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Dissipation-enhanced unidirectional transport in topological systems
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Dissipation is a common occurrence in real-world systems and is generally considered detrimental to transport.
In this paper, we examine the transport properties of a narrow quantum anomalous Hall system with dissipation
applied on one edge. When the Fermi level resides within the hybridization gap, we find that, while transport
is suppressed on one edge, it is significantly enhanced on the other. We reveal that the enhancement of the
conductance on the other edge arises from dissipation-induced gap closure, which is deeply rooted in the point-
gap topology of the system, resulting in a reduction of the decaying coefficient. When the dissipation is very
large, we find that the low-energy physics is nearly indistinguishable from a narrower system, whose dissipation
amplitude is inversely proportional to that of the original one. To get more physical intuition, we demonstrate
that the low-energy physics can be well captured by a pair of coupled counterpropagating chiral edge states,
one of which has a modified group velocity and an effective dissipation. We also briefly discuss the possible
experimental realizations of this enhanced unidirectional transport.
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I. INTRODUCTION

Non-Hermitian (NH) physics has drawn intensive research
interest recently [1–4]. Many unique features have been un-
covered which have no Hermitian counterparts, including
exceptional degeneracies [5–21], extended topological clas-
sifications [22–27], and NH skin effect (NHSE) [28–30].
Among them, NHSE is of particular importance. It leads to
the failure of conventional bulk-boundary correspondence and
motivates crucial concepts such as generalized Brillouin zone
and point-gap topology [31–42]. Macroscopic states are ag-
gregated near the boundary of a system in NHSE, originating
from the point-gap topology that exists only in NH Hamil-
tonians [43–45]. Meanwhile, the protection of the real line
gap may also lead to the localization of states near the sys-
tem boundary, namely, the topologically protected edge states
[46–51]. A growing trend is the study of the interplay between
these two kinds of topology and their corresponding boundary
phenomena [52–69]. As a nontrivial example, when the NHSE
is manifested only on the topological edge modes but not on
the bulk, a higher-order skin effect becomes possible. It shows
higher-dimensional localization without the requirement of
high-order topology. To realize this, several studies have been
put forward [52–61]. A rather universal and convenient way
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is proposed in Ref. [61], in which a constant dissipation term
is applied on one of the (d − 1)-dimensional surfaces of a
d-dimensional topological material. Transport phenomena in
NH systems have gained increasing interest [70–73]. As we
know, the topological edge states play an essential role in
the transport properties of quantum materials, whereas the
study of the interplay between dissipation and the topological
edge states is still in its infancy [74–81]. Previous works have
shown that dissipation at the end of a one-dimensional (1D)
Majorana chain can stabilize Majorana zero mode, improv-
ing its potential for topological quantum computing [82–84].
However, transport studies on the effects of dissipation on
topological edge states in higher-dimensional topological ma-
terials are still rare.

In this paper, we investigate the transport properties of
a narrow quantum anomalous Hall system with dissipation
applied upon one of its edges. When the Fermi level resides
inside the hybridization gap due to finite-size effect, we find
that, with appropriate dissipation strength, transport can be
significantly enhanced on the opposite edge. The reason for
this enhancement is due to the closing of the real energy
gap by dissipation, which results in a reduction of the decay
rate for the current density. As we increase the dissipation
amplitude from zero, we find that the real part of the band gap
first closes and then reopens, while the imaginary part first
reopens and then closes, resulting in two separate exceptional
transitions. When the dissipation becomes very large, we find
the low-energy physics is almost identical to that of a narrower
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FIG. 1. Band structures of the ribbon with width Ny = 16 and m = −1.85 and different dissipation magnitudes, where (a) γ = 0, (b)
γ = 0.13, (c) γ = γc1 = 0.14894, (d) γ = 0.17, (e) γ = 5.5, (f) γ = γc2 = 5.76628, and (g) γ = 6.0. In (a2), several bulk states are also
shown. The continuously changing color represents the magnitude of the imaginary part, and the black crosses represent the fit from Eq. (4).
The gap of (h1) the real energy band and (h2) the imaginary parts of two edge states with kx = 0 as a function of γ . The insets are the enlarged
view for the small γ values.

system, with very small dissipation amplitude that is inversely
proportional to the original one. To gain more physical in-
sight, we show that low-energy physics can be effectively
described by a pair of counterpropagating chiral edge states
that are coupled together. One of these states has a modified
group velocity and an effective dissipation. Experimentally,
we briefly discuss some possible realizations of this enhanced
unidirectional transport phenomenon.

II. MODEL SYSTEM WITH EDGE DISSIPATION

We consider a quantum anomalous Hall model proposed
by Qi, Wu, and Zhang (QWZ) [85]:

H = tx sin kxσx + ty sin kyσy

+ (m + tx cos kx + ty cos ky)σz. (1)

In the following, we set the hopping parameters tx = ty = 1
as the energy unit in this paper. This model is topological if
|m| < 2. When a constant dissipation is added at the y = 0
edge, the Hamiltonian for a ribbon with Ny sites in the y
direction reads

H (kx ) =
Ny−1∑
n=0

[sin kxσx + (m + cos kx )σz]c
†
ncn

+
Ny−2∑
n=0

[(
i

2
σy + 1

2
σz

)
c†

n+1cn + H.c.

]

− iγ σ0c†
0c0. (2)

We fix the parameters m = −1.85 and Ny = 16 in the follow-
ing unless otherwise stated.

As shown in Fig. 1(a), in the absence of dissipation, the
hybridization of the counterpropagating chiral edge states oc-
curs due to finite system width, opening up a small band gap
around zero energy. As the dissipation is applied upon the
y = 0 edge, the gap decreases, and the energy bands develop a
gapless imaginary part, as shown in Fig. 1(b). When γ = γc1

[Fig. 1(c)], both the real and the imaginary band gaps close,
and the system has an exceptional degeneracy. Increasing the
dissipation further, the imaginary part of the bands develops a

gap, and the real part remains gapless, see Figs. 1(d) and 1(e).
This behavior holds until arriving at the second exceptional
point γ = γc2 [Fig. 1(f)], where both the real and imaginary
parts of the band gap become gapless again. Beyond γc2,
the real part of the gap opens, and the imaginary part stays
gapless, as shown in Fig. 1(g). From Fig. 1(b) to 1(g), we can
clearly see that the magnitude of the imaginary parts of the
right-moving states are smaller than that of the left-moving
ones, except at the rare places where exceptional degeneracies
occur. This is simply because the dissipation is added at y = 0
sites, which is far from the right-moving chiral edge states.
The dissipation is transferred from the bottom to the top by the
hybridization effect, giving the right-moving chiral edge state
an effective dissipation. Therefore, the effective dissipation
for the right-moving state is unavoidable given the existence
of the coupling of the counterpropagating edge state and is
expected to rapidly decrease with the increasing of the system
width.

The evolution of the energy gap as a function of dissipation
strength can be more clearly seen in Fig. 1(h). As shown in
Fig. 1(h1), the real part of the energy gap rapidly decreases
to zero from γ = 0 to γc1, keeping at zero between γc1 and
γc2, and then increases from zero for γ > γc2 and gradually
saturates to a new gap value, which is slightly larger than
the gap without dissipation. The closing of the hybridization
gap is a result of the large mismatch of the imaginary part
of the energies between the counterpropagating chiral edge
states [86–88] as well as the point gap topology dictated by the
extended Nielsen-Ninomiya theorem [89]. For large enough
dissipation, the system behaves like a finite-width ribbon with
one slice of sites narrower and with very small dissipation,
leading to the increased coupling between edge states and thus
a larger hybridization gap (see also Sec. V). The imaginary
parts of chiral edge states at kx = 0 are shown in Fig. 1(h2),
which bifurcate at γc1, then merge at γc2, and finally slowly
decrease toward zero for very large dissipation. The relatively
small imaginary part for the left-moving edge states when γ

is very small or very large indicates the effective dissipation
is small in these regimes, while the imaginary part of it is
large between the two critical points, indicating the effective
dissipation is large.
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FIG. 2. Fitted parameters for the continuum model in Eq. (3). (a)
γeff as a function of γ . (b) � (green, left axis) and α (orange, right
axis) as a function of γ .

The low-energy physics can be well captured by a contin-
uum model, which describes two coupled counterpropagating
chiral edge states with effective dissipation applied on one of
them. The effective model reads

Heff (kx ) =
(

vkx �

� −αvkx − iγeff

)
, (3)

where v and αv are the group velocities of the right- and
left-moving edge states, respectively, and � is the coupling
strength of them. Here, γeff is the effective dissipation, which
differs from the bare dissipation γ applied on the lattice edge.
The effective model without dissipation has been derived in
Ref. [86], with α = 1 and γeff = 0. In the presence of the
dissipation, the left-moving edge state acquired an effective
dissipation γeff . Its group velocity has also been modified by
the dissipation, as evidenced numerically in Appendix A. The
band structure can be easily obtained:

E±(kx ) = − iγeff + (α − 1)vkx

2

±
√(

(α + 1)vkx + iγeff

2

)2

+ �2. (4)

Note that �, α, and γeff are phenomenological parameters
dependent on γ and can be determined in the follow-
ing sense. At kx = 0, E± = −iγeff/2 ±

√
�2 − γ 2

eff/4, giving
γeff = −Im (E+ + E−) and � =

√
(E+ − E−)2 + γ 2

eff/4. We
fix v = 1 from the inspection of the Hermitian limit and
determine α by the slope of E+(kx ) + E−(kx ). The depen-
dence of these parameters on γ is given in Fig. 2. We can
see the coupling strength � first increases, reaching the peak
value at about γ ≈ 1, and then approaches a new larger value.
The effective dissipation also peaks at about γ ≈ 1 and grad-
ually decreases to zero for larger γ . Notably, we have equal
group velocities for the small and large γ , while they become
rather unbalanced in the intermediate range (see also Ap-
pendix A). With these parameter values, the band structures
calculated from the lattice model can be well fitted by Eq. (4),
as shown by the black crosses in Fig. 1.

III. DISSIPATION-ENHANCED
UNIDIRECTIONAL TRANSPORT

We have shown that edge dissipation can effectively ma-
nipulate the low-energy band structures, which motivates us
to study its impact on transport properties. We consider a

FIG. 3. Two terminal conductance GRL and GLR for (a) Ef =
0.01, which is inside the hybridization gap, and (b) Ef = 0.045,
which is outside the hybridization gap, as a function of γ . Current
density distribution for (c) γ = 0 and (d) γ = 0.8 when VL > VR,
and for (e) γ = 0 and (f) γ = 0.8 when VL < VR.

two-terminal device with two semi-infinite metal leads con-
nected to a finite-width system described by Eq. (2). The
two-terminal linear conductance is calculated by Gpq(E ) =
Tr[�pGr�qGa], where �p = i[�r

p − (�r
p)†] is the linewidth

function of lead p (= L, R), and �r
p is the self-energy due

to the coupling of the lead p with the central region [90,91].
The retarded Green’s function is defined as Gr (E ) = (E −
Hc − ∑

p �r
p)−1, with Hc representing the finite-size lattice

Hamiltonian of the central region. We can also calculate the
local current between neighboring sites i and j using the
formula [91,92]:

Ji j = 2e2V

h
Im

∑
α,β

Hiα, jβGp
jβ,iα, (5)

where the sum is over the internal degree of freedom α, β of
the lattice site. Here, Gp = Gr�pGa is the electron correlation
function, and V is the voltage difference between the left and
right leads.

In Fig. 3, we show the linear conductance and local current
distribution for a system with Nx = 100. The left and right
leads are described by the Hamiltonian Hlead = 2 cos kxσ0 +
2 cos kyσ0, with the lead width Ny = 56. When the Fermi level
is in the gap, as shown in Fig. 3(a) with E f = 0.01, we can
clearly see that the conductances from left to right and from
right to left are distinct for a wide range of dissipation values,
which is the manifestation of unidirectional transport [93,94].
For some parameter regimes, the unidirectional transport is
found where GLR is almost zero, while GRL is finite, which
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FIG. 4. (a) GRL as a function of Nx for different γ ′s when Ef =
0.01. The dots are the numerical results from transport calculations,
and the lines are the exponential fit A exp(−βNx ). (b) Decay rate
β as a function of γ for different Fermi energies. The dots are the
exponential fitted values, and the lines are the analytical results from
Eq. (6).

is a manifestation of NHSE and point-gap topology in the
context of quantum transport [95,96]. Quite amazingly, dissi-
pation can even enhance the transport from left to right, where
GRL rises as dissipation increases from zero and reaches the
peak when γ ≈ 0.8. In the Hermitian limit where there is
no dissipation, we have GLR = GRL �= 0. The nonzero value
of the conductance is the result of finite length which allows
part of the current tunneling through, see also Figs. 3(c) and
3(e). When γ is very large, we can see GRL and GLR become
identical but smaller than that when γ = 0, indicating that, for
very large dissipation, the system behaves like a Hermitian
system with a slightly larger gap value. When Fermi energy
E f = 0.045 is out of the gap, as shown in Fig. 3(b), we
also find the dissipation-induced unidirectional transport for
the intermediate dissipation regime. For very large or very
small dissipation, the system is in the Hermitian limit, and
the transmission probability is large and tends to unity.

The enhanced transport can be more clearly seen in the
local current distribution in Fig. 3(c) with γ = 0 and Fig. 3(d)
with γ = 0.8, where the left lead has the higher voltage. As
shown in Fig. 3(c), most of the current coming from the left
lead on top of the sample is reflected back to the left-moving
channel on the bottom, and only a small fraction manages to
transmit through the sample to the right lead. On the other
hand, when the dissipation is added, the left-moving channel
in the bottom has a strong dissipation and thus is unable
to carry the otherwise reflected current. Therefore, the re-
flection is suppressed, and the transmission is enhanced, as
clearly shown in Fig. 3(d). The unidirectional transport is also
clearly seen by comparison between Figs. 3(f) and 3(d). As
mentioned, the large effective dissipation destroys the bottom
left-moving edge state, so that there is no channel to carry the
current from right to left.

IV. SUPPRESSION OF THE DECAY RATE BY DISSIPATION

The enhancement of the transport by dissipation can also
be explained by the decreasing of the imaginary part of the
wave vector. As shown in Fig. 4(a), we calculate GRL by
changing the system length Nx for several dissipation ampli-
tudes with fixed Fermi energy E f = 0.01. As clearly shown,
GRL decays exponentially with respect to the system length.
The decay rate varies nonmonotonically when increasing γ :
for γ < 0.8, the slope decreases, while for γ > 0.8, the slope

increases. Figure 4(b) shows the decay rate for different Fermi
energies with respect to γ , which agrees with the observation
in Fig. 4(a). For E f residing inside the hybridization gap, the
decay rate starts from a nonzero value and decreases rapidly
with γ and then slowly increases again. On the other hand,
when E f is outside the gap, the decay rate is zero at the
beginning, rapidly increasing when γ is small, and then varies
nonmonotonically with the dissipation amplitude.

The decay rate can be extracted from the continuum model
in Eq. (3). To do this, we make the substitution kx → −i∂x

and assume the right-moving state with energy E has the
form ψE (x) = eiqxψE (0). We can then get the expression
for the wave vector q by solving the Schrödinger equation
Heff (x)ψE (x) = EψE (x). We obtain

q± = 1

2αv
[(α − 1)E − iγeff ±

√
[(α + 1)E + iγeff]2 − 4α�2].

(6)

Clearly, q+ is the corresponding wave vector for the state
moving along the positive x direction. The current carried by
state ψE (x) is J (x) = eh̄

m Im[ψ∗(x)∂xψ (x)] ∝ exp(−2Im q+x).
Therefore, the decay rate of the GRL with respect to the system
length is simply β(E , γ ) = 2Im q+(E , γ ), where we have
implicitly used the fact that parameters such as γeff , α, and
� are functions of γ . We plot the decay rate in Fig. 4(b) using
the analytical expression Eq. (6), which nicely agrees with the
data points from the linear conductance calculations. From
the above analysis, we can see that the enhancement of the
transport from left to right is a result of dissipation-enabled
decreasing of the imaginary wave vector of the right-moving
edge states.

V. THE LARGE DISSIPATION LIMIT

In this section, we explicitly show that, in the large dissi-
pation limit, the low-energy physics of the original system is
almost identical to a system that is one slice narrower with
very small dissipation applied on the edge. In Figs. 5(a) and
5(b), we plot the band structure of the system with Ny = 16
and γ = 20 using the continuously changing color line. Upon
it, we also plot several eigenvalues of the system with Ny = 15
and γ = 0.05 marked as black circles. All other parameters
are identical. As we can see, both the real and imaginary parts
of the bands of these two systems match quite accurately. To
see the equivalency more directly, we plot the current distribu-
tion for the system with Fermi energy E f = 0.01 and γ = 20.
As clearly shown in Figs. 5(d) and 5(e), the current density
avoids the sites with very large dissipation and flows one
site above it, behaving like a system one slice narrower with
stronger edge-state coupling. The effective small dissipation
for this narrower system is manifested from the asymmet-
ric transport, which shows that the edge current from right
to left decays slightly faster than that from left to right. In
Fig. 5(c), we compared more dissipation amplitudes for Ny =
15 and 16 systems. Quite amazingly, it shows that the effec-
tive dissipation for the narrower system is precisely inversely
proportional to that of the original system. In Appendix B, we
give a formal proof for this observation. Thus, as previously
mentioned, the system will be Hermitian-like with one slice
narrower in the very large dissipation limit.
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×

FIG. 5. (a) Real and (b) imaginary parts of the low-energy bands.
The continuous changing color lines (black circles) represent the
lattice model with Ny = 16 and γ = 20 (Ny = 15 and γ = 0.05).
(c) The dissipation magnitudes for a system with Ny = 16 and the
corresponding values for a system with Ny = 15. The current density
distribution for a system with γ = 20 when (d) VL > VR and (e)
VL < VR.

VI. SUMMARY AND DISCUSSION

We find that edge dissipation can significantly enhance
the unidirectional transport of the narrow quantum anoma-
lous Hall system when the Fermi level resides inside the
hybridization gap. We reveal that the enhancement is due to
the gap closing by the dissipation, which in turn decreases
the decay rate of the current density. When varying the dis-
sipation strength, we find two exceptional transitions, where
both the real and imaginary parts of the band gap close.
As the dissipation becomes very large, we show that the
low-energy physics for the system is almost identical to a
one-slice-narrower system whose dissipation is inversely pro-
portionally small. Using an effective continuum model, which
describes two coupled counterpropagating chiral edge states
with different group velocities and dissipation, we can capture
most of the low-energy physics from the lattice calculations.
Experimentally, the quantum anomalous Hall effect has been
realized in several physical systems where the dissipation can
be implemented in principle, including real quantum materials
[97,98], cold-atom systems [99,100], acoustic systems [101],
and photonic crystal systems [102–104]. In Appendix C, we
explicitly show that this enhanced unidirectional transport can
be realized in a quantum anomalous Hall material where a
coupled metallic lead acts as the source of dissipation. Finally,
we believe that the edge dissipation effect discussed in this
paper is quite general and can potentially be extended to
other topological quantum systems such as quantum spin Hall
insulators and topological superconductors.
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APPENDIX A: UNBALANCED GROUP VELOCITIES
IN THE INTERMEDIATE DISSIPATION REGIME

In this Appendix, we show the band structures for the
intermediate γ regime. As previously shown in Fig. 2, the
effective dissipation γeff , the coupling strength �, and the
group velocity α for the left-moving state vary dramatically
in this range. In Fig. 6, we plot the low-energy band structures
and the corresponding continuum model fits of four different
γ values. As clearly shown, the group velocity for the left-
moving edge state deviates from that of the right-moving state
quite apparently, making the real part of the band structures
look like a tilted Dirac cone. The continuum model fit (black
circles) for the real part of the band structure is quite accurate.
However, the lower imaginary band structure is not well fitted
by the continuum model. Nevertheless, the upper imaginary
band is well fitted, which represents the imaginary part of
the right-moving edge states. Therefore, the wave vectors
of the right-moving states can still be well captured by the
continuum model, as we have already shown in Fig. 4(b). The
reason for the group velocity change by dissipation is not clear
at this moment, and the low-energy model for a better fit of the
lower imaginary energy band also need further investigation in
the future.

APPENDIX B: CORRESPONDENCE
IN THE LARGE DISSIPATION LIMIT

In this Appendix, we show that the low-energy spectrum
of H (Ny) and H̃ (Ny − 1) are nearly identical when γ is very
large, where

H (Ny) =

⎛
⎜⎜⎜⎜⎜⎜⎝

h00 − iγ σ0 h01 0 · · · 0

h10 h00 h01
. . .

...

0 . . .
. . .

. . . 0
...

. . . h10 h00 h01

0 · · · 0 h10 h00

⎞
⎟⎟⎟⎟⎟⎟⎠

,

(B1)
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H̃ (Ny − 1) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

h00 − i 1
γ
σ0 h01 0 · · · 0

h10 h00 h01
. . .

...

0 . . .
. . .

. . . 0
...

. . . h10 h00 h01

0 · · · 0 h10 h00

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

(B2)

In the above, h00 = sin kxσx + (m + cos kx )σz, h10 =
1
2σz + i

2σy, and h01 = h†
10. The Schrödinger equation for

H (Ny) is H (Ny)ψ = Eminψ , where Emin and ψ =
( ψ1, ψ2, · · · , ψNy )T are the energy and wave
vector for the edge state, respectively. Explicitly,

(h00 − iγ σ0)ψ1 + h01ψ2 = Eminψ1, (B3)

h10ψ1+h00ψ2+h01ψ3 = Eminψ2, (B4)

...

h10ψNy−1+h00ψNy = EminψNy . (B5)

In the large dissipation limit,

ψ1 = (Emin − h00 + iγ σ0)−1h01ψ2 ≈ −i
1

γ
h01ψ2. (B6)

Substituting Eq. (B6) into Eq. (B4), we have(
h00 − i

1

γ
h10h01

)
ψ2 + h01ψ3 = Eminψ2. (B7)

Therefore, the eigenequation H (Ny)ψ = Eminψ transforms to
H̄ (Ny − 1)ψ̄ = Eminψ̄ , where

H̄ (Ny − 1) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

h00 − i 1
γ

h10h01 h01 0 · · · 0

h10 h00 h01
. . .

...

0 . . .
. . .

. . . 0
...

. . . h10 h00 h01

0 · · · 0 h10 h00

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

(B8)

and ψ̄ = ( ψ2, ψ3, · · · , ψNy )T .
Now we show the low-energy spectrum Ẽmin of H̃ (Ny − 1)

can be approximated to Emin using perturbation theory. The
Hamiltonian of the (Ny − 1)-wide QWZ ribbon without dissi-
pation reads

H0 =

⎛
⎜⎜⎜⎜⎜⎜⎝

h00 h01 0 · · · 0

h10 h00 h01
. . .

...

0 . . .
. . .

. . . 0
...

. . . h10 h00 h01

0 · · · 0 h10 h00

⎞
⎟⎟⎟⎟⎟⎟⎠

. (B9)

Its eigenequation is written as H0ψ
(0) = E (0)

minψ
(0), where

ψ (0) = (ψ (0)
1 , ψ

(0)
2 , · · · , ψ

(0t )
Ny−1)T . To the first-order

perturbation, we have

Emin = E (0)
min − i

1

γ
ψ

(0)†
1 h10h01ψ

(0)
1 , (B10)

Ẽmin = E (0)
min − i

1

γ
ψ

(0)†
1 σ0ψ

(0)
1 . (B11)

where ψ
(0)
1 satisfies

h00ψ
(0)
1 + h01ψ

(0)
2 = E (0)

minψ
(0)
1 . (B12)

By a unitary transformation, we have

h̃00φ1 + σ−φ2 = E (0)
minφ1, (B13)

where σ− = (0 0
1 0), h̃00 = (m + cos kx)σx − sin kxσz and

ψ
(0)
1,2 = uxφ1,2, with ux = ( 1 1

−1 1)/
√

2. From Eq. (B13), φ1

can be written as

φ1 =
(

1

− (E (0)
min+sin kx )

M

)
φ11, (B14)

where M = −(m + cos kx ). Accordingly,

Emin = E (0)
min − i

1

γ
|φ11|2, (B15)

Ẽmin = E (0)
min − i

1

γ

⎧⎨
⎩

[
E (0)

min + sin kx

M

]2

+ 1

⎫⎬
⎭|φ11|2. (B16)

For small kx, M 	 E (0)
min + sin kx; therefore, we have Ẽmin ≈

Emin.

APPENDIX C: METALLIC LEAD
AS THE SOURCE OF DISSIPATION

In the following, we explicitly show that the dissipation-
enhanced transport can be realized for a quantum anomalous
Hall material with a metallic lead connected to its edge. The
lead acts as the source of dissipation, into which the elec-
trons from the edge states can flow. From the aspect of the
Green’s function, the coupling of the metallic lead with the
central region provides the latter self-energy. This self-energy
is nonzero only on the edge sites, and its magnitude can be
experimentally tuned by the coupling strength, which in prin-
ciple can be adjusted by applying gate voltage on the coupling
region. To show this point more clearly, consider a toy model
where each site at the bottom edge is connected by a 1D metal
lead. The lead Hamiltonian has a simple form:

H1D =
∑
kα

εkα
†
kα

αkα, (C1)

where akα is the annihilation operator of the lead, k is the 1D
wave vector of the lead, and α is the orbital degree of freedom.
When coupled to the central region, we can consider these 1D
leads independently. Considering the ith lead coupled to the
site i on the bottom edge, the coupling Hamiltonian reads

Hcoupling =
∑
kα

tkia
†
kα

ciα + H.c., (C2)
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FIG. 7. Three terminal linear conductances GRL and GLR for (a)
Ef = 0.01 and (b) Ef = 0.045 as a function of coupling strength t
with the third metallic lead.

where ciα is the annihilation operator at site i on the bottom
edge. The self-energy induced by ith lead is

�r
i (E ) =

∑
k

t∗
kig

r
ktki =

∑
k

|tki|2
(E − εk + iη)

σ0

=
∫

εkρ(εk )
|tki|2

(E − εk + iη)
σ0. (C3)

In the above formula, η → 0+ is the positive infinitesimal, and
ρ(εk ) is the density of states. The hopping amplitude tki is
proportional to t ; we denote it as tki = th(εk ). With this, the
self-energy can be further simplified to

�r
i (E ) = −iπt2ρ(E )|h(E )|2σ0. (C4)

We are concerned only with the transport where E is very
small. In the broad band limit, ρ(E ) and h(E ) can be con-
sidered constants; thus, we have �r

i ≈ −iγ σ0, with γ =
πρ(0)|h(0)|2t2 and ρ(0) the density of states at the Fermi
level. Other independent 1D leads have the same form; thus,
we recover the effective Hamiltonian as shown in Eq. (2).
When the 1D leads have coupling, as more realistic two-
dimensional lead implemented in this numerical calculation,
the self-energy will not have the simple diagonal form. How-
ever, the t2 proportionality and the dissipation effect by the
lead still hold.

In Fig. 7, we show the linear conductances GRL and GLR

as a function of the coupling strength t . In the numerical
calculation, we simulate the metal leads with the Hamiltonian
Hlead = 2tx cos kxσ0 + 2ty cos kyσ0, with tx = ty = 1. For the
left and right leads, we choose the lead width to be Ny = 56.
For the bottom lead, its width is set to be two sites narrower
than the length of the central region. The Fermi energies of the
leads are set near zero energy to guarantee metallic behavior.
The coupling strength between the bottom lead and the central
region is t , which is a tuning parameter. The central region is
described by the Hamiltonian in Eq. (1), with Nx = 100, Ny =
16, and m = −1.85. The dissipation-enhanced unidirectional
transport and the recovery of the hermiticity in the large cou-
pling limit are observed, which resembles the features shown
in Fig. 3. To obtain GRL in experiment, we set the voltage of
the left lead VL > 0 and connect the right and bottom leads to
the ground. Here, GRL is calculated as the ratio between the
current flow into the right lead IR and the voltage of the left
lead VL. Similarly, GLR can be obtained by IL/VR when the left
and bottom leads are grounded.
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