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Weakly interacting one-dimensional topological insulators: A bosonization approach
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We investigate the topological properties of one-dimensional weakly interacting topological insulators using
bosonization. To do that we study the topological edge states that emerge at the edges of a model realized by a
strong impurity or at the boundary between topologically distinct phases. In the bosonic model, the edge states
are manifested as degenerate bosonic kinks at the boundaries. We first illustrate this idea on the example of the
interacting Su-Schrieffer-Heeger (SSH) chain. We compute the localization length of the edge states as the width
of an edge soliton that occurs in the SSH model in the presence of a strong impurity. Next, we examine models
of two capacitively coupled SSH chains that can be either identical or in distinct topological phases. We find that
weak Hubbard interaction reduces the ground-state degeneracy in the topological phase of identical chains. We
then prove that, similarly to the noninteracting model, the degeneracy of the edge states in the interacting case
is protected by chiral symmetry. We then study topological insulators built from two SSH chains with interchain
hopping that represent models of different chiral symmetric universality classes. We demonstrate in bosonic
language that the topological index of a weakly coupled model is determined by the type of interchain coupling,
invariant under one of two possible chiral symmetry operators. Finally, we show that a general one-dimensional
model in a phase with topological index v is equivalent at low energies to a theory of at least v SSH chains. We

illustrate this idea on the example of an SSH model with longer-range hopping.
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I. INTRODUCTION

Topological phases are the states of matter that do not obey
standard Landau symmetry breaking classification [1]. They
are characterized by topological properties that are global and
robust with respect to perturbations. A prominent example
is the integer quantum Hall effect that occurs in a two-
dimensional metal in a perpendicular magnetic field. The Hall
conductance is quantized in such a system and is determined
by a nontrivial first Chern number related to the number of
filled Landau levels [2]. The value of the Hall conductance is
thus robust with respect to perturbations that do not close the
bulk gap.

After the discovery of the integer quantum Hall effect there
have been a number of the topological models that do not
rely on the presence of a magnetic field. In two dimensions
these include the famous Haldane model of the anomalous
Hall effect [3] and the Kane Mele model of a Z, topologi-
cal insulator [4]. There have also been numerous theoretical
[5-7] and experimental [8—13] studies of three-dimensional
topological insulators.

Turning to one dimension, one of the best-known topolog-
ical models is the Su-Schrieffer-Heeger (SSH) model [14],
which was originally proposed to describe properties of poly-
acetylene molecules, but was later realized to be a prototype of
a symmetry-protected topological phase [15]. Another famous
one-dimensional topological model is the Kitaev chain [16]
that describes the simplest p-wave superconductor. It attracted
much attention due to topologically protected Majorana edge
modes that serve as a prospective qubit realization.

The noninteracting phases are well studied and under-
stood, and their topological classification based on nonunitary
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symmetries is completely established [17-20]. It turns out that
the electron-electron interaction enriches the physics in many
ways, in particular:

(1) In the weak interaction limit interactions may change
the noninteracting classification, although the states remain
adiabatically connected to the noninteracting ones.

(2) Interactions may lead to new topological phases that
can not be continuously connected to noninteracting ones.

In the second class, the most-known example is the frac-
tional quantum Hall effect [21]. In this system interactions
give rise to correlated states, with non-Abelian statistics and
quasiparticles that carry fractional charge. The states of FQHE
can be classified in accordance with their topological or-
der, based on their entanglement entropy [22,23], K-matrix
[24-26] and group cohomology approach [27,28]. This re-
mains a rich area for contemporary research, as the general
classification of possible phases remains to be discovered. In
one dimension, however, these principles have been estab-
lished for the symmetry protected topological phases [29,30].
They are based on the symmetry group of the fermionic
model, with the topological phases classified according to its
projective representations. Note, however, that the symmetry
of the Hamiltonian of an interacting model is not necessarily
the same as the symmetry of its low-energy fixed point. It can
be lower (spontaneous symmetry breaking), or higher (dy-
namical symmetry enhancement) than that of the fermionic
Hamiltonian. In the later case the emergent symmetry may
protect the topological phase [31].

We now specialize to the case of weakly interacting mod-
els, which have a nontrivial topology even before interactions
are added. In all dimensions the classification of fermionic

©2024 American Physical Society


https://orcid.org/0000-0002-7325-2263
https://orcid.org/0000-0001-9995-4944
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.109.165436&domain=pdf&date_stamp=2024-04-25
https://doi.org/10.1103/PhysRevB.109.165436

MATVEEVA, GUTMAN, AND CARR

PHYSICAL REVIEW B 109, 165436 (2024)

topological phases is known in this limit [32,33]. In general
terms, for the topological insulators in an odd number of
dimensions that are in the Z classes in the noninteracting case
isreduced to Z,, where n = {2, 4, 8, 16, 32} depending on the
dimensionality and the symmetry class. In an even number of
dimensions including the quantum Hall effect in d = 2 weak
interactions do not change the classification.

We now focus on the case of one dimension, which is
the topic of this paper. The most-know example of reduction
of topological classification are weakly interacting stack of
Majorana chains [34,35]. In particular, it was demonstrated
that the noninteracting classification of Majorana chain model
reduces from Z to Zg, which stimulated the search for the gen-
eral classification described above. There are also a handful of
other interacting models such as the Haldane model [36,37]
and closely related AKLT model [38], which are known to
have a Z, topological classification. At first sight these seem
very different from the Majorana chains, it was later shown
that there is a mapping between them [39].

Even for weak interactions where this classification is
formally established it is useful to have concrete interacting
models where one can quantitatively derive properties rather
than just relying on the adiabatic continuity and general topo-
logical principles. A very standard way to treat interactions
in one dimensions is to employ the bosonization technique
[40,41]. Our aim is to distinguish between different topolog-
ical phases based on the low-energy properties of the model
captured by this description.

In our paper we focus on examples built from coupled SSH
chains. The noninteracting limit of such models was previ-
ously studied in details in [42], which further allows us to test
the validity of the bosonization approach. In particular, we are
interested in the description of phases with winding numbers
larger than one. The description of the gapped phases is not
trivial within bosonization even in the noninteracting limit,
and requires an accurate lattice regularization and a proper
treatment of the ultraviolet singularities. However, once a de-
scription of the noninteracting phases is accomplished within
this description, the incorporation of interaction effects be-
comes trivial.

The effect of interactions on a single SSH chain was
first investigated in [43] via numerical techniques where they
showed that the topological phase is stable up to a critical
interaction. This has been confirmed by various other studies
[44—49]. A similar type of phase transition was found in [50]
for the model of two strongly coupled interacting SSH chains
in the vicinity of a gapless critical point. In this limit the
coupled chain model becomes equivalent to a single chain.

The edge states in a single SSH chain were recently ex-
plored by bosonization in [51]. In this paper it was shown that
bosonization can indeed accurately describe the edge states in
the topological phase of the SSH model, by treating the open
boundary conditions carefully. However, this lead to a rather
complicated bosonic model that is not trivial to extend to cou-
pled SSH chains. In our paper we will show that we reproduce
the same results by using simplified boundary conditions.

The Hubbard SSH model may be thought of as the simplest
generalization of an interacting SSH model. It consists of
two identical SSH chains coupled via Hubbard interaction.
This was first studied using perturbative Green’s function

methods in [52], where it was demonstrated that the inter-
action reduces the degeneracy of the edge states from 16 to
4. Since this pioneering study this model has been studied
extensively [39,53-56] agreeing with the perturbative results
of [52] and exploring the myriad of possible strong coupling
phases. To the best of our knowledge this has never been
studied using bosonization.

The models discussed above all fall into the BDI class of
the topological classification. By adding hopping between two
SSH chains one can create models in the other topological
classes in one dimension [42]. In this paper it was also shown
that all the Z classes are equivalent in the sense that one can
adiabatically transform one into another without changing the
number of topologically protected edge states. One can ask
the question whether it is also true when the interactions are
present.

In this paper we develop a bosonization technique to study
weakly interacting SSH-like models. In contrast to [51] we
treat the open boundary conditions simply as a strong im-
purity, which amounts to relatively straightforward boundary
conditions in the bosonized language. We show for a single
SSH chain (winding number v = 1) this reproduces the re-
sults found in [51]. We then extend these results to two SSH
chains (winding number v = 2) coupled first via interactions
(the SSH Hubbard model) and then also including hopping
between the chains. The bosonization reproduces the known
reduction of the degeneracy in the edge states for all of these
cases. Finally we look at an extended SSH chain, which has a
phase with winding number v = 2. Despite this being a single
chain we show that it can be mapped onto the previously
studied ladder models and thus interactions give the same
degeneracy reduction.

While the majority of the results of this paper have been
derived in the past by different methods, the demonstration
that it can been seen with bosonization paves the way to study
the topological properties of more exotic strongly interacting
phases that are not easily linked to the noninteracting models.
It also allows a framework to understand topological metallic
phases [31,57-61]. and strongly coupling phases [62] previ-
ously described in bosonization. Let us overview the structure
and results of our paper in more detail.

(i) In Sec. IT we study the interacting SSH chain. By using
bosonization we show that for strong repulsive interactions,
the system undergoes an Ising phase transition to the charge
density wave (CDW) phase with spontaneously broken Z,
symmetry. This is consistent with the numerical results of
[43].

@i1) In Sec. III we study the edge states in the interacting
SSH model. We find that the edge states are stable with respect
to weak interactions. We compute their localization length as
a function of interactions and show that it is not monotonic.
These results are consistent with the results of [51] where the
bosonization with open boundaries is used. Furthermore, we
incorporate the umklapp term into the analysis and demon-
strate that in the case of repulsion, it leads to an increase in
the localization length. This observation aligns with the fact
that repulsive interactions tend to reduce the energy gap in the
system. We also show within a bosonic description that the
degeneracy of the edge states is protected by chiral symmetry,
similar to the noninteracting case.
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(iii) In Sec. IV we consider the properties of two SSH
chains coupled by interaction in the cases when they are in
the same topological phases and when one of the chains is in a
trivial phase and the other is in a topological one. By studying
bosonic phase diagram we demonstrate how the many-body
degeneracy of the edge states is reduced in the case of ca-
pacitively coupled chains, which is consistent with results
obtained earlier. By deriving the bosonic description of sym-
metry operators for a two-chain model we demonstrate that
chiral symmetry protects the degeneracy of the edge states.
We also show that for a given sign of interactions topological
degeneracy of the ground state may be protected by different
symmetries rather than chiral.

@iv) In Sec. V we add interchain hopping to the model.
In the absence of interactions, such a model describes topo-
logical insulators in all chiral universality classes that we
constructed before in [42]. We show in the bosonic language
that winding number of a coupled model is determined by
chiral symmetry only, and breaking of other symmetries does
not affect its value.

(v) In the last Sec. VI we return to a single SSH chain
but with longer-range hopping that has a phase with winding
number of 2. Unlike the coupled chain models with four bands
this model has only two and therefore it is not obvious how to
see additional edge states in bosonization. The resolution to
this is that this model has four Fermi points along the relevant
phase transition line, and hence maps at low energy to the
coupled chain models we studied before. We also show that
this can be easily generalized to models with arbitrary winding
numbers.

II. BOSONIC DESCRIPTION OF SSH MODEL

In this section, we first review the topological properties
of the noninteracting SSH model. Next we add interactions,
bosonize the full model, and analyze its bulk ground state in
the absence of edges.

A. Noninteracting SSH model

We consider a noninteracting SSH model, described by the
following Hamiltonian:

g T T
Hssp = w E CpaCnB +V E CoBCnt1.As (D
n

n

where w,v are real. The SSH model describes a one-
dimensional chain of atoms A and B, connected by a
dimerized hopping amplitude. This model has chiral (sublat-
tice) symmetry because there is no hopping between atoms
belonging to the same sublattice. This allows us to define an
integer topological invariant—the winding number v [20] that
distinguishes between two topologically inequivalent phases
of the model. In order to define it we write the Hamiltonian
(1) in momentum space as

7 _ il
Hssy = E ¢ hssHCk,
k

hSSH = (A*O(k) A(()k)), A(k) =w + veik"o, (2)

where the Hamiltonian is written in the basis c¢; =
{cka, ck, 51T, The winding number is given by the following
integral over the Brillouin zone [42]:

)
2 BZ
where ¢ (k) is defined as the complex phase of A(k) [63].

For the SSH model (1) there are two possible phases: v = 1
for |w| > |v| known as the topological phase and v = 0 for
|w| < |v| known as a trivial phase.

In order to bosonize the model we require a metallic phase
to begin with. To do that, we rewrite the Hamiltonian (1) in
terms of the parameters = (w 4+ v)/2 and 6t = (v — w)/2
to identify the gapless part of the model, proportional to ¢ and
gap opening terms proportional to &t,

Hssy =1t ZC;CJ'-H + 8t Z(—l)jc;cﬁl +He &)
J J

ki (k)dk, 3

If §t =0 the spectrum of the model e(k) = 2¢ cos(kay) is
gapless at half filling and can be linearized around the Fermi
points £k, where kr = 7 /2ag and ay is the lattice constant.
The effective fermionic operator can be expanded in terms
of right- and left-moving modes smooth on the scales of the
inverse Fermi momentum,

cj = ¥x) = e R(x) + e L(x). 5)

As a detail, the interpretation of R(x) and L(x) as right and
left movers requires ¢ < 0. This is unimportant as the physics
is equivalent for r > 0.

Next, we use standard bosonization conventions for spin-
less fermions, see Appendix A, and obtain the following
Hamiltonian written in terms of the canonical bosonic fields
¢(x) and T1(x):

Hssh = = / (0.0 + TP()] + VS,

vSSH — —ﬂ/dxcos[mqﬁ(x)], ©)
gap Tao

where the Fermi velocity vg = 2|f|ap. The nonlinear term
Vgsa}s]H is relevant, therefore the ground state of the model (6)
can be determined quasiclassically by minimizing the poten-
tial V>!!. Depending on the sign of 8¢ one gets the following
result:

8t >0:+47¢p(x) =0 mod 27

6t <0: «/Eqb(x) =m mod 2rm. 7

Now let us turn to the interacting model and study how the
noninteracting ground state (7) changes in the presence of
interactions.

B. Interacting model

The generic interaction term for spinless fermions can be
written in the continuum limit as

Hipe = f dxdx'V (x — X )p(x)p(x), ®)

where the density p(x) = W' (x)W(x). After bosonizing this
model by using Appendix A, we obtain the following bosonic
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Hamiltonian:

H =Hi+ Vi + Vo'
Ho =" L7 + k3,0
LL — 2 K X X 3

Vint = _8 cos[2v4m @],

2(71’(1())2
Vgsaf)ﬂ _ _ o dx cos[v/4m ¢ (x)], ®)
ap

where K is the Luttinger parameter K ~1—2V(k =
0)/(rvF), and u is the renormalized Fermi velocity u =
vp(1 4+ V(k = 0)/mvr). The coupling constant g = agV (k =
2kp) determines the umklapp amplitude, and V (k = 0) de-
scribes the forward scattering.

For weak interactions the umklapp term is irrelevant, so the
only difference from the noninteracting case is the presence
of Luttinger liquid parameter. While this would completely
change the metallic phase this is not important in the presence
of the single-particle gap Vgo!'. As the repulsive interaction
strength increases, the umklapp term becomes relevant for
K < 1/2.The quasiclassical ground state of the umklapp term
Vint 18 given by

g>0:a4np(x)=m/2 mod

10
g<0:\/éﬁ¢(x)=0 mod 7. (10)

Thus in the case g < 0 the noninteracting ground state for the
single-particle gap (7) is compatible with the ground state
determined by the umklapp term Vi, (10). In this case the
interactions will not lead to any phase transitions.

In the other case g > 0 the noninteracting ground state (7)
is incompatible with the values of ¢ (x) fixed by interactions.
The strongly interacting phase g >> |6¢| is characterized by a
broken Z, symmetry (¢ — —¢) and physically corresponds
to a charge density wave.

II1. EDGE STATES IN SSH MODEL

In this section, we discuss the bosonic description of the
topological edge states in both the noninteracting SSH chain
and the interacting model. We compare different physical
realizations of the boundary. First, we show that there are edge
states at the boundary between the two phases of the SSH
model. Secondly, we consider the case when the boundary
is realized by a strong impurity, and argue that an additional
quantum mechanical phase needs to be added to the bosonic
field at the boundary to reproduce the topological edge states.
Finally, we relate the localization length of the edge states to
the width of a soliton in the sine-Gordon model and com-
pare it with the results obtained by bosonization with open
boundaries without including umklapp. We show that the two
methods provide qualitatively similar results. We next include
the backscattering to the model and compute the localization
length in the SSH chain with nearest-neighbor interactions
and next-nearest-neighbor interactions.

}V4rg(x) :
>0 TT \

6t <0

FIG. 1. The quasiclassical bosonic ground state for an interface
between topologically distinct phases with §t > 0 and 6 < 0 of a
noninteracting SSH chain (6). The kinks in the bosonic field ¢(x)
at the boundaries correspond to the edge states. We identify the
phase with §t > 0 with a trivial vacuum, and the phase 6 > 0 with a
topologically nontrivial phase.

A. Edge states at the interface between trivial and topological
phases of noninteracting SSH chain

Before we discuss the edge states in the SSH model is
important to note that there is no physical distinction between
the two phases with |w| > |v| and |v| < |w| of the SSH model
if one imposes periodic boundary conditions [64]. This is
because of the ambiguity in defining the unit cell. We can,
however, discuss a boundary between one phase and the other.
This was first discussed in the original paper of Su, Schrieffer,
and Heeger [14], where the gap arises from spontaneously
symmetry breaking (Peierls transition), and therefore these
boundaries are the elementary excitations going from one
ground state to the other.

We will consider the boundary as externally imposed,

8t(x) <0,x>0
§t(x) >0,x <0’ an

that fixes the location of the domain walls and allows us to
interpret the physics here as the physics of edge states.

The fact that 6¢ changes sign implies §¢(x = 0) = 0 and
thus at this point the gap is closed. This alone is not sufficient,
however, to ensure the edge states pinned at the zero energy.
This requires chiral symmetry, which is present in the SSH
model.

The gapless edge states are manifested as kinks in bosonic
fields at the boundary. To see that we recall the fact that on the
quasiclassical level, the bosonic fields in the bulk are fixed to
the minima of the potential energy (7) such that

«/H¢(x)= {n mod 27, x > 0 (12)

0 mod 2w, x < 0.

In anticipation of our upcoming discussion of finite systems
with two edges let us consider a finite region with §t < 0
sandwiched between regions with ¢ > 0. The possible field
configurations are illustrated in Fig. 1. The kinks in bosonic
fields are associated with the jump of fermionic density at
the boundary. There are four degenerate kinks (two at each
edge) that connect different ground states in the regions with
8t > 0 and §r < 0. The electric charge of the edge states can
be computed as follows:

Xo+€

e
0= —

e
N - 0, P(x)dx = ii’ (13)
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where xo = 0 or L. This fractional charge was one of the key
points of the original SSH paper; however, the analog in terms
of the edge states is much more mundane. The electric charges
of the two states differ by e, therefore the edge state has a
charge of e.

The many-body ground state of a finite system with the
size L is fourfold degenerate, as each edge state can be ei-
ther empty or occupied. This is consistent with a fermionic
description of the edge states in the SSH model.

B. Edge states at a physical edge

Let us now we consider a physical edge where we will
demonstrate that the physics is identical to the phase boundary
discussed above.

We will model the physical edge by putting a single (in-
finitely) strong impurity at the boundary while the bulk is in
the topological phase. Let us start with a model of an impurity
placed at the lattice site j = 0,

Vimp = vocpco + Hee. (14)

The limit of a strong impurity implies we wish to consider
vg — 00. Now let us bosonize this term and focus on the
nonlinear part that fixes the value of the bosonic field ¢ at
the impurity,

Vi = % sin[vATp(x = 0) — sen[wold], & = /2.

s)

Here we added an additional phase § to the bosonic field at
the boundary. For a weak impurity § — 0, however, it is not
surprising that an additional phase shift should occur in the
strong impurity limit. We hypothesize that § — 7 /2 as vg —
0o. This is empirical but we will show that it works for all
models that we consider. We interpret this phase as a forward
scattering phase for electrons with quadratic dispersion that
scatter on the delta potential in the limit of the infinite strength
Vg —> OQ.

As vy — oo, the impurity term Vip, has a quasiclassical
minima at v/47¢ = 0 mod 2. This matches the bulk phase
when &t > 0 (7). We can thus consider §¢ > 0O as the trivial
phase of the SSH model where nothing happens at the edges
while 8¢ < 0 is the topological phase exhibiting zero-energy
edge modes and a field profile identical to the one already
shown in Fig. 1.

C. Edge states in an interacting SSH model

So far we have described the noninteracting SSH model in
the bosonic language and reproduced the known results for the
edge states. It is now easy to add interactions.

Specifically we consider an interacting SSH chain with cor-
responding bosonized Hamiltonian given by (9). We will first
focus on the case when the interactions are small compared
to the single-particle gap. In that case the umklapp can be
neglected and the only effect of interaction is to change K that
enters the kinetic part of the Hamiltonian. This has no effect
on the topological properties of the solitons and the picture
remains as in Fig. 1. The only effect will be on the exact shape
of the solitons, this will be discussed in Secs. III D and II1 E.

4 \4ng(x)

|
\
O‘&
1
N
-

—_—
—

0 L X

FIG. 2. Possible ground-state configurations of the interacting
SSH model in the CDW phase (solid lines). The system sponta-
neously breaks Z, symmetry in the bulk by choosing one of the
minima shown in red or blue. For a given bulk state, there is a unique
kink structure at the edges with lowest energy. Such states differ from
the topological edge states in noninteracting SSH model that have an
edge degeneracy.

In case when interactions are repulsive g > 0 and strong,
we showed in Sec. II B that there is a phase transition to the
charge density wave phase (CDW). Let us now consider the
properties of this phase in the presence of boundaries.

The bosonic field in CDW phase is fixed quasiclassically
in the bulk at one of the potential minima ¢(x) ~ +m /2
mod 27, as is discussed in Appendix C. At the boundary,
the bosonic field interpolates between the bulk values and the
value @ = 0 mod 2x that is fixed by impurity.

The two possible ground-state field configurations in a fi-
nite system are illustrated in Fig. 2. They are degenerate; how-
ever, this degeneracy is related to the spontaneously broken Z,
symmetry in the bulk, and not to the topological properties of
the model. In particular, in a case of noninteracting SSH chain
the bulk ground state is unique and degeneracy occurs due to
two bosonic kinks that interpolate between bulk and boundary
values. Such states differ by a unit charge that implies that one
can add or remove an electron from the edge without energy
cost. In the CDW phase, however, adding a particle at the
edge, i.e., adding a kink of 7 magnitude, requires finite energy
as it corresponds to the excitation of the model.

D. Estimation of the localization length in the interacting
SSH model without umklapp

While we have explained that the presence of the edge
states in the SSH model is unaffected by weak interactions,
the profile of the edge states and in particular their localization
length will depend on the interaction strength. This was previ-
ously considered in [51], which used a more precise treatment
of open boundary conditions within bosonization [65-67].

This gave rise to complicated nonlinear Euler-Lagrange
equations for the decaying bosonic mode that the authors
solved to compute the localization length as a function of the
Luttinger parameter. In particular, they found that the local-
ization length is nonmonotonic as a function of the interaction
strength. We demonstrate here that we get the same features
by using simple boundary conditions that we have previously
discussed.

With this boundary conditions the edge state corresponds
to a half-soliton in the sine-Gordon model, see [60]. Therefore
the localization length can be estimated as the half-width of
the sine-Gordon soliton, which is given by / = v/A, where v
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is the renormalized Fermi velocity v = vg/K and A is the
energy gap that can be estimated via scaling analysis. For
K > 1/2 where the umklapp term can be neglected, the RG
equation for the dimerization §¢ reads

d(st)
dl

The RG scale [, associated with the energy gap is determined
by the condition 6¢(l,)/Ag = 1, where Ag is a nonuniversal
high-energy cutoff. Thus for the gap we obtain A = Age ™" =
Ao(8t/Ag) /) Therefore as we increase K the gap A
decreases, this is related to the fact that the operator VgSaf)H
becomes less relevant. For the localization length of the edge
state we obtain thus

1

1 (Ao ¥

lloc = U_F_ _0 . (17)
K Ag \ 6t

= (2 — K)t(l). (16)

As K increases 1/A increases as well, but the renormal-
ized Fermi velocity decreases. Therefore, the function /i, is
nonmonotonic, and changes slope at K & 1 when 6¢t/A¢ ~
eU=3K/8K where SK = K — 1, 8K « 1 for a fixed cutoff A,
in full agreement with [51]. Note that at K = 2 the localization
length diverges due to the decreasing of the gap, which was
also discussed in [51]. Thus we showed that by treating the
edge states as half-solitons in the sine-Gordon model and
using the scaling analysis one gets qualitatively the same
results for the localization length as with the open boundary
bosonization approach.

The discussion so far has been for completely general inter-
action. We will now illustrate this for concrete lattice models
in the next section where we also include possible effects of
the umklapp term.

E. Localization length for nearest-neighbor
and next-nearest-neighbor interactions

We consider here two possible interactions one can add
to the SSH model: nearest-neighbor interactions (NN) and
next-nearest-neighbor interactions (NNN). The first couples
atoms of different sublattices, while the latter couples atoms
belonging to the same sublattice. It is known for the nonin-
teracting SSH model, see e.g., [42] that the edge states are
localized on only one of the sublattices. Thus one might ask
if there is any difference between the weak NN interactions
that couple the edge states to the bulk compared to weak
NNN interactions, which directly affect the wavefunction of
the edge states.

We start with the nearest-neighbor interaction,

Hionw = Vo ) () = 1/2)(njs1 — 1/2). (18)
J

In this model the Luttinger parameter K and umklapp am-
plitude g are not independent and are related by K =1 —
2a¢Vy/(mvr) in the limit g < EF, here g = apVy as follows
from Sec. II B. To compute the localization length one needs
to evaluate the gap first. To do that we need to solve the RG
equations that include also the umklapp term around K = 1
and find a length scale where one of the coupling constants
in (9) umklapp g/A¢ or dimerization 8¢/A( reaches 1. The
RG equations can be derived via operator product expansion

loc.length NN
5
4
3/
\5———‘_'_2_
ot/2mvp
1 03
— 05
02 -0l 0.1 0z &

FIG. 3. The localization length of the edge states in interacting
SSH model with nearest-neighbor interactions as a function of the
interaction strength g = ayVy, where Vj is the interaction strength in a
lattice model. The localization length is measured in the units vg /Ag.

outlined in [68,69] and in the second order yield

d(8t) &~
= (2 — K)§t — st ()g(D),
K
FIRRCE
9B _ o — k3 (19)
dl — R

where 8t = —8t/2vpmay, g = g/4vr(ag)?. Note that 87 is
renormalized by the umklapp term such that g > 0 effectively
decreases §7(/) and thus decreases the gap. This is consistent
with the results of the quasiclassical analysis of the interacting
SSH model in the Sec. IIB where we demonstrated that the
system goes through the phase transition if g > 0 and'g >~ |5¢|.
By numerically solving the RG equations (19) for the energy
gap we compute the localization length as a function of g
via L. = vp/(KA). The results for g <« |8t| are shown in
the Fig. 3. The umklapp term does not change the nonmono-
tonic behavior of the localization length. The results are also
consistent with the fact that the umklapp repulsive interaction
decreases the energy gap.

Now let us consider the next-nearest-neighbor interactions,

Hipxan = Vo Y (1 = 1/2)(njy2 — 1/2). (20)
J

The Luttinger parameter K of the bosonized version of this
model (9) coincides with the value for the nearest-neighbor
model [as it is determined by V (k = 0) only], which is given
by K =1 — 2ayVy/(wvr). The umklapp scattering amplitude
g has the opposite sign compared to the nearest-neighbor
model and is given by g = —ayVp. The opposite sign of umk-
lapp means there is no phase transition in SSH model, as for
g > 0 the Luttinger parameter K > 1 and thus the umklapp
term is always irrelevant, as follows from RG equations (19).
The localization length for NNN interactions has the same
qualitative dependence on g as in the NN case in the limit
g < |6t], see Fig. 3.

F. Symmetry that protects the edge modes

The noninteracting SSH model falls into the BDI class
that has time-reversal T, particle-hole P and chiral C
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TABLE I. Symmetry transformation of bosonic fields ¢ and 6.
T denotes time-reversal symmetry with 72 = +1, P is the particle
hole symmetry with P> = +1 and C = T - P is the chiral symmetry.
We note that the cases P> = —1 and T2 = —1 are not realisable for
a single chain. See Appendix D for details and derivations.

Symmetry §
Fields T P C
S¢S ¢ —0 ~¢
NN —0 % —0

symmetries. The winding number does not change if one
breaks 7' and P but preserves C. Furthermore, if 7 and C are
broken but P remains then the model falls into the D topologi-
cal class characterized by a Z; invariant (this is more naturally
discussed in the context of Kitaev chain, but the physics is
identical). As the Z and Z, invariants are indistinguishable
for a model with topological index 0 and 1, the edge modes in
the noninteracting SSH model will remain protected so long
as either C or P symmetries are present. We now show this
remains true in the weakly interacting case.

To do that we derive in Appendix D how the bosonic
fields transform under the anti-unitary symmetry operations
of a single SSH chain. The results are shown in Table 1. The
important result is that models with chiral symmetry C or
particle-hole symmetry P should be symmetric under a change
of sign of ¢.

In our calculations we show that the value of ¢ is fixed by
a gap opening operator (12) and in the topological phase it is
given by v/4¢ = £ . For topological insulators the allowed
Hamiltonians conserve the number of particles, and therefore
the perturbations consistent with the particle conservation de-
pend on ¢ and are independent of 6. There are two kinds of
possible perturbation terms, those that shift the position of
the minima and those that do not. Indeed, a small perturba-
tion of the form V, sin[nmm shifts a minima away from
VArn g =+ by 8¢ o V,ay/8t where 8t /ay corresponds to
the amplitude of the bulk operator (6). Thus such perturbation
removes the degeneracy. However, it breaks the chiral sym-
metry and particle-hole symmetry, and therefore is forbidden
as long as the system retains at least one of these symmetries.

Thus the allowed terms should be even functions of ¢, such
functions also need to be 27 periodic in \/E¢, SO a generic
allowed perturbation has a form

V =Y A,cos(vanng). Q1

n=2

However, if the perturbation is small, A, < 8¢ /ag, such terms
do not shift the minima of the potential energy in the topo-
logical phase. Therefore as long as the chiral symmetry is
preserved the degeneracy of the edge states in the SSH model
is protected.

IV. CAPACITIVELY COUPLED INTERACTING
SSH CHAINS

Before we consider a generic coupled chain model of a Z
topological insulator, we will focus on the limit of a two-chain

model coupled only by interactions (capacitive coupling). We
consider two cases: (i) both chains are identical (either topo-
logical or trivial), and (ii) one chain is topological and the
other is trivial.

Specifically we will consider Hamiltonians of the form

H = Z(zc;icnﬂ,i +8t(—1)"c] jenpri + Hee)+

+U Z(c;lcn,1 — 1/2)(c} yen2 — 1/2). (22)

where 8¢ = £4t,. Bosonization of this model yields a sum of
three parts,

H = H. + Hy + Vgyp. (23)
The first two terms H, and H; are the conventional charge and
spin separated Hamiltonians [40,41], given by

vC,S

Hc,s = T[K"’Snsz',c + Kgsl(ax(i’s.c)z]

+

2 cosl VB (24)

T

where we defined spin and charge fields as ¢. = (¢ +
¢2)/«/§, o5 = (1 — )/ V2. The parameters can be related
to the original lattice values as: g, = —g, = —U, K., >~ 1+
gc,s/(nUF)-

The single-particle term Vg, couples the charge and spin
sectors and originates from the dimerization §t; in the lattice
model. The bosonized form of this depends on the relative
values of §¢ on each chain for the case 8¢, = §t, we obtain

268t
Veap1 = — P cos(V2m P, ) cos(v 27 ), (25)
0
and in the other case when §t; = —81, we get
25t
Vaap2 = - sin(v/ 27 ¢, ) sin(~/ 27 ¢y). (26)
0

To describe the topological properties of the model we require
an edge. To do that we place a strong impurity at the edge
x = 0 as we did for a single chain (15). The bosonized form
of the impurity Hamiltonian is given by

Himp(0) = vg c0s (V27$.(0)) - cos (V2 ¢,(0)). (27

We will now analyze the edge states of such models.

A. Identical SSH chains

In the topological phase §t < 0, there are two edge states
for the noninteracting model. Each of these states can be either
empty or occupied, which leads to a fourfold degeneracy per
edge of the many-body ground state.

We now reproduce these result in bosonic language. With-
out interactions the spin and charge sectors are identical,
K. = K; = 1, and g. = g; = 0. That means that we only need
to consider minima of the potentials Vgp 1 (25) and Hipp
(27). We see for the trivial phase §t > 0 these operators are
identical thus nothing happens at the edge, as expected. In
the topological phase the operators are of opposite sign and
therefore have minima in different locations. Similar to the
single chain one thus expects kinks at the edge. We find four
degenerate kinks, which are illustrated in Fig. 4.
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FIG. 4. (a) Profiles of the charge and spin fields for two identical SSH chains in topologically nontrivial phase with §t < 0. (b) Field
configurations for fourfold degenerate many-body states. The column “State” illustrates the fermionic occupation for each of the states in real
space. Full circle corresponds to the occupied edge state and an empty circle corresponds to an empty state.

Let us now add interactions to the model. As known for
the Hubbard model [40], if U > 0 the spin sector is gapless
and charge sector is gapped as the g. cosine term (umklapp
scattering) is relevant. It fixes the bosonic fields at the values
V2rnK.¢. =0 mod m, which is compatible with the nonin-
teracting ground state illustrated in the Fig. 4. Note that the
model is symmetric with respect to U — —U and ¢, — ¢;,
so the same conclusions hold for attractive interactions.

Even though the quasiclassical ground states are compat-
ible, interaction reduce the ground-state degeneracy because
K. # K; in the bulk, therefore the magnitude of kinks is dif-
ferent for the spin and the charge sector. In particular, for
repulsive interactions K. < Kj, and thus the two kinks in the
spin sector have the lower energy than those in the charge
sector. For attractive interactions it is the other way around.

Thus the fourfold degeneracy of the ground state is reduced
to twofold. This has a simple physical interpretation: Due
to electrostatic interactions the two states with two electrons
localized near the edge have different energy than the two
states with a single electron.

As the bosonic form of the Hamiltonian is independent of
the microscopic details of the interaction, such a degeneracy
reduction occurs also in the case of next-nearest-neighbor
Hubbard interaction that couples the atoms from different sub-
lattices on different chains. The edge states in a noninteracting
model, however, are localized on the same sublattice [42], so
such degeneracy breaking is less obvious. It may be attributed
to second-order processes that are generated in the interacting
model and effectively couple atoms from the same sublattice.

Note that the bulk ground state of this Hubbard SSH model
was studied earlier in [53-56]. These papers focus on the
extended Hubbard model that includes nearest-neighbor in-
teraction on top of Hubbard term. It was demonstrated that
when the nearest-neighbor interaction is sufficiently strong
compared to the Hubbard term, the sign of coupling constant
in charge sector changes and the system undergoes Ising tran-
sition to the phase characterized by CDW order parameter
with broken Z, symmetry ¢, — —¢, similar to the case of
the Ising transition in a single interacting SSH chain that
we considered earlier in Sec. IIB. It was also shown that
for stronger interactions, the system goes through a tricritical
point where the phase transition changes universality class and

becomes first order [55,56]. None of these strong coupling
phases exhibit topological properties, so we will not discuss
them further.

B. Chains in opposite phases

Now we will focus on the model of inequivalent SSH
chains, when one of the chains is in topological phase, and
another one is trivial. This model is described by the Hamil-
tonian (23), with the dimerization term given by (26). The
ground state of the noninteracting model is illustrated in the
Fig. 5 and is twofold degenerate.

Weak interactions do not break the degeneracy of the edge
states as the magnitudes of the kinks corresponding to the two
edge states in the Fig. 5 remain equal.

However, the ground state of the noninteracting model is
incompatible with the values of fields that minimize the inter-
acting terms. Namely, in repulsive Hubbard model the cosine
in charge sector fixes bosonic field to v/27¢. =0 mod 7
(for attractive Hubbard model ¢. — ¢,) while the single-
particle term (26) has minima at /27 ¢, = 7/2 mod 7. So
for strong interactions, there is a phase transition in charge
or spin sectors depending on whether one deals with repul-
sion or attraction. The corresponding order parameters in
the strong coupling phases are spin density wave (SDW)
o cos(v/2m ) sin(v/27 ) in the repulsive case or CDW in
case of attraction.

\/Zt¢c \/El'(ﬁs

e
3n/2 . " 3z/2
/2 /2

FIG. 5. Profiles of the charge and spin fields for inequivalent
SSH chains with 8z < 0. Kinks of bosonic fields at the boundaries
have the same magnitude and correspond to the edge states. The
ground state at half-filling is twofold degenerate, the two degenerate
states are marked by green/red colors. The green state corresponds
to an occupied state in a nontrivial chain, the red one corresponds to
an empty state.
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TABLE II. Many-body ground-state degeneracy depending on
the winding number (or number of SSH chains in topological phase)
in the noninteracting and weakly interacting chain models. The de-
generacy for the noninteracting model is given by 2".

TABLE III. Action of symmetry operators on bosonic fields in
two-chain model. T denotes time-reversal symmetry T2 = %1, and
P, denotes particle-hole symmetry P? = #£1. Chiral symmetry is
given by their product C; = P+ T, G, = P+ Tx.

Many-body ground-state degeneracy

Symmetry action ¢; = S~'¢;S

Winding number v Noninteracting Interacting T, T P, P C C,
! 2 2 b b @HVE b —bet VI b —(+ )
4 16 1

C. Inequivalent chains

Finally, let us analyze the case when both gap opening
terms (25) and (26) are present. Such model corresponds to
a model of two inequivalent chains that can be written as

Veap = —M cos(«/ﬂ@) cos(«/gdk)
a

Ao

- OB G (Vamg sin(v/2)

wTay

= _on cos (V4m i (x)) — o cos (V47 s (x)).
T ag Tap
(28)

As long as 8, and §t; have the same sign the ground state
of the model is determined by the minima of the term o
(81 + &tp) that describes the identical chains, whereas when
8t, and 8t; have the opposite sign, the ground state of the
model correspond to the minima of (§¢; — 8¢;) term. This is
not obvious in the charge/spin basis, but becomes so if one
relates ¢, and ¢; to the original ¢ and ¢, basis as shown in
the final line of (28).

D. Symmetries that protect the degenerate edge states

Above we found that in the presence of weak interac-
tions the many-body degeneracy of the ground state for
two capacitatively coupled SSH chains is reduced, and for
two inequivalent chains it remains unchanged. This degen-
eracy reduction is absolutely general and can be computed
solely from the symmetry arguments. The original argument
was given in the framework of Majorana fermions [35].
This results was reproduced by various alternative methods
[32,70-72]. It was also shown that other fermionic models,
with no apparent relation to Majorana chains can be mapped
on this model [39]. There are two symmetries that are rele-
vant in the classification: chiral symmetry and the fermionic
parity. If chiral symmetry is broken, the interacting model
is trivial. If chiral symmetry is present, but parity is not the
classification is Z,. If both are preserved, the noninteracting
classification Z is reduced to Z4. In Table II we review these
results.

Here we will focus on two-chain case and we will prove
by using bosonization that chiral symmetry protects the
edge state degeneracy in Z topological classes. To do that
we need to establish the action of symmetries in terms of
bosonic fields. The fermionic representation of symmetries of

two-chain model was constructed in [42], and the action of
these symmetries on bosonic fields is derived in Appendix D
and is shown in Table III. Note that there are two chiral
symmetry operators, C; and C,. We will focus here only on
C; as we will see in the next section, C, does not protect the
degeneracy of the edge states.

Note that the bosonic model that describes identical SSH
chains (25) is invariant under all of the symmetries discussed
above. Thus it falls into multiple universality classes. Such
ambiguity is related to the presence of additional unitary
symmetries that the uncoupled model has. In [42] we showed
that interchain coupling breaks some of these symmetries
and puts a model into certain symmetry class of the tenfold
classification. We study such models in the next section in
more detail. Here we will focus on the role of chiral symmetry
only.

As follows from Table III the allowed by chiral symmetry
C) perturbations are even functions of the bosonic fields,

V=" Aymcos(v2rme,)cos(v2rng;)  (29)

n,m=0

+ By sin(v/ 27 ng, ) sin(v/ 2 mey). (30)

Provided A and B are small, this perturbation does not
shift the position of the minima of the potential en-
ergy the topological phase, see the discussion of a sin-
gle SSH chain. However, any perturbation that breaks
chiral symmetry, namely acos(«/ﬂn@)sin(«/ﬂmq&s) or
B cos(«/ﬂnqbs) sin(\/ﬂmqbc) shift the position of minima of
potential energy in the topological phases, determined by the
terms in (25) and (26). Therefore it removes the degeneracy.
There is an interesting observation that we would like to
mention here without going into detail. Above we found that
the fourfold degeneracy of the edge states in capacitively
coupled chains is reduced in the presence of interactions.
Surprisingly, the remaining twofold degeneracy of the ground
state may be protected by another set of symmetries rather
than just chiral. For example, in case of attractive interactions
the ground state corresponds to two degenerate bosonic kinks
in charge sector. Such kinks are not splitted by chiral symme-
try breaking perturbation o cos(\/ﬂnqbc) sin(\/ﬂmqﬁ‘g) that
affects position of kinks only in spin sector. However, such
perturbation preserves the particle-hole symmetry P, as fol-
lows from the Table III, so this symmetry may potentially
serve as a protective one. Even though a set of protective
symmetries depends on the sign of interactions, this still might
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FIG. 6. Coupled chain model of the topological classes (a) with
chiral symmetry C; that describe classes BDI/CII or AIIl and
(b) with chiral symmetry C, that describes classes CI, DIII, or AIII.
Chiral symmetry C; allows coupling between A and B atoms only,
while C, allows interchain coupling only between atoms of the same

type.

have interesting experimental implications, as usually experi-
ments deal with interactions of a certain sign.

V. PROPERTIES OF NONINTERACTING
COUPLED CHAIN MODEL

Above we mentioned that model of two identical capaci-
tively coupled SSH chains has additional symmetries and falls
into multiple chiral topological classes. Such ambiguity can
be resolved by adding interchain coupling. Symmetries of the
coupling terms put a model into certain topological class. A
coupled model can be invariant under one of two possible
chiral symmetry operators, and as it turns out [42] the winding
number of a weakly coupled system depends only on a type
of chiral symmetry and does not change if other symmetries
are broken. Let us demonstrate this on bosonic language.

A. Two-chain model of topological insulators

First of all, let us introduce a fermionic model of coupled
chains,

Hy = Hy +V;, 3D

where Hy describes the Hamiltonian of two uncoupled identi-
cal SSH chains. There are two possible coupling terms V; that
are invariant under chiral operators C; or C,. The two models
are illustrated in Fig. 6.

Coupling term V; that describes model with chiral symme-
try C; is given by

A E T ¥
Vl - a(CA,lﬁncB,Z,n + CAﬁz,nCB,l,n)

+ b(C;LnCA,z,nH + C;z,nCA,l,nH) +H.c. (32)

For a generic complex hopping amplitudes a and b this model
(31) belongs to the topological class Alll, if the coupling
amplitudes are real the model belongs to topological class BDI
and in case when the parameters a and b are imaginary, the
model belongs to the class CII. The winding number of the
model with this type of coupling is given by a sum of winding
number of uncoupled chains.

The coupling invariant with respect to the second chiral
operator C; is given by

% § : 1o T T
VZ - a (CAglanA,Z,n-&-l + CA,2,nCA,1Jl+1)
n

+ D (Chy wCB2mse1 + ChonCBinr) +Heo  (33)

Imaginary coupling amplitudes describe class DIII, and real
correspond to the class CI. The winding number of such model
in case of weak coupling is given by a difference of winding
numbers of two chains and thus is zero.

B. Model with chiral symmetry C;

Now let us discuss the bosonic description of the model
(31) with a coupling term that preserves chiral symmetry Cj.
Instead of directly bosonizing the model (31) we can write
all possible gap opening terms that preserve symmetries of a
given class by using action of symmetries on bosonic fields
that we derived in Appendix D. Model compatible with chiral
symmetry C; is given by

Ve, =— 201 +3(a) + 3(0) cos(«/ﬂqﬁc) cos(@@)

Tay

4 20 — %) sin(v2 ¢, ) cos(v276y).  (34)

T ap

This corresponds to the model illustrated in Fig. 6(a). and
consists of the interchain hopping terms (32), as well as the
dimerization term (25).

If a and b are real the model belongs to the topologi-
cal class BDI, and model of CII class can be obtained by
setting N(a) = N(b) = 0 as such terms break time-reversal
symmetry 7-.

In order to see that weak coupling does not change
the degeneracy of the edge states we need to diagonal-
ize interchain hopping terms, sin(v/27 ¢ ) cos(v/276;) —
sin(\/ﬂrpc)sin(m@), see Appendix E for more details.
Such term coincides with the term that we studied earlier
in Sec. IV D. It describes chains in the opposite topological
phases, and if this term is small we showed that it does not
affect the ground state of the identical chains.

Note that here we discarded the uniform part of interchain
hopping that may modify the gapless part of the spectrum. In
particular it may split the position of Fermi points of different
bands, or change their Fermi velocities, as we demonstrate
in Appendix E on the example of BDI model. Such effects
occur in various ladder models [73-76]. In our model they
may lead to a phase transition to SDW phase for strong inter-
actions, as we discuss in Appendix F. However, as we show in
Appendices E and F renormalization of the gapless spectrum
does not affect topology of a model for weak interactions. In
Appendix E we explicitly bosonize the model (31) in case of
BDI class and demonstrate that we reproduce the gap opening
terms that we wrote using symmetry arguments (34).

C. Model with chiral symmetry C,

The model invariant under the chiral symmetry operator
C, has zero winding number in the presence of weak inter-
chain hopping terms. That means that such hopping terms
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split degeneracy of the edge states if there are no additional
symmetries. Let us reproduce this result using bosonization. A
generic model invariant under chiral symmetry C;, has a form

Ve, =— 2061 + 3(a) + 3() cos(«/ﬂq&c) cos(ﬂgbs)

Tag

+ 200@) — R cos(V2 ¢, ) cos(v/276y). (35)

Tagy

Such model is illustrated in Fig. 6(b). The model of class CI
corresponds to the case when a and b are real and for class
DIII we need to set f(a') = R(P') = 0.

In order to see that the interchain hopping breaks the
degeneracy of the edge states we need to go to the ba-
sis when interchain hopping is diagonal. In this basis
cos(m C)cos(\/EQS) — cos(ﬂqﬁc) sin(\/Eq)X). Such
term shifts the position of minima in spin sector in uncoupled
model, and thus breaks the degeneracy of the edge states. For
a model with repulsive interactions, however, with the ground
state described by kinks in charge sector, such interchain
terms do not change the ground-state degeneracy (if they are
smaller than interaction strength). Thus, similar to the case of
C) chiral symmetry, the set of effective protective symmetries
for the interacting model may be different from symmetries
that protect the degeneracy of a noninteracting model.

Note that such degeneracy breaking terms are prohibited
if time-reversal symmetry 7_ is present. This reflects the fact
that DIII class that has this symmetry, has nontrivial Z, clas-
sification. The degeneracy of the edge states in that case is
protected both by chiral and time-reversal symmetries. In par-
ticular, Kramers’ theorem guarantees the twofold degeneracy
of the single-particle states and chiral symmetry pins them at
zero energy. Therefore, no weak perturbations can remove the
degeneracy of the edge states.

VI. EXTENDED SSH MODEL

Earlier we studied a bosonic theory of two SSH chains.
We found that the number of bosonic fields is related to the
number of bands in the spectrum that become gapless at a
critical point that separates two phases with different topolog-
ical indices. In this section we show that it is actually also
holds for a single-band model with higher winding number.
We consider a simple example of such a model that represents
an extension of a single SSH chain with possible winding
numbers v = 0, 1, 2. We also prove that a model at the tran-
sition line between two phases that differ by winding number
Av = n is equivalent in bosonic language to at least n chains.

A. Phase diagram of extended SSH model

Consider an extended SSH model that describes the SSH
chain with next-nearest-neighbor hopping,

T T
Hgssy =v E CpnCBa + W E Cp.nCAn+1

n n

+1) chcansa +He (36)

Note that properties of such a model at the critical lines were
studied in [77]. The new hopping term ' preserves chiral

symmetry, as it couples different sublattices. If hopping ampli-
tudes are complex, the model breaks time-reversal symmetry
and thus belongs to the topological class AIIl that has Z
classification. The hopping structure of the model is illustrated
in Fig. 7(a). Let us overview its topological properties. For
illustration, we will focus on the case when all parameters are
positive w, v, > 0, which covers all possible values of the
winding number. One can write the Hamiltonian in k space in
the reduced Brillouin zone in block off-diagonal form,

4 _ il
Hgssu = E c hESSHC K
X

hgssu = <A*O(k) A(()k)), (37

where A(k) = v + we™ + t'e**. One can compute the wind-
ing number of the model via (3) and obtain the phase diagram
illustrated in Fig. 7(b). The phase boundaries are determined
by the equations

Betweenv=1 and v=2: w/v=t/v+1,t'/v<1
Betweenv=1 and v=0: w/v=t/v+1,/v>1
Betweenv=0 and v=2: ¢ /v=1.

Next, we will focus on the transition lines and discuss the
bosonic theories that characterize the model in the vicinity of
those lines.

B. Bosonic description of extended SSH model

To bosonize the model we need to find gap closing points
in the momentum space and linearize the theory around them.
For each of the critical lines we get

Betweenv=1 and v=2,0: k=mnx
Betweenv =0 and v =2: k= +arccos[w/2t'].

The spectrum for each of the three cases is illustrated in
Fig. 8 in the extended Brillouin zone. In the case when the
winding number changes by 1 across the transition the spec-
trum crosses the Fermi level € =0 at Lkp = /2 similar
to the case of a single SSH chain. Thus the corresponding
low-energy model is described by a single Luttinger liquid. To
demonstrate its relation to the SSH chain, let us slightly move
away from the transition line: v >~ w — ¢ + dv. We linearize
the Hamiltonian in the vicinity of gap-closing points and
obtain

hessu(k) ~ dvo, — (2t — w)koy, (38)

where the Pauli matrices o, , act in the sublattice basis. This
Hamiltonian coincides with the linearized Hamiltonian of the
SSH model in the vicinity of the gap closing point w = v.
The linearized Hamiltonian can be written in the basis of left-
and right-moving modes where oy, — o, 0y — 0y and thus
dv term can be interpreted as the mass term in that basis, as
it hybridizes left and right movers. By bosonizing this term,
and by taking into account the fact that in the original lattice
model, different sublattices are separated by an odd number
of lattice sites that results in f7r /2 relative phase between left-
and right-moving fermions as follows from (5), we reproduce
the bosonic Hamiltonian of SSH model (6).

165436-11



MATVEEVA, GUTMAN, AND CARR

PHYSICAL REVIEW B 109, 165436 (2024)

(a)

wlv
25
iy U= 1 /
15
1.0¢ v=20 — 0
05
t'lv

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

FIG. 7. (a) Illustration of the hopping structure in the extended SSH model (36). (b) Phase diagram of the extended SSH model

characterized by the winding number v.

One can use similar arguments in the case of the transi-
tion between v = 0 and v = 2 where the spectrum has two
inequivalent Fermi points. One can linearize the Hamiltonian
around the two Fermi points and obtain a model that describes
two capacitively coupled SSH chains that were studied in
Sec. IV.

C. Winding number and number of Fermi points

Let us show that at the transition line where the winding
number changes by n the spectrum has at least n distinct Fermi
points, and thus the corresponding bosonic low-energy model
is equivalent to the theory of n (or more) coupled chains.
This statement follows from the geometric interpretation of
the winding number. Consider the N-band model with chiral
symmetry, so in the sublattice basis the Hamiltonian can be
written in block off-diagonal form, where the block is given
by some N x N matrix A(k). One can write its determi-
nant as det A(k) = r(k)e’?®, where the absolute value of the

€

(a)

determinant is given by [42] r(k) = ]_[j €;(k), where €;(k) is
the energy band labeled by j. So det A(kp) = 0 at a gap closing
point ky, where one or few of the bands become gapless. The
winding number is given by the number of times the complex
function Indet A(k) changes the branch as k runs across the
Brillouin zone and essentially is given by the number of times
the function winds around the point det A(k) = 0. Thus if one
deforms the Hamiltonian such that det A(k) crosses O at n
points in the Brillouin zone the winding number changes by 7.

VII. DISCUSSION AND CONCLUSIONS

In our paper, we developed a bosonization framework that
allows to study the topological properties of interacting one-
dimensional fermionic models. Specifically, in our paper, we
focused on the topological properties of interacting topologi-
cal insulators built from SSH chains. We studied properties of
the edge states in finite models with boundary conditions im-
posed by a strong impurity or in the interface between trivial

€

(b)

FIG. 8. (a) The spectrum of the extended SSH model at the transition line t' = v between the phases v = 0 and v = 2. There are two
inequivalent Fermi points given by k; , = % arccos[w/2¢']. (b) Spectrum at the transition line w/v =t'/v + 1 between the phases with v = 1

and v = 0, 2. It crosses the Fermi level at +kp, where kp = 7 /2.
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and topological phases. The topological edge states are man-
ifested as degenerate kinks in bosonic fields at the boundary
that appear when the values of the bosonic fields in the bulk
and at the boundary are incompatible. We applied this idea to a
single SSH chain, capacitively coupled SSH chains, coupled
chain model of topological insulators in different symmetry
classes, and the SSH model with longer-range hopping. We
found the following properties of these models:

(a) We compared different approaches to the boundary
conditions in a bosonic model on the example of a single
SSH chain. In particular, we considered boundary conditions
imposed by a strong impurity and at the boundary between
trivial and topological phases. We showed that they are equiv-
alent if an additional scattering phase is added to the impurity
potential. Furthermore, we computed the localization length
in the interacting SSH model with such boundary conditions
and found it qualitatively similar to results obtained via open
boundary bosonization.

(b) We studied ground-state properties of two capacitively
coupled SSH chains that can be identical or in different topo-
logical phases. We demonstrated that the degeneracy of the
topological edge states in the topological phases is determined
by a number of degenerate bosonic kinks at the boundary in
charge and spin sectors. By constructing the action of antiuni-
tary symmetry operators on bosonic language, we proved that
degeneracy of the edge states is protected by chiral symmetry,
similar to a noninteracting model. We showed that weak inter-
actions can partially split the degeneracy of the noninteracting
ground state. Interestingly, the remaining degenerate subspace
of the edge states can be protected by a different set of symme-
tries rather than chiral, depending on the sign of interactions.

(c) Next we added interchain hopping to the two-chain
model to break additional unitary symmetries of uncoupled
chains. Symmetries of a coupling put a model to a certain
noninteracting symmetry class. As we showed for the nonin-
teracting model in [42] there are two possible chiral symmetry
operators for such a model, and the winding number for a
weakly coupled system is determined only by a type of chiral
symmetry. We reproduced these properties using bosonization
by writing down a bosonic model compatible with symmetries
of a certain class.

(d) We proved that in the vicinity of the phase transition
between the phases with topological indices that differ by n
any noninteracting model is equivalent to at least n decoupled
chains. The number of chains is equal to the number of Fermi
points at a gapless boundary between gapped phases. Near
each Fermi point a bosonic model is equivalent to the bosonic
model of a single SSH chain. We illustrated this idea with
the example of an extended SSH model that includes next-
nearest-neighbor hopping in addition to nearest-neighbour
terms of a SSH chain.
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APPENDIX A: BOSONISATION CONVENTIONS
FOR SPINLESS FERMIONS

Herewe outline the bosonization conventions used for the
spinless fermions. The right- and left-moving fermions can be
expressed via exponents of bosonic fields ¢g(x) and ¢ (x),

1 . .
R(x) = —me'””’k, L(x) = —mwﬂ L (Al

The bosonic fields ¢g(x) and ¢, (x) satisfy the following com-
mutation relations:

[Br0). oL = 7. [8(0). &y ()] = T08ysignCx — ).
(A2)

This allows us to introduce the following fields:
d(x) = Pr(x) + dr(x), 0(x) = Pr(x) — Pr(x).

The fields ¢(x) and I1(x) = 9,0 (x) are canonically conjugate,
meaning [¢(x), [1(x")] = i§(x — x'). Using these conventions,
we obtain the following useful relations:

(A3)

RIL = L p=ivamo
2ra ’

. 1
RIR+LL=—0,9, (A4)
T

7

where we also used the Campbell-Baker-Hausdorff formula
for two noncommuting operators A and B,

AP = ABerh B,

The density operator in terms of right and left movers is given
by

(AS5)

n; — R'(0)R(x) + LT (x)L(x) 4 ¢**R"(x)L(x)

+ e LT ()R (x). (A6)

APPENDIX B: BOSONIZATION CONVENTIONS
FOR FERMIONS WITH SPIN

Bosonization rules for spinless fermions reviewed in
Appendix A can be generalized to the spinful case. The
Eq. (A1) is generalized by introducing Klein factors that en-
sure the correct anticommutation relations between fermionic
operators with different spin indexes,

R,(x) = ’;_«;eimw L, (x) = %e*im¢Lv. (B1)
A/ a ma

The Klein factors «, are Hermitian operators and they satisfy
the algebra {k,, k,'} = 28,, . The specific representation sat-
isfying this algebra can be chosen such as kyk| = —k k4 = i.
The commutation relations between the bosonic fields (A2)
are generalized such that fields with different spin index com-
mute,

[bro (1), bror ()] = ia

i

[Pn.0(5), @rror ()] = 77181180 o-sigNX = ), (B2)
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here the indices o and ¢’ denote the spin degree of freedom.
It is useful to introduce the charge and spin bosonic fields,

Oy + ¢y ¢<=¢¢—¢¢
V2o V2

One can use those fields to express the nonoscillatory part of
charge and spin densities,

o, 2 2
Pc = ;‘Ijgwa = \/;ax(pc‘v

1
SEDIACATA

1
—— ¢y B4
V2w 4 B9

ke
S
|

APPENDIX C: ISING PHASE TRANSITION
IN INTERACTING SSH CHAIN

Consider the nonlinear terms in the bosonized interacting
SSH chain model (9),

cos[2v/4m ¢]— —_ / dx cos[v4m $(x)].

(ChH

e 2<n 0)?

We focus on the case g > 0 when the minima of the two
cosines are incompatible. If interactions are weak, i.e., g K
|6¢| the minima of the potential (C1) coincides with the min-
ima in the noninteracting model, given by

8t > 0:+47¢p(x) =0 mod 27

C2
8t<0:\/ﬁ¢(x)=71 mod 2. )

In the limit of strong interactions g > |6¢| the position of
minima are shifted to 4mw¢ = £ /2 F ¢y, where ¢ ~
ot(map)/2g. The two phases can be distinguished by a
local charge density wave order parameter, which de-
scribes the oscillating 2kr component of a density, nqs(x) =

(1/mao) sin[v/4m ¢ (x)],

Nosc(X) =0, g <K 51|

(C3)
+1/mag, g> |8t

Nosc (X) ~

Therefore there is a phase transition between the phases with
(Nosc(x)) = 0 and (nesc(x)) # 0 as one tunes the ratio §z/g.
Such a phase transition is described by an effective ¢* theory
that can be obtained if one expands the potential (C1) around
one of the minima of the noninteracting cosine,

Vet = ao + —(5¢>) + (545)
8 52| g lét]
= Ly =38
2(mag)? + Tag *2 ( a;m * 2 2ag

8 t
oy = 16(—‘2’— 7| ').

agy ap

(C4

Here 8¢ is the deviation of /4w¢ from O or from 7. The
transition happens at the point determined by o, =0, i.e.,
when |8t| = 2g/agm. Such phase transition is known in the
context of quantum Ising chain model [78].

APPENDIX D: SYMMETRIES IN BOSONIC LANGUAGE
1. Single-chain limit

Let us derive the action of chiral symmetry onto the
bosonic fields in the case of a single chain. In the many-body
space chiral symmetry acts as [79]

_( 1)]

Note that in the single-particle descrlptlon this operator corre-
sponds to the unitary matrix —o, in the space of sublattices A
and B. This is consistent with the symmetry implemented in
the single-particle Fock space, where single-particle Hamilto-
nian (2) anticommutes with this matrix, {hgsy, 0,} = 0. The
chiral symmetry acting in the many-particle Fock space is an
antiunitary operator, i.e., C~'iC = —i. To figure out the action
of the chiral symmetry onto the bosonic fields we first rewrite
(D1) in the continuous limit,

CNx)C = (—=1)YodT(x).

Ele,C (1)

D2)

By using the right and left decomposition of the fermionic
operator (5) we obtain

C' U (0)C = ™ (e ¥R (x) + **LT (x)). (D3)
On the other hand
C ' (x)C = (e *CTIR(x)C + **C7'L(x)C). (D4)

Now we take into account that we focus on a half-filled model
kr = m/2ay. By comparing (D3) and (D4) we obtain the
following transformation rules:

C'R(x)C = L' (x)

C~'L(x)C = R (x). (DS)

We can rewrite them in terms of bosonic fields using (A1) and
obtain

Clor(x)C = —¢r(x)
Clpr(0)C = —pr(x).

The time-reversal symmetry for a single chain does not
change the fermionic operator \il(x), if we use the definition
from [79], i.e., T’I\il(x)T = lil(x); however, it is an antiuni-
tary symmetry, so for a single chain is coincides with complex
conjugation 7 = K. Thus we obtain

(D6)

T~'R(x)T = L(x)

1 (D7)
T7'L(x)T = R(x).
By using (A1) we rewrite this via bosonic fields as
T ¢, (x)T = X
dL()T = Pr(x) D8)

T~ r()T = ¢r(x).

Finally we represent the action of time-reversal and chiral
symmetries in terms of the conjugated bosonic fields ¢(x) and
6(x),

c. {qs(x) = —(x)

D9)

0(x) — 0(x)

T {d)(x) = $(x)
“10(x) > —6(x).

Note that the action of the particle-hole symmetry is given by
P=C-T™ "
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2. Symmetries of two chains

In [42] we constructed the following set of symmetries for the two chain model:

T2 = +1:
T2 = —1:

T+ = SOO'XIC,

Time-reversal : )
T_ = iSoo,K.

And for chiral symmetry, which is the product of time-reversal
and particle-hole symmetries we get

Ci=P.T, =P_T_ = S,0,

(DI11)
C2 = P_T+ = P_|_T_ = SZO'Z,

Chiral : {

where Pauli matrices S; act on sublattice degrees of freedom
and o; describe chain degree of freedom. Let us derive bosonic
representation of these symmetries. We start with chiral sym-
metry that can be represented by two operators C; = S,09
and G, = S0, in a single-particle space. Let us start with the
right-left decomposition of the fermionic operators,

U, (x) = Ry (x) + e %L, (x). (D12)

The chiral symmetry C; acts on the operators W, as follows:

CrM, (0)C) = (1) ¥] (x). (D13)
By using (D12) one obtains
Cr'W0, (x)Cy = ™ (e ™ R! (x) + LI (x)).  (D14)

J

Qe —> — P

C {(m S g, For the conjugated fields, {95 0, + ST

Particle-hole : {

P?=+1:
P?=—1:

P+ == SZGXIC

P = Sk (D10)

(

That implies the following action of the chiral symmetry onto
the fermionic operators W,

Cr'W, (0)Cy = (7 *Cr Ly (x)Cy + €™ CT 'R, (x)Cy).
(D15)

By comparing the two expressions we obtain the following

transformation rules in terms of chiral fermions:
Cr 'R, (x)Cy = L (x),
C;'Ly(x)Cy = R (x). (D16)

In order to rewrite that in terms of bosonic fields, one needs to
use (B1) and take into account the action of complex conju-
gation onto the Klein factors. By using the identity 1,1, = i,
and therefore Knn,C = —i, we may assume that KnKC = n;
and Cn C = n,. That yields

Crl pro (0)C) = —¢p 0 (x) F 7/ (2V/47),
Cr' oo (X)C) = —¢ro (x) £ 7/ (2V/4).

That corresponds to the following transformation of the
bosonic fields:

(D17)

C ' po (X)C1 = —¢po (%),

Ci 10, (0)C1 = 0, (x) F /7 /2.

In terms of charge and spin degrees of freedom, we obtain

(D18)

(D19)

6., — 6.

(D20)

The action of the second chiral symmetry operator C, can be obtained in a similar way, taking into account that it acts also on a
chain degree of freedom, it particular it multiplies the fermionic operator on the second chain by —1. Thus we get

- {¢c—> ~(¢c +T/2)
P = e+ Va/2)

Now let us focus on the time-reversal symmetry. The time-
reversal symmetry for a two-chain model is represented by
two operators with properties Tf =+l and 7> = —1 (D10).
Let us consider the action of T first, the derivation for 7_ can
be obtained in a similar way. We use that the operator of time
reversal symmetry combines a spin flip expressed by o, and
the complex conjugation and obtain

T RI(OTy = La(x), (D22)

T 'Ry(0)Ty = Ly (x). (D23)

Next, we bosonize the fermionic operators by using (B1) and
take into account the action of complex conjugation onto the

For the conjugated fields, {

0. — 6.
0, — 6, + 72 (D21)
[
Klein factors, and obtain
<1§R,1 =¢L2
dr2 = L1
o ’ D24
PL1 = Pro2 (b24)
dL2 = Pr 1,

where &R/L,a = TJ;1¢R/L,UT+. In terms of charge and spin
degrees of freedom, we get

¢s g _¢S 0& g 93"
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Similarly, we can obtain the action of the second time-reversal
symmetry operator 7_,

T>= 1 {¢C o bt VT2 {90 )

¢S_)_¢3_V7T/2 95_)95~

The action of particle-hole symmetry operators is given by
P.=CT 'and P- =T,

— . ¢C - _¢c 95 — _ec
Pf—l.{d)s_)qjs {9s—>495+\/71_/2 (D27)
P2:_1. {¢c_)_(¢c+\/7[/2) {QC—)_QC
- s = —bs + /2 O, — O, + /7 /2.
(D28)

APPENDIX E: BOSONISATION OF NONINTERACTING
TOPOLOGICAL INSULATOR IN CLASS BDI

1. Two-band limit

Here we bosonize the model of the topological insulator in
the class BDI. We start with the coupled model from the main
text (31),

H =Hy+V, (E1)
where H, describes the Hamiltonian of two uncoupled SSH
chains. Here we will focus on a more general model, com-
patible with symmetries of BDI class. In such model the
uncoupled SSH chains have complex hopping parameters
w; and v;, related by complex conjugation. They can be
represented as wy = w3 = |w|e'™, v; = v} = |v|e’. The in-
terchain coupling term V} is given by

Vi = Za(cj\.l’nCB,Z,n + Cj\yz’nCB,l,n)
n
+ b(C;LnCA,Z,n+1 + CpanCarntt) + He. (E2)

The parameters a and b are real. Next we separate the gapless
part of the Hamiltonian and the terms that open up a gap. The
gapless part of the Hamiltonian is written as

Hy = Ztclaoc,ﬁ_l + txcj;axan + it,c)0.chy1 + He,
n

(E3)

here n is the site index, and the operators c, are writ-
ten in the chain basis, 6} = {cn.1, Cn.2}, the parameters ¢ =
(lwl + [v])coslgol/2, 1, = (lw|+ |v])sinlgol/2, 1, = (a+
b)/2. The gap opening part is given by

Vepr = »_(—1)"[8t8500¢n11 + i8t:8502C041 + 81,850:Cni1 ]

n

+ H.c., (E4)

J

Ri(x)=cos LR, —sin {R_
R_(x) =cos JR_ —sin LR,

where the parameter y is given by

y = arctan |:

15
2 cot —

here 8t = (|lw| — |v[) cos[¢ol/2, 8t = (Jv] — |w|) sin[¢o]/2,
8ty = (a — b)/2. We first bosonize the gapless part of the
model. In order to do that, we write (E3) in k space,
H() =2 Z CthCk,
k
h = coslkag](tog + t.0y) + ¢, sin[kap]o,. (ES5)

The spectrum of this Hamiltonian is given by

e = 2 coslkag) £ /2(12 + 12 + (12 — 12) coslka]). (E6)

It is plotted in Fig. 9(a). It represents two bands separated in
momentum space at half filling by 8k = 2 arctan(r,//t> — t2)
(in the units of 1/ap). The Fermi velocity for the both bands
is the same and is given by (in the leading order of ¢, . /) by
vp = 2tag(1 — t2/1%). First note that the model (E3) in the
case t, = 0 has additional time-reversal symmetry T2 = —1,
and the spectrum in this case is illustrated in the Fig. 9(b).
The two eigenstates with the opposite spin x4 and x, marked
by yellow and blue correspondingly, are shifted in k space
by 8k = k% — k°. For the case 1, # 0 the bands correspond-
ing two eigenstates xi, see the Fig. 9(a) cross the Fermi
level at the points ki correspondingly. If we start with the
picture 7, # 0 and continuously tune 7, = 0 we arrive to the
case of Fig. 9(b) for ¢, = 0. The eigenstates x4 also evolve
continuously, but they do not coincide with the spin-up and
-down states x4, x, att, = 0. In particular, they are related as
follows:

x1 (k) = x2 (k)0 (k) + X2 (k)6 (—k),
x1 (k) = x (k)0 (k) + x° (k)6 (—k),

here by x{ (k) we denoted the eigenstates x atf, = 0. We can
rewrite the effective low-energy operators in the real space,
projected onto the left-moving and right-moving modes,

Wy (x) = R_(x) + Ly (x)
Wy (x) = Ry (x) + L_(x),

(E7)

(E8)

where we included the oscillating prefactors ¢ into the
definition of the left- and right-moving operators. We need
this expression in order to write down a bosonic model that
continuously interpolates between the two cases #, = 0 and
t, # 0. Now consider a generic case t, # 0 that generates
the term that hybridizes the Ry and L, operators and opens
a gap at k = 0. We substitute (E8) to (E3) and obtain the
Hamiltonian that decomposes to direct sum of the terms that
describe right- and left-moving particles, Hy = Hg & Hy. We
can diagonalize the left-moving part and right-moving part in-
dependently and obtain the following relation between Ry /L1
and the operators R /L. in the basis where H, is diagonal,

Ly(x)=cos%L, —sin5L_ E9)
L_(x)=costL_—sinLL,,
Sk tt
) ] ~ 2 (E10)
Zz
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FIG. 9. (a) Gapless part of the spectrum of the BDI model (E3) for generic parameters ¢ < 0, ¢, > 0, t, # 0, the difference between the
Fermi momenta is given by 8k = k. — k_ = 2 arctan(t,/,/t> — t?). (b) Gapless part of the spectrum of the BDI model (E3) for the case f, = 0,
t < 0,1, > 0. The difference between the Fermi momenta §k° = k% — k® = 2 arctan(r,/t).

For the operators R /L. we apply the standard bosonization
procedure,

Ri(.x) = \/%eim¢R'i(x)+ikix’
a

I::I:(X) = \/z_iTe—i«/E%.i(x)—ikix’ (E11)
a

where ky = kp £ 8k/2 and n. are Klein factors that were de-
fined in the Appendix B. We introduce canonically conjugated
bosonic fields IT (x) and ¢4 (x) for each spin species,

My(x) = Vm(ors — pr+) GL(x) =+ + Pra,

(E12)

where pr/r+ = (1/ﬁ)ax¢R/Li. One introduces spin and

charge degrees of freedom,

_ ¢+ + - _ b1 — P
V2o Vo

So for the gapless part of the BDI model we obtain the follow-

ing Luttinger liquid Hamiltonian:

be &s (E13)

Hyy = Z v—F[Hf + (0:9))°]-

> (E14)

j=c,s

After we substitute (ES), (E9), (E11) to the gapped part (E4),
we obtain
Hyop = —asin(v/2m¢,) - sin(v/2m60;) + B cos(vV2m @)
- cos(8k - x + /2w py), (E15)

where «, B are given by

4 Sk . ok . ok
o = — | 8t cos — — cos y sin —6t, + 8ty sin y cos — |,
magy 2 2 2

4
B = —56t,.
magy

(E16)

Next we can bring (E15) to the more convenient form if we
introduce a new set of commuting fields as follows:

{¢1 = —(¢g— +Pr1). {91 = —(¢r+ — Pr.),
$r=—V/2—(Pr++Pr-) |0=—(¢dr— — Pr ).
(E17)

For bosons in charge and spin sector of freedom it implies the
following transformation:
Fo=po— YT Jr
T 22 24/2

In terms of these degrees of freedom the Hamiltonian (E15)
takes the following form:

(Es = 0s, és = _¢s- (EIS)

Vepr = —a cos(v/27 ) - cos(v 2 dy) + B sin(v27 B.)
- sin(8k - x — v/270,). (E19)

We will further omit ~ for convenience. Note that the inter-
chain hopping (E2) is not the most general one for BDI class.
It contains terms oo, in chain basis. One can also add o, terms
to this model. In the bosonic language such terms correspond
to o sin(v/27 ¢, - cos(8k - x — /27 6y).

At the energies € > vy - 8k the 6, term in (E19) oscillates
slowly, and thus we obtain the same bosonic model that we
wrote solely out of symmetry arguments in the main text, see
(34). The 6, term can be analyzed in a basis where 8z, term in
(E4) is diagonal, i.e., o, — o. If we also set #, = 0 (so there
is no need to use a band basis, as the Hamiltonian becomes
diagonal in chain space), we eventually get a Hamiltonian of
uncoupled inequivalent chains that we studied in Sec. IV D of
the main text.

Also notice that, in the limit k =0 or#, = 0 but ¢, # 0 in
(E3), the Fermi velocities of the two bands differ by §v o< agt,.
This generates a term that mixes charge and spin sectors in
the bosonic Hamiltonian [57]. Such a term might change the
interacting phase diagram, as we discuss in Appendix F, as
it changes the RG flow of marginally irrelevant backscat-
tering. However, it does not qualitatively affect the flow of
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FIG. 10. Spectrum of BDI model in a single-band limit.

single-particle gap opening terms (E19), so for the weakly
interacting model it can be neglected.

2. Single-band limit

Above we focused on the case of weakly coupled chains,
at the gapless point such model is equivalent to two Luttinger
liquids. However, for strong interchain hopping there is also
a critical point where the model is equivalent to a single
chain. In particular, if we assume that w, v are real and set
w — v =a— b (or equivalently w — v = —(a — b)). In that
limit the model (E1) is equivalent to decoupled chains—one is
gapless and the second one is gapped with a gap A « |a — b|.
Spectrum of such model is illustrated schematically in Fig. 10.
Thus near the half-filling this model is equivalent to a single
SSH chain.

APPENDIX F: INTERACTING BDI MODEL

1. Interactions in single-band limit

As we discussed earlier in the single-band limit the BDI
model (E1) described by a single bosonic mode. We will focus
on the case of weak interactions—smaller than a gap of one of
the bands A o |a — b|. Thus, for interactions that do not cou-
ple two bands, the model is equivalent to a single interacting
SSH chain discussed in Sec. II. The interaction that cou-
ples two bands can be treated perturbatively, Hiy = U (711, —
1/2)(Aa,; — 1/2) — U{(f1,; — 1/2))(fi2,; — 1/2), where by
(.) we denote the average over the noninteracting ground state.
In the gapped phase one can neglect fluctuations of density on
site and get (n;, ;) = 1/2. Thus (H;p) = 0 in this limit, there-
fore in the first order of perturbation theory one can neglect
the interband interactions and only focus on the interactions
within bands.

2. Interactions in the two-band limit

Now let us discuss the interacting model in the two-band
case. Note that the coupled chain model breaks SU(2) sym-
metry in chain space. In the low-energy description, this
generates scattering processes in the Hubbard interaction term
that do not conserve the chain (“spin”) degree of freedom. The
processes involve forward- and backscattering of the fermions

with the opposite spin that enter the low-energy model with
the oscillating amplitude oce®**. These terms can be neglected
at the low energies € < vr - 8k, as they oscillate fast on those
scales, and they need to be taken into account if € > vp - §k.
This results in two distinct low-energy bosonic models at the
two energy scales. Let us study their properties.

a. Model at energies € < v - 8k

In this limit, the model one can neglect the oscillating
single-particle term in (E19) as well as spin nonconserving
processes in the interaction. That effectively restores SU(2)
symmetry and the model is reduced to the model of two
identical capacitively coupled SSH chains in the presence of
Hubbard interaction studied before. The only difference com-
pared to the case of capacitively chains is that the coupling
constants get renormalized g, = —g; = —U cos? y, where the
angle parameter y is related to the interchain coupling param-
eters (E10).

b. Model at energies € > vy - 8k

Now consider the interacting model at the energies € >
vr - 8k so the spin nonconserving processes need to be taken
into account. In that case, we obtain

H =Hc+Hv +HCA'7
H. = gcs[8x¢cax¢s + I I1,], (Fl)

where the charge and spin parts of the Hamiltonian H, ; are
given by (24). The parameters of the model are given by

KL:1+ g(‘a KXZI_ gsv
TTVUf TTVUf

2 2U .

8 =—8 =-Ucos"y, gu= _7 sin[y]. (F2)
Here we used a different basis from that used before in
Appendix E, see [80]. In this basis, H. takes a simple
quadratic form given in (F1). Note that the term H. does
not open a gap, but generates the difference between Fermi
velocities for electrons with the opposite band index. Such
types of terms have been studied earlier in one-dimensional
systems with spin-orbit coupling [57,73]. It was demonstrated
that due to the presence of such terms the backscattering in the
spin sector becomes relevant for sufficiently strong spin-orbit
coupling. From the results of [57] it follows that for our model
(F1) it implies that tan’ y > (amvr/U). The gap opening
single-particle terms in the new basis take the following form:

Vapr = o cos(v/ 2§, ) cos(v/ 27 )
— Bsin(v/27 ¢.) sin(v/ 27 ¢y). (F3)

Therefore depending on the ratio |« |/| 8| the model is reduced
either to capacitively coupled identical SSH chains or SSH
chains in the opposite topological phases. The only difference
from the interacting models considered before in Sec. IV is
that one needs to take into account the relevant backscat-
tering in the spin sector in (F1) for repulsive interactions.
The backscattering term fixes the bosonic field v/27 ¢, = 7 /2
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mod 7 and therefore it is incompatible with the single-particle
term in (F3) that describes two identical chains. Thus there is

an Ising phase transition to the SDW phase if interactions are
sufficiently strong.
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