron and hole Fermi velocity.

Material Hole band Electron band Average ratio Max ratio

FeTe0.55 Se0.45 [28] 95.54, 143.312 N/A N/A N/A
Fe1+ySexTe1−x [29] 166.66, 166.66, 125 N/A N/A N/A
LiFeAs [30] 31.85, 127.38, 0 127.38, 95.54 1.4 4
Ba0.1K0.9Fe2As2 [31] 84.92, 99.04, 113.23 N/A N/A N/A
KFe2As2 [32] 60.51, 67.2 37.26, 34.6 1.7 1.94
NaFe0.95Co0.05 [33] 24.06 34.4, 80.19 2.38 3.33
BaFe2As2 [34] 56.78, 113.56 115 1.35 2.02
BaFeRu0.35As [34] 248.4, 248.4 344.9, 172.45 1.04 1.39

critical temperature and gap function [3], in the hopes of
understanding if there is a natural explanation for the apparent
“universality” of �max/Tc throughout the Fe-based family of
materials. The model considered here is obviously a vastly
oversimplified description of these systems. To name a few
clear limitations, we have neglected the dynamics, momentum
anisotropy, and orbital dependence of the interaction ma-
trix, self-energy, and vertex correction effects beyond BCS,
the correct orbital-dependent electronic structure, spin-orbit
coupling, etc. Among these various limitations, let us sin-
gle out the gap anisotropy for special attention, since it is
well known that many of the Fe-based superconductors, in-
cluding those analyzed by Miao et al. [13], are extremely
anisotropic, with accidental or symmetry-enforced gap nodes,
while others are fully gapped. For some fixed interaction
strength, making the gap more anisotropic enhances �max/Tc

[15,24], suggesting naively that such variability should lead
immediately to a breakdown in �max/Tc universality. On the
other hand, such anisotropy is generally driven by variations
in orbital content around the Fermi surface [6], not included
in the present approach. So it is not completely implausible
that some more general measure of superconducting “fitness”
[25,26] including orbital degrees of freedom might preserve

FIG. 4. We compare the �max/Tc ratios using our high-
throughput approach averaged over the β > 1 regime, the exact
solution for zero intraband coupling V11 = V22 = 0, and the analytic
solution from Ref. [20].

the quantity �max/Tc despite the apparent large variability of
the anisotropy of the interaction across the Fe-based materials.

It is therefore tempting to speculate that it is the failure to
include orbitals and their differentiated electronic correlations
in the Fe-based systems which is the principal deficiency of
the current model. As has been pointed out in many places,
Hund’s metal correlations drive a strong asymmetry between
dxy and dxz/dyz correlations, e.g., effective masses, a trend
observed in nearly all the Fe-based materials [27]. It seems
plausible that the “universal” correlation physics of the dxy −
dxz/yz splitting may play the role of the mass ratio in this
simple model. Investigations of this intriguing hypothesis are
in progress.

As a final sanity check, it is useful to compare the current
analysis to the more familiar case of MgB2, to which the
two-band model has often been applied [35]. This canonical
diboride superconductor with Tc = 39 K is generally consid-
ered to be an intraband-dominated multiband system with two
main gaps driven by the electron-phonon interaction [36].
The average large gap in the system is empirically about
7 meV. Experiments do not to our knowledge give reliable
evidence for the gap anisotropy , but from EPW calculations
[37] the spread in the large gap value over the Fermi surface is
±0.5 meV [38] giving �max/Tc of about 2.2, with the (largest)
effective mass ratios from de Haas–van Alphen measurements
of about 3.5 [39]. This is roughly consistent with small β

values of �max/Tc obtained from our simple model [see,
e.g., Fig. 3(c)]. Clearly, the claimed Fe-based superconductor
universal value of �max/Tc of 3.5 represents a new kind of
multiband superconducting physics compared to MgB2, and
we have suggested that—up to a point—our model indeed
reproduces a universal ratio provided all systems are indeed in
the interband-dominated β 	 1 limit. The missing link within
this framework to obtain actual agreement with the measured
value �max/Tc 
 3.5 ratio is a large [O(10)] effective mass
ratio between bands, which is not empirically found in the
Fe-based systems (Table I).

V. CONCLUSIONS

To investigate the possible existence of the universality of
the ratio �max/Tc in iron-based superconductors as claimed
by Miao et al . [13], we solved the weak-coupling two-band
equations of superconductivity in a high-throughput approach
where the interaction parameters �i j , Fermi energies, and
masses of electron and hole bands were varied over large but
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physical ranges of parameters, and the maximum gap and Tc

were determined. We found that for a given mass ratio there
is a distribution of �max/Tc values between the BCS value
(1.76) and an upper limit which depends on the mass ratio
between electron and hole bands. Although the various param-
eters are distributed uniformly, there is substantial clustering
about the two lines which correspond to the intraband- and
interband-dominated limits. In the intermediate regime we
have a scatter for many different values. The upper (interband-
interaction-dominated) limit increases with increasing mass
ratio according to the expected square-root behavior. The
conclusion that strong interband pairing may be required to
explain the experimental finding is not entirely unexpected, as
the usual spin-fluctuation pairing interaction is peaked at q =
(π, 0), thereby coupling electron and hole pockets in Fe-based

systems. However, we find that the two-band weak-coupling
model does not display a universal �max/Tc value, simply
because the effective mass ratio observed in ARPES exper-
iments on Fe-based superconductors is not universal. Based
on the systematics of the simple two-band case, however, we
proposed a study including electronic correlations that may
represent a promising way forward.
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