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The complete characterization of a generic d-dimensional Floquet topological phase is usually hard for
the requirement of information about the micromotion throughout the entire driving period. In a recent work
[L. Zhang et al., Phys. Rev. Lett. 125, 183001 (2020)], an experimentally feasible dynamical detection scheme
was proposed to characterize the integer Floquet topological phases using quantum quenches. However, this
theory is still far away from completion, especially for free-fermion Floquet topological phases, where the
states can also be characterized by Z2 invariants. Here we develop a full and unified dynamical characterization
theory for the Z2 Floquet topological phases of different dimensionality and tenfold-way symmetry classes by
quenching the system from a trivial and static initial state to the Floquet topological regime through suddenly
changing the parameters and turning on the periodic driving. By measuring the minimal information of Floquet
bands via the stroboscopic time-averaged spin polarizations, we show that the topological spin texture patterns
emerging on certain discrete momenta of Brillouin zone called the 0 or π gap highest-order band-inversion
surfaces provide a measurable dynamical Z2 Floquet invariant, which uniquely determines the Floquet boundary
modes in the corresponding quasienergy gap and characterizes the Z2 Floquet topology. The applications of our
theory are illustrated via one- and two-dimensional models that are accessible in current quantum simulation
experiments. Our work provides a highly feasible way to detect the Z2 Floquet topology and completes the
dynamical characterization for the full tenfold classes of Floquet topological phases, which shall advance the
research in theory and experiments.
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I. INTRODUCTION

The discovery of topological quantum states [1–3] has
revolutionized the classification of fundamental phases of
quantum matter. One of the most famous examples is the
integer quantum Hall effect in a two-dimensional (2D) elec-
tron gas [4], where the Hall conductance is quantized and
is proportional to the Thouless–Kohmoto–Nightingale–den
Nijs (TKNN) number [5], a topological invariant that de-
pends only on the global property of the equilibrium ground
state. This is sharply distinct from the celebrated Landau-
Ginzburg-Wilson framework [6], where the quantum phases
are classified by symmetry breaking and are characterized
by local order parameters. The studies of topological quan-
tum phases have further become a mainstream of research
in condensed matter physics since the discovery of topolog-
ical insulators [7–10] and a full classification of free-fermion
topological systems has been achieved through the tenfold
way Periodic Table [11–14], where each topological phase
is either characterized by an integer invariant or by a Z2

topological index. The most salient and ubiquitous feature of
these states is the so-called bulk-boundary correspondence,
which states that a system with nontrivial bulk topology
shall host protected gapless modes at the boundary [15–17].
This correspondence is the foundation for many experimental
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detection schemes in quantum materials, such as the transport
measurement [10,18,19] and angle resolved photoemission
spectroscopy [20–22].

Not only restricted in equilibrium systems, the notion of
topological phases has also been proposed and realized in
Floquet systems [23–35], where the periodic driving provides
a versatile approach to create and engineer topological mat-
ters [36–47]. Like the static systems, the periodically driven
matters can be characterized by quasienergy states with Flo-
quet bands obtained from the effective Floquet Hamiltonian
[48,49]. However, the Floquet topological phases cannot be
fully understood via the topological indices from the Flo-
quet Hamiltonian due to the additional periodicity in time
domain and anomalous Floquet topological phases have been
observed, where the number of edge modes within each bulk
band gap is not uniquely determined by the total topolog-
ical invariants of Floquet bands below this gap [25,27,50].
To characterize the Floquet topological phases, new topo-
logical invariants involving the micromotion throughout the
entire driving period, captured either by the unitary evolution
operator [51,52] (equivalently, we can also consider a set
of micromotion-parametrized effective Floquet Hamiltonians
[53]) or by the topologically protected singularities in the
so-called phase bands [54], have been proposed, which further
provide a tenfold way classification of the free-fermion Flo-
quet topological phases [52,55]. However, it is still challeng-
ing to detect a generic Floquet topological state in practical
experiments due to the complexity of these invariants.
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Recently, considerable efforts have been devoted to de-
tecting topological quantum phases via quench dynamics
[56–59] and studying dynamical topological phenomena
therein [60–68]. In particular, a dynamical detection scheme
was proposed in Ref. [69] and following studies [70,71] to
characterize the Floquet topological phases using quantum
quenches, which is built on the Floquet generalization of the
so-called dynamical bulk-surface correspondence for equilib-
rium topological phases [72–76]. This correspondence shows
that the bulk topology of a generic dD system has a univer-
sal one-to-one correspondence to the dynamical topological
patterns emerging on certain lower-dimensional momentum
subspace called (higher-order) band-inversion surfaces (BISs)
after quenching the system from a trivial phase to the
topological regime, providing the dynamical characterization
of topological phases, which can be even generalized to
non-Hermitian [77,78] and higher-order [79–82] topological
systems. As the dynamical topological patterns on BISs can
be measured directly [83–91], the dynamical characterization
scheme of Floquet topological phases proposed in Ref. [69]
is highly feasible and has been demonstrated in experiments
very recently [92,93]. Nevertheless, this scheme so far is
only applicable to periodically driven systems with integer
invariants and is still far away from completion, especially
for the free-fermion Floquet topological systems, where the
states can also be characterized by Z2 invariants. Whether a
general framework of dynamical characterization theory can
be established for these Floquet topological phases is an open
question, whose resolution is crucial to advance this research
topic and benefits the experimental studies.

In this work, we establish a full and unified dynamical
characterization theory for Z2 Floquet topological phases of
different dimensionality and tenfold-way symmetry classes
based on a recent work for equilibrium Z2 topological phases
[76]. By introducing the highest-order BISs in the 0 and π

quasienergy gaps, we show that a generic dD Z2 Floquet
topological phase can be characterized by the 0D topological
patterns emerging in the stroboscopic time-averaged spin tex-
tures after quenching the system from a trivial and static initial
state to the topological regime through suddenly changing the
parameters and turning on the periodic driving. The dynamical
invariants on these two types of BISs uniquely determine
the Floquet edge modes in the 0 and π quasienergy gaps,
respectively, hence providing a full and feasible dynamical
characterization of the Z2 Floquet topological phases both
in the conventional and anomalous sense. We illustrate the
applications of this theory via the one- and two-dimensional
models. Together with Ref. [69], our work completes the dy-
namical characterization for the full tenfold classes of Floquet
topological phases, which shall advance the research in theory
and experiments.

The remaining part of this article is organized as follows.
In Sec. II, we first illustrate the characterization scheme via a
simple 1D periodically driven model. Then the central result
of this work is presented in Sec. III, where we provide the
dynamical characterization theory for a generic dD Z2 Flo-
quet topological phase of the tenfold-way symmetry classes
and further show its application in two dimensions. We also
discuss the validity and modifications of our theory for driven
systems symmetric about a generic reference time t∗ instead

of the trigger time t = 0 of quantum quenches in Sec. IV.
Finally, the conclusion is provided in Sec. V. More details are
shown in the Appendixes.

II. ILLUSTRATION OF DYNAMICAL
CHARACTERIZATION VIA 1D FLOQUET

TOPOLOGICAL PHASES

In this section, we start with a simple 1D periodically
driven model to illustrate the dynamical characterization
scheme. The corresponding Hamiltonian is given by

H (k, t ) = [μ(t ) − 2t0 cos k]σz + 2�(sin kσx + sin 2kσy),

(1)

with the driving μ(t ) = μ0 + μd cos ωt of period T = 2π/ω.
Here t0 is the hopping coefficient and μ0,d (or �) resem-
bles the Zeeman potential (spin-orbit coupling coefficient).
The Pauli matrices are denoted by σx,y,z and are referred to
as pseudospins. To facilitate the discussions, we divide the
above Hamiltonian into the static part Hs = h · σ with μd = 0
and the periodically driven part V (t ) = μd cos ωtσz. Due to
the particle-hole symmetry �H (k, t )�−1 = −H (−k, t ) with
� = σxK , where K is the complex conjugation operator, the
Floquet topological phase (1) belongs to class D and is char-
acterized by Z2 invariants [52,54,55]. Usually, detecting such
a phase is quite involved and requires the information in
the whole momentum-time space, which is hard to access in
practical experiments. To address this issue, here we introduce
a highly feasible scheme to characterize the bulk Z2 Floquet
topology based on the higher-order BISs.

A. Band-inversion surfaces for Floquet systems

The concept of (higher-order) BISs was at first proposed
to characterize the equilibrium integer topological phases
[72,75], where the nth order BISs (denoted as n-BISs) are
defined as the momentum subspaces with n vanishing Hamil-
tonian components. Recently, this concept has also been
adopted to describe the static Z2 topological phase by con-
necting it to a higher-dimensional integer topological phase
of the same symmetry class via dimension extension [76] and
the BISs for the Z2 topology are inherited from the corre-
sponding parent integer phase. For the static topological phase
Hs without periodic driving, the 0D highest-order 2-BIS [94]
exists if |μ0| < 2t0 and corresponds to the momenta of the
Brillouin zone (BZ) with hz(k) = 0, on which the decoupled
hz bands cross each other while the nonzero field hx,y opens a
topological gap and characterizes the static Z2 topology.

Here we generalize the higher-order BIS characterization
into periodically driven Z2 topological systems. Since the Flo-
quet bands are captured by the Floquet Hamiltonian defined
as HF ≡ (i/T )lnU (T ) with U (t ) = T exp[−i

∫ t
0 dτ H (τ )]

and T denoting the time ordering, which describes the spectra
in the Floquet Brillouin zone (FBZ) [−π/T, π/T ] and takes
the form of HF = hF · σ for time-periodic Hamiltonian
(1), we define the 0D highest-order 2-BISs for Floquet
systems as 2-BIS ≡ {k ∈ BZ|hF,z(k) = 0}. These BISs can
be intuitively understood from the quasienergy operator
Q(t ) ≡ H (t ) − i∂t [95], which gives the quasienergy spectra
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FIG. 1. Dynamical scheme to characterize the 1D Z2 Floquet
topological phase. (a) Quasienergy band structure and higher-order
BISs. The Floquet bands (solid lines) in the FBZ (shadow region)
can be obtained by opening the finite gaps at the crossings of the
copied and shifted decoupled hz bands labeled by m = 0, ±1, . . .

(red and blue dashed lines represent σz = ±1, respectively) for the
cases with weak spin-orbit coupling and periodic driving, which
define the 2-BIS points in the 0 (orange dashed circles) or π (green
dashed circles) quasienergy gaps. (b) Quasienergy spectrum under
open boundary conditions with 160 lattice sites. Both the 0 and π

quasienergy gaps support nontrivial edge modes (red dots). (c) Quan-
tum quench protocol. At time t = 0, the static initial state fully
polarized in the σz axis is quenched to the Floquet topological regime
by suddenly changing the parameters and turning on the periodic
driving. (d) Stroboscopic time-averaged spin textures. The vanishing
spin polarizations in all directions determine the 2-BIS0 points k1L(R)

and the 2-BISπ points k2L(R), where the nonzero dynamical fields gx,y

are shown in red (or orange) arrows. In the left panel, the regions
with hF,z ≷ 0 are labeled by the symbols “±,” respectively. Here we
set μ0 = 3t0, μd = 3t0, � = 0.2t0, and ω = 4t0.

and takes a block-tridiagonal matrix form

Q =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

. . .

Ṽ † Hs + ω Ṽ

Ṽ † Hs Ṽ

Ṽ † Hs − ω Ṽ

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (2)

with Ṽ ≡ (1/T )
∫ T

0 dt e−iωtV (t ) in the extended Hilbert space
F = H ⊗ LT , where H is the physical Hilbert space and LT is
the space of T -periodic functions with bases eimωt labeled by
integer m. In this picture, the Floquet system is considered as
a multiband system, where the static Hamiltonian Hs is copied
and shifted by energies mω (m = 0,±1,±2, . . . ), leading to
the band crossings and giving the BISs; see Fig. 1(a) for an
example with weak spin-orbit coupling and periodic driving,
for which the Floquet bands can be obtained from the copied
and shifted decoupled hz bands perturbatively by opening
a gap at the band crossings (i.e., BISs) via the off-diagonal
blocks Ṽ and finite hx,y. As the Floquet bands are repeated in
the quasienergy domain, it is possible for the Floquet systems
to have band crossings both in the center and border of FBZ.

For this, we shall divide the BISs into two categories accord-
ing to the positions of band crossings, i.e., the 0 gap BISs and
π gap BISs, and denote them as 2-BISs0(π ), respectively.

To determine which quasienergy gap a BIS belongs to,
we first consider the cases with weak spin-orbit coupling and
periodic driving. In this case, the 0 and π gap BISs can be
identified according to the locations of band crossings for the
copied and shifted decoupled bands, as the weak spin-orbit
coupling and periodic driving, which open a small gap at
these band crossings, will not change their relative positions;
see Fig. 1(a). This scheme is also valid for the cases with
weak spin-orbit coupling but strong periodic driving. In this
case, the static bands in most regions of the Brillouin zone
resemble the decoupled ones, for which the driving Zeeman
field has very limited influence; cf. Eq. (2). It is only near the
band crossings of original decoupled bands that the spin-orbit
coupling mixes different bands and the driving Zeeman field
can have remarkable influence on the positions of BISs. As
this region is quite small for weak spin-orbit coupling, the
above scheme based on decoupled bands still identifies the
relative positions of 0 and π gap BISs; see Appendix A 1 for
an example.

On the other hand, we also notice that the strong spin-orbit
coupling can strongly deform the decoupled bands and may
induce additional BISs; see Appendix A 2 for an example. To
identify the 0 and π gap BISs induced by the periodic driving,
we can consider the band crossings of the copied and shifted
static bands with spin-orbit coupling taken into account, while
the 0 gap BISs for the static Hamiltonian and opened by the
spin-orbit coupling are still identified by the decoupled bands.
We note that for the cases with strong spin-orbit coupling, our
characterization theory based on BISs in general only works in
the weak periodic driving regime, since the strong spin-orbit
coupling mixes the decoupled bands in a large region of the
Brillouin zone and a strong periodic driving can strongly
deform the static bands, which may cause the coincidence
and annihilation of different types of BISs, while leaving the
Floquet band topology and edge modes unchanged. However,
this limitation will not affect the application of our theory
in practical situations, as a strong spin-orbit coupling is not
realistic in real experiments.

B. Floquet Z2 invariant

With these 0 and π gap BISs, we now introduce our Flo-
quet Z2 invariant. To this end, we note that, although the
Floquet edge modes cannot be captured by the global topo-
logical indices of Floquet bands in the FBZ, it is still possible
to utilize the Floquet Hamiltonian to characterize the Floquet
topological phases, since the latter contains more information
beyond the global band topology. An important type of such
information is the local topological structure formed on each
BIS, which can uniquely determine the full features of edge
modes, as proved in Ref. [70]. It is possible that the global
band topology is trivial, while the local topological structures
on BISs are still nontrivial. Here we use these local topo-
logical structures to characterize the Z2 Floquet topological
phases.

Our Z2 Floquet invariants defined on BISs are similar to
those introduced for the static topological phases in Ref. [76].
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But for the Floquet Hamiltonian of periodically driven system
(1), we need to define two Z2 invariants associated with the
q = 0 and π gap BISs as

νq = eiπ (sgn[hF,α (kR )]−sgn[hF,α (kL )])/2|2-BISq , (3)

where hF,α (α = x or y) should be nonzero on the left (right)
point kL(R) of the 2-BISq with hF,z(k) = 0. Then the Floquet
invariant νq uniquely determines the edge modes in the cor-
responding quasienergy gap [Fig. 1(b)] and the Floquet band
topology is given by ν0 · νπ .

To validate the above statement, we consider the thought
experiment proposed in Ref. [51]. Suppose that we start with
a system, for which the Floquet bands are all trivial and there
are no edge modes in the 0 and π quasienergy gaps. We also
assume a weak spin-orbit coupling and periodic driving, such
that the local topological structures formed on BISs will not
affect each other. As we change the parameters, one of the
gaps, e.g., the π quasienergy gap, may close and reopen at
certain BISs [i.e., the π gap BISs; see Fig. 1(a)], in such a way
that the topological number of Floquet bands becomes non-
trivial and there exist edge modes crossing the π quasienergy
gap. This case is similar to the static Z2 topological phases
and can be characterized by the Z2 invariant νπ defined on the
π gap BISs, as proved in Ref. [76].

As the parameters are further varied, the 0 quasienergy
gap may close and reopen at other momentum points (i.e.,
the 0 gap BISs), bringing the Floquet band back to trivial.
During this process, the edge modes in the π quasienergy gap
cannot disappear, since the π quasienergy gap remains open
throughout it. Therefore, after reopening the 0 quasienergy
gap, another edge mode must appear around ε = 0. We note
that the gap closing and reopening at the 0 gap BISs will
not affect the local topological structures of π gap BISs for
the weak spin-orbit coupling and periodic driving. Hence the
characterization of edge modes in the π quasienergy gap
via νπ remains unchanged, while the edge modes in the 0
quasienergy gap is captured by the changes of Floquet band
topology, which is indeed the Z2 invariant ν0 defined on the
0 gap BISs, since the summation of these two kinds of BISs
gives the total topology of Floquet bands. This demonstrates
the validity of our Z2 Floquet invariant (3) defined on BISs.
The above arguments are also valid for the cases with weak
(strong) spin-orbit coupling but strong (weak) periodic driv-
ing; see Appendix A for examples. On the other hand, as the
combination of strong spin-orbit coupling and periodic driv-
ing can strongly affect the local topological structures of BISs,
our theory may be not applicable in this case. But this will not
affect the application of our theory in practical experiments,
as clarified before. Without loss of generality, in the following
we mainly focus on the cases with weak spin-orbit coupling
and periodic driving.

We note that there could be multiple band crossings in each
quasienergy gap for certain topological systems and the above
Z2 invariant can be easily generalized to this situation; see
Eq. (8). Moreover, as the BISs can be easily identified from the
quantum quenches, our BIS characterization further facilitates
the dynamical detection of Z2 Floquet topological phases, as
presented below.

C. Dynamical detection

We consider the quantum dynamics induced by quenching
an initially fully polarized state in the σz axis with density
matrix ρ0 (i.e., μ0 � t0, ω for the initial state) to the Floquet
topological phase (1) at time t = 0 through suddenly changing
the parameters and turning on the periodic driving [Fig. 1(c)].
The BISs and Floquet topology can be characterized dy-
namically based on the stroboscopic time-averaged spin
textures [69]

〈σi(k)〉 ≡ lim
N→∞

1

N

N−1∑
n=0

〈σi(k, t = nT )〉, (4)

where 〈σi(k, t )〉 = Tr[ρ0(k)U †(k, t )σiU (k, t )] for i = x, y, z
is the spin polarization measured at time t . The numeri-
cal results are shown in Fig. 1(d), from which two pairs
of momenta with 〈σx,y,z(k)〉 = 0 can be identified. Due
to U (nT ) = exp(−iHF · nT ), we can readily obtain 〈σi〉 =
−hF,zhF,i/|hF |2, which vanishes at the momenta with hF,z

or hF,i = 0. Thus the above two pairs of momenta indeed
measure the 2-BIS0,π , respectively. The Z2 Floquet invari-
ant in each quasienergy gap can be further detected through
the dynamical field gi(k) ≡ −(1/Nk )∂k⊥〈σi(k)〉|2-BIS, which
quantifies the variation slope of 〈σi〉 across the 2-BIS and is
proportional to hF,i [96]. Here Nk is a normalization factor
and k⊥ denotes the direction pointing from the region hF,z < 0
to hF,z > 0. As shown in Figs. 1(b) and 1(d), the opposite gx,y

on the 2-BIS0,π manifests the nontrivial Z2 Floquet invari-
ant ν0 = νπ = −1, consistent with the edge modes in each
quasienergy gap.

III. GENERIC DYNAMICAL
CHARACTERIZATION SCHEMES

With the above 1D illustration, we now develop in this
section the dynamical characterization scheme for a generic
dD Z2 Floquet topological system of the tenfold-way sym-
metry classes and show its application to a 2D time-reversal
invariant Floquet topological model.

A. Generic Z2 Floquet topological phases

We consider the following periodically driven Hamiltonian
in the Altland-Zirnbauer tenfold symmetry classes [52,55]:

H[k; λ(t )] =
d∑

i=0

hi[k; λ(t )]γi +
d ′∑

i=d+1

hi[k; λ(t )]γi, (5)

which is parametrized by a collection of parameters λ�(t ) =
λ�(t + T ), such as the driven magnetic field and hopping
coefficients. The Clifford algebra γ satisfies {γi, γ j} = 2δi j

and mimics a (pseudo) spin of dimensionality nd ′ = 2
d ′/2�,
where 
·� denotes the ceiling function. This model covers
all the Z2-classified symmetry classes in the tenfold way
of different dimensionality [76]. In the absence of periodic
driving, the static Hamiltonian H (k; λ) with d ′ = d + 1 (or
d + 2) describes a dD first (second) descendant Z2 topologi-
cal phase [14,97,98]. The driven parameters λ(t ) further bring
this system into the interesting Floquet topological regime.
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For the Z2 Floquet topological phases, the symmetries
play an important role. Particularly, it has been shown that
under the symmetries of Altland-Zirnbauer tenfold classes,
the Hamiltonian coefficient is either odd or even with respect
to the momentum k (at most after certain basis change) [76].
Here we assume h0 to be an even function without loss of
generality. With this, we can prove that the periodically driven
parameters need to satisfy λ�(t ) = λ�(−t ) for the systems
with time-reversal symmetry �H (k, t )�−1 = H (−k,−t )
and/or chiral symmetry �H (k, t )�−1 = −H (k,−t ); see Ap-
pendix B. This constraint applies to most of the Floquet Z2

classifications under physical dimensions (i.e., d = 1, 2, 3)
[52,55], except for the 1D topological phases of class D, for
which the only particle-hole symmetry does not impose any
constraint on the driven parameters λ(t ). On the other hand,
for the Floquet systems with synthetic dimensions d > 3
[99–101] and only with the particle-hole symmetry, we also
assume in this work the above requirement to be satisfied for
simplicity, which has covered a broad range of topological
states.

B. Dynamical characterization

We now generalize the dynamical characterization theory
shown in Sec. II to the generic dD Z2 Floquet topological
phase. Similar to the 1D periodically driven system, we con-
sider the quench dynamics starting from an initial state fully
polarized in the γ0 axis. Then the Z2 Floquet topology can
be characterized by the emergent dynamical topology on the
highest-order BISs.

For the generic topological phase (5), the Floquet Hamilto-
nian is given as (see Appendix C)

HF (k) =
d∑

i=0

hF,i(k)γi +
d ′∑

i=d+1

hF,i(k)γi. (6)

The corresponding higher-order n-BIS ≡ {k|hF,i = 0, i = 0,

1, . . . , n + d − d ′ − 1} is a (d ′ − n)D symmetric subspace in
the Brillouin zone [76] and can be detected by the strobo-
scopic time-averaged spin textures 〈γi(k)〉 = −hF,0hF,i/|hF |2.
We first note that the (d − 1)D lowest-order (d ′ − d +
1)-BIS(i) with only hF,i = 0 is determined by the momenta
where 〈γα〉 = 0 for all α if i = 0 or by the momenta with
〈γi〉 = 0 while not on the (d ′ − d + 1)-BIS(0) for i �= 0. With
these basic BISs, the higher-order BISs can be dynamically
constructed as

n-BIS =
n+d−d ′−1⋂

i=0

(d ′ − d + 1)-BIS(i). (7)

Which quasienergy gap the BIS belongs to can be identified
as in the 1D case; see Sec. II. Particularly, for the cases
with weak spin-orbit coupling and periodic driving, as con-
sidered in this work, the 0 and π gap BISs can also be
determined from the Floquet band structure. We would like
to mention that the definition of higher-order BISs is actually
not unique and the n-BIS can also be defined through any
other (n + d − d ′) Floquet Hamiltonian coefficients and the
corresponding (d ′ − d + 1)-BISs, which does not change the
result of dynamical characterization. On the other hand, as
which quasienergy gap the higher-order BIS belongs to is

dD Brillouin zone

FIG. 2. Schematic diagram for the BIS Floquet Z2 invariant. The
higher-order 1D (d ′ − 1)-BISs are categorized into BISs belonging
to the 0 quasienergy gap (orange dashed lines) or the π quasienergy
gap (purple dashed line) according to the Floquet band structure.
On the jth (d ′ − 1)-BIS in the q = 0 or π gap, the corresponding
0D d ′-BIS points (red or blue dots) are grouped into Nq, j symmetric
point pairs (i′j, i′′j ), to each of which a nonzero dynamical field gαi j

∈
{gd , . . . , gd ′ } is assigned, giving the Floquet Z2 invariant νq [see
Eq. (8)]. Here the middle rings are single-connected (d ′ − 1)-BISs
with Nπ, j1 and N0, j2 point pairs, respectively, while the other two
circles represent the j3th (d ′ − 1)-BIS with two disconnected but
symmetrically related parts.

determined by the Floquet band structure, which is symmetric
with respect to the momentum, the (d − 1)D basic BISs used
to construct the higher-order BISs should include those de-
fined by parity even Hamiltonian coefficients, from which the
0 or π gap n-BISs can be most easily identified. This is also
necessary for the trivial Z2 phases with multiple parity even
Hamiltonian coefficients. We note that, in general, there could
be multiple band crossings (i.e., BISs) in each quasienergy
gap; see Fig. 2 for an illustration.

To characterize the Z2 Floquet topology, we further intro-
duce the dynamical field gi(k) = −(1/Nk)∂k⊥〈γi(k)〉 on the
0D highest-order d ′-BISs, where k⊥ is perpendicular to the
(d ′ − d + 1)-BIS(0) and points to the side with hF,0 > 0. The
dynamical field gi is proportional to hF,i. Then the Floquet
topological phases can be fully characterized by the Z2 invari-
ants defined in the q = 0 and π quasienergy gaps and captured
by the dynamical topological pattern introduced in Ref. [76]:

νq =
∏

j

Nq, j∏
i j∈d ′-BISs on the

(d ′−1)-BISq, j

(−1)
1
2 [sgn(gαi j

,i′j
)+ηq, j sgn(gαi j

,i′′j
)]
, (8)

with nonzero gαi j
∈ {gd , . . . , gd ′ } of the same parity, which

uniquely determines the Floquet boundary modes in the corre-
sponding quasienergy gap. Here the first product is performed
over all of the 1D(d ′ − 1)th order BISs in the quasienergy
gap q, while the second product is performed over the Nq, j

pairs of d ′-BIS points (i′j, i′′j ) located symmetrically on the jth
single-connected (d ′ − 1)-BISq, j or the (d ′ − 1)-BISq, j with
two disconnected but symmetrically related parts (see Fig. 2),
for which we have ηq, j = (−1)Nq, j or ηq, j = −1, respectively.

This invariant can be considered as a generalization of
Eq. (3) and applies to the cases with multiple BISs and higher
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dimensions. The corresponding product structure follows the
Z2 nature of the topological phases, for which the combi-
nation of a nontrivial band crossing and a trivial one is still
nontrivial, while the combination of two trivial or nontrivial
band crossings will lead to a trivial phase. On the other hand,
as the invariant (8) involves only minimal information about
the Floquet system that can be detected in the quantum quench
dynamics, it provides a highly feasible scheme to characterize
Z2 Floquet topological phases in real experiments. Partic-
ularly, together with the integer Floquet topological phases
studied in Ref. [69], the above results further complete the dy-
namical characterization for the full tenfold classes of Floquet
topological phases.

We also note that our dynamical characterization scheme
is not affected by the basis change of Hamiltonians, if the
resulting Hamiltonian coefficients are still either odd or even
with respect to the momentum k. In this case, the positions of
BISs and/or the dynamical fields may be different, but the
underlying dynamical Z2 invariants (8) remain unchanged;
see Appendix D for an example. This can be demonstrated
from the derivation of BIS Z2 invariants shown in Ref. [76],
where the Z2 topology is derived from the higher-dimensional
integer topological phases by dimension reduction and the
dynamical characterization for the latter is unaffected by the
basis change [72]. On the other hand, there also exist unitary
transformations that can mix the odd and even coefficients.
For these situations, our dynamical theory may not work,
since the property of the system that the momenta k and −k
are related by the symmetries will not be reflected on the
BISs and in the spin textures, which is important to identify
the Z2 topology. However, this limitation will not affect the
application of our theory in practice, as most of the topological
systems in experiments possess either odd or even Hamilto-
nian coefficients (at most after certain basis change).

C. Application to the 2D time-reversal invariant Floquet
topological phases

We now utilize the above generic dynamical scheme to
characterize the following 2D Floquet topological phase:

H (k, t ) = h(k, t ) · γ, (9)

with

h0(k, t ) = m(t ) − 2t0 cos kx − 2t0 cos ky

− 2t ′
0 cos(kx + ky) − 2t ′

0 cos(kx − ky),

h1,2(k) = 2tso sin kx,y, h3,4(k) = 2tso sin(kx ± ky).

Here t0, t ′
0 (or tso) denote the spin-conserved (-flipped) hop-

ping coefficients. Instead of the simple harmonic driving,
here we consider the polychromatic square-wave magneti-
zation, given by m(t ) = m0 + 2md/π (or m0 − 2md/π ) for
−T/4 � t < T/4 (or T/4 � t < 3T/4), to show the wide
validity of our theory. We take γ0 = σ0 ⊗ τz, γ1 = σz ⊗ τx,
γ2 = σ0 ⊗ τy, γ3 = σx ⊗ τx, and γ4 = σy ⊗ τx, with σi and
τi being Pauli matrices. The 2D Floquet phase (9) possesses
the time-reversal symmetry �H (k, t )�−1 = H (−k,−t ) with
� = −iσy ⊗ τ0K and belongs to class AII with Z2 invari-
ant. In Figs. 3(a) and 3(b), we show the quasienergy spectra
in the periodic boundary conditions and for a cylindrical
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FIG. 3. Detecting the 2D time-reversal invariant Floquet topo-
logical phase. (a), (b) Quasienergy spectra in the periodic boundary
conditions (a) and for a cylindrical geometry with open boundary
condition in the y direction (b), where the helical gapless boundary
modes on one of the edges in the 0 and π quasienergy gaps are
presented. (c0)–(c4) Stroboscopic time-averaged spin textures. Here
six ring-shaped structures with 〈γα〉 = 0 for all α emerge, identifying
the 1D basic 3-BISs(0) with vanishing hF,0 in the 0 quasienergy gap
(orange dashed line) and π quasienergy gap (purple dashed lines),
respectively, according to the Floquet band structure (a). Besides, the
spin polarization 〈γi〉 with i = 1, 2, 3, 4 also vanishes on the black
dashed lines in (c1)–(c4), giving the corresponding 3-BISs(i) with
hF,i = 0. (d) Dynamical topological pattern. The 0D highest-order
4-BISs (red or blue dots) are constructed as the intersections of
3-BISs(0) and 3-BISs(1). We assign a nonzero dynamical field gαi j

∈
{g2, g3, g4} with the sign indicated by “±” to each symmetric point
pair of the 4-BISs, which gives the Floquet Z2 invariant ν0 = −1 and
νπ = −1. Here we set m0 = t0, md = 3t0, t ′

0 = 0.5t0, tso = 0.5t0, and
ω = 7t0.

geometry with open boundary condition in the y direction,
respectively, with m0 = t0, md = 3t0, and ω = 7t0. There exist
protected gapless helical edge modes both in the 0 and π

quasienergy gaps.
We study the quench dynamics from a fully polarized ini-

tial state in the γ0 axis by setting m0 � t0 and ω = 0 to the
above nontrivial Floquet topological regime. The stroboscopic
time-averaged spin textures are shown in Figs. 3(c0)–3(c4),
where six ring-shaped structures with vanishing spin polar-
izations emerge in all the plots of 〈γα〉 for α = 0, 1, . . . , 4,
identifying the 1D lowest-order 3-BISs(0) with hF,0 = 0. Be-
sides, there are additional lines with 〈γi〉 = 0 for i �= 0 in
the corresponding spin texture, capturing the 3-BISs(i) with
hF,i = 0. In Fig. 3(d), we use 3-BISs(0) and 3-BISs(1) to
construct the 0D highest-order 4-BISs. According to the Flo-
quet band structure [Fig. 3(a)], the 4-BIS points on the outer
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3-BIS(0) that surrounds the k = (0, 0) point belong to the
0 quasienergy gap, while the others represent the 4-BISsπ .
We assign a nonzero dynamical field gαi to each symmetric
point pair of these 4-BISs, with which we can obtain the Z2

invariant ν0 = −1 and νπ = −1, characterizing the Floquet
topological phase.

We would like to mention that the dynamical characteriza-
tion scheme built on the BISs requires the Floquet bands in the
FBZ to be gapped. For the special 2D time-reversal invariant
driven system with only two bands as considered in Ref. [54],
the bulk Floquet bands are related by the time-reversal sym-
metry and the corresponding gap necessitates to close at high
symmetry momenta, leading to a gapless Floquet Hamiltonian
HF , to which our approach is not applicable.

IV. FLOQUET TOPOLOGICAL SYSTEMS
WITH GENERIC REFERENCE TIME

In the above discussions, the periodically driven Hamilto-
nians are assumed to be symmetric about the trigger time t =
0 of the quantum quench dynamics. In this section, we further
discuss the dynamical characterization for Floquet topolog-
ical phases H (k, t ; t∗) that are symmetric about a generic
reference time t∗, i.e., �H (k, t ; t∗)�−1 = H (−k, 2t∗ − t ; t∗)
and �H (k, t ; t∗)�−1 = −H (k, 2t∗ − t ; t∗). As before, we use
the notation H (k, t ) for the Floquet Hamiltonian with t∗ = 0
and have the relation H (k, t ; t∗) = H (k, t − t∗) for a generic
reference time t∗.

A. Direct measurements

We first consider the dynamical characterization scheme
proposed above without any modifications. The time evolu-
tion operator over one period now reads

U (T ; t∗) ≡ T e−i
∫ T

0 dτ H (τ ;t∗ )

= e−iH ′′(T −2t∗ )e−iH ′ ·2t∗ = e−iH (t∗ )
F T , (10)

where we have H ′ = (i/2t∗)lnU (t∗,−t∗) and H ′′ = [i/(T −
2t∗)]lnU (T − t∗, t∗) with U (tf , ti ) ≡ T exp[−i

∫ tf
ti

dτ H (τ )].
Similar to the proof in Appendix C, one can readily show that
H ′ and H ′′ take the form of Dirac Hamiltonians, i.e., H ′ = h′ ·
γ and H ′′ = h′′ · γ . Therefore, the time evolution operator in
general is given by U (T ; t∗) = uc − i

∑
i uiγi − ∑

i< j ui jγiγ j

for certain coefficients uc, ui, and ui j . On the other hand,
since H (t∗ )

F = U †(0,−t∗)HFU (0,−t∗), we have [H (t∗ )
F ]2 =

|hF |2 and U (T ; t∗) = cos(|hF |T ) − i sin(|hF |T )H (t∗ )
F /|hF |.

Thus the Floquet Hamiltonian with reference time t∗ takes the
form of

H (t∗ )
F (k) =

∑
0�i�d ′

h(t∗ )
F,i (k)γi +

∑
0�i< j�d ′

h(t∗ )
F,i j (k)iγiγ j . (11)

For this Hamiltonian, our dynamical characterization
may not be directly applicable in general, since
measuring the stroboscopic spin polarization 〈γi(nT )〉 =
Tr[ρ0U †(nT ; t∗)γiU (nT ; t∗)] is equivalent to detecting the
observable U (0,−t∗)γiU †(0,−t∗) in the quantum quench
dynamics governed by Floquet Hamiltonian HF and with
initial state ρ

(t∗ )
0 = U (0,−t∗)ρ0U †(0,−t∗), which is quite

complicated and from which the BISs are hard to extract.

Nevertheless, there exist a broad range of driving proto-
cols with hi[k; λ(t )] = f (t )hi(k; λ) for all i > 0 and certain
periodic function f , such as the models with hopping co-
efficients being driven by the same function, to which our
dynamical characterization still can be applied directly. Here
the quench process is still along the axis γ0. For these pro-
tocols, we have H ′(k) = h′

0(k)γ0 + χ ′(k)
∑

i>0 hi(k)γi and
H ′′(k) = h′′

0 (k)γ0 + χ ′′(k)
∑

i>0 hi(k)γi by using the trick
shown in Appendix C and the corresponding Floquet Hamil-
tonian satisfies h(t∗ )

F,i (k) = χ (t∗ )(k)hi(k) and h(t∗ )
F,i j (k) = 0 for

0 < i < j, where χ ’s are certain even functions. Although
the Floquet Hamiltonian still takes a complicated form with
nonzero h(t∗ )

F,0i, the corresponding stroboscopic time-averaged

spin polarization now simplifies to 〈γi(k)〉 = −h(t∗ )
F,0h(t∗ )

F,i /|hF |2,
which effectively measures the Z2 topology of the Floquet
Hamiltonian

H̃ (t∗ )
F (k) = h(t∗ )

F,0(k)γ0 +
d ′∑

i>0

h(t∗ )
F,i (k)γi. (12)

This Floquet phase may be gapless when both h(t∗ )
F,0 and

χ (t∗ ) vanish at certain momenta for certain t∗. However, we
can prove that the effective Hamiltonian H̃ (t∗ )

F has the same
Floquet Z2 invariant as H (k, t ) whenever it is gapped; see
Appendix E. Therefore, the dynamical topological patterns
emerging in the spin texture 〈γi(k)〉 still characterize the
desired Z2 Floquet topology. Note that the 1D Floquet topo-
logical phases of class D are very special, for which the
Floquet Hamiltonian always takes the form of the Dirac
Hamiltonian and the above requirement for the periodic driv-
ing is not necessary.

As an example, we consider the 2D time-reversal invari-
ant Floquet topological phase studied in Sec. III C but now
with reference time t∗ = 0.45T . It is clear that the above
requirement for the driving protocol is satisfied. The directly
measured stroboscopic time-averaged spin textures are shown
in Figs. 4(a0)–4(a4). Compared with the results for t∗ = 0 (cf.
Fig. 3), the 1D 3-BISs(0) with hF,0 = 0 in the π quasienergy
gap and across the boundaries of the Brillouin zone now
disappear. As these BISs does not encircle any topological
charge momentum with hF,i = 0 for all i > 0, this change does
not close the quasienergy gaps, and the Z2 Floquet topology is
unaffected. On the other hand, for the 3-BISs(0) encircling the
zero momentum, only the positions are slightly deformed. We
note that H̃ (t∗ )

F is the exact Floquet Hamiltonian when t∗ = 0
or T/2. When increasing t∗ from zero to T/2, the 3-BISs(0)

evolve from the one at t∗ = 0 into those at t∗ = T/2, during
which the relative positions of BISs in the 0 and π gaps in
general do not change.

The 3-BISs(i) with vanishing h(t∗ )
F,i for i > 0 can also be

identified from the spin textures. Now the momenta with
χ (t∗ ) = 0 (black dashed circles in Fig. 4) have moved from
the region between 3-BIS(0)

0 and 3-BIS(0)
π (cf. Fig. 3) to the

outside region, manifesting that there exists reference time
0 < t ′

∗ < t∗ such that h(t ′
∗ )

F,0 = χ (t ′
∗ ) = 0 for the considered

model and the corresponding effective Hamiltonian H̃ (t ′
∗ )

F

becomes gapless (note that H̃ (t∗ )
F is gapped). The range for

these t ′
∗ is quite small from the numerical calculations, which

does not affect most of the dynamical characterizations.
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(a0) (a1) (a2)

(a3) (a4) (b)

FIG. 4. Direct measurement of the 2D time-reversal invariant
Floquet topological phase with reference time t∗ = 0.45T . (a0)–
(a4) Stroboscopic time-averaged spin textures, from which the 1D
3-BISs(0) with vanishing h(t∗ )

F,0 in the 0 quasienergy gap (orange
dashed line) and π quasienergy gap (purple dashed line) as well
as the 3-BISs(i) with h(t∗ )

F,i = 0 for i > 0 (black dashed lines) can
be identified. (b) The 0D 4-BISs (red and blue dots) constructed
from 3-BISs(0) and 3-BISs(1) and the corresponding dynamical field
gαi j

. The resulting Floquet Z2 invariants are given by ν0 = −1 and
νπ = −1. The parameters are the same as in Fig. 3.

Indeed, the dynamical topological pattern shown in Fig. 4(b)
characterizes the desired Z2 Floquet topology.

B. Modified stroboscopic time averages

For more general Floquet topological systems with ref-
erence time t∗, although the direct measurements are no
longer applicable, our dynamical characterization scheme still
works after slight modifications. First, instead of measuring
from time t = 0, we consider the modified stroboscopic time-
averaged spin polarizations [69]

〈γi(k; t∗)〉 ≡ lim
N→∞

1

N

N−1∑
n=0

〈γi(k, t = t∗ + nT )〉. (13)

Note that, due to U (t∗ + nT ; t∗) = U (nT, 0)U (0,−t∗), the
spin polarization 〈γi(t = t∗ + nT )〉 is equivalent to mea-
suring the operator γi at t = nT under the time evolu-
tion of Floquet Hamiltonian HF with initial state ρ

(t∗ )
0 =

U (0,−t∗)ρ0U †(0,−t∗). Hence the time-averaged spin tex-
tures are given by

〈γi(k; t∗)〉 = hF,i(k)Tr
[
ρ

(t∗ )
0 (k)HF (k)

]
/|hF (k)|2. (14)

This is similar to the shallow quench from an incompletely
polarized initial state studied in Ref. [76].

The Z2 Floquet topology can be identified by slightly mod-
ifying the definition of BISs and dynamical fields. One can see
that each spin texture 〈γi(k; t∗)〉 vanishes on the momentum
subspace given by either Tr[ρ (t∗ )

0 (k)HF (k)] = 0 or hF,i(k) =
0. Here we define the former as the dynamical band-inversion
surface (dBIS) with the following characteristic:

dBIS = {k|〈γα (k; t∗)〉 = 0,∀α},

(a0) (a1) (a2)

(a3) (a4) (b)

FIG. 5. Characterizing the 2D time-reversal invariant Floquet
topological phase with reference time t∗ = 0.45T via modified
stroboscopic time averages. (a0)–(a4) The modified stroboscopic
time-averaged spin textures. Here the gray dashed lines represent
the dBISs, on which the spin polarizations 〈γα (k; t∗)〉 vanish for all
α. In each spin texture 〈γi(k; t∗)〉 for i = 0, 1, . . . , 4, other dashed
lines (orange, purple, or black) represent the 3-BISs(i) with hF,i = 0.
(b) Topological pattern. Here the highest-order 4-BISs (red or blue
dots) are constructed from the 3-BISs(0) in 0 (orange) or π (purple)
quasienergy gaps and the 3-BISs(4). The corresponding dynamical
fields g3 and g2 give us the Floquet Z2 invariants ν0 = −1 and
νπ = −1. The parameters are the same as in Fig. 3.

which is induced by the quantum quench dynamics for Flo-
quet topological phases with nonzero t∗ instead of the Floquet
Hamiltonian. Obviously, the dynamical band-inversion sur-
face coincides with the (d − 1)D lowest-order (d ′ − d +
1)-BIS(0) with vanishing hF,0 for the special case t∗ = 0. How-
ever, they are different in general. The (d ′ − d + 1)-BIS(i)

with hF,i = 0 (i = 0, 1, . . . , d ′) now is captured by the mo-
menta with vanishing 〈γi(k; t∗)〉 while not on the dBIS. With
these basic BISs, the higher-order n-BISs can be constructed
in the same way as shown in Eq. (7). Further, since the spin
polarization 〈γi(k; t∗)〉 does not always vanish on the highest-
order BISs, the dynamical field can be modified as

gi(k) =
{

−(1/Nk)∂k⊥〈γi(k; t∗)〉 if k is also on dBIS,

ζk(1/Nk)〈γi(k; t∗)〉 otherwise,

(15)

for k ∈ d ′-BIS. Here k⊥ is perpendicular to the dBIS and
points to the side with negative ζk = sgn(Tr[ρ (t∗ )

0 HF ]). Given
these modifications, the Z2 Floquet invariant (8) remains un-
changed.

In Figs. 5(a0)–5(a4), we show the modified stroboscopic
time-averaged spin textures for the example of a 2D time-
reversal invariant Floquet topological phase with reference
time t∗ = 0.45T . Both the dBIS and 3-BISs(i) with hF,i = 0
for i = 0, 1, . . . , 4 can be identified. Recall that choosing
which Floquet Hamiltonian coefficient to define the highest-
order BISs is actually not unique. Here we choose the
3-BISs(0) and 3-BISs(4) to construct the highest-order 4-BISs
[Fig. 5(b)], which have different positions compared with
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those shown in Fig. 3. Nevertheless, the dynamical Floquet
Z2 invariants ν0 and νπ remain unchanged, where the corre-
sponding dynamical fields gαi j

now are chosen from the set
{g1, g2, g3}.

V. CONCLUSION

In conclusion, we have established a full and unified dy-
namical characterization theory for Z2 Floquet topological
phases of different dimensionality and tenfold-way symme-
try classes using the minimal information about the Floquet
bands. We show that the Floquet Z2 topology can be com-
pletely characterized by the topological patterns emerging
in the quantum dynamics induced by quenching the system
from a trivial and static initial state to the Floquet topologi-
cal regime. Particularly, the dynamical Z2 invariants defined
on the 0D highest-order BISs in the 0 and π quasienergy
gaps uniquely capture the corresponding Floquet boundary
modes, hence providing a full dynamical characterization for
the Z2 Floquet topological phases both in the conventional
and anomalous sense.

Our theory can be applied to a broad range of periodically
driven systems and the measured quantities are easily accessi-
ble in current experiments. Therefore, our work shall advance
the experimental studies of Z2 Floquet topological phases.
Especially, for the quantum simulation platforms based on ul-
tracold atoms or solid-state spin systems, where the boundary
physics is hard to simulate and measure, our dynamical char-
acterization scheme based on the BISs is extremely useful and
provides a highly feasible method to detect the bulk topology.
On the other hand, our work completes the dynamical char-
acterization for the full tenfold classes of Floquet topological
phases, which shall advance this research topic. Especially, it
would be interesting to further generalize our theory into more
broad Floquet topological systems, such as those protected by
the crystalline or space-time symmetries [102–104], which is
a meaningful future direction.
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driving. (a) Quasienergy band structure. The solid lines represent
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and with σz = ±1, respectively. The orange (green) dashed circles
highlight the BISs in the 0 (π ) quasienergy gap. (b) Stroboscopic
time-averaged spin textures. The vanishing spin polarizations in all
directions determine the 2-BIS0 points k1L(R) and the 2-BISπ points
k2L(R). The corresponding nonzero dynamical fields gx,y are shown
in red (or orange) arrows. In 〈σz〉, we also label the regions with
hF,z ≷ 0 using the symbols “±,” respectively. Here we set μ0 = 3t0,
μd = 25t0, � = 0.2t0, and ω = 4t0.
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APPENDIX A: STRONG PERIODIC DRIVING
OR SPIN-ORBIT COUPLING

In this Appendix, we provide examples to show that our
dynamical characterization theory of Z2 Floquet topological
phases based on the BISs can be applied to the cases with
weak (strong) spin-orbit coupling but strong (weak) periodic
driving.

1. Weak spin-orbit coupling but strong periodic driving

We first consider the cases with weak spin-orbit coupling
but strong periodic driving. As an example, in Fig. 6 we
show numerical results for the 1D Floquet topological phase
(1) with spin-orbit coupling � = 0.2t0 and periodic driving
strength μd = 25t0. By comparing the band crossings in the
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FIG. 7. Dynamical detection of the 1D Floquet topological phase
(1) with strong spin-orbit coupling but weak periodic driving.
(a) Quasienergy band structure. The solid lines represent the Flo-
quet bands, while the red (blue) dashed lines are the copied and
shifted upper (lower) static bands with spin-orbit coupling taken
into account. Here the orange and green dashed circles highlight
the band crossings in the 0 and π quasienergy gaps, respectively.
(b) Stroboscopic time-averaged spin textures. The vanishing spin
polarizations in all directions identify the 2-BIS0 points k3L(R) and
the 2-BISπ points k1,2,4L(R). The corresponding dynamical fields gx,y

are shown in red (orange) arrows. We also label the regions with
hF,z ≷ 0 in 〈σz〉 using the symbols “±,” respectively. Here we set
μ0 = 3t0, μd = 3t0, � = 2t0, and ω = 4t0.

Floquet band structure [Fig. 6(a)] and the BISs observed in the
stroboscopic time-averaged spin polarizations [Fig. 6(b)], we
can conclude that the 0 and π gap BISs still can be determined
by the decoupled hz bands for the cases with weak spin-orbit
coupling but strong periodic driving. Moreover, the opposite
dynamical fields gx,y on the 2-BIS0,π manifest the nontrivial
Z2 Floquet invariant ν0 = νπ = −1, consistent with the edge
modes in each quasienergy gap as we numerically checked.
This demonstrates the validity of our dynamical characteriza-
tion theory in this case.

2. Strong spin-orbit coupling but weak periodic driving

We now study the cases with strong spin-orbit coupling but
weak periodic driving by considering the 1D Floquet topo-
logical phase (1) with � = 2t0 and μd = 3t0. The numerical
results are shown in Fig. 7. Clearly, the BISs observed in the
quantum quench dynamics [Fig. 7(b)] cannot be identified
from the decoupled hz bands but are determined by the copied
and shifted static bands with spin-orbit coupling taken into
account [see Fig. 7(a)], as the spin-orbit coupling strongly
deforms the decoupled bands and induces additional π gap
BIS momentum points k1,2L(R). Since there are no band cross-
ings in the static Hamiltonian for our parameters, using the
copied and shifted static bands is enough to determine all
the BISs. Otherwise, we have to use the decoupled bands to
identify the 0 gap BISs for the static Hamiltonian, which are
opened by the spin-orbit coupling when considering the static
bands. Using the general Z2 Floquet invariant (8), we have
ν0 = νπ = −1 according to the dynamical fields gx,y on the
BISs [see Fig. 7(b)]. We checked that this is consistent with
the edge modes in each quasienergy gap. Hence our dynamical
characterization theory is also valid for the cases with strong
spin-orbit coupling but weak periodic driving.

APPENDIX B: SYMMETRY CONSTRAINTS
ON THE PERIODIC DRIVING

In this Appendix, we discuss the symmetry constraints
imposed on the periodically driven parameters λ�(t ). Here we
denote ho(e)(k; λ) to be one of the static Hamiltonian coeffi-
cients of parity odd (even) with respect to the momentum k.

We consider the time-reversal symmetry �, the particle-
hole symmetry �, and the chiral symmetry �, satisfying

�H (k, t )�−1 = H (−k,−t ),

�H (k, t )�−1 = −H (−k, t ),

�H (k, t )�−1 = −H (k,−t ). (B1)

Here � and � are antiunitary operators, while � is a unitary
operator. Under these symmetries, the matrix γi transforms as

�: γo → −γo, γe → γe,

�: γo → γo, γe → −γe,

�: γo → −γo, γe → −γe, (B2)

which can be identified from the static Hamiltonian. There-
fore, in the Floquet regime we have

ho[k; λ(t )] = −ho[−k; λ(−t )] = ho[k; λ(−t )],

he[k; λ(t )] = he[−k; λ(−t )] = he[k; λ(−t )] (B3)

for the time-reversal symmetry, and

ho(e)[k; λ(t )] = ho(e)[k; λ(−t )] (B4)

for the chiral symmetry, leading to the result

λ(t ) = λ(−t ). (B5)

On the other hand, the particle-hole symmetry only requires
ho[k; λ(t )] = −ho[−k; λ(t )] and he[k; λ(t ) = he[−k; λ(t )],
which does not impose any constraint on the periodic driving
λ(t ). Nevertheless, we also assume the above requirement for
Floquet topological phases only with the particle-hole sym-
metry and of dimensionality d > 3 in this work, which has
covered a broad range of topological states.

APPENDIX C: FLOQUET HAMILTONIAN HF

In this Appendix, we show that the Floquet Hamiltonian
for the periodically driven model (5) can be written as HF =
hF · γ . The proof is straightforward. We note that the Floquet
Hamiltonian is given by HF = (i/T )lnU (T ) with

U (T ) = e−iH (T )δτ {· · · [e−iH (T/2+2δτ )δτ (e−iH (T/2+δτ )δτ

× e−iH (T/2)δτ e−iH (T/2−δτ )δτ )e−iH (T/2−2δτ )δτ ] · · · }
× e−iH (0)δτ , (C1)

where δτ is an infinitesimal time interval and exp(−iHδτ ) =
cos(|h|δτ ) − i sin(|h|δτ )H/|h|. After some algebra, one can
readily show that

e−iH (T/2+δτ )δτ e−iH (T/2)δτ e−iH (T/2−δτ )δτ

= uc − i
∑

i

uiγi ≡ e−i(h̃·γ )·3δτ (C2)

165110-10
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FIG. 8. Stroboscopic time-averaged spin textures for the rotated
Hamiltonian (D1). The vanishing spin polarizations in all directions
determine the 2-BIS0 points k1L(R) and the 2-BISπ points k2L(R); cf.
Fig. 1(a). The corresponding dynamical fields gx,z are shown in
red (or orange) arrows, while the dots indicate that the dynamical
field vanishes on these momentum points. In 〈σy〉, we also label the
regions with hF,y ≷ 0 using the symbols “±,” respectively. Here the
parameters are the same as in Fig. 1(d).

for the 1D Floquet topological phases of class D or for the
symmetry constrained periodic driving hi(k, t ) = hi(k,−t ),
where uc and ui are certain functions of the Hamiltonian
coefficients hi(T/2) and hi(T/2 ± δτ ). Repeating this pro-
cedure, i.e., calculating exp[−iH (T/2 + 2δτ )δτ ] exp[−i(h̃ ·
γ ) · 3δτ ] exp[−iH (T/2 − 2δτ )δτ ] and so on, we can obtain
HF = hF · γ .

APPENDIX D: BASIS CHANGE OF HAMILTONIANS

Here we show that our dynamical characterization is not
affected by the basis change of Hamiltonians, if the resulting
Hamiltonian coefficients are still either odd or even with re-
spect to the momentum k. As an example, we consider the
Hamiltonian (1) rotated about the σx axis by 90◦ followed
by a rotation about the σy axis by 45◦. The corresponding
Hamiltonian is given by

H (k, t ) =
√

2�(sin k + sin 2k)σx − [μ(t ) − 2t0 cos k]σy

−
√

2�(sin k − sin 2k)σz. (D1)

Compared with Eq. (1), the Hamiltonian coefficients are ro-
tated among each other but still satisfy the even or odd
properties. Similar to Fig. 1, we consider the quantum dynam-
ics induced by quenching the fully polarized initial state with
μ0 � t0, ω (now along the σy axis) to the Floquet topological
regime with μ0 = 3t0, μd = 3t0, � = 0.2t0, and ω = 4t0. The
results are presented in Fig. 8. Although the spin textures are
totally different from those shown in Fig. 1(d), the BISs still
can be identified from the momentum points with vanishing
spin polarizations in all directions. Moreover, although gx

and gz may vanish on certain BIS points, the nonzero and
opposite dynamical fields gz (gx) on the 2-BIS0 points k1L(R)

(2-BISπ points k2L(R)) still characterize correctly the nontrivial
Z2 topology in the 0 (π ) quasienergy gap, respectively; cf.
Fig. 1(b). Hence our dynamical characterization theory is not
affected by the basis change of Hamiltonians.

APPENDIX E: EFFECTIVE HAMILTONIAN H̃ (t∗ )
F

FOR DIRECT MEASUREMENTS

In this Appendix, we study the quasienergy gap of
the Floquet phase associated with H̃ (t∗ )

F (k) = h(t∗ )
F,0(k)γ0 +∑d ′

i>0 h(t∗ )
F,i (k)γi and its topological properties, where we have

h(t∗ )
F,i (k) = χ (t∗ )(k)hi(k) for i > 0 with χ (t∗ )(k) being certain

even functions [cf. Eq. (12)]. In the following, we denote
h̃

(t∗ )
F ≡ (h(t∗ )

F,0, h(t∗ )
F,1, . . . , h(t∗ )

F,d ′ ) for brevity.
We note that the Floquet Hamiltonian for reference

time t∗ is given by H (t∗ )
F (k) = ∑

0�i�d ′ h(t∗ )
F,i (k)γi +∑

i>0 h(t∗ )
F,0i(k)iγ0γi. Since |h̃(t∗ )

F | is smaller than the

quasienergy of Floquet Hamiltonian, (|h̃(t∗ )
F |2 +∑

0<i�d ′ [h(t∗ )
F,0i]

2)1/2 < π/T , the Floquet phase associated

with H̃ (t∗ )
F is indeed gapped in the π quasienergy gap. On the

other hand, for the 0 quasienergy gap, we notice that h(t∗ )
F,0

equals hF,0 and is nonzero at the momenta where hi = 0 for

all i > 0. Thus h̃
(t∗ )
F is always finite whenever χ (t∗ ) �= 0. The

effective Hamiltonian H̃ (t∗ )
F can be gapless only when both

h(t∗ )
F,0 and χ (t∗ ) vanish at certain momenta for certain t∗. In

general, the range of these t∗ is quite small and H̃ (t∗ )
F is fully

gapped for most cases.
To study the topological properties, we consider a family

of Hamiltonians H̃ (t∗ )
F parametrized by t∗. For t∗ = 0, the

effective Hamiltonian gives the exact Floquet Hamiltonian
HF . Clearly, H̃ (t∗ )

F and HF possess the same symmetries. If
the 0 and π quasienergy gaps are always gapped for all t∗,
then the Floquet phase associated with H̃ (t∗ )

F has the same Z2

topology as the original phase H (k, t ). This is also valid for
the cases whenever H̃ (t∗ )

F is gapped, although there may be
certain reference times between 0 and t∗ at which the effective
Hamiltonian becomes gapless. The point is that since both h(t∗ )

F,0

and χ (t∗ ) are even functions of k, the closing and reopening of
a 0 quasienergy gap for each Floquet band must occur at pairs
of symmetric momentum points, which shall not affect the Z2

topology [105]. This completes the proof.
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