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Purely anharmonic charge density wave in the two-dimensional Dirac semimetal SnP
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Charge density waves (CDWs) in two-dimensional (2D) materials have been a major focus of research in
condensed matter physics for several decades due to their potential for quantum-based technologies. In particular,
CDWs can induce a metal-insulator transition by coupling two Dirac fermions, resulting in the emergence of a
topological phase. Following this idea, here we explore the behavior of three different CDWs in a 2D layered
material, SnP, using both density functional theory calculations and experimental synthesis to study its stability.
The layered structure of its bulk counterpart, Sn4P3, suggests that the structure can be synthesized down to the
monolayer by chemical means. However, despite the stability of the bulk, the monolayer shows unstable phonons
at �, K, and M points of the Brillouin zone, which lead to three possible CDW phases. All three CDWs lead
to metastable insulating phases, with the one driven by the active phonon in the K point being topologically
nontrivial under strain. Strikingly, the ground-state structure is only revealed due to the presence of strong
anharmonic effects. This underscores the importance of studying CDWs beyond the conventional harmonic
picture, where the system’s ground state can be elucidated solely from the harmonic phonon spectra.
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I. INTRODUCTION

Charge density waves (CDWs) are a phenomenon of great
interest in modern condensed matter physics, characterized by
a ground state in which both the charge density and ionic posi-
tions exhibit periodic modulation relative to a high-symmetry
phase [1]. As a result of their periodic modulation, CDWs can
lead to changes in electrical transport properties [2–4], the
thermal conductivity [5,6], and the optical absorption [1,7].
Moreover, CDWs have been proposed to play a role in phe-
nomena such as axion insulators [8], where a CDW couples
two Weyl fermions in a Weyl semimetal, driving it into an
insulating state [9–11]. CDWs have also been used to engineer
band structures as they can gap out trivial bands, leaving an
ideal Dirac semimetal behind [12].

A CDW instability is usually predicted from theoreti-
cal first-principles calculations by computing the harmonic
phonon spectrum and searching for unstable phonon modes.
The active phonons are then tracked into the possible CDW
phases. Even if the harmonic approximation may hint at the
order of the CDW and its associated symmetry breaking, it
inevitably fails in the description of CDW physics, since,
considering that phonons are temperature independent in this
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approximation, it can never explain when the CDW melts
forming the high-symmetry structure at high temperature. In
fact, a CDW transition can be detected experimentally by
measuring the phonons of the high-temperature phase and
determining which is the phonon mode that collapses with
decreasing temperature driving the CDW transition [13–15].
Therefore, a first-principles understanding of CDW physics,
including the CDW order, requires nonperturbative anhar-
monic calculations [15–20].

Tin phosphide compounds are a promising platform for
studying CDWs due to their ability to exhibit a wide range
of stable and metastable phases [21,22]. This is largely due
to their layered structure, which allows different layers to be
ordered and distorted in various ways. Sn4P3, in particular, has
been reported to be a Dirac semimetal [23–25]. However, the
possibility still exists that the Dirac fermions couple through
a CDW, leading to the opening of a gap in the single-particle
energy spectrum that may give rise to the emergence of a
topological insulator [12]. Given the lack of stability analysis
in the literature and the intriguing implications of coupling
Dirac fermions by means of a CDW, bulk Sn4P3 and its
possible monolayers offer a promising platform to study the
emergence of robust topological insulating phases through
CDW instabilities.

In this paper, by employing first-principles calculations
within density-functional theory (DFT) and the stochastic
self-consistent harmonic approximation (SSCHA) [26–29]
to account for anharmonicity, we determine that two
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FIG. 1. Bulk Sn4P3. (a) The figure displays the bilayered struc-
ture of Sn4P3, along with an electron localization function (ELF) that
reveals the weak Van der Waals coupling between the layers. The two
potential monolayers, SnP and Sn2P, have been marked for clarity.
(b) The accompanying electronic band structure displays a unique
Dirac crossing at the L high-symmetry point (blue and red colors
have been used for valence and conduction bands, respectively).
(c) The stability of the system is further confirmed through the
harmonic phonon spectra, which shows no indications of a charge-
density wave

distinct monolayers can be derived from bulk Sn4P3, SnP and
Sn2P. Of the two monolayers, SnP displays intriguing phonon
instabilities at the K and M points, presenting opportunities
for the engineering of materials with specific properties [12]
by coupling and annihilating the band crossings to achieve
an insulating phase. Our analysis of these instabilities yielded
two distinct insulating phases, one of which could transition
into a topological phase under tensile strain. Additionally,
a full anharmonic treatment of the phonon spectra revealed
a further instability at the � point. While the K and M
phonons are stabilized by anharmonic corrections at higher
temperatures, the � mode remains unstable, indicating the
true ground state. These results emphasize the crucial role
of anharmonic corrections, both in their quantity and quality,
in CDW systems. We also experimentally synthesize bulk
Sn4P3, confirming the crystal structure described by Olofsson
in 1970 [30]. Despite the presence of the two distinct layers is
evident in transmission electron microscope (TEM) images,
transport measurements on bulk Sn4P3 crystals do not see any
signature of CDWs, in agreement with the absence of phonon
instabilities in our calculations.

II. BULK Sn4P3

The bulk structure of Sn4P3 (Fig. 1), which has a bilay-
ered structure (space group R3m), is held together by strong
intralayer and weak interlayer forces. This weaker interlayer
coupling, together with the fact that the structure holds an
odd number of electrons, could favor a layer rearrange-
ment (a CDW) into an insulating phase at sufficiently low
temperatures. To investigate this possibility, we perform first-
principles calculations starting from the structure proposed
by Olofsson [30]. First, we relaxed the system to the mini-
mum of the Born-Oppenheimer (BO) energy and confirmed

TABLE I. Crystallographic information for Sn4P3.

Refined composition Sn4P3

Crystal dimension (mm) 0.041 × 0.060 × 0.078
Temperature (K) 295
Radiation source, λ (Å) Mo Kα, λ = 0.71073 Å
Absorption correction multiscan
Space group R3m
a (Å) 3.971(2)
b (Å) 3.971(2)
c (Å) 35.397(7)
Cell volume (Å3) 483.5(5)
Absorption coefficient (mm−1) 15.929
2θmin, θmax 6.906, 135.338
Refinement method Goodness of fit on F2

Number of reflections 22369
Number of parameters 13
Independent reflections 1215
R(I>2σ ), Rw(I>2σ ) 1.35, 3.03
R(all), Rw(all) 1.56, 3.11
�ρmax, �ρmin (e Å−3) 1.16, −1.36

the bilayer structure by computing the electron localization
function (ELF). As shown in Fig. 1(a), the absence of elec-
tronic localization in the interlayer space indicates a weak
bonding between the SnP and Sn2P monolayers. However,
the computed phonon spectrum of the bulk in the harmonic
approximation [see Fig. 1(c)] reveals that the single-band
crossing between the valence and conduction bands at the L
point [see Fig. 1(b)] remains stable and the bulk does not
seem to be prone to a CDW formation. To test the theoretical
analysis outlined, we have successfully synthesized Sn4P3

crystals by heating a mixture of Sn and P in sealed, evacu-
ated quartz tube. More experimental details can be found in
Appendix B. Single-crystal x-ray diffraction indicates space
group R3m (No. 166), which is consistent with previously
reported results [30]. Full experimentally crystallographic in-
formation can be found in Table I. Moreover, the obtained
structure by single crystal x-ray measurements is in good
agreement with the structure used for the theoretical anal-
ysis (see Table II). As suggested by the theoretical results,
temperature-dependent resistivity measurements confirm that
the R3m Sn4P3 phase is metallic, showing no signs of a CDW
from 1.8 to 400 K (Fig. 5). The layered structure can be
clearly visualized using both optical microscope (OM) and
scanning electron microscope (SEM) [Figs. 2(a) and 2(b)].
The high-quality crystalline nature of Sn4P3 crystals is con-
firmed from the selected area electron diffraction (SAED)
pattern obtained along the [110] axis using TEM, as illustrated
in Fig. 2(c). Furthermore, the homogeneous distribution of
Sn and P within the Sn4P3 material is confirmed through
energy-dispersive spectroscopy (EDS) mapping, as shown in
Figs. 2(d) and 2(e). Lastly, to confirm the bilayered struc-
ture of Sn4P3, atomic-resolution high-angle annular dark-field
scanning transmission electron microscopy (HAADF-STEM)
imaging was conducted, as depicted in Fig. 2(f). The zoom-in
inset image reveals that Sn4P3 is composed of alternating SnP
and Sn2P layers.
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FIG. 2. Experimental result of Sn4P3. (a), (b) Optical microscope and scanning electron microscope image of Sn4P3 crystals, showing the
layered structure. (c) Selected area electron diffraction pattern along [110] axis, suggesting good crystalline quality. (d), (e) Elemental mapping
showing homogeneous Sn and P distribution. (f) Atomic-resolution HAADF-STEM image viewed along [110] axis; the inset shows alternating
SnP and Sn2P structures.

The bilayer structure of bulk Sn4P3 suggests that both
SnP and Sn2P monolayers may be synthesized experimentally.
Despite the attempt to exfoliate the different monolayers using
the Scotch-tape technique, the exfoliated flakes could not be
thinner than ∼40 nm. (Fig. 6). This thickness corresponds to
about ∼30 bilayers and is therefore far from the monolayer
limit. As shown in Fig. 2(f), the separation between the layers
is too small and, hence, might prevent the bulk from delami-
nating into monolayers. This is reflected in the relatively high
exfoliation energy from the parent layered material (around
100 meV/Å2) computed with Van der Waals corrected func-
tionals [31,32]. However, this does not exclude that these
monolayers may be synthesizable by chemical means, as it oc-
curs in, for instance, monochalcogenides [33]. Another route
to explore might be chemical exfoliation, which can access
2D materials that are unobtainable via the scotch tape method
[34–36]. We thus further investigate the dynamical stability of
the SnP and Sn2P monolayers by first principles.

III. MONOLAYERS Sn2P AND SnP

A. Analysis of the CDW within the harmonic approximation

The Sn2P monolayer [Fig. 3(a)] belongs to space group
SG P3m1 (No. 164) (see Appendix F for its structural pa-
rameters). Our calculations reveal that the Sn2P monolayer
exhibits a metallic band structure, as illustrated in Fig. 3(b),
while its harmonic phonon spectra [see Fig. 3(c)] shows some
instabilities near �, corresponding to the out-of-plane acoustic

phonon mode. This result suggests that the Sn2P monolayer
may be subject to a rippling instability [37]. Considering that
the band structure of this monolayer is typical of a metal, this
rippling instabilities are not expected to yield any significant
change to the electronic structure, keeping the structure as
metallic.

The band structure of the SnP monolayer is, on the con-
trary, very interesting. This monolayer belongs to space group
SG P3m1 (No. 164) and consists of tin and phosphorus
atoms at 2d and 2c Wyckoff positions, respectively. The struc-
ture can be described as a buckled honeycomb of tin atoms
sandwiched between two phosphorus triangular lattices, as
illustrated in Fig. 3(d). Its band structure exhibits an inter-
esting single crossing point at the K high-symmetry point,
as shown in Fig. 3(e). Considering that the harmonic phonon
spectrum in Fig. 3(f) shows two instabilities at the K and M
points, these modes can act as active phonons through which
the CDW could couple the Dirac points at K, thereby leading
to an insulating state. To delve deeper into the origin of the
CDW, we conducted electron-phonon linewidth and nesting
function calculations (Appendix E), which indicated that the
main contribution to the instability arises from the ion-ion in-
teraction. Consequently, we anticipate a substantial structural
reconstruction during the phase transition.

To elucidate the low-symmetry structures, we performed a
distortion of the SnP monolayer based on the active phonons
at the K and M points and relaxed the structure into the
minimum of the BO energy surface consistent with the
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FIG. 3. Sn2P, SnP, SnP-K, SnP-M, and SnP-� monolayers. (a), (d), (g), (j), (m) Atomic structures of the two original monolayers (Sn2P,
SnP) and the CDW phases (SnP-K, SnP-M, SnP-�) from the side and top views. (b), (e), (h), (k), (n) Corresponding band structures of each
of the monolayers. In (h), we demonstrate that by applying an isotropic tensile strain of 7%, the band gap closes, leading to an inversion of
�9 and �8 irreps, and resulting in a topological phase transition. (c), (f), (i), (l), (o) Harmonic phonon spectra of each of the monolayers. As
shown in (f), the SnP monolayer exhibits two active phonons at the M and K points, respectively.

symmetry breaking. The resulting structures belonged to
space groups P31m and P2/c, respectively, in line with the
group theory restrictions for phonons transforming under ir-
reducible representations K1 and M−

1 [38], which are the
irreducible representations of the active modes. Then, we
computed the band structure and phonon spectra in both cases,
which in turn allows us to analyze both the stability and
topology. Subsequently, we will refer to the resulting struc-
tures from the condensation of the K and M modes as SnP-K
(P31m) and SnP-M (P2/c) [see Figs. 3(g) and 3(j)].

Both low-symmetry structures turned out to be insulat-
ing phases [see Figs. 3(h) and 3(k)], as well as dynamically
stable according to the computed harmonic phonon spectra
[see Figs. 3(i) and 3(l)]. This means that these two structures
can be a priori stabilized experimentally, showing a large
polymorphism of the SnP monolayer. A topological analy-
sis based on symmetry indicators using topological quantum
chemistry (TQC) [23–25] classified both SnP-K and SnP-M

as topologically trivial phases. Nonetheless, it is worth noting
that this analysis only verifies for sufficient conditions for
topology and not necessary ones. Despite the triviality of the
bands of the distorted phases, the insulating gap of SnP-K is
remarkably small. This places this monolayer close to a topo-
logical transition: a band inversion that interchanges the �8
and �9 irreducible representations at the � point would lead
to a topological phase. To check this possibility, we perform
a more accurate characterization of the gap by carrying out a
band-structure calculation using the hybrid HSE06 functional
[39]. As a result, we found that under an isotropic tensile strain
of 7% [see Fig. 3(h)], the SnP-K monolayer transitions into
a topological insulating phase with the following topological
indices Z2w,3 = 1 and Z4 = 2. Similar strain ranges have
previously been realized in different monolayer materials such
as graphene [40] and MoS2 [41]. Conversely, the SnP-M phase
is further away from a topological transition, and strain is not
expected to give rise to electronically relevant phases.

174112-4



PURELY ANHARMONIC CHARGE DENSITY WAVE … PHYSICAL REVIEW B 109, 174112 (2024)

FIG. 4. Anharmonic phonons of SnP monolayer and Born-
Oppenheimer energy surfaces. (a) The inset shows the anharmonic
phonon behavior at various temperatures. The data reveals that the
active phonons located at M and K points exhibit greater stability
with rising temperatures, while a new purely anharmonic active
phonon emerges at �, which becomes increasingly unstable as the
temperature increases. (b) Born-Oppenheimer energy surface as the
system is displaced according to the K and � active phonons. In
the case of the degenerate � mode, a bidimensional space of de-
formations is explored through different cuts (see Appendix C).
The K phonon displays a characteristic Mexican hat shape, which
becomes more stable as temperature increases, along with quantum
fluctuations. Conversely, the � mode appears as a saddle point with
a small potential well. (c) The complete energy surface of the �

active phonon is shown in this inset. The triple saddle point shape
with a small minimum at the center explains why the harmonic
approximation fails to capture such instability and why the instability
increases with temperature.

B. The impact of anharmonic effects

All our analysis so far relies on the harmonic approxi-
mation, which is questionable in the vicinity of CDWs. To
further analyze the stability of the predicted distorted phases,
we perform anharmonic first-principles SSCHA calculations
of the phonon spectra of both SnP (high-symmetry phase) and
SnP-K (low-symmetry phase) at different temperatures. As
shown in Fig. 7, the anharmonic results support the idea of the
SnP-K phase being stable after the CDW. On the other hand,
the anharmonic phonons for the SnP monolayer at different
temperatures can be seen in Fig. 4(a) and present some unex-
pected outcomes: both the K and M active phonons stabilize
with temperature, with the latter stabilizing within the 0 to
200 K range. However, although this seems to support the ini-
tial idea of the K phonon leading the CDW, the � point, in fact,
shows a negative degenerate phonon frequency transforming
under irreducible representation �+

3 . This �-point instability
increases with temperature, contrary to the evolution of K and
M modes.

To further understand this behavior and the nature of this
purely anharmonic active mode, we explore the BO energy
surface of the SnP monolayer as we distort the structure
according to different active modes. In Fig. 4(b), we show
the energy dependence as we displace the ions according to
the K active phonon. The energy surface displays a double-

well shape, which explains both the instability of the phonon
within the harmonic approximation as well as the anharmonic
hardening of the phonon frequency. Essentially, by increas-
ing the temperature and hence the broadening of the ionic
wave function, the potential starts to feel less unstable and
more confining. However, this is not the case for the de-
generate phonon that develops an instability at � within the
SSCHA. As the active phonon is degenerate, this results in a
two-dimensional space of deformations that are energetically
equivalent just in the harmonic limit. To analyze such BO en-
ergy surface, we make use of the threefold symmetry present
in the system and compute the energies under different linear
combinations of the active modes as described in Appendix C
[Fig. 4(b)]. Then, the whole energy surface can be interpolated
as seen in Fig. 4(c). On this occasion, instead of a double
well, the energy surface resembles, rather, a triple saddle point
with a small potential well in the middle. This small well
explains why this unstable phonon is invisible in the harmonic
approximation. However, the quantum nature of the ions, even
at zero temperature, is enough to escape the potential well,
thus leading to a purely anharmonic CDW. Consequently,
the increase of temperature only renders the structure more
unstable.

Unlike the active phonons at K and M, the unstable phonon
at � cannot be stabilized with temperature and thus yields to
another possible CDW in the SnP monolayer, showing the
polymorphism of this 2D material. We solved the structure
arising from the condensation of this degenerate mode by
relaxing the lowest energy structure found in the energy sur-
face [Fig. 4(c)]. The irreducible representation �+

3 leads to a
structure with space group C2/m, which after, relaxes back
to space group P3m1. Despite having the same space group,
in the case of SnP-�, tin and phosphorus atoms exchange
Wyckoff positions to minimize the energy of the system [see
Fig. 3(m)], which again leads to an insulating phase [Fig. 3(n)]
classified as trivial according to the TQC analysis. The har-
monic phonons shown in Fig. 3(o) confirm the stability of
this SnP-� phase [which was also confirmed with anharmonic
phonons shown in Fig. 7(b)]. Moreover, the energy difference
per SnP pair with respect to the high-symmetry phase is the
lowest for SnP-� with �(SnP−�) = −296 meV, compared to
�(SnP − K/M ) = −77/ − 37 meV. This indicates that SnP-
� represents the true ground state of the SnP monolayer, while
SnP-K and SnP-M are metastable phases.

IV. CONCLUSION

In summary, we have studied the stability and properties
of Sn4P3 and its monolayers in relation to CDW forma-
tions. The stability of bulk Sn4P3 is confirmed through both
DFT calculations and experimental synthesis. The two pos-
sible monolayers that this bulk material can yield, SnP and
Sn2P, show phonon instabilities that may lead to metal-
insulator transitions. The Sn2P monolayer is not expected
to change its electronic properties, as it is only subject to
rippling instabilities. However, the SnP monolayer shows a
large polymorphism with the formation of different stable and
metastable insulating CDW phases, all of which couple the
Dirac points of the parent structure. Remarkably, one of the
described phases can be turned into a topological insulator by
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strain, and the true ground state of the SnP monolayer only
is identified thanks to anharmonic effects. Despite that, the
predicted polymorphism of SnP could not be identified by
exfoliating the bulk, chemical methods in the few-layer limit
may be able to synthesize the anticipated different phases.
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APPENDIX A: METHODS

Unless otherwise specified, all first-principles DFT cal-
culations presented in this study were carried out using
QUANTUM ESPRESSO [42,43], ultrasoft pseudopotentials
and a kinetic energy cutoff of 70 Ry with the Perdew-Burke-
Ernzerhof parametrization approximation for the exchange
correlation functional [44]. The structural relaxations were
considered converged when the pressure fell below 0.01 kBar,
and a 20 × 20 × 1 grid was used. Band calculations were
performed with the addition of spin-orbit coupling (SOC) and
the same grid. Harmonic phonons were computed using den-
sity functional perturbation theory (DFPT) within a 6 × 6 × 1
supercell in the absence of SOC (to avoid unnecessary com-
putational cost). The band structures computed using hybrid
pseudopotentials were done with VASP [45,46] in a 9 × 9 × 1
grid under the Heyd-Scuseria-Ernzerhof (HSE) approxima-
tion with the HSE06 parametrization [39]. The anharmonic
phonon calculations were done under the SSCHA [26–28]
as implemented in the SSCHA code [29]. To capture all the
relevant high-symmetry points, the free-energy Hessians (SS-
CHA anharmonic phonons) were done in both 2 × 2 × 1 and
3 × 3 × 1 supercells in all cases and with the inclusion of the
fourth-order terms. Finally, the topological analysis was done
using the IrRep code [47] together with tools provided by the
Bilbao Crystallographic Server [48–50].

FIG. 5. Temperature-dependent resistivity of Sn4P3 single crys-
tal, showing a RRR value of 190.

APPENDIX B: EXPERIMENTAL

1. Synthesis

The Sn4P3 bulk crystals were grown by mixing elemental
Sn (Sigma-Aldrich 99.99%) and P (Sigma-Aldrich 99.99%)
in molar ratio and sealed in a evacuated quartz tube, which
was then heated to 600 ◦C and held at that temperature for
one week. Subsequently, the mixture was slowly cooled down
to room temperature at a rate of 5 ◦C/h. This growth method
has proven effective in producing high-quality Sn4P3 crystals,
as evidenced by a significant residual-resistance ratio (RRR)
value of 190 (see Fig. 5). To measure the electrical resistance,
the four-probe method was employed using the ac transport
option in a Quantum Design physical property measurement
system. For the electrical contacts, conducting silver paste and
gold wire were used, ensuring reliable conductivity during the
measurements.

2. Single crystal x-ray diffraction measurements

Single-crystal x-ray diffraction measurements were con-
ducted utilizing a Bruker D8 VENTURE diffractometer
equipped with a PHOTON III CPAD detector and a graphite-
monochromatized Mo-Kα radiation source. The acquired raw
data underwent several corrections, including background
correction, polarization correction, Lorentz factor correction,
and multiscan absorption correction. To solve and refine the
crystal structure, the OLEX2 software package was employed,
which provides a comprehensive suite of tools for crystallo-
graphic analysis and refinement of Sn4P3 (see Table I).

3. TEM sample preparation

The lamella sample for cross-sectional TEM studies was
prepared by cutting it from a bulk single crystal and sub-
sequently thinning it to ∼50 nm using Helios DualBeam
focused ion beam (FIB) and SEM system. To minimize
surface damage caused by the high-energy FIB, the TEM
lamellar samples were polished using a 2 kV gallium ion
beam. Once the TEM lamella was obtained, it was carefully
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FIG. 6. Thickness determination of Sn4P3 thin flake obtained
using Scotch tape. (a) AFM image of a typical Sn4P3 thin flake.
(b) Height profiles of selected lines on image (a).

transferred to a Mo TEM grid and immediately loaded to the
high vacuum chamber to avoid oxygen and moisture attacking
under ambient conditions.

4. Scanning transmission electron microscopy

The SAED and atomic-resolution scanning transmission
electron microscopy (STEM) images were obtained using a
Titan Cubed Themis 300 double Cs-corrected STEM under a
300 kV operating voltage. This microscope offers a spacial
resolution of 0.07 nm and energy resolution of 0.8 eV. Fur-
thermore, it is equipped with a super-X EDS system, enabling
precise elemental mapping capabilities.

5. Thickness determination

First, the thin flakes of Sn4P3 were obtained through the
process of mechanical exfoliation from crystals, using Scotch
tape. The flakes were then transferred onto Si/SiO2 wafers.
Si/SiO2 wafers were bought from SI-TECH, the thickness
of Si and SiO2 is 500–550 µm and 285 nm, respectively.
The thickness of nanosheets was checked on an OM. Upon
observing promising nanosheets under the OM, the nanosheet
thickness was measured with a Bruker Dimension ICON3
atomic force microscope (AFM) operating in a tapping mode.
The acquired raw data were processed using the GWYDDION

software package (Fig. 6).

APPENDIX C: CALCULATION OF THE
BORN-OPPENHEIMER ENERGY SURFACE

To compute the BO energy surface, we calculate the energy
by displacing the ions according to the corresponding active
phonons. In the harmonic approximation, the displacement �u
of atom i in the unit cell �R can be expressed as

�ui( �R) = Re

⎧⎨
⎩

∑
s�k

qs(�k)
�εs

i (�k)√
Mi

ei�k �R

⎫⎬
⎭.

Here, s labels the mode, Mi represents the ionic mass of
atom i, �εs

i (�k) is the polarization vector, and qs(�k) is the order
parameter associated with the s mode at wave number �k. By
plotting the energy against the order parameter q, we obtain
the BO energy surface along that specific direction in the order
parameter space.

For the degenerate phonon at �, which possesses a
bidimensional order parameter space (q1, q2), we perform

calculations in six different directions within this space. To
sample this region thoroughly, we evaluate the order parame-
ter along the directions (cos (α)q1, sin (α)q2), where α takes
values of 0, π

18 , π
9 , π

6 , 2π
9 , and 5π

18 . This sampling strategy
effectively covers 120ºof the order parameter space. Then, by
taking advantage of the system’s threefold symmetry, we can
obtain a complete sampling of the (q1, q2) space.

APPENDIX D: SSCHA CALCULATIONS
OF CDW STRUCTURES

The stability of the SnP-K and SnP-� CDW structures
was also confirmed by computing the anharmonic phonon
dispersions in both 2 × 2 × 1 and 3 × 3 × 1 grids (see Fig. 7).

APPENDIX E: ELECTRON-PHONON LINEWIDTH
AND NESTING FUNCTION

The electron-phonon matrix elements gμ

nk,mk+q for a
phonon mode μ with momentum q and two electronic states
in bands n and m with electronic momenta k and k + q are
calculated withing DFPT as

gμ

nk,mk+q =
∑

sα

1√
2Mswμ(q)

εα
μs(q)〈nk|

[
∂VKS

∂uα
s (q)

]
0

|mk + q〉,

where Ms is the atomic mass of atom s, wμ(q) is the frequency
of the mode, εα

μs(q) is the polarization vector, with α being a
Cartesian direction and 〈nk|[ ∂VKS

∂uα
s (q) ]0|mk + q〉 are the matrix

elements of the derivative of the Kohn-Sham potential with re-
spect to the atomic displacements of the phonon mode. Then,
the electron-phonon contribution to the phonon linewidth for
mode μ with momentum q can be calculated as

HWHMelph,μ(q) = 2πwμ(q)

Nk

∑
knm

∣∣gμ

nk,mk+q

∣∣2
δ(εnk )δ(εmk+q).

with Nk being the number of k points in the sum and εnk
the energy of the state |nk〉 measured from the Fermi level.
Notice that HWHMelph,μ is independent from the frequency

FIG. 7. Anharmonic phonon spectra of SnP-K and SnP-� mono-
layers. (a), (b) The anharmonic and harmonic phonon spectrums of
SnP-K and SnP-�, respectively. In both cases, the SSCHA calcula-
tion has been done at T = 0 and the plotted spectra corresponds to
the 3 × 3 × 1 grid.
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FIG. 8. Electron-phonon linewidth, nesting function and Fermi
surface of the SnP high-symmetry phase. (a) Phonon spectra of
the SnP high-symmetry phase. The continuous line represents the
interpolation derived from the 6x6x1 grid, while the dots signify
specific DFPT calculations at individual k points. (b) Shown here
are the electron-phonon linewidths for the two most unstable modes
highlighted in blue and red in (a). Additionally, the nesting function
is represented along the �MK� path. (c) The Fermi surface of the
SnP high-symmetry phase exhibits a single Fermi pocket at the K
point. (d) Constant energy cut at an energy level of −150 meV.
Besides the pocket at K, a new quasihexagonal pocket emerges,
centered at �. This pocket harbors a high density of states due to
the band flatness near � [Fig. 3(e)], and it is responsible for the
saddlelike points in the nesting function (b) along the �M and �K
lines.

wμ(q), since this term cancels with the one from gμ

nk,mk+q,
which allows us to define it even for negative frequencies.
The HWHMelph,μ was computed using a 48 × 48 × 1 grid
and a Gaussian smearing of 0.003 Ry for the Dirac deltas.
The nesting function ζ (q) was computed using the same grid
and Gaussian smearing and defined as

ζ (q) = 1

Nk

∑
knm

δ(εnk )δ(εmk+q).

TABLE II. Experimental x-ray measurements and theoretical
prediction of the Sn4P3 crystal structure.

Sn4P3 SG R3m (No. 166)

Lattice parameter (Å) Theory Experiment

a = b 4.003 3.971
c 35.798 35.397

Atom Wyckoff position ε theory ε experiment

P 3a
(0,0,0)

P 6c 0.42873 0.42915
P (0, 0, ±ε)
Sn 6c 0.13339 0.13406
Sn (0, 0, ±ε)
Sn 6c 0.28966 0.28943

(0, 0, ±ε)

TABLE III. Calculated lattice parameters and atomic coordinates
of all studied monolayers. SnP and Sn2P are the two monolayers
that originally form Sn4P3. SnP-(K/M/�) are the resulting CDW
structures after the condensation of the (K/M/�) unstable phonons
of the SnP monolayer.

SnP monolayer SG P3m1 (No. 164)

a = b = 3.905 Å c = 13.941 Å

Atom Wyckoff position x y z

P 2c 0 0 0.18102
Sn 2d 1/3 2/3 0.09356

SnP-K monolayer SG P31m (No. 162)

a = b = 6.779 Å c = 25.157 Å

Atom Wyckoff position x y z

P 2e 0 0 0.08316
P 4h 1/3 2/3 0.10945
Sn 6k 0.3700138 0 0.05352

SnP-M monolayer SG P2/m (No. 13)

β = 0 a = 25.157 Å b = 3.914 Å c = 6.779 Å
Atom Wyckoff position x y z

P 4g 0.10091 0.18215 0.28476
Sn 4g 0.05363 0.67507 0.45998

SnP-� monolayer SG P3m1 (No. 164)

a = b = 3.960 Å c = 25.157 Å

Atom Wyckoff position x y z

P 2d 1/3 2/3 0.10334
Sn 2c 0 0 0.05726

Sn2P monolayer SG P3m1 (No. 164)

a = b = 3.684 Å c = 16.000 Å

Atom Wyckoff position x y z

P 1a 0 0 0
Sn 2d 1/3 2/3 0.10903

We conducted computations of the electron-phonon
linewidth and nesting function for the high-symmetry SnP
phase. As shown in Fig. 8(b), the electron-phonon linewidth
displays notable peaks for the phonon branch responsible for
the CDW. However, these peaks do not correspond to the most
significant instabilities observed at the K point. Moreover,
neither the nesting function, depicted in Fig. 8(d), aligns with
the trend of the unstable branch. This discrepancy suggests
that neither the nesting function nor the electron-phonon cou-
pling serve as primary instigators of the observed CDW. The
contributions to the BO energy V (R) can be decomposed into
distinct components: Te + Vee + Ve−I (R) + VI−I (R), where R
are the ionic positions and the terms represent the electronic
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kinetic energy, electron-electron interaction, electron-ion in-
teraction, and ion-ion interaction, respectively. While the
electron-phonon coupling arises from the Ve−I (R) term; in
this instance, the minimization of the BO energy is predom-
inantly dominated by the ion-ion interaction VI−I (R), leading
to large structural changes between the different phases. Con-
sequently, it is not unexpected that both the nesting function
and electron-phonon linewidth peak at different points than
those of maximum instabilities.

APPENDIX F: CRYSTAL STRUCTURES

Table II presents the Sn4P3 structure obtained from x-ray
measurements, alongside the corresponding theoretical pre-
diction. On the other hand, Table III provides the theoretical
predictions for the structural parameters of the individual lay-
ers comprising Sn4P3, namely, SnP and Sn2P. Additionally,
the table also includes the CDW structures SnP-(K/M/�)
resulting from the SnP monolayer.
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