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Cavity embedding is an emerging paradigm for the control of quantum matter, offering avenues to manipulate
electronic states and potentially drive topological phase transitions. In this work, we address the stability of a one-
dimensional topological superconducting phase to the vacuum quantum fluctuations brought by a global cavity
mode. By employing a quasiadiabatic analytical approach completed by density matrix renormalization group
calculations, we show that the Majorana end modes evolve into composite polaritonic modes while maintaining
the topological order intact and robust to disorder. These Majorana polaritons keep their non-Abelian exchange
properties and protect a twofold exponentially degenerate ground state for an open chain. They become, however,
weak edge modes in the sense that they no longer commute with the full Hamiltonian and protect the exponential

degeneracy only in the ground-state manifold.
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I. INTRODUCTION

In recent years the possibility of controlling quantum mat-
ter by cavity embedding has attracted a lot of attention [1-4].
Strong coupling to cavity vacuum fluctuations has been pre-
dicted to affect material properties in many different contexts
such as superconductivity [5-7], ferroelectricity [8—10], and
topology [11-15]. It has been shown experimentally that
cavity embedding can modify the critical temperature of a
charge density wave transition [16], magnetotransport proper-
ties [17], and induce the breakdown of topological protection
in integer quantum Hall transport [18]. In this context, a
single-particle electron-photon Chern number was introduced
in Ref. [19]. Addressing topological properties with a global
cavity mode is a subtle issue. As a general rule, the robust-
ness of topological properties is ensured by the locality of
perturbations. Coupling to a cavity is inherently nonlocal,
and therefore there is no guarantee that quantum fluctuations
preserve topological protection. A contrasting argument in the
context of Majorana fermions is that they bear no charge and
therefore couple inefficiently to a cavity electric field [20] (see
also Refs. [21-25] in the context of microwave resonators).
Naive expectations relying on the weak effect of vacuum
fluctuations of single-mode cavities on extensive quantities
[26-28] should also be taken with care since topological edge
states are intrinsically not extensive.

In this work, we address this issue by studying a one-
dimensional (1D) toy model of a topological superconductor
[29,30], featuring Majorana end states, strongly coupled to
a single-mode cavity, and therefore interacting [31-34] via
long-range forces. We discuss two models for the cavity, either
with an electric field [17,18] or a magnetic field coupling
[35-37]. Both models respect the fermionic parity Z, symme-
try of the superconductor [29]. Our approach to studying these
many-body topological properties is twofold. We first employ
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analytical arguments, based on quasiadiabatic continuation
approach [38,39], to establish the resilience of the topological
phase to the all-to-all interaction mediated by the cavity mode.
The edge modes transform into Majorana polaritons [21]
with a light component and are no longer purely fermionic
objects. We also perform controlled density matrix renormal-
ization group (DMRG) numerical simulations [40-42] with
a mixed cavity-matter matrix product state (MPS) ansatz
[14,43-45] implementing the Z, fermionic parity. We identify
four markers for topological order [39,46,47]: (i) ground-
state degeneracy, (ii) entanglement spectrum degeneracy, (iii)
nonlocal edge-edge correlations, and (iv) robustness to lo-
cal symmetry-preserving perturbations (e.g., disorder), and
demonstrate that they all survive strong cavity quantum fluctu-
ations. We moreover confirm the hybrid nature of the dressed
Majorana end operators. Our main finding is that the topo-
logical superconducting state is robust to the coupling to
the cavity, by adapting its Majorana edge modes, as long as
fermionic parity is preserved and no gap closing occurs upon
gradually increasing the strength of cavity coupling. Addi-
tionally, Majorana in the absence of a cavity are strong edge
modes [48], which commute with the Hamiltonian, imposing
an exponential degeneracy in the full spectrum. In contrast,
we find that they change into weak edge modes [38,49,50] and
lose commutation with the Hamiltonian as they combine with
light into composite polaritons. This restricts the exponential
degeneracy to the ground-state manifold.

The paper is structured as follows. In Sec. II, we introduce
the toy model illustrating a topological superconductor and its
coupling to the nonlocal cavity degree of freedom. Section III
presents a comprehensive numerical analysis covering all
relevant topological properties (i)—(iv). Following this,
Sec. IV applies the quasiadiabatic continuation approach,
crucial for understanding the resilience of Majorana fermions
to nonlocal cavity fluctuations. In Sec. V, perturbative
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analytical expressions are derived highlighting the composite
character of the Majorana polaritons. They are shown to
be weak edge modes, localized for their fermionic part on
the edges of the chain. Finally, in Sec. VI we draw general
conclusions about the stability of Majorana fermions to
nonlocal cavity fluctuations and discuss possible extensions
of our arguments to other topological states of matter.

II. MODEL

The starting point of our discussion is a tight-binding
model for a one-dimensional topological superconductor. We
employ a toy model of spinless electrons hopping on a square
ladder geometry [45] in the presence of an external magnetic
field and a superconducting pairing along the rung of the
ladder. The Hamiltonian reads:

L—1 L
4 0ot /2 AT A AT A
Hy, = —tZe’“¢ o 8y Co 41 — 11 ZC+,jC—J

j=1 j=1

L L
At AT AT A
+ A ZCJr,ij,j +u Z ¢ oCjo +H.c., (1)
j=I o,j=1

where A is the pairing strength, o the chemical potential,
t the intraleg hopping, ¢, the interleg hopping, ¢ex: the ex-
ternal magnetic flux per plaquette and ¢;, annihilates an
electron on the leg 0 = £ and rung j =1, ..., L with 4 is
the top leg and L the number of rungs. While unconventional,
this model can be straightforwardly mapped to the nanowire
model [51,52] with strong Rashba spin-orbit coupling and
proximity-induced superconductivity, a system that has under-
gone extensive experimental investigation [53]. In the tenfold
noninteracting classification [54], the model Eq. (1) falls into
class D, protected only by particle-hole symmetry. It has a
Z, topological invariant and allows for a topological phase
with Majorana end states. However, within a many-body con-
text, the true symmetry protecting the topological phase is
fermionic parity.

We now add a single-mode cavity with the bare Hamil-
tonian H, = hw.a'a. In order to draw general conclusions,
we examine two distinct physical realizations concerning
the vector potential in the cavity: a constant magnetic (B)
component along z or a constant electric (E) component
along y (Fig. 1). The light-matter coupling is achieved
through a Peierls substitution [55-58], where the hoppings are
dressed as:'

catoa igg(a+a) At A
B: Co jCojr1 > € Co, iCojt1s 2)
PN PO ige@+ayat A
E.c+’jc,d—>e AT 3)

depending on the scenario. In the following discussion, when
referring to both couplings, we will use g as a combined nota-
tion for gg and gg. The full Hamiltonian is H = Hy + H. with
either the dressing of Eq. (2) or Eq. (3). We are interested in
a mesoscopic regime and do not scale g with the system size.
Our choice is motivated by the nature of strongly confined
cavity modes in nanophotonics, such as split-ring resonators,

!'See Supplemental Material [59].

FIG. 1. Sketch of the two different cavity embeddings. The lad-
der couples either (a) to a quantized electric field, or (b) to a
quantized magnetic field. (c) Band structure of the cavity-free Hamil-
tonian Hy with (full green line) and without (dashed black line)
superconducting pairing.

where there are usually a few, energetically well-separated
modes with a significant coupling to the electrons [18].

No-go theorems [26,60] prevent photon condensation, i.e.,
a coherent nonzero (&), for the electric field coupling, whereas
(a) # 0 can emerge in the magnetic case [61-63]. In the latter
case, the coherent part of the field simply renormalizes ey
and can potentially drive the system out of a topological state
or vice versa. Although very interesting, this effect does not
come from quantum fluctuations and can be described semi-
classically [45]. We henceforth fix o, =t =t = —u =1,
A = 0.4 and ¢y = 0.68897 such that (@) remains close to
zero and the fermionic chain is in a topological phase.

III. SIGNATURES OF TOPOLOGY

We first present a detailed DMRG numerical investigation
of the topological properties of the ground state of the Hamil-
tonian H. We use a hybrid light-matter MPS in which the Z,
fermionic parity symmetry is implemented [59], separating
the exponentially degenerate even and odd parity sectors. We
specifically investigate the four markers, labeled (i)—(iv) in the
introduction, as signatures of the topological phase.

The ground-state degeneracy AE,, = |ES’ — E}’| is expo-
nential with the system size up to relatively strong light-matter
couplings g, confirming point (i). This is reported in Figs. 2(a),
2(d) where the ground-state energy difference between the
two parity sectors is computed. For small g, this energy dif-
ference can also be evaluated using perturbation theory [59],
confirming its exponential scaling. Interestingly we also re-
port of few ground-state parity switches [29,64] as a function
of g (not shown). The second signature (ii) is the twofold
degeneracy in the entanglement spectrum of the half-chain
bipartition. Differing from typical fermionic Hamiltonians,
the coupling to the cavity introduces nonlocality and a choice
for where to park the cavity in a bipartition of the system.
We use an alternative way of partitioning by tracing out the
cavity field,

Pi=12 = Trjp o[ Pmarn] = Trjcpp[Trppllgs)(gsl]l,  (4)

where |gs) is the full many-body ground state, P the re-
duced density matrix after tracing out the photons. p;.r is
obtained by further tracing out half of the chain. As shown in
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FIG. 2. The top (bottom) row shows DMRG results for the magnetic (electric) coupling. (a), (d) Ground-state energy splitting AE,, =
|ES® — E¥| for different coupling strength. The mean-field (MF) result is also shown for comparison. (b), (¢) Entanglement spectra §, = —loga,
for a half-chain bipartition of the ground state in the even parity sector. The twofold degeneracies come from (even, even) and (odd, odd) parity
resolved partitions. (c), (f) Correlation function for the top leg of the ladder geometry. L = 48 except for (a), (e).

Figs. 2(b), 2(e) the g = 0 twofold degeneracy is not broken at
finite g. It can be checked to correspond to the two choices of
parity for each half. The entanglement spectra are nonetheless
changing with g, signaling the presence of finite light-matter
entanglement.

Edge-edge correlations (iii) are shown in Figs. 2(c), 2(f)
where the correlator G{: o, J) = (pl 6:(7 8o, j | p) 1s calculated
on the ground state |p) with parity p = ’{O, 1}. The revival on
the opposite edge of the Green’s function reveals the pres-
ence of the two ends Majorana fermions that both permute
the ground states and is essential to verify the nonlocal na-
ture of the zero-energy mode. We now verify (iv) by adding
local disorder to the model. Without loss of generality, we
consider a Gaussian distributed chemical potential, centered
around p, and with the standard deviation $us iSpor j =
W28,', i0s,0', Where A denotes the disorder average of A.
As an indicator for edge-edge correlations, we introduce
the quantity

0=> |G, 1.L)-G,,(1,L) 5)

For ¢ =0, we have exactly G° ,(1,L) = -G (1,L) as a
result of the anticommutation of the two Majorana fermions.
In Fig. 3, we show the indicator O and the ground-state
energy splitting AE, for one disorder realization at each
disorder strength [Figs. 3(a), 3(c)] and their disorder average
[Figs. 3(b), 3(d)]. The results hardly depend on the strength
of cavity coupling, reflecting the robust topological phase.
Interestingly, Kohn’s theorem yields a different behavior in

the quantum Hall effect, where disorder and cavity collab-
orate to diminish topological protection [11,15,65]. Here,
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FIG. 3. Magnetic cavity: DMRG results (gz > 0) and exact
results (gg = 0) for topological markers as a function of disorder
strength W. (a) Edge-edge correlator Q from Eq. (5) and (c) ground-
state degeneracy AE, for a single disorder realization at each
strength W. The corresponding disorder averaged quantities are
shown in (b), (d) with Ngs = 20 (1000) realizations for gz = 0.1 (0.).
Error bars indicate two standard deviations and L = 48.
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disorder plays no role in enhancing the cavity effect on
Majorana fermions.

IV. QUASIADIABATIC CONTINUATION

In this section we present analytical arguments that elu-
cidate the resilience of topological order to nonlocal cavity
quantum fluctuations. In the absence of a cavity, the model
exhibits Majorana edge modes in its topological phase. The
Majorana fermionic operators 7 and $ permute the even and
odd parity sectors and protect the ground-state (exponential)
degeneracy. We employ the theory of quasiadiabatic continu-
ation [38,39] to show that the Majorana operators

=VVh e =ViRV', (©6)

undergo a continuous transformation as the coupling to the
cavity is gradually enhanced. The unitary operator ) maps
the ground-state manifold in the absence of a cavity to the
one with the cavity. Importantly, under the assumption that
the gradual increase of the cavity coupling maintains both the
Z, symmetry and a finite spectral gap, it can be shown [59]
that V) preserves fermionic locality such that the two deformed
Majorana modes remain localized on the two ends of the
chain. In addition, 7, and P acquire a finite entanglement
with the cavity mode a from Eq. (6) and a polaritonic character
associated with photonic excitations. They also keep satisfy-
ing the Clifford algebra, as V is unitary, and they permute the
even- and odd-parity ground states.

Aside from the deformed edge Majorana modes, we also
need to prove the persistence of the ground-state degeneracy.
Denoting Py (P = VP, V") the projector onto the ground-state
manifold without (with) cavity, it is known that [29,38]

PyOPy = L Py, @)

up to exponential corrections with the system size. Here, O
is a local Z,-symmetric operator and A its eigenvalue in the
ground state. Physically, Eq. (7) simply states that a local
perturbation cannot distinguish the two ground states because
of topological order. Applying Eq. (7) for O = Hj recovers
the ground-state twofold degeneracy. VI HV is also local for
fermions as V maintains locality. Therefore, we obtain that the
even and odd parity states are still exponentially degenerate in
the presence of the cavity, or

PHP = VPV AVPYV' = E,VRV' = E,P,  (8)

where Eg is the energy of the two ground states. Furthermore,
with no cavity, [§2, Hyl =0 (up to exponential correc-
tions), which implies that the twofold degeneracy extends to
the whole spectrum and the Majorana operators are called
strong edge modes [39,48,49]. Such a vanishing commutator
is no longer guaranteed in the presence of the cavity, that
is [P, H] # 0. The deformed 7, are then weak edge modes
as they do not enforce a twofold degeneracy for excited states,
only in the ground-state manifold. We further elaborate on this
point in the next section.

In Fig. 4 we numerically test the absence of gap closing
and the evidence of transition from strong to weak edge
modes as the coupling to the cavity is increased. Note that
the degeneracy is lifted for a state whose energy (e, >~ 0.33)
is much detuned from the cavity frequency (w, = 1). The fact

— p=OMF
0.36 1 —_— p:IMF'
——=p=0

FIG. 4. Energy gap to the first excited state in the two parity
sectors p = 0 (full lines) and p = 1 (dashed lines) calculated via
DMRG. The red lines represent the mean-field predicted values
of gaps. (a) and (b) show respectively the result for the magnetic
coupling and electric coupling. L = 48.

that different type of couplings produce different splittings is
expected on the basis of the difference in interaction matrix
elements. The weakening of the edge modes could be related
to the predicted [25] sensitivity of the cavity damping to the
parity of excited electronic states. Moreover, the comparison
with a mean-field approach [59] (red lines) highlights the need
for light-matter entanglement to quantitatively address strong
coupling and the many-body nature of the spectrum.

Remarkably, the above arguments based on the quasia-
diabatic continuation are very general. They show that any
topological superconductor with Majorana end modes is ro-
bust to the presence of a nonlocal cavity, as long the coupling
conserves parity (Z,) and there is an adiabatic path without
gap closing to a cavity-free limit.

V. MAJORANA POLARITONS

In this section we discuss in more detail the composite
light-matter nature of the edge modes. An explicit polaritonic
form can be given to the Majorana fermions from Eq. (6) in
perturbation theory

Pu =90+ Y (Wit méia" + v, (méa’ + He.), (9)
n=(0,j)

assuming weak coupling to the cavity. The wave function

1+ 1+ 1+ )‘fi“n,u )‘(lxtv:,lt
V=t gt =2 - 2) 10
el S TP T @

is obtained together with a similar expression for W!=(n)
given in the Supplemental Material [59]. The coefficients
A7, denote the projections of the perturbative cavity coupling
onto the Bogoliubov modes diagonalizing Eq. (1) with en-
ergies €,. u, , and v, , are the corresponding electron and
hole components. The first term ¥!* in Eq. (10) combines
a photon creation with a Bogoliubov excitation whereas the
second term (¢(1+) annihilates a Bogoliubov mode while still
adding a photon. The second term ¢ in Eq. (10) exhibits
a divergence whenever the photon energy 7w, lies within
the Bogoliubov spectrum and €, = fiw. for a certain pi.
As detailed in the Supplemental Material [59], this diver-
gence can be cured by excluding the mode p (along with
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FIG. 5. (a), (c) Connected matrix elements revealing the hybrid
nature of Majorana polaritons for (a) magnetic coupling gz = 0.1
and (c) electric coupling gz = 0.4, with zero (O = ¢, ;) and one
photon (O = &, ;a). (b), (d) Evolution of the total zero- and one-
photon weights Ny and N,, Eq. (12), with light-matter coupling for
the magnetic (b) and electric (d) cavities. Here L = 48.

modes with nearby energies) from the sum in Eq. (10) all the
while preserving the properties of the quasiadiabatic continu-
ation detailed in Sec. IV. However, the Majorana polaritons
then fail to commute with the Hamiltonian, [)701,1:1 1#0,
and consequently transition into weak edge modes. Since
¢é+ annihilates Bogoliubov modes, the commutation with the
Hamiltonian persists within the ground state, explaining its
robust twofold degeneracy. A perturbation analysis to higher
orders reveals additional divergences occurring when nhiw, =
€,,,» where n is the order of perturbation. These unavoidable
divergences indicate that the Majorana composite polaritons
consistently manifest as weak edge modes.

In order to test the locality of the Majorana polaritons,
we evaluate the connected matrix element (0|¢,a|l), =
(0] &,a 1) — (0] a0y (0] &, |1), given in perturbation theory
by [59] [n = (0, )]

(O] &pat 1), = ¥} T (n) + vt (). (11)

Other combinations of wolti(n) (¢ = L/R) are obtained from
the connected matrix elements of é,a’, 6;&, and éZcAf between
|0) and |1). They are calculated using the MPS wave functions
and are illustrated in Figs. 5(a), 5(c).

Interestingly, these matrix elements all decay far from the
edges and thus demonstrate both the resilient locality of the
Majorana polaritons and their composite nature. We further
quantify the photon mixing by introducing the weights of each
component of the Majorana polaritons:

o= oPne = Y (w4 vl

2
’

12)

where N¥ = N and NF = NE by symmetry. ¥2(n) denotes
the purely electronic components of the Majorana operators.

These weights can also be calculated in perturbation theory.
Numerically, we use Eq. (11) to define the weights, the results
are shown in Figs. 5(b), 5(d). In order to quantify higher-
order corrections, we compare the weight missing from the
purely electronic component Ny, with the weight in the single
photon component N;. As expected at low enough values
of g they perfectly match the perturbation theory predic-
tion, while at higher couplings one would need to take into
account higher-order corrections beyond Eq. (9). These are
expected to involve multiphoton and multifermion operators
which makes the Majorana-polariton expression more com-
plicated; without breaking the quasiadiabatic arguments given
in Sec. IV.

VI. CONCLUSIONS

We have shown that a one-dimensional topological su-
perconductor with Majorana end modes is protected against
the vacuum quantum fluctuations of an embedding cavity
mode, despite its long-range nature. The quasiadiabatic ap-
proach explains this protection and reveals that Majorana
evolves into Majorana polaritons to maintain topological
order. We confirm this with DMRG simulations where topo-
logical markers are shown to persist through the cavity
coupling, and the photonic component of Majorana polari-
tons is demonstrated up to strong cavity coupling. The main
difference is that the Majorana polaritons are no longer as-
sured to be strong edge modes. Instead, they can transition
into weak edge modes where only the ground state is doubly
degenerate. In the strong cavity coupling regime, mean-field
techniques prove to be insufficient, making it crucial to ac-
count for light-matter entanglement. Our argumentation is
highly general and is applicable to any 1D phase featuring
end Majorana states, regardless of the nature of the cavity
coupling, electric or magnetic. Even though not explicitly
discussed, the results can be straightforwardly generalized
to multimode cavities. The crucial prerequisite, however, is
the absence of fermionic parity breaking induced by the
cavity coupling.

Our results suggest that a qubit using Majorana po-
laritons also requires control over the cavity due to their
hybrid nature [19]. We also anticipate that the topological
insensitivity to vacuum cavity fluctuations will extend to
other topological phases [66], in higher dimensions. For in-
stance, in 2D class A models, such as the quantum Hall
effect, the topology is robustly protected by a many-body
Chern number [67]. This does not contradict recent works
where finite-size effect and disorder [11,68] or coupling
to external degrees of freedom [65] have been advocated
to predict the loss of conductance quantization observed
experimentally [18]. It would be interesting to build a
comprehensive classification of cavity-embedded fermionic
models in the spirit of recent classifications of interacting
models [32,33].
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