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In most cases, as the strength of electron-phonon coupling increases, the effective mass of polarons typically
increases. However, in this paper, we uncover a fascinating phenomenon: the presence of light polarons even
within the strong coupling regime, where electron-phonon coupling includes both Holstein and bond types
(electron-phonon coupling occurring on the hopping bonds). To investigate this, we employ a diagrammatic
Monte Carlo method based on the path-integral formulation of the particle sector and the Fock-state represen-
tation of the phonon sector. Our study centers on analyzing the impact of bond electron-phonon coupling on
the Holstein polaron’s essential properties, including its effective mass, ground-state energy, and the average
number of phonons. We examine two distinct scenarios: one where the phonon frequency of both Holstein and
bond types is the same, and another where the phonon frequency of the Holstein type is twice as large as that of
the bond type. In both of these cases, when the Holstein coupling falls within the light mass regime, we observe
minimal changes in the effective mass as a function of bond coupling, compared to the case of the bare bond
polaron. However, the behavior of the effective mass undergoes a significant change in the heavy mass regime.
Most intriguingly, we discover a nonmonotonic dependence of the effective mass on the bond coupling gz when
the Holstein coupling gy falls within the heavy mass regime. This finding holds promise, particularly in the
context of bipolarons, where achieving a light effective mass and a large binding energy to get a compact size is

crucial.
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I. INTRODUCTION

Electron-phonon coupling is a fundamental interaction in
condensed matter physics [1-7]. It represents the coupling
between the motion of electrons (charge carriers) and the
vibrational modes of the crystal lattice (phonons) within a
solid-state material. The electron-phonon coupling leads to
the formation of polarons, where electrons induce localized
lattice distortions, and plays a pivotal role in the emergence
of superconductivity when bipolarons are formed [8,9]. The
bipolaron formed by electron-phonon coupling is intricately
linked to the mechanism of high-temperature superconduc-
tivity in the dilute-density limit. In the dilute-density limit,
the electron-phonon interaction has the capacity to bind two
polarons into a singular bipolaron, akin to the formation of a
Bose-Einstein condensate-like superconductor. For such a su-
perconducting state to exist, specific prerequisites, including
a bipolaron with a light effective mass, compact size, and a
large phonon-mediated pairing potential, must be met [8—10].

Depending on whether the phonon vibrations are coupled
to the electron density or the hopping motion of electrons,
two primary types of electron-phonon coupling come into
play: the Holstein type and bond Su-Schrieffer-Heeger (bond)
type. Extensive prior research has revealed that in the Holstein
model, where the electron-phonon coupling predominantly

*chaozhang @ahnu.edu.cn

2469-9950/2024/109(16)/165119(6)

165119-1

influences the electron density, the effective mass of both the
polaron and bipolaron exhibits exponential growth at strong
electron-phonon coupling strengths [11-18]. In contrast, the
scenario alters significantly when considering the bond po-
laron, where the electron-phonon coupling couples to the
hopping of electrons. Recent investigations into bond polarons
have garnered substantial interest, chiefly due to the remark-
able characteristic of a nonexponentially effective mass even
in a strong coupling regime, resulting in a light polaron and
bipolaron [12,19,20], a feature with significant implications
for understanding electron-phonon couplings in advanced ma-
terials and quantum systems.

In this paper, we investigate the effects of the bond
electron-phonon coupling on the properties of the Holstein
polaron in a two-dimensional square lattice using a method
called the diagrammatic Monte Carlo (DiagMC) method. Our
approach is based on the path-integral formulation of the par-
ticle sector combined with Fock path-integral representation
for the phonon sector [21]. To the best of our knowledge, our
calculation is the first quantitative work to (1) demonstrate,
using an unbiased approach, the properties of polarons with
both of these electron-phonon couplings and (2) study the
properties of two distinguished phonon frequencies wy /t =
wg/t and wy /t = 2wg/t in the adiabatic regime wy /t < 1.0
and wp/t < 1.0. Most importantly, we find that in both of
these situations, when the Holstein coupling is situated in
the light mass regime, we observe minimal changes in the
effective mass as a function of the bond coupling, denoted as
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gp, compared to the scenario of the bare bond polaron. How-
ever, a significant change in the behavior of the effective mass
emerges as we enter the heavy mass regime of the Holstein
polaron. What is particularly intriguing is the discovery of
a nonmonotonic relationship between the effective mass and
the bond coupling strength gz when the Holstein coupling gy
falls within the heavy mass regime. The rest of the paper is
organized as follows. In Sec. II, we present the Hamiltonian
of the polaron with both Holstein and bond electron-phonon
couplings. In Sec. III, we revisit the main properties of the
Holstein polaron in the adiabatic regime. In Sec. IV, we dis-
cuss the results, and Sec. V concludes the paper.

II. HAMILTONIAN

We investigate a polaron model on a two-dimensional
square lattice, which has both Holstein and bond electron-
phonon couplings. In this model, the electron-phonon cou-
pling consists of two distinct components: (1) the coupling
between the electron’s density and phonons, which is the
Holstein type [22,23], and (2) the coupling between the elec-
tron’s hopping and phonons, which is the bond type. The
second component of the bond-type electron-phonon cou-
pling implies that the electronic hopping between two lattice
sites is influenced by a single oscillator located on the bond
connecting these two sites [24-27]. The Hamiltonian that
characterizes this model is expressed as

H = He + th + Hint

H, = —t Z(c;ci + H.c.)
(i, )

Hyy = wp Z(bji biiy +1/2) + oy Z(bjb,- +1/2)

(i) i

Hint = gn Z cleiXi + gs Z(C;Ci +H.c)Xij) M
i (ij)

Here, the Hamiltonian of the system contains three parts:
the electron part, the phonon part, and the electron-phonon
interaction part. In the electron part, the electron has kinetic
energy and it can hop to its nearest-neighbor sites. Here,
(i, j) denotes the nearest-neighbor sites, and ¢ is the electron
hopping amplitude between the nearest-neighbor sites (we
use it as the unit of energy). ¢; (cj') is the electron annihi-
lation (creation) operators on site i. The second part is the
phonon part: b; (bzi J.>) is the phonon annihilation (creation)

operators on bond (ij), b; (blT) is the phonon annihilation
(creation) operators on site i, wy is the phonon frequency of
the Holstein coupling, and wp is the phonon frequency of the
bond coupling. The third part represents the electron-phonon
interaction. gy is the electron-phonon coupling strength for
the Holstein type with X; = b; + b;f as the oscillator associated
with site i. gp is the electron-phonon coupling strength of the
bond type with X;jy = b;jy + bzi ; as the oscillator associated
with the bond connecting site i and j.

The methodology we use is the DiagMC method, which is
well established in solving a wide range of polaron and bipo-
laron problems [12,28-35]. Here, DiagMC is based on the
path-integral formulation of the particle sector and the Fock

state representation of the phonon sector. Detailed information
about this method can be found in Ref. [21].

The properties of the polaron are controlled by the adi-
abaticity ratio wy/t and wg/t. In this paper, we work on
the adiabatic regime wpy/t < 1.0 and wp/t < 1.0, where the
phonon degree of freedom is considered comparable or slow
with respect to the electron motion.

III. HOLSTEIN POLARON

In the Holstein model, the electron-phonon coupling rep-
resents the interaction between phonons and the electron
density. This coupling arises from localized lattice distor-
tions induced by electrons to accommodate their presence.
It is widely agreed that, as the strength of electron-phonon
coupling increases, there is an exponential growth in the
effective mass of Holstein polarons [22]. This effect is partic-
ularly prominent within the regime of strong electron-phonon
coupling, where Holstein polarons exhibit a substantial in-
crease in effective mass, leading to significant implications
for charge transport properties. Moreover, when two po-
larons form a bound state, resulting in a bipolaron, it is
noteworthy that the bipolaron also exhibits an exponential in-
crease in its effective mass within the strong electron-phonon
coupling regime [14]. The heavy effective mass further un-
derscores the possibility of the Holstein model for describing
high-temperature superconductivity, as such heavy effective
masses are incompatible with the conditions required for high-
temperature superconductivity to occur.

In this section, we revisit the properties of the Holstein po-
laron, specifically its ground-state energy and effective mass,
as a function of the electron-phonon coupling parameter de-
noted as gy /t, while keeping the Holstein phonon frequency
fixed at wy/t = 0.5 and wgy/t = 1.0. Notably, the Holstein
polaron has been extensively investigated in the literature,
and we present these results here for two main purposes:
(1) to provide essential context for the subsequent discussion
in Sec. IV, where we introduce bond coupling gg/f to the
Holstein polaron, and (2) to serve as a benchmark for the
methodology employed in our study. Importantly, our results
obtained through the DiagMC method are consistent with the
results established in literature [22].

Figures 1(a) and 1(b) present the ground-state energy and
effective mass of the Holstein model with phonon frequencies
wg/t = 0.5 and 1.0, respectively, as a function of the Holstein
coupling parameter gy /. It can be seen that the ground-state
energy Egs/t exhibits a gradual decrease as the coupling
strength increases, irrespective of the specific phonon fre-
quency wg /t. Moreover, for a given electron-phonon coupling
gn /t, the ground-state energy is significantly lower in scenar-
ios featuring a smaller phonon frequency. Figure 1(b) shows
the effective mass of the Holstein polaron as a function of the
coupling parameter gy /t for these two phonon frequencies.
Remarkably, a crossover occurs from a light polaron state
to a heavy polaron state in both cases, with the crossover
taking place at approximately gy /t ~ 1.2 for wy /t = 0.5 and
gu/t ~ 2.2 for wy /t = 1.0. Furthermore, it is evident that the
effective mass increases as the phonon frequency decreases at
a fixed coupling strength. The crossover from a light polaron
state to a heavy polaron state in the Holstein model establishes
the foundation for the following discussion in Sec. I'V.
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FIG. 1. The properties of the Holstein polaron: the ground-state
energy Egs/t (a), and the effective mass m* /my with my = 1/2ta* as
the mass of one electron (b), as a function of electron-phonon cou-
pling gy /t with the Holstein phonon frequency wy /t = 0.5 (black
dots) and 1.0 (red squares). If not visible, error bars are within
symbol size.

IV. POLARON WITH HOLSTEIN AND BOND
ELECTRON-PHONON COUPLINGS

Within this section, we study the polaron with both Hol-
stein and bond electron-phonon couplings. We explore two
distinct scenarios: (1) when the phonon frequency associated
with the Holstein coupling matches that of the bond-type
coupling, denoted as wy /t = wp/t, and (2) when the phonon
frequency of the Holstein coupling is twice as large as that of
the bond-type coupling, indicated as wy/t = 2wg/t. In both
cases, within the light mass regime of the Holstein model,
the introducing of Holstein electron-phonon coupling does not
lead to a substantial increase in the effective mass compared
to the bond model. However, intriguingly, we uncover a non-
monotonic relationship in the effective mass as a function of
bond coupling gg/t when gy /¢ resides within the heavy mass
regime of the Holstein model.

A. Polaron with both Holstein and bond
couplings at wy /t = wp/t

In this section, we investigate the case where the Hol-
stein and bond couplings feature identical phonon frequencies
wy/t = wp/t. Specifically, we explore two distinct scenar-
i0s: wy/t = wp/t = 1.0 and wy /t = wp/t = 0.5, both in the
deep adiabatic regime. For each instance of wy/t = wp/t,
the Holstein coupling parameter gy /¢ is fixed at several val-
ues, covering the entire range from weak to strong coupling
regimes. Our analysis encompasses pivotal properties, includ-
ing the ground-state energy, the effective mass, as well as
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FIG. 2. The figures presented herein correspond to the phonon
frequency wy/t = wg/t = 1.0. The properties of the Holstein po-
laron: the ground-state energy Egs/t (a) and the effective mass
m*/my (b), at electron-phonon coupling strength g/t = 1.5 (blue
up-triangles), 2.0 (green down-triangles), and 2.4 (orange diamonds),
as a function of the bond electron-phonon coupling gg/¢. The prop-
erties of the bond polaron as a function of the bond electron-phonon
coupling g/t at the bond phonon frequency wg/t = 1.0 are also
presented here for comparison (red rectangles). If not visible, error
bars are within symbol size.

the average phonon numbers of Holstein and bond types, all
examined as functions of the bond coupling ggz/f. In order
to facilitate a comprehensive comparative analysis, we also
present the corresponding properties of the bond model with-
out Holstein coupling, utilizing data from Ref. [36].

Figures 2(a) and 2(b) depict the ground-state energy Egs/t
(a) and effective mass m*/my, respectively, of the Holstein
polaron at fixed electron-phonon coupling strengths gy /t =
1.5 (blue up-triangles), 2.0 (green down-triangles), and 2.4
(orange diamonds), as well as in the absence of Holstein
electron-phonon coupling gy /t = 0 (red rectangles). These
properties are presented as functions of the bond electron-
phonon coupling gg/f. In comparison to the bond polaron
(without Holstein coupling and gy /¢t = 0) with a phonon
frequency of wp/t = 1.0, we observe that the ground-state
energy Egs/t undergoes a smooth decrease as the coupling
strength gg/t increases, a trend observed across all three Hol-
stein coupling strengths (g /t = 1.5, 2.0, and 2.4). Notably,
at equivalent electron-phonon coupling strengths, the ground-
state energy is lower for larger Holstein coupling values.

The behavior of the effective mass m*/m exhibits a more
unusual pattern, contingent upon the Holstein coupling g /.
In the light mass regime of the Holstein coupling, here gy /t =
1.5 and 2.0, as illustrated in Fig. 1(b), with a crossover from
a light to a heavy polaron state occurring at approximately
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FIG. 3. The figures presented herein correspond to the phonon
frequency wy /t = wp/t = 1.0. The average bond phonon numbers
(a) and the Holstein phonon numbers (b) as a function of bond
coupling strength gp/t at fixed Holstein coupling gy /t = 1.5 (blue
up-triangles), 2.0 (green down-triangles), and 2.4 (orange diamonds).
The inset is the average Holstein phonon number for the Holstein
model as a function of Holstein electron-phonon coupling g/t at
wg /t = 1.0. If not visible, error bars are within the symbol size.

gu/t ~ 2.2 for the Holstein polaron with Holstein phonon
frequency wy /t = 1.0, and the effective mass increases with
respect to the bond coupling strength gp/f. This increase
undergoes a change in slope as the bond coupling strength
gp/t grows, observed for two Holstein coupling g/t = 1.5
and 2.0. However, intriguingly, the effective mass follows a
nonmonotonic trend as a function of the bond coupling g/t
when gy /t = 2.4 is in the heavy mass regime of the Holstein
model. Initially, the effective mass decreases from around
10 to 5 as the bond coupling strength reaches approximately
gp/t ~ 1.0. This phenomenon indicates that the addition of
bond coupling to the Holstein model within the heavy mass
regime leads to a significantly lighter polaron (approximately
two times lighter). With both the Holstein and bond electron-
phonon coupling in this case, we have the polaron with light
effective mass compared to the polaron with only Holstein
electron-phonon coupling. Subsequently, as the bond coupling
continues to increase, the effective mass begins to increase.
These results underscore the existence of a light polaron in
the presence of both Holstein and bond couplings at a strong
coupling regime.

In Figs. 3(a) and 3(b), we present the average bond phonon
numbers and average Holstein phonon numbers, respectively,
as functions of the bond coupling strength gg/t for wy/t =
wp/t = 1.0, while keeping the Holstein coupling fixed at
gn/t = 1.5 (blue up-triangles), 2.0 (green down-triangles),
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FIG. 4. The figures presented herein correspond to the phonon
frequency wy/t = wg/t = 0.5. The properties of the Holstein po-
laron: the ground-state energy Egs/t (a) and the effective mass
m*/my (b) at electron-phonon coupling strength g4/t = 1.0 (blue
up-triangles) and 1.5 (green down-triangles) as a function of the bond
electron-phonon coupling gg/¢. The properties of the bond polaron
as a function of the bond electron-phonon coupling g/t at the bond
phonon frequency wg/t = 0.5 are also presented here for comparison
(red rectangles). If not visible, error bars are within symbol size.

and 2.4 (orange diamonds). For the average phonon number
of the bond type, we observe a consistent increase with in-
creasing bond coupling strength, regardless of the Holstein
coupling. Remarkably, this quantity remains nearly constant
within the range of measurement errors for varying Holstein
coupling values. This suggests that the inclusion of Holstein
coupling has a minimal impact on the average bond phonon
number. Conversely, the average phonon number of the Hol-
stein type exhibits significant variations across all three cases.
In the light mass regime, the introducing of bond coupling
has a relatively modest effect on the average Holstein phonon
number. For example, with gy /f = 1.5, the average Holstein
phonon number increases from 0 to 0.5 as a function of gg/t.
At gy /t = 2.0, which corresponds to the coupling strength
around the crossover for the Holstein model, the average
Holstein phonon number shows slight fluctuations, decreasing
first and then increasing with respect to gg/t. In the heavy
mass regime with gy /t = 2.4, the average Holstein phonon
number initially decreases from 4 to 1.2 until reaching ap-
proximately gz/t ~ 1.5. Beyond this point, it gradually starts
to increase at a slower rate.

In Figs. 4 and 5, we explore the properties of the Holstein
polaron, including the ground-state energy Egs/t [Fig. 4(a)]
and effective mass m*/mgy [Fig. 4(b)], for fixed Holstein
electron-phonon coupling strengths gg/t = 1.0 and 1.5 as
a function of the bond electron-phonon coupling gp/t at
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FIG. 5. The figures presented herein correspond to the phonon
frequency wy /t = wp/t = 0.5. The average bond phonon numbers
(a) and the Holstein phonon numbers (b) as a function of bond
coupling strength g/t at fixed Holstein coupling gy /f = 1.0 (blue
up-triangles) and 1.5 (green down-triangles). The inset is the average
Holstein phonon number for the Holstein model as a function of Hol-
stein electron-phonon coupling gy /t at wy/t = 0.5. If not visible,
error bars are within the symbol size.

wy [t = wp/t = 0.5. For comparison, we also provide the
ground-state energy and effective mass of the bond polaron
without Holstein coupling (red rectangles). The observed be-
havior of the ground-state energy and effective mass is similar
to that of the wy/t = wp/t = 1.0 case. In the heavy Hol-
stein polaron regime at g /t = 1.5, the effective mass follows
a more complicate nonmonotonic trend, initially increasing
from 10 (with no bond coupling, gg/t = 0) to 20 as bond
coupling increases to gg/t = 0.1, then starts decreasing from
20 to 5 at gg/t ~ 0.6, rendering it approximately four times
lighter. Then, the effective mass begins to increase as the
bond coupling strength exceeds gg/t ~ 0.6. Figure 5 shows
that when considering a larger Holstein coupling g5/t = 1.5,
the average number of bond phonons also has nonmonotonic
behavior as a function of bond coupling gp/z.

B. Polaron with both Holstein and bond
couplings at wy /t = 2w [t

In this section, we delve into scenarios featuring differ-
ent phonon frequencies, namely, wy /t = 2wg/t, which aligns
more closely with real materials where Holstein phonons
typically exhibit higher frequencies than bond-type phonons.
We investigate two cases: (1) wpy/t =2wg/t = 1.0 and
(2) wy /t = 2wg/t = 0.5, both in the adiabatic regime.
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FIG. 6. The figures presented herein correspond to the phonon
frequency wy /t = 2wg/t = 1.0. The properties of the Holstein po-
laron: ground-state energy Egs/t (a), effective mass m*/mgy (b),
the average phonon number of the bond type (c), and the aver-
age phonon number of the Holstein type (d), at electron-phonon
coupling strength gy /t = 1.0 (blue up-triangles) and 2.5 (green
down-triangles) and without Holstein electron-phonon coupling
gu/t = 0 (red rectangles) as a function of the bond electron-phonon
coupling gp/t. If not visible, error bars are within symbol size.

As can be seen from Figs. 6 and 7, for both of these cases
we observe similar trends in the behavior of the ground-state
energy, the effective mass, and the average phonon numbers
for both Holstein and bond types as in Sec. IV A. The main
difference lies in at which bond coupling the effective mass
starts to have the nonmonotonic behavior. For instance, in
the case of wy /t = 2wp/t = 0.5, this nonmonotonic behavior
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FIG. 7. The figures presented herein correspond to the phonon
frequency wy/t = 2wp/t = 0.5. The properties of the Holstein po-
laron: ground-state energy Egs/t (a), effective mass m*/mqy (b),
the average phonon number of the bond type (c), and the average
phonon number of the Holstein type (d), at electron-phonon coupling
strength gy /t = 1.0 (blue up-triangles), 1.5 (green down-triangles),
and without Holstein electron-phonon coupling gy /t = 0 (red rect-
angles) as a function of the bond electron-phonon coupling gz /t. If
not visible, error bars are within symbol size.
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initiates at a considerably lower bond coupling strength, ap-
proximately gg/t ~ 0.3, compared to the wy /t = wg/t = 0.5
case, where it begins around gg/t ~ 0.6.

V. CONCLUSION

In conclusion, we investigate the properties of a polaron
in the presence of both the Holstein and bond coupling on
a two-dimensional square lattice. The properties we study
here include the effective mass, ground-state energy, and the
number of phonons of these two types. We consider two
distinct scenarios: wy /t = wg/t and wy /t = 2wg/t. We find a
light polaron even within the strong electron-phonon coupling
regime. What is particularly surprising is the nonmonotonic
relationship observed in the effective mass as a function of
the strong bond electron-phonon coupling parameter, gg/f,
when the Holstein electron-phonon coupling parameter, gy /1,
falls into the heavy mass regime of the Holstein model.
The nonmonotonic behavior of a polaron’s effective mass

at strong coupling strength is recently observed in the po-
laron with quadratic electron-phonon interaction [37]. The
existence of light polarons in the presence of strong electron-
phonon coupling serves as a promising starting point for the
investigation of bipolarons, where large binding energies are
requisite for compact size. Further exploration of bipolarons
in the context of both coupling mechanisms is the next step in
advancing our understanding of bipolaronic high-temperature
superconductivity.
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