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A model of the non-Abelian fractional quantum Hall effect is obtained from the diagonalization of the matrix
model proposed by Dorey, Tong, and Turner (DTT). The Hamiltonian is reminiscent of a spin Calogero-Moser
model but involves higher-order symmetric representations of the non-Abelian symmetry. We derive the energy
spectrum and show that the Hamiltonian has a triangular action on a certain class of wave functions with a
free-fermion expression. We deduce the expression of the ground-state eigenfunctions and show that they solve a
Knizhnik-Zamolodchikov equation. Finally, we discuss the emergence of Kac-Moody symmetries in the large-N
limit using the level-rank duality, and we confirm the results obtained previously by DTT.
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I. INTRODUCTION

Quantum systems with topologically protected states
called non-Abelian anyons are the best candidates for con-
structing fault-tolerant quantum computing devices [1]. States
of this type are encountered in models of the non-Abelian
fractional quantum Hall effect (FQHE) [2]. The FQHE refers
to the observation of plateaus in the Hall conductivity of
a system of electrons in a strong magnetic field associated
with fractional values of the filling factor. The non-Abelian
model considers the possibility of assigning spinlike degrees
of freedom to electrons to encode various physical properties
like the band structure, the presence of higher Landau
levels, or a physical spin. This model reveals excited states
with nontrivial statistics that exhibit the characteristics of
topologically protected states [2]. While non-Abelian anyons
have not been observed yet in condensed-matter systems, they
have been obtained very recently in quantum processors [3,4].

Three-dimensional Chern-Simons theory offers competing
descriptions of the FQHE at large distances. For instance,
Susskind proposed in [5] a description of the Abelian FQHE
using a noncommutative U (1) Chern-Simons theory at level
k, and recovered in this way the Laughlin wave function
corresponding to the filling factor ν = 1/(k + 1). Subse-
quently, Polychronakos introduced a U (N ) matrix model as
a regularization of Susskind’s model to describe the micro-
scopic dynamics of a droplet of N electrons [6]. In [7],
building on recent results on the moduli space of vortices
[8], Tong reinterpreted Polychronakos’s matrix model as a
description of vortices in an Abelian commutative Chern-
Simons theory. Following this interpretation, Dorey, Tong,
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and Turner (DTT) introduced an extension of Polychronakos’s
matrix model with an additional U (p) symmetry to render
the dynamics of vortices in the non-Abelian Chern-Simons
theory.

One of the interests of the matrix model is to relate the
Chern-Simons theory descriptions to the conformal field the-
ory (CFT) approach to FQHE wave functions initiated by
Moore and Read [9]. Indeed, Polychronakos’s U (N ) matrix
model reduces after diagonalization to a Calogero Hamil-
tonian, which describes the dynamics of the vortices. The
ground-state wave function of this model is known to co-
incide with the Laughlin wave function, which is identified
with a conformal block of the rational torus CFT in [9].
Similarly, DTT recovered from the non-Abelian model the
Blok-Wen wave functions identified with the correlators of
Wess-Zumino-Witten (WZW) models with SU (p)k × U (1)k′

Kac-Moody symmetry [2,10]. In fact, the Kac-Moody cur-
rents of the CFT can be directly constructed from the matrix
model, as shown in [11,12].

The method followed by DTT in [13] for the diagonal-
ization and quantization of the matrix model is based on a
matrix version of holomorphic coordinates and differs from
Polychronakos’s approach. In this paper, we revisit the DTT
matrix model following Polychronakos’s original approach,
and we show that the dynamics of the vortices are governed
by a spin Calogero Hamiltonian involving higher-order sym-
metric representations. To be specific, the order of the U (p)
spin representation is identified with the Chern-Simons level
k. A generating family of wave functions called wedge states
[14,15] is introduced, and we prove that the action of the
Hamiltonian on these states is triangular. We deduce from
this result the spectrum of our model and the expression of
the ground-state wave functions, recovering the Blok-Wen
wave functions in the absence of degeneracies. More gen-
erally, all ground-state eigenfunctions are shown to obey
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the Knizhnik-Zamolodchikov (KZ) equation characteristic of
WZW conformal blocks.

At level k > 1, the wedge states are no longer linearly
independent due to Plücker relations. We solve this prob-
lem using a fermionic representation of the wave functions,
which highlights the underlying algebraic structure. In the
large-N limit, the wedge states become the exact eigen-
states of the Hamiltonian. The free fermions are identified
with the fields of a 2D CFT with the conformal embed-
ding ĝl(pk)1 ⊃ ŝl(p)k ⊗ ŝl(k)p ⊗ û(1). This type of CFT has
been studied previously in the context of level-rank duality
[16]. The Plücker relations project out the dual Kac-Moody
ŝl(k)p algebra, and one recovers the ŝl(p)k ⊗ û(1) symmetry
of the system in agreement with [13]. The primary fields
of the Kac-Moody algebra, which appear in the KZ equa-
tion, are identified with vertex operators. They are used to
translate the wedge states into the states of the fermionic Fock
space. In this way, the spin Calogero model is directly related
to the 2D conformal field theory.

One of our main motivations is the well-known integra-
bility properties of Calogero-type models, which offers the
prospect of applying the algebraic methods developed in this
context to the problem of the FQHE, like the algebraic Bethe
ansatz [17], the Lax formalism [18], and the thermodynamic
Bethe ansatz to study the thermodynamic limit in models with
a nonexplicit spectrum [19–21]. While we do not prove these
properties in this paper, we strongly suspect that our Hamilto-
nian possesses a Yangian symmetry realized in a similar way
as in the lower-order version studied in [22] (see also [18] for
an approach using the Lax pair). This expectation is consistent
with the well-known fact that Yangian invariance generates
Kac-Moody symmetries in the large-N limit [23–25]. We hope
to be able to come back to these important questions in a
future publication.

This paper is organized as follows. Section II contains the
derivation of the Hamiltonian by diagonalization of the DTT
matrix model. The analysis of its spectrum and eigenfunctions
is presented in Sec. III, and the free-fermion formalism and
the large-N limit are explained in Sec. IV. Technical details
have been gathered in the Appendixes. Appendix A contains
the proof of our main results, namely the triangular action
of the Hamiltonian and the KZ equation for the ground-state
eigenfunction. Appendix B presents the eigenfunctions of the
Hamiltonian for the simplest case of N = 2 particles, and
Appendix C is a brief reminder of the construction of the
Gel’fand-Zetlin basis, which applies to the k = 1 case. Fi-
nally, Appendix D presents an explicit check of the conformal
embedding by comparing the explicit expression of characters
in the case p = k = 2.

II. DERIVATION OF THE HAMILTONIAN

In this section, we first present our quantum model and
then its derivation from the diagonalization of the DTT matrix
model.

A. Definition of the model

The system consists of N particles with coordinates xa

carrying a U (p) spin structure defined using the N p oscillators

[ϕi,a, ϕ
†
j,b] = δi, jδa,b. In this paper, we take the convention that

indices a, b, c, d ∈ {1, . . . , N} label the particles, and i, j ∈
{1, . . . , p} their spin states. Each particle carries a symmetric
representation [k] of U (p) obtained from the action of k cre-
ation operators ϕ

†
i1,a

· · · ϕ†
ik ,a

|∅〉 on the vacuum |∅〉 satisfying

ϕi,a |∅〉 = 0, ∀i ∈ {1, . . . , p}, ∀a ∈ {1, . . . , N}. (1)

In addition to the integers N, p, k, the model depends on
the parameter B that confines the particles in a harmonic
potential. The Hamiltonian of the system reads [26]

H =
N∑

a=1

(
− ∂2

∂x2
a

+ B2x2
a

)
+ 2

N∑
a,b=1
a<b

Ja,bJb,a

(xa − xb)2
, (2)

Ja,b =
p∑

i=1

ϕ
†
i,aϕi,b. (3)

This model is expected to describe the non-Abelian quantum
Hall states with filling factor ν = p/(k + p). We note that
the generators Ja,b satisfy the relations of the gl(N ) Lie
algebra [Ja,b, Jc,d ] = δa,d Jc,b − δb,cJa,d , and the Hamiltonian
commutes with the diagonal operators Ja,a for a = 1, . . . , N .
These operators are diagonal on spin states ϕ

†
i1,a

· · · ϕ†
ik ,a

|∅〉
in the representation [k], with the eigenvalue k. Due to the
U (N ) constraints of our model, this integer k must be the
same for each particle a. The Hamiltonian (2) also exhibits a
global U (p) invariance which is generated by the operators

Ki, j =
N∑

a=1

ϕ
†
i,aϕ j,a, [Ki, j, Kk,l ] = δ j,kKi,l − δi,l Kk, j . (4)

1. Abelian model

Setting p = 1, we recover the Abelian model introduced by
Polychronakos in [6] to describe the Laughlin states at filling
factor ν = 1/(k + 1). In this case, there is no spin structure as
every particle carries the fixed spin state (ϕ†

a )k |∅〉. The action
of the interaction term in the Hamiltonian (2) simplifies since

Ja,bJb,a

N∏
c=1

(ϕ†
c )k |∅〉 = k(k + 1)

N∏
c=1

(ϕ†
c )k |∅〉 , (5)

and we recover the Calogero-Moser Hamiltonian with a Gaus-
sian potential,

H(p=1) =
N∑

a=1

(
− ∂2

∂x2
a

+ B2x2
a

)
+ 2k(k + 1)

N∑
a,b=1
a<b

1

(xa − xb)2
.

(6)
This Hamiltonian is known to be integrable [27].

2. Spin Calogero-Moser

Considering instead the case k = 1 for arbitrary p, the
particles carry the fundamental representation of U (p). This
is usually implemented by assigning the spin state |ia〉 =
ϕ

†
ia,a

|∅〉 to the particle a, with the label ia ∈ {1, . . . , p}. In
this case, the interaction term also simplifies as the product
Ja,bJb,a acting on such spin states can be rewritten using the
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permutation Pa,b exchanging the spin labels ia and ib,

Ja,bJb,a

N∏
c=1

ϕ
†
ic,a

|∅〉 = (1 + Pa,b)
N∏

c=1

ϕ
†
ic,a

|∅〉 . (7)

Then, the Hamiltonian (2) reduces to the spin Calogero-Moser
Hamiltonian at coupling λ = 1 with an extra Gaussian poten-
tial,

H(k=1) =
∑

a

(
− ∂2

∂x2
a

+ B2x2
a

)
+ 2

N∑
a,b=1
a<b

1 + Pa,b

(xa − xb)2
. (8)

In the absence of the Gaussian term, this model is also a
well-known integrable system which exhibits the Yangian
symmetry Y (slp) [18,28,29].

3. Remark

Another remarkable value, albeit somewhat trivial, is ob-
tained at k = 0. In this case, particles carry no spin degree
of freedom, and the interaction term of the Hamiltonian (2)
vanishes. We are left with N decoupled quantum harmonic
oscillators. If we look for an antisymmetric wave function so
that the true matrix model wave function is symmetric, the
ground state of our Hamiltonian is [30]

�0(x) = �(x)e− B
2

∑
a x2

a , E0 = N2B. (9)

This is the Slater determinant of the wave functions of N
independent quantum harmonic oscillators. It coincides with
the Laughlin wave function of filling factor ν = 1.

B. Diagonalization of the DTT matrix model

The Hamiltonian (2) has been obtained from the diagonal-
ization of the matrix quantum mechanics proposed in [13] to
describe the dynamics of vortices in a U (p) Chern-Simons
theory. It is a non-Abelian generalization of the quantum
Hall droplet matrix model proposed by Polychronakos in [6],
which was shown in [7,31] to also describe the vortices of the
U (1) Chern-Simons theory. The non-Abelian matrix model
is formulated in terms of dynamical fields consisting in an
N × N complex matrix Z (t ) and p N-dimensional vectors
ϕi(t ) (i = 1, . . . , p). The matrix Z (t ) transforms in the adjoint
representation Z (t ) → U (t )Z (t )U (t )† under U (N ) symme-
try, and the vectors ϕi(t ) in the fundamental representation
ϕi(t ) → U (t )ϕi(t ). The model also contains a nondynamical
gauge field α which imposes the (classical) constraint

B

2
[Z, Z†] +

p∑
i=1

ϕiϕ
†
i = (k + p)1N . (10)

The action of this model reads [13]

S =
∫

dt

[
1

2
iBtr(Z†Dt Z ) + i

p∑
i=1

ϕ
†
i Dtϕi

−(k + p)trα − ωtr(Z†Z )

]
, (11)

where Dt is the covariant derivative

Dt Z = ∂t Z − i[α, Z], Dtϕi = ∂tϕi − iαϕi. (12)

The model depends on the parameters B (background mag-
netic field), k (Chern-Simons level), and ω (strength of the
harmonic trap).

The complex matrix Z can be decomposed into a sum of
Hermitian matrices

Z = X1 + iX2, Z† = X1 − iX2, (13)

and isolating the dependence in the gauge field, the previous
action can be written in a more explicit form,

S =
∫

dt

(
−B

2
tr(X1Ẋ2 − X2Ẋ1) + i

p∑
i=1

ϕ
†
i ϕ̇i

− ωtr
(
X 2

1 + X 2
2

) + tr[αG(X1, X2, ϕi, ϕ
†
i )]

)
,

with G(X1, X2, ϕi, ϕ
†
i )

= −iB[X1, X2] +
p∑

i=1

ϕiϕ
†
i − (k + p)1N , (14)

and we used the dot notation to indicate the time derivative.
When p = 1, this is precisely the form of the action studied
by Polychronakos in [6]. In contrast with the work of DTT, we
will work in the framework where (X1, X2) are the canonical
conjugate fields, instead of (Z, Z†). One of our motivations
is to investigate the connection with quantum integrable sys-
tems. Indeed, the dynamics of the eigenvalues of the matrix X1

is given by the Calogero-Moser Hamiltonian (6) when p = 1
[6]. As we will show shortly, in the non-Abelian model, this
dynamics is defined by the Hamiltonian (2), which we suspect
is also integrable. A second, more physical, motivation is the
interpretation of these eigenvalues as the effective electron
coordinates in the quantum droplet model, and so the position
of Chern-Simons vortices. In this way, we expect the wave
functions derived in the next section to give a more physical
description of the corresponding model.

1. Diagonalization

The Hermitian matrix X1 is diagonalized by decomposing
X1(t ) = �(t )†x(t )�(t ), with (x)a,b = xaδa,b a diagonal matrix
and � ∈ SU(N ) a unitary matrix containing the N2 − N an-
gular degrees of freedom. This decomposition is introduced
using the global U (N ) symmetry, and we denote with a prime
the transformed quantities

X ′
2 = �X2�

†, ϕ′
i = �ϕi, ϕ

′†
i = ϕ

†
i �

†,

α′ = �α�†, G′ = �G�†. (15)

After transformation, the dynamical terms in the Lagrangian
read

trX1Ẋ2 = trxẊ ′
2 + trL[x, X ′

2],

trẊ1X2 = trẋX ′
2 − trL[x, X ′

2], (16)

ϕ
†
i ϕ̇i = ϕ

′†
i ϕ̇′

i − ϕ
′†
i Lϕ′

i,

where we introduced the anti-Hermitian matrix L = �̇�† =
−��̇†. Replacing these terms in the action, we find after
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integration by part

S =
∫

dt

(
BtrẋX ′

2 + i
p∑

i=1

ϕ
′†
i ϕ̇′

i − ωtr(x2 + (X ′
2)2)

− BtrL[x, X ′
2] − i

p∑
i=1

ϕ
′†
i Lϕ′

i + trα′G′
)

,

with G′ = − iB[x, X ′
2] +

p∑
i=1

ϕ′
iϕ

′†
i − (k + p)1N . (17)

From now on, we drop the prime on the variables to simplify
the notation.

In the action (17), the dynamical fields are the eigenvalues
xa(t ), the components ϕi,a(t ) of the vector fields, and the
angular degrees of freedom contained in �(t ). Following the
standard method reviewed in [32], the anti-Hermitian matrix
L can be decomposed over the generators of su(N ),

L =
N−1∑
a=1

ω̇aHa +
N∑

a,b=1
a<b

(ω̇a,bTa,b + θ̇a,bT̃a,b). (18)

We denoted the Cartan generators Ha = i(ea,a − ea+1,a+1),
and the anti-Hermitian matrices Ta,b = i(ea,b + eb,a)/

√
2 and

T̃a,b = (ea,b − eb,a)/
√

2 [here ea,b denotes the elements of the
canonical basis of GL(N )]. Using this decomposition, we
can compute the momentum associated with each degree of
freedom,

pa = δL
δẋa

= BX2 a,a, πi,a = δL
δϕ̇i,a

= iϕ†
i,a,

�a = δL
δω̇a

= Ja,a − Ja+1,a+1,

�a,b = δL
δω̇a,b

= 1√
2

[Ja,b + Jb,a

− iB(xa − xb)(X2 a,b − X2 b,a)],

�̃a,b = δL
δθ̇a,b

= − i√
2

[Ja,b − Jb,a

+ iB(xa − xb)(X2 a,b + X2 b,a)], (19)

where Ja,b is defined in (2). We deduce the Hamiltonian, which
reduces to a potential term since the Lagrangian depends
linearly on time derivatives. Setting α = 0, we find

H = ωtr(x2 + (X2)2)

= ω

N∑
a=1

(
x2

a + p2
a

B2

)

+ 2
ω

B2

∑
a<b

(Ja,b − �+
a,b)(Jb,a − �−

a,b)

(xa − xb)2
, (20)

with �±
a,b = (�a,b ± i�̃a,b)/

√
2.

2. Quantization

We now impose the canonical quantization conditions for
the angular variables and the vector fields,

[ωa,�b] = iδa,b, [ωa,b,�c,d ] = iδa,cδb,d ,

[ϕi,a, π j,b] = iδi, jδa,b. (21)

In particular, ϕi,a and ϕ
†
i,a are conjugate variables,

[ϕi,a, ϕ
†
j,b] = δi, jδa,b. However, we note that due to the

Vandermonde determinant in the measure coming from the
diagonalization dX1 = d�dx�(x), the momentum pa acts on
wave functions as (see, e.g., [32])

pa = −i�(x)−1∂a�(x), �(x) =
N∏

a,b=1
a<b

(xa − xb). (22)

After quantization, the constraints Ga,b = 0 must be im-
posed on physical wave functions. In the canonical variables,
these constraints take the form

Ga,b =

⎧⎪⎨⎪⎩
Ja,a − k (a = b),

�−
a,b (a < b),

�+
b,a (a > b).

(23)

Thus, physical states must obey

�a |phys〉 = �a,b |phys〉 = �̃a,b |phys〉 = 0,

Ja,a |phys〉 = k |phys〉 . (24)

These relations imply that they have no dependence in the
angular variables ωa, ωa,b, and θa,b. Since Ja,a counts a number
of modes, the last condition imposes the quantization k ∈ Z
of the Chern-Simons level. From the relation Ja,bJb,a + Ja,a =
Jb,aJa,b + Jb,b, we also deduce that Ja,bJb,a ≡ Jb,aJa,b on phys-
ical states. Thus, the action of the Hamiltonian simplifies on
the physical states [33],

H = ω

B2

(
N∑

a=1

(−�(x)−1∂2
a �(x)+B2x2

a

)+2
∑
a<b

Ja,bJb,a

(xa − xb)2

)
,

(25)

and it indeed reduces to the Hamiltonian given in Eq. (2)
upon rescaling the energies by a factor ω−1B2, and a conjuga-
tion with the Vandermonde H → �(x)H�(x)−1. The latter
simply amounts to multiplying the wave functions by the
antisymmetric factor �(x).

III. SPECTRUM AND EIGENFUNCTIONS

A. Abelian model

Before studying the general case, we recall the results ob-
tained for the Abelian model (p = 1). As previously observed,
the Hamiltonian (6) describes the Calogero-Moser system
with coupling k ∈ Z and a Gaussian potential. For this system,
the ground state is well-known [34],

�0(x) =
∏
a<b

(xa − xb)k+1e− B
2

∑
a x2

a ,

E0 = N2B + kN (N − 1)B. (26)

Upon analytic continuation, �0(x) coincides with the Laugh-
lin wave function with filling factor ν = 1/(k + 1).

This model has been studied by Polychronakos in the con-
text of the Abelian FQHE in [6], and we recall here some
of his results. States of the model are labeled by N positive
integers na satisfying the constraint na+1 − na � k + 1, and
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the corresponding energy is [35]

En = B
N∑

a=1

(2na + 1). (27)

For the ground state, the labels take the values na = (a −
1)(k + 1), which gives precisely the energy E0 written in (26).
To count the excited states, we can introduce the labels ra =
na+1 − na − (k + 1) with a = 1, . . . , N − 1, together with
r0 = n1, for which the previous condition becomes ra � 0. In
these variables, the energy reads

En = E0 + 2B
N∑

a=1

arN−a. (28)

We can interpret the variables rN−a as counting the multiplici-
ties of the columns of height a of a Young diagram with a total
of

∑
a arN−a boxes, each column being restricted to contain

at most N boxes. In the large-N limit, this restriction drops,
and the corresponding character is simply the u(1) WZW
character,

χ (q) =
∞∑

n=0

p(n)qE0+2Bn = qE0∏∞
j=1(1 − q2B j )

, (29)

where p(n) is the number of partitions of n.

B. Non-Abelian model

In the following, for the sake of simplicity, we introduce a
polynomial representation of the Fock space associated with
the variables ϕi,a,

ϕ
†
i1,a1

· · · ϕ†
in,an

|0〉 → yi1,a1 · · · yin,an . (30)

In this representation, the operators ϕi,a act as the derivatives
∂i,a = ∂/∂yi,a. The gl(N ) generators are represented by

Ja,b =
p∑

i=1

yi,a∂i,b . (31)

The condition (24) implies that physical states are described
by a homogeneous polynomial of degree k in yi,a for each
particle a = 1, . . . , N .

In this section, we derive the eigenvalues and study the
eigenfunctions of the Hamiltonian (2). To simplify the ex-
pression of wave functions, it is convenient to modify the
Hamiltonian and absorb the Gaussian part,

H̃ = e
B
2

∑
a x2

aHe− B
2

∑
a x2

a

=
∑

a

(
− ∂2

∂x2
a

+ 2Bxa
∂

∂xa

)
+ NB +

∑
a �=b

Ja,bJb,a

(xa − xb)2
.

(32)

We further use the rescaling of coordinates xa → B−1/2xa and
energies H̃ → B−1H̃ to set B = 1.

The diagonalization of the Hamiltonian (32) is treated ex-
plicitly in Appendix B in the case of two particles (i.e., N = 2)
with k, p generic. The general treatment for an arbitrary num-
ber of particles given below follows from a careful analysis of
specific cases at lower N which are not presented in this paper
to avoid redundancy.

1. Wedge states

To write down the wave functions of the Hamiltonian (32),
we introduce the wedge product notation for the following
N × N determinants:

[yi1 xn1 ∧ · · · ∧ yiN xnN ]

= det

⎛⎜⎝ yi1,1(x1)n1 · · · yiN ,1(x1)nN

...
...

yi1,N (xN )n1 · · · yiN ,N (xN )nN

⎞⎟⎠. (33)

It satisfies the linearity and the antisymmetry properties,

[· · · ∧ (λ1u1 + λ2u2) ∧ · · · ]

= λ1[· · · ∧ u1 ∧ · · · ] + λ2[· · · ∧ u2 ∧ · · · ], λ1, λ2 ∈ C

[· · · ∧ u1
â

∧ · · · ∧ u2
b̂

∧ · · · ] = −[· · · ∧ u2
â

∧ · · · ∧ u1
b̂

∧ · · · ] .

(34)

The second property implies that [· · · ∧ u
â
∧ · · · ∧ u

b̂
∧ · · · ] =

0.
The elementary blocks for constructing wave functions are

the elements of the following family of determinants indexed
by N-tuple integers r = (r1, . . . , rN ):

Yr(x, y) = det
a,b

(yib,axnb
a ) = [

yi1 xn1 ∧ · · · ∧ yiN xnN
]
. (35)

We call these determinants wedge states. The components ra

of the index r are related to the parameters (na, ia) of the par-
ticle a by Euclidean division ra = pna + ia − 1, 1 � ia � p.
This notation comes from the fact that monomials yi,a(xa)n

can be represented as a power of another variable zr
a, where n

and i − 1 are, respectively, the quotient and remainder of the
Euclidean division of r = pn + i − 1 by p. Such a notation is
used, e.g., in [36]. In these variables, the determinants Yr(x, y)
take the simpler forms

Yr(x, y) = det
a,b

zrb
a = [zr1 ∧ · · · ∧ zrN ]. (36)

By definition, the determinants vanish if ra = rb for a �= b,
and up to permutation we can assume 0 � r1 < r2 < · · · <

rN . Finally, we mention the Plücker relations for bilinear com-
binations of the wedge products states [37],

N∑
a=0

(−1)a[zr1 ∧ · · · ∧ zrN−1 ∧ zsa ][zs0 ∧ · · · ∧��zsa ∧ · · · ∧ zsN ]

= 0 (37)

for an arbitrary pair r = (r1, . . . , rN−1) and s = (s0, . . . , sN ).
It produces nontrivial quadratic relations for arbitrary choice
of r and s if r �⊂ s.

2. Eigenfunctions as a product of wedge states

To label the eigenstates, we introduce a set of k sequences
of N non-negative integers,

r = {r(1), . . . , r(k)} r(α) = {
r (α)

1 , . . . , r (α)
N

}
,

0 � r (α)
1 < r (α)

2 < · · · < r (α)
N , α = 1, . . . , k. (38)

We suppose that the reordering of r(α) in r does not give a new
element. Let R be the set of all possible r. For each element
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r ∈ R, we define a function of the variables xa, yi,a,

ψr(x, y) = �(x)
k∏

α=1

Yr(α) (x, y) . (39)

It can also be seen as an element in C[z1, . . . , zN ] using the
previous translation rule. We define the level of ψr(x, y) as
the eigenvalue of the operator D = ∑N

a=1 xa∂a,

Dψr(x, y) = |r|ψr(x, y), with |r| =
k∑

α=1

|r(α)|,

|r(α)| =
N∑

a=1

⌊
r (α)

a /p
⌋ =

N∑
a=1

n(α)
a , (40)

where � � is the floor function. The last equality is obtained
from the correspondence r (α)

a = pn(α)
a + i(α)

a − 1.
The functions ψr(x, y) also satisfy the second condition

of (24), namely Ja,aψr(x, y) = kψr(x, y), since each factor
Yr(x, y) obeys the property

Ja,aYr(x, y) =
p∑

i=1

yi,a∂i,aYr(x, y) = Yr(x, y) (41)

for any a. In this sense, it gives an element of the physical
space. We define the Hilbert space H as the set of functions
spanned by ψr(x, y). It is important to note that the functions
ψr(x, y) for r ∈ R are not linearly independent if k � 2, since
the Plücker relations (37) produce nontrivial relations among
the product of determinants.

The main result of this section is the general theorem
below.

The theorem (42) is one of the main results presented in
this paper. Its proof, which is given in Appendix (A 1), is
technical and relatively lengthy. The second statement is a
simple corollary obtained by a recursion procedure. Indeed,
since the coefficients C(r, s) are finite (as shown in the proof)
and E (r) is a strictly positive integer, taking the combination

� (1)
r (x, y) = ψr(x, y) −

∑
|s|=|r|−2

C(r, s)

E (s)
ψs(x, y), (44)

we find that H̃ has a triangular action on �
(1)
r (x, y), and the

right-hand side now contains a linear combination of �
(1)
s

with |s| = |r| − 4. We can continue this recursive procedure
until we arrive at the ground states, which are eigenstates since
|r| is minimal. While the functions ψr(x, y) do not form a ba-
sis due to their redundancy, this fact is irrelevant here since we
do not use independence. This set of functions provides a large
class of solutions, and it is natural to conjecture that general
eigenfunctions can be expressed as a linear combination of
such functions. The equivalence relations among eigenstates,
such as those following from the Plücker relations (37), will
be discussed in Sec. V below.

3. Ground-state wave function and degeneracies

The ground states correspond to the labels r for which
|r| is minimal. As a consequence of the triangular form (42)
of the Hamiltonian action, the corresponding wave functions
ψr(x, y) are eigenfunctions of the system. We first examine
the case k = 1, and we observe that the ground state is unique
when p divides N . It is obtained for r0 = (0, 1, 2, . . . , N − 1),
and the corresponding wedge state is

Yr0 (x, y) = [y1 ∧ · · · ∧ yp ∧ y1x ∧ · · · ∧ ypx∧
· · · ∧ y1xm−1 ∧ · · · ∧ ypxm−1] (45)

for N = mp. In the general case, N = mp + q with 0 � q �
p − 1, the ground state is ( p

q )-fold degenerate, which corre-
sponds to a choice of spin for the q extra particles,

Yr0 (x, y) = [y1 ∧ · · · ∧ yp ∧ y1x ∧ · · · ∧ ypx∧
· · · ∧ y1xm−1 ∧ · · · ∧ ypxm−1 ∧ yi1 xm∧
· · · ∧ yiq xm], (46)

for N = mp + q with 1 � i1 < i2 < · · · < iq � p. We denote
as R0 the set of all possible ground state labels, i.e., the set of
labels r ∈ R that minimize E (r). The ground-state energy for
N = mp + q is

E (r0) = pm(m − 1) + 2qm + N2. (47)

When k > 1, ground-state wave functions are obtained by
taking the product of k determinants (46),

ψr0 (x, y) = �(x)
k∏

α=1

Yr(α)
0

(x, y),

E (r0) = k[pm(m − 1) + 2qm] + N2 (48)

with r0 = (r(1)
0 , . . . , r(k)

0 ) and r(α)
0 ∈ R0. Note that the expres-

sion of the ground-state energy E (r0) reproduces the formula
(26) obtained for the Abelian model. It also agrees with the
results obtained in [13]. The spin indices i(α)

l , α = 1 · · · k and
l = 1 · · · q labeling these states, transform in the k-fold sym-
metrization of the qth antisymmetric representation of SU(p)
[13], and the dimension of R0 is given by the hook length
formula

k∏
α=1

q∏
i=1

p + α − i

q + k + 1 − α − i
. (49)

In fact, R0 has more degrees of freedom than above because
of the redundancies mentioned above.
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Finally, we would like to comment on the excited states.
The theorem (42) shows that excited states are linear combi-
nations of products of the wedge states. They can be classified
according to U (p) [or gl(p)] irreducible representations. In
the k = 1 case, it can be done using the Gelfand-Zetlin basis,
which is explained in Appendix C. For general k, we have
to introduce the corresponding loop (or Kac-Moody) algebra,
and it will be presented in the next section.

C. KZ equation for the ground-state wave function

The wave functions of the matrix model differ from those
of the Hamiltonian by a Vandermonde factor [38],

�r0 (x, y) = �(x)−1ψr0 (x, y) =
k∏

α=1

Yr(α)
0

(x, y). (50)

In Appendix A, we prove that these wave functions satisfy the
following Knizhnik-Zamolodchikov (KZ) equation:

(p + k)∂a�r0 (x, y) =
∑
b�=a

Ja,bJb,a

xa − xb
�r0 (x, y). (51)

This is a generalization of a similar result obtained in the case
N = mp in [13]. Indeed, in this case the ground state is nonde-
generate, and the corresponding wave function �r0 = (Yr0 )k

can be identified with the DTT wave function obtained as the
conformal block function, 〈V (x1) · · ·V (xN )〉, where V (x) is
the primary field of the kth-order symmetric representation [k]
of a Wess-Zumino-Witten model ŝu(p)k ⊗ û(1). To identify
the two expressions, we can relabel the particles and write the
wedge state in the form

Yr0 (x, y) = ε[y1 ∧ y1x ∧ · · · ∧ y1xm−1 ∧ y2 ∧ y2x ∧ · · · ∧ y2xm−1 ∧ · · · ∧ yp ∧ ypx ∧ · · · ∧ ypxm−1], (52)

where ε is a sign coming from the permutation of the columns in the determinant. Expanding the determinant gives the
antisymmetrization over all particles,

Yr0 (x, y) = ε
∑
σ∈SN

(−)σ
m∏

a=1

[y1,σ (a)(xσ (a) )
a−1 × y2,σ (a+m)(xσ (a+m) )

a−1 × · · · × yp,σ [a+m(p−1)](xσ [a+m(p−1)] )
a−1]. (53)

This operation is denoted A in [13]. It is then possible to antisymmetrize independently the particles in each set of m particles
with the same spin. It produces the Vandermonde determinants found in Eq. (5.5) of [13],

Yr0 (x, y) = ε

(m!)p

∑
σ∈SN

(−)σ
[

m∏
a=1

y1,σ (a)

m∏
a,b=1
a<b

(xσ (a) − xσ (b) )
2m∏

a=m+1

y2,σ (a)

2m∏
a,b=m+1

a<b

(xσ (a) − xσ (b) )

× · · · ×
mp∏

a=m(p−1)+1

yp,σ (a)

pm∏
a,b=(p−1)m+1

a<b

(xσ (a) − xσ (b) )

]

= ε

(m!)p
A

[
m∏

a=1

y1,a

m∏
a,b=1
a<b

(xa − xb)
2m∏

a=m+1

y2,a

2m∏
a,b=m+1

a<b

(xa − xb) × · · · ×
mp∏

a=m(p−1)+1

yp,a

pm∏
a,b=(p−1)m+1

a<b

(xa − xb)

]
. (54)

In the next section, we show that the U (p) Kac-Moody symmetry appears in the large-N limit. We relate the KZ equation (51)
to the correlation function of the vertex operators, which intertwine the wedge states with the states of the free-fermion Fock
space. The results of this subsection show that the KZ equation holds even at finite N .

We note that the Calogero model ground states give a limited class of the chiral correlators of the WZW model. For the study
of more general correlators in the context of the FQHE, see, for example, Refs. [39,40].

D. Generalized statistics

Let us focus for a moment on the vacuum wave functions in the case k = 1 for which the matrix model wave functions
coincide with wedge states, i.e., �r0 (x, y) = Yr0 (x, y). The latter can be written in the explicit form

Yr0 (x, y) =

∣∣∣∣∣∣∣∣∣
y1,1 · · · yp,1 · · · yi1,1xm

1 · · · yiq,1xm
1

y1,2 · · · yp,2 · · · yi1,2xm
2 · · · yiq,2xm

2
...

. . .
...

y1,N · · · yp,N · · · yi1,N xm
N · · · yiq,N xm

N

∣∣∣∣∣∣∣∣∣ . (55)

An important feature of the wave functions Yr0 (x, y) is that they do not vanish when two coordinates coincide xa → xb because
of the presence of the extra spin variables yi,a. Instead, when p + 1 particles approach each other at the same time, at least
two particles will have the same spin. As a result, the two corresponding rows of the determinants will be identical, and
the determinant will vanish. More precisely, when N = mp + q, all the wave functions Yr0 (x, y) vanish when p + 1 particle
coordinates coincide. When only r < p + 1 particles coincide, some of the wave functions might still vanish if q > 0, which
partially lifts the degeneracy of the vacuum. In this way, the wedge states describe particles obeying a generalized exclusion
principle.

155158-7



JEAN-EMILE BOURGINE AND YUTAKA MATSUO PHYSICAL REVIEW B 109, 155158 (2024)

1. Fractional quasiholes

Using a similar argument, it is possible to introduce wave functions describing fractional quasiholes,

Yr0 (x, y|ζ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

y1,1 · · · yp,1 · · · yi1,1xm+1
1 · · · yiq,1xm+1

1
...

. . .
...

y1,N · · · yp,N · · · yi1,N xm+1
N · · · yiq,N xm+1

N
y1,N+1 · · · yp,N+1 · · · yi1,N+1ζ

m+1
1 · · · yiq,N+1ζ

m+1
1

...
. . .

...

y1,N+p · · · yp,N+p · · · yi1,N+pζ
m+1
p · · · yiq,N+pζ

m
p

∣∣∣∣∣∣∣∣∣∣∣∣∣
. (56)

When we set ζ1 = · · · = ζp = ζ , the wave functions
Yr0 (x, y|ζ) contain a factor

∏N
a=1(ζ − xa) due to the gener-

alized exclusion principle mentioned above, and it describes
a hole of coordinate ζ . Thus, the general formula Yr0 (x, y|ζ)
describes the splitting of this hole into p quasiholes, each of
which has a fractional charge −e/p.

2. Moore-Read state

Some of the characteristic states of the non-Abelian FQHE
can also be recovered from our general formula for the
ground-state wave function. For instance, taking p = 2, N =
2m, and k = 2, we find a singlet ground state with pa-
rameters r0 = {0, 1, . . . , 2m − 1}. The corresponding matrix
model wave function is

�(x, y) = [Yr0 (x, y)]2. (57)

It was noted in [13] that this expression is equivalent to the
following Pfaffian [41]:

�(x, y) ∝ Pf

(
(y1ay2b − y2ay1b)2

xa − xb

) ∏
a<b

(xa − xb) . (58)

The coordinate dependence of this wave function coincides
with the Moore-Read state.

It seems possible to generalize the Pfaffian formula for
general p = k and N = pm with r0 = {0, 1, . . . , pm − 1} in
the following way:

�(x, y) = [
Yr0 (x, y)

]p

∝ �(x)
∑

A1,...,Am

ε(A1, . . . , Am)
m∏

α=1

(deti, j yi,aα
j
)p

×
∏

1�i< j�p

(
xaα

i
− xaβ

j

)
. (59)

The summation is defined over all possible decomposi-
tion of {1, 2, . . . , pm} into L sets Aα of p mutually dis-
tinct indices. Namely, Aα = {aα

1 , . . . , aα
p} (aα

i > aα
j for i >

j), and aα
i ∈ {1, 2, . . . , pm}, Aα ∩ Aβ = ∅, and

⋃p
α=1 Aα =

{1, 2, . . . , pm}. The sign ε(A1, . . . , Am) depends on the sets
Aα . This conjecture is a natural generalization of the Moore-
Read wave function (58). We have checked that the power
counting for both x and y variables match separately, and we
observed the correct behavior for the generalized statistics. In-
deed, the wave function vanishes only when p + 1 coordinates
xa approach each other, and such behavior is broken when the
y vectors become linearly dependent.

IV. FREE FERMION REPRESENTATION
AND KAC-MOODY ALGEBRA

In the previous section, we have shown that the eigenstates
of the Hamiltonian can be expressed as linear combinations
of products of k wedge states. However, the Plücker iden-
tities imply that this description is redundant for k > 1. In
this section, we rewrite the eigenstates using a free-fermion
formalism [14]. This has two main advantages. First, it allows
us to reinterpret the Plücker relations at finite N as constraints
from a loop-algebra symmetry. Second, it brings to light the
appearance of the Kac-Moody symmetry ŝu(p)k in the large-
N limit.

A. Plücker identity as ŝu(k)+-constraints at finite N

For a finite number N of particles, we introduce a set of
(nonrelativistic) free-fermion oscillators, ψ i,α

n , ψ̄ i,α
n , indexed

by the integers n � 0, i = 1, . . . , p, α = 1, . . . , k, and satis-
fying {

ψ i,α
n , ψ̄ j,β

m

} = δi, jδα,βδn,m,{
ψ i,α

n , ψ j,β
m

} = {
ψ̄ i,α

n , ψ̄ j,β
m

} = 0. (60)

We also define the bra and ket vacua as

ψ i,α
n |0〉 = 0, 〈0|ψ̄ i,α

n = 0 for n � 0. (61)

Generic states of the free-fermion Fock space are obtained
by the action of the modes ψ̄ i,α

n on the vacuum |0〉. This
Fock space has a natural family of grading operators N̂α =∑∞

n=0

∑p
i=1 ψ̄ i,α

n ψ i,α
n corresponding to the fermionic numbers

counting the number of modes ψ̄ i,α
n for each α = 1 · · · k. As

a result, the total Fock space F (k) decomposes as a direct
sum of subspaces F (k)

N labeled by the vector N = (N1, . . . , Nk )
encoding the eigenvalues Nα ∈ Z�0 of the fermionic number
operators N̂α . These subspaces admit the basis

k∏
α=1

(
ψ̄

i(α)
1 ,α

n(α)
1

· · · ψ̄ i(α)
Nα

,α

n(α)
Nα

)|0〉, (62)

with n(α)
aα

∈ Z�0, i(α)
aα

∈ [[1, p]], and aα = 1 · · · Nα . In the fol-
lowing, we restrict ourselves to the case N0 = (N, . . . , N ),
where N is the number of particles, and denote the corre-
sponding subspace F (k)

N0
.

Let V (k)
N denote the space linearly generated by the wave

functions of the matrix model [i.e., omitting the Vandermonde
factor in ψr(x, y)]. As shown in the previous section, this
space is spanned by products of k wedge states (which are
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not all linearly independent),

V (k)
N = Span (r(1),...,r(k) )∈R

{
k∏

α=1

Yr(α) (x, y)

}
. (63)

We define a map from the fermionic Fock space F (k)
N0

to the

wave functions V (k)
N realized as a linear map [42],

k∏
α=1

(
ψ̄

i(α)
1 ,α

n(α)
1

· · · ψ̄ i(α)
N ,α

n(α)
N

)|0〉

→ 〈x, y|
k∏

α=1

(
ψ̄

i(α)
1 ,α

n(α)
1

· · · ψ̄ i(α)
N ,α

n(α)
N

)|0〉

= ε

k∏
α=1

[
xn(α)

1 yi(α)
1

∧ · · · ∧ xn(α)
N yi(α)

N

]
, (64)

using the bra state 〈x, y| defined as [43]

〈x, y| = 〈0|�(xN , yN ) · · · �(x1, y1), (65)

�(xa, ya) =
k∏

α=1

ψα (xa, ya), (66)

ψα (xa, ya) =
∞∑

n=0

p∑
i=1

ψ i,α
n xn

ayi,a . (67)

Here ε = ± is a sign that will be irrelevant in our discussion. It
is important to note that the fermionic states (61) are linearly
independent and define a basis of the space F (k)

N0
. However, we

have seen that this is not the case for the products of wedge
states obtained from the inner product with 〈x, y|. We will
now show that the linear dependence is a consequence of the
invariance of the bra state under a loop algebra that we denote
ŝu(k)+.

1. ŝu(k)+-symmetry

Let Lαβ
n with n � 0 and α, β ∈ [[1, k]] denote the positive

generators of the loop algebra of u(k) in the fermionic repre-
sentation,

Lαβ
n =

∞∑
�=0

p∑
i=1

ψ̄ i,α
n+�ψ

i,β
� (n � 0). (68)

We note that the fermionic number operators defined earlier
correspond to N̂α = Lαα

0 . These generators satisfy the com-
mutation relations[

Lαβ
n , Lγ δ

m

] = δβ,γ Lαδ
n+m − δα,δLγ β

n+m , (69)

and we denote û(k)+ the algebra spanned by these operators.
These operator act on the free-fermion Fock spaces F (k), and
obey the following commutation relations with the fermionic

fields: [
Lαβ

n , ψγ (xa, ya)
] = −δα,γ xn

aψ
β (xa, ya),[

Lαβ
n , �(xa, ya)

] = −δα,βxn
a�(xa, ya) , (70)

where the second identity is a consequence of the fermionic
exclusion principle [ψα (x, y)]2 = 0. We deduce the action of
û(k)+ generators on the bra states 〈x, y| introduced earlier,

〈x, y|Lαβ
n = δα,β pn(x)〈x, y| , (71)

where pn(x) = ∑N
a=1 xn

a is the elementary power sum sym-
metric polynomials. It implies that the bra state is annihilated
by the action of the ŝu(k)+ generators defined as

〈x, y|L̄αβ
n = 0 , L̄αβ

n = Lαβ
n − δα,β

k

∑
γ

Lγ γ
n . (72)

It means that the map from the fermionic Fock space F (k)
N0

to the space of wedge states products V (k)
N is invariant under

the ŝu(k)+ symmetry. This invariance explains the redundancy
of our description of V (k)

N . In the following, we refer to the
subspace of F (k)

N obtained from the action of the generators
L̄αβ

n on the fermionic vacuum as the ŝu(k)+-orbit. As we have
shown, any state from this orbit has a vanishing inner product
with 〈x, y|, and thus belongs to the kernel of the map F (k)

N0
→

V (k)
N .

The Plücker relations (37) are a consequence of the ŝu(k)+-
symmetry. To show this, we restrict ourselves to k = 2 and
consider the action of the generator L̄21

n = L21
n on the Fock

space F (k)
N with N = (N + 1, N − 1). The action on the basis

vectors reads

L21
n ψ̄ i1,1

n1
· · · ψ̄ iN+1,1

nN+1
ψ̄ j1,2

m1
· · · ψ̄ jN−1,2

mN−1
|0〉

= (−1)N
N+1∑
a=1

(−1)a−1ψ̄ i1,1
n1

· · · ���ψ̄ ia,1
na

· · · ψ̄ iN+1,1
nN+1

ψ̄
ia,2
na+nψ̄

j1,2
m1

· · · ψ̄ jN−1,2
mN−1

|0〉.

After taking the inner product with 〈x, y| and using (72), we
find the identity

N+1∑
a=1

(−1)a
[
yi1 xn1 ∧ · · · ∧ ���yia xna ∧ · · · ∧ yiN+1 xnN+1

]
·[yia xna+n ∧ y j1 xm1 ∧ · · · ∧ y jN−1 xmN−1

] = 0. (73)

This is indeed a generalization of the Plücker relations (37)
which are recovered by taking n = 0. The same relations are
obtained if we consider instead the action of L̄12

n on F (k)
N with

N = (N − 1, N + 1).

155158-9



JEAN-EMILE BOURGINE AND YUTAKA MATSUO PHYSICAL REVIEW B 109, 155158 (2024)

It is also instructive to examine the action of the diagonal element L̄11
n = 1

2 (L11
n − L22

n ) = −L̄22
n on the basis vectors of the

Fock space F (k)
N0

,(
L11

n − L22
n

)
ψ̄ i1,1

n1
· · · ψ̄ iN ,1

nN
ψ̄ j1,2

m1
· · · ψ̄ jN ,2

mN
|0〉

=
N∑

a=1

(
ψ̄ i1,1

n1
· · · ψ̄

ia,1
na+n · · · ψ̄ iN ,1

nN
ψ̄ j1,2

m1
· · · ψ̄ jN ,2

mN
− ψ̄ i1,1

n1
· · · ψ̄ iN ,1

nN
ψ̄ j1,2

m1
· · · ψ̄ ja,2

ma+n · · · ψ̄ jN ,2
mN

)|0〉. (74)

After taking the inner product with the bra state 〈x, y|, we find an identity that is trivially satisfied,

N∑
a=1

([
yi1 xn1 ∧ · · · ∧ yia xna+n ∧ · · · ∧ yiN xnN

] · [
y j1 xm1 ∧ · · · ∧ y jN xmN

]
− [

yi1 xn1 ∧ · · · ∧ yiN xnN
] · [

y j1 xm1 ∧ · · · ∧ y ja xma+n ∧ · · · ∧ y jN xmN
])

= {
pn(x)

[
yi1 xn1 ∧ · · · ∧ yiN xnN

]}[
y j1 xm1 ∧ · · · ∧ y jN xmN

] − [
yi1 xn1 ∧ · · · ∧ yiN xnN

]{
pn(x)

[
y j1 xm1 ∧ · · · ∧ y jN xmN

]} = 0.

(75)

This shows that the invariance of the bra state 〈x, y| under
ŝu(k)+-symmetry for k = 2 is equivalent to the generalized
Plücker identities (73) obeyed by products of wedge states.

2. Ground states

The ground-state wave functions (48) for N = pm + q
(with 0 � q < p) are associated with the following states of
F (k)

N0
:

k∏
α=1

q∏
r=1

ψ̄ i(α)
r ,α

m

k∏
α=1

p∏
i=1

m−1∏
l=1

ψ̄ i,α
l |0〉. (76)

When q = 0, the first factor is absent, and the vacuum is
unique. When q > 0, the vacua are labeled by the indices
(i(α)

1 , . . . , i(α)
q ) with α = 1 · · · k taking the value in [[1, p]]. The

vacua form a representation [kq] of su(p) [13]. They belong
to a dual [qk] representation of su(k), which is singlet, which
does not belong to the ŝu(k)+-orbit [44] .

3. Dual loop symmetry and excited states

It is possible to define an action of the larger algebra
û(pk)+ on the fermionic Fock space F (k). This algebra is
defined as the positive part of the loop algebra of u(pk).
It is generated by the following operators in the fermionic
representation:

Mi+p(α−1), j+p(β−1)
n =

∞∑
�=0

ψ̄ i,α
n+�ψ

j,β
� (n � 0), (77)

where the indices i + p(α − 1) and j + p(β − 1) run from 1
to pk.

The algebra û(pk)+ contains a subalgebra û(p)+ generated
by

Ki j
n =

∞∑
�=0

k∑
α=1

ψ̄ i,α
n+�ψ

j,α
n (n � 0), (78)

which is dual to the algebra û(p)+ in the sense that[
Lαβ

n , Ki j
m

] = 0 . (79)

More precisely, we have the decomposition [16]

û(pk)+ ⊃ ŝu(p)+ ⊕ ŝu(k)+ ⊕ û(1)+, (80)

where the û(1)+ subalgebra is generated by

Jn =
∞∑

�=0

k∑
α=1

p∑
i=1

ψ̄ i,α
n+�ψ

i,α
n =

k∑
α=1

Lαα
n =

p∑
i=1

Kii
n . (81)

It is obvious that the states generated by the action of
ŝu(p)+ ⊕ û(1)+ on the vacuum do not belong to the ŝu(k)+-
orbit. In the large-N limit, it is possible to show that these
states exhaust the possible eigenstates of the Hamiltonian
(32), and we expect that this statement holds also at finite N .

The adjoint action of the û(p)+ generators on the fermionic
field �(xa, ya) reads[

Ki j
n , �(xa, ya)

] = −xn
ayi,a∂ j,a�(xa, ya), (82)

which shows that the field �(x, y) is the finite N equivalent
of the primary fields for the Kac-Moody algebra û(p). The
KZ equation for the ground-state wave functions obtained in
(51) is expected to follow from this primary field condition.
Indeed, at large N the derivation of the KZ equation from
the primary field condition is a standard procedure [45]. On
the other hand, the derivation of the KZ equation at finite N
given in Appendix A 2 does not involve the û(p)+-invariance,
and it would be interesting to provide an alternative derivation
starting from the condition (82).

In the Abelian case (p = 1), the algebraic structure sim-
plifies and the Fock space F (k) is generated by the action
of the û(1)+ generators on the vacuum. Thus, in the large-
N limit, the spectrum of the Hamiltonian (32) produces the
û(1) character (29), in agreement with the results obtained by
Polychronakos in [6].

B. Kac-Moody algebra at large N and level-rank duality

In this subsection, we study the large-N limit of the
fermionic Fock space F (k) and observe the emergence of the
Kac-Moody symmetry ŝu(p)k . The emergence of this sym-
metry is one of the main results obtained by DTT in [11,13],
and it was later proved rigorously in [12]. Our spin Calogero
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model provides an alternative point of view, which we explain
here.

To take the large N (or, equivalently, large m) limit of the
wedge states, we focus first on the vacuum wave functions
(50) and (46),

�r0 (x, y) =
k∏

α=1

Yr(α)
0

(x, y), (83)

Yr(α)
0

(x, y) =
(

N∏
a=1

xm−1
a

)[
y1x−m+1 ∧ · · · ∧ ypx−m+1 ∧ · · ·

(84)

∧ y1 ∧ · · · ∧ yp ∧ xyi(α)
1

∧ · · · ∧ xyi(α)
q

]
(85)

with the decomposition N = pm + q, 0 � q < p. The factor∏N
a=1 xm−1

a can be absorbed by a constant shift of the Hamil-
tonian, and it can be ignored for the purpose of taking the
large N limit. Permuting the factors in the wedge product, we
obtain an expression of the wedge states appropriate for the
limit N → ∞. It produces

Y∞
r(α)

0
= [(

yi(α)
1

x
) ∧ · · · ∧ (

yi(α)
q

x
) ∧ y1 ∧ · · · ∧ yp

∧ y1x−1 ∧ · · · ∧ ypx−1 ∧ · · · ]. (86)

When q = 0, the factors yi(α)
1

x are not present, and we re-
cover the usual free-fermion vacuum written as a semi-infinite
wedge product [15]. We will explain below how to intro-
duce the extra factors when q �= 0. General wedge states are
obtained by replacing a finite number of factors yix−n by
yix−n+r for some r ∈ Z>0. The limiting procedure is the same
for these states. We denote the space of the eigenfunctions
�∞

r (x, y) built upon semi-infinite wedge products as V (k)
∞ . We

note that, in the large N limit, the wedge states become true
eigenstates of the Hamiltonian (32) since the energies E (r)
grow as O(N2), and so the subleading terms in (44) vanish.
We note that the coefficients C(r, s) are finite, as seen from
the explicit computation in Appendix A, and the number of
the sets s is also finite.

To describe the Fock space at large N , we introduce the free
fermionic modes ψ i,α

r , ψ̄ i,α
r , which still carry the color index

i = 1, . . . , p and Chern-Simons level index α = 1, . . . , k, but
now have the mode index r ∈ Z + 1

2 . These operators satisfy
the anticommutation relations{

ψ i,α
r , ψ̄ j,β

s

} = δi, jδα,βδr+s,0,{
ψ i,α

r , ψ j,β
s

} = {
ψ̄ i,α

r , ψ̄ j,β
s

} = 0. (87)

The Fock space is built on a vacuum |∅〉, which can be
seen formally as the limit of the ground state (76) for q = 0.
The action of the fermionic modes on this vacuum and the
corresponding dual state reads

ψ i,α
r |∅〉 = ψ̄ i,α

r |∅〉 = 0, 〈∅|ψ i,α
−r = 〈∅|ψ̄ i,α

−r = 0 (r > 0).
(88)

We denote as F (p,k)
∞ the Fock space obtained by the action of

negative modes ψ i,α
−r , ψ̄ i,α

−r on this vacuum.
The map F (k)

N0
→ V (k)

N defined in the previous subsection
can be extended formally to the limit of an infinite number
of particles, i.e., N = mp + q with m → ∞, q ∈ [[0, p − 1]]

fixed. To do so, we extend the definition of the bra state 〈x, y|
as follows:

〈x, y| = lim
m→∞〈∅| :

⎛⎝ k∏
α=1

p∏
i=1

m−1/2∏
r=1/2

ψ̄ i,α
r

⎞⎠ (89)

× �(xmp+q, ymp+q ) · · · �(x1, y1) : (90)

with �(xa, ya) =
k∏

α=1

ψα (xa, ya), (91)

ψα (xa, ya) =
∑

r∈Z+1/2

p∑
i=1

ψ i,α
r xr+1/2

a yi,a, (92)

where : · · · : is the fermionic normal ordering. We use the
anticommutation rule,{

ψα (x, y), ψ̄ i,β
r

} = x−r+1/2yi, (93)

to show that it defines by projection a map F (p,k)
∞ → V (k)

∞ ,
which sends the vacuum state |∅〉 to the ground-state wave
function (83) for q = 0. The ground-state wave functions for
q �= 0 can be obtained from the fermionic states,

k∏
α=1

q∏
r=1

ψ̄
i(α)
r ,α

−1/2 |∅〉. (94)

1. û(pk)-symmetry and level-rank duality

The fermionic Fock space F (p,k)
∞ admits the action of the

û(pk)1 Kac-Moody algebra generated by the operators

Jiα; jβ
n =

∑
s∈Z+1/2

: ψ̄ iα
s ψ

j,β
n−s : . (95)

The indices i = 1 · · · p and α = 1 · · · k can be combined into a
single index i + p(α − 1) running from 1 to pk. This algebra
contains two commuting Kac-Moody subalgebras û(p)k and
û(k)p, respectively, generated by

Ki j
n =

∑
s∈Z+1/2

k∑
α=1

: ψ̄ iα
s ψ

j,α
n−s : ,

Lαβ
n =

∑
s∈Z+1/2

p∑
i=1

: ψ̄ iα
s ψ

i,β
n−s : . (96)

It also contains a û(1)pk subalgebra generated by the traces∑
i Kii

n = ∑
α Lαα

n . For each of these algebras, we can in-
troduce the traceless generators, as in (72), to define the
corresponding ŝu(pk)1, ŝu(k)p, ŝu(p)k subalgebra. The cen-
tral charge of the Kac-Moody ŝu(p)k algebra is

cp,k = k(p2 − 1)

k + p
. (97)

It obeys the identity cpk,1 = ck,p + cp,k , and it implies the
following decomposition as a conformal embedding [46–49]:

ŝu(pk)1 ⊃ ŝu(p)k ⊕ ŝu(k)p. (98)

In particular, the stress-energy tensors obtained by the Sug-
awara construction coincide,

Tŝu(pk)1 = Tŝu(p)k + Tŝu(k)p . (99)
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In [16], Nakanishi and Tsuchiya used this decomposition to
prove the level-rank duality between ŝu(k)p and ŝu(p)k Kac-
Moody algebras. The Fock space F (k)

∞ describes the states of
pk free fermions in the NS sector. It is graded by the fermion
number operator N̂F = ∑

r∈Z
∑p

i=1

∑k
α=1 : ψ̄ i,α

r ψ i,α
−r :, which

coincides with the zero mode of the û(1)pk current. Accord-
ingly, the Fock space is decomposed into

F (p,k)
∞ =

⊕
σ∈Z

F (p,k)
∞,σ . (100)

We note that the state of our model with N = mp + q belongs
to the subspace F (p,k)

∞,σ with σ = qk. For each subspace, we
have the decomposition

F p,k
σ

∼=
⊕

λ

W ŝu(p)k

λ ⊗ W ŝu(k)p

λ′ ⊗ W û(1)
σ , (101)

where the index λ labels the irreducible representation of
ŝu(p)k This label corresponds to the sequence of integers
λ1 � λ2 � · · · � λp with the conditions (i) λ1 − λp � k, (ii)
0 � λp < k, and (iii)

∑p
i=1 λi ≡ σ mod pk. The sequences

λ describe the dominant integral weights (k − λ1 + λp)�0 +∑p−1
j=1 (λ j − λ j−1)� j , where � j is the (affine) fundamental

weight of ŝu(p)k . We denoted the corresponding representa-
tion space as W ŝu(p)k

λ . Finally, λ′ is obtained by transposition
of the partition defined by λ. We refer to Sec. II of [16] for
more details, or the original paper [50] (see also [51,52] for
similar results).

The decomposition (101) implies an identity for the char-
acters of the corresponding representations. As an illustration,
this identity is checked explicitly in Appendix D in the case
p = k = 2.

In the large-N limit, we expect that the ŝu(k)+-invariance
(72) of the bra state 〈x, y| is replaced by the condition

〈x, y|L̄αβ
n = 0, n � 0 , (102)

where L̄αβ
n is the traceless generator of ŝu(k)p obtained from

Lαβ
n . If so, the decomposition (98) implies that the linearly

independent eigenfunctions are spanned by ŝu(p)k ⊕ û(1)pk .
The extra û(1)pk factor can be introduced by an extra free
boson. In this way, we recover the Kac-Moody symmetry of
the model observed in [13].

V. DISCUSSION

In this paper, we proposed a microscopic description of
the non-Abelian FQHE using a spin Calogero Hamiltonian
involving kth-order symmetric representations of the non-
Abelian U (p) symmetry. This description follows from the
diagonalization of the DTT matrix model [13] describing the
vortices of a (2+1)-dimensional Chern-Simons theory with a
U (p) gauge group. We have introduced a family of wave func-
tions constructed as determinants involving both coordinates
and spin dependence called wedge states. We have proved
that the Hamiltonian has a triangular action on these wave
functions, and we deduced its spectrum and the expression of
ground-state wave functions. The wedge states are not linearly
independent when the Chern-Simons level k is greater than 1,
and it is necessary to quotient by the loop algebra invariance
ŝu(k)+ to find a proper eigenbasis. The action of this sym-

metry algebra was obtained by reexpressing the wedge states’
wave functions in a free-fermion formalism. In this way, it was
shown that the ŝu(k)+-symmetry produces bilinear relations
among determinants, which generalize the celebrated Plücker
relations.

In the large-N limit, where N is the number of vortices,
the ŝu(k)+-invariance is expected to extend to an invariance
under the Kac-Moody ŝu(k)p algebra dual to the ŝu(p)k-
symmetry of the model under level-rank duality. As a result,
the spectrum of the Hamiltonian reproduces the WZW ŝu(p)k

characters, in agreement with the observations made in [13].
In fact, the presence of this Kac-Moody symmetry is already
observed at finite N . Indeed, it was shown that ground-state
wave functions obey a Knizhnik-Zamolodchikov equation,
generalizing a similar result obtained in [13] to the case of
degenerate ground states. This proof is independent of our ob-
servation of the ŝu(k)+-symmetry, and it would be instructive
to relate this KZ-equation to the finite N ŝu(k)+-primary field
condition given in (82).

One of the main open questions is the integrability of our
model. The standard spin Calogero model in which particles
carry a fundamental representation of the symmetry group
U (p) was shown to be integrable using the Lax formalism
in [18]. In addition, this model exhibits Yangian symme-
try [22], and it is natural to expect that our model is also
Yangian-invariant, albeit involving higher-order representa-
tions. In fact, we expect our Hamiltonian to belong to the
class of degenerate integrable systems recently introduced by
Reshetikhin as a generalization of the idea of quantum inte-
grability (see [53,54] and references therein) [55]. This notion
refers to integrable systems in which the invariant phase space
has fewer dimensions than the usual ones. Our construction of
the wedge states by projection on the bra state described in
Sec. IV A suggests some similarity with this notion. We hope
to be able to come back to this important question in a future
publication.

Several studies have indicated a possible role of the W1+∞-
algebra and its deformations (e.g., affine Yangian) in the QHE
(see, for example, Refs. [56,57]) [58]. In this context, several
deformations of the model can be introduced, like the trigono-
metric or elliptic deformations, relativistic deformations, or
β-deformations of the coupling. The relativistic model is ex-
pected to be diagonalized using the q-deformed wedge states
introduced in [59]. Moreover, it would be interesting to inves-
tigate the interplay between these algebraic structures and the
braiding of non-Abelian anyons.

Finally, from a more physical perspective, it was noted
in [13] that the model reproduces the Blok-Wen wave func-
tions with filling factor ν = p/(k + pn) for n = 1. The KZ
equation and the Hamiltonian eigenvalue equation can accom-
modate any n � 0 simply by conjugation with powers of the
Vandermonde determinant, but the matrix model interpreta-
tion is unclear. It seems important to better understand the
physical implication of this manipulation.
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APPENDIX A: PROOF OF IDENTITIES

1. Proof of the Hamiltonian action (42)

We rewrite the Hamiltonian as

H� = �(x)−1H̃�(x) = N2 +
∑

a

( − ∂2
a + 2xa∂a

) +
∑
a �=b

ha,b (A1)

with ha,b = − 1

xa − xb
(∂a − ∂b) + Ja,bJb,a

(xa − xb)2
. (A2)

We have to prove that H� acting on the product of determinants
∏k

α=1 Yr(α) produces the diagonal term and the subdominant
terms in (42). Since the Hamiltonian is of second order in the derivatives, we can decompose

H�

k∏
α=1

Yr(α) (A3)

= N2
k∏

α=1

Yr(α) +
∑

β

⎛⎝ ∏
α( �=β )

Yr(α)

⎞⎠⎛⎝∑
a

( − ∂2
a + 2xa∂a

) +
∑
a �=b

ha,b

⎞⎠Yr(β ) (x, y) (A4)

+ 2
∑
β<γ

⎛⎝ ∏
α( �=β,γ )

Yr(α)

⎞⎠ ×
⎛⎝−

∑
a

∂aYr(β )∂aYr(γ ) +
∑
a �=b

1

(xa − xb)2
Ja,bYr(β ) Jb,aYr(γ )

⎞⎠. (A5)

The first line is just a multiplication by a constant. The second line gives the action of the derivative on a single determinant Y .
The third line gives the second-order derivative acting on distinct determinants.

a. Computation of the action on a single determinant (A4)

We omit the index β in (A4) and assume n1 � n2 � · · · � nN in r(β ) = r = {r1, . . . , rN } with the translation rule ra = pna +
ia − 1 for a, b = 1, . . . , N . Using the properties∑

a

xa∂aYr(x, y) = |r|Yr(x, y),

∑
a

∂2
aYr(x, y) =

∑
a

na(na − 1)
[
xn1 yi1 ∧ · · · ∧ xna−2yia

â
∧ · · · ∧ xnN yiN

]
, (A6)

the terms in (A4) can be written in the form⎛⎝∑
a

(−∂2
a + 2xa∂a) +

∑
a �=b

ha,b

⎞⎠Yr(x, y) (A7)

= 2|r|Yr(x, y) −
∑

a

na(na − 1)
[
xn1 yi1 ∧ · · · ∧ xna−2yia

â
∧ · · · ∧ xnN yiN

] + 2
∑
a<b

ha,bYr(x, y) . (A8)

The first term in Eq. (A8) corresponds to the diagonal term and shows the eigenvalue associated with Yr since |r| = ∑
a na and

E (r) = N2 + 2
∑

a na. The second term is a sum of wedge states Ys with |s| = |r| − 2, which can be included in the subdominant
terms in (42). We have yet to evaluate the third term, and we will show that it produces a sum of wedge states of the form Ys(x, y)
with |s| = |r| − 2. To do so, we use an expansion of the determinant with respect to row a and then b,

Yr(x, y) =
∑
c<d

(−)a+b+c+dYr,[ab|cd](x, y)

∣∣∣∣∣xnc
a yic,a xnd

a yid ,a

xnc
b yic,b xnd

b yid ,b

∣∣∣∣∣, (A9)
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where we took a < b, and Yr,[ab|cd](x, y) denotes the second minor of the N × N determinant Yr(x, y) with respect to rows a, b
and columns c, d . Since the minors Yr,[ab|cd](x, y) are independent of the variables xa, xb and yi,a, yi,b, the operator ha,b acts only
on the two by two determinants, and gives

ha,b

∣∣∣∣xnc
a yic,a xnd

a yid ,a

xnc
b yic,b xnd

b yid ,b

∣∣∣∣ = − 1

xa − xb

(∣∣∣∣∣ncxnc−1
a yic,a nd xnd −1

a yid ,a

xnc
b yic,b xnd

b yid ,b

∣∣∣∣∣ −
∣∣∣∣∣ xnc

a yic,a xnd
a yia,d

ncxnc−1
b yic,b nd xnd −1

b yid ,b

∣∣∣∣∣
)

+ 1

(xa − xb)2

(∣∣∣∣xnc
a yic,a xnd

a yid ,a

xnc
b yic,b xnd

b yid ,b

∣∣∣∣ −
∣∣∣∣xnc

b yic,a xnd
b yid ,a

xnc
a yic,b xnd

a yid ,b

∣∣∣∣), (A10)

where we traded the spin permutation for a coordinate permutation in the second line.
Assuming nc < nd , we can use the identity

− 1

xa − xb

(
nc

xa
− nd

xb

)
+ 1

(xa − xb)2
[1 − (xa/xb)nd −nc ] = nc

xaxb
−

nd −nc−2∑
l=0

(l + 1)xnd −nc−2−l
a xnc−nd +l

b (A11)

to rewrite (A10) as the sum of determinants,

nc

∣∣∣∣∣xnc−1
a yic,a xnd −1

a yid ,a

xnc−1
b yic,b xnd −1

b yid ,b

∣∣∣∣∣ −
nd −nc−2∑

l=0

(l + 1)

∣∣∣∣∣xnd −2−l
a yic,a xnc+l

a yid ,a

xnd −2−l
b yic,b xnc+l

b yid ,b

∣∣∣∣∣. (A12)

Recombining the minors and taking the summation over the indices a, b, we arrive at the following sum of wedge states:

nc
[ · · · ∧ xnc−1yic ∧ · · · ∧ xnd −1yid ∧ · · · ] −

nd −nc−2∑
l=0

(l + 1)
[ · · · ∧ xnd −2−l yic ∧ · · · ∧ xnc+l yid ∧ · · · ]. (A13)

All the wedge states on the right-hand side are indeed of the form Ys(x, y) with |s| = |r| − 2. The argument in the case nc > nd

follows the same lines. Finally, the expression vanishes when nc = nd .

b. Computation of the cross-terms (A5)

To prove the theorem (42), we must show that the third line (A5) also produces a sum of the product of wedge states of total
degree |r| − 2. More precisely, introducing the shift operators Ta = e∂na = ep∂ra and the permutation R[r,r′]

a,b exchanging ra ∈ r and
r′

b ∈ r′, we will show that ∑
a

∂aYr(x, y)∂aYr′ (x, y) −
∑
a �=b

1

(xa − xb)2
[Jb,aYr(x, y)][Ja,bYr′ (x, y)]

=
∑
c,d

nc−1∑
γ=0

n′
d −1∑
δ=0

T −γ+δ−1
c (T ′

d )−δ+γ−1R[r,r′]
c,d Yr(x, y)Yr′ (x, y). (A14)

The total degree of the terms entering on the right-hand side is

(|r| − �rc/p� + �r′
d/p� − δ + γ − 1) + (|r′| − �r′

d/p� + �rc/p� − γ + δ − 1
) = |r| + |r′| − 2. (A15)

To prove the identity (A14), we need the lemma

Jb,aYr(x, y) =
p∑

i=1

yi,b∂i,aYr(x, y) =
∑

c

(−)a+cyic,b(xnc
a − xnc

b )Yr,[a|c](x, y). (A16)

This lemma is obtained by decomposing the determinant by the minors Yr,[a|c](x, y) with respect to row a and column c,

Jb,aYr(x, y) =
∑

i

∑
c

(−)a+cyi,bxnc
a ∂i,a(yic,a)Yr,[a|c](x, y) =

∑
c

(−)a+cyic,bxnc
a Yr,[a|c](x, y). (A17)

After antisymmetrization, we have

Jb,aYr(x, y) =
∑

c

(−)a+cyic,b(xnc
a − xnc

b )Yr,[a|c](x, y) +
∑

c

(−)a+cyic,bxnc
b Yr,[a|c](x, y). (A18)

We then notice that the last term can be resummed and gives the minor expansion of the determinant Yr(x, y) in which column
a has been replaced by a copy of column b, and so it is vanishing. The remaining expression gives the right-hand side of the
lemma (A16).
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Next, we examine the following quantity, and we apply the previous lemma twice to write∑
a �=b

1

(xa − xb)2
[Jb,aYr(x, y)][Ja,bYr′ (x, y)]

= −
∑
a �=b

∑
c,d

(−)a+b+c+d yic,byi′d ,a
xnc

a − xnc
b

xa − xb

x
n′

d
a − x

n′
d

b

xa − xb
Yr,[a|c](x, y)Yr′,[b|d](x, y)

= −
∑
a �=b

∑
c,d

(−)a+b+c+d yic,byi′d ,a

nc−1∑
γ=0

n′
d −1∑
δ=0

x
n′

d +γ−δ−1
a xnc−γ+δ−1

b Yr,[a|c](x, y)Yr′,[b|d](x, y)

= −
∑
a,b

∑
c,d

(−)a+b+c+d yic,byi′d ,a

nc−1∑
γ=0

n′
d −1∑
δ=0

x
n′

d +γ−δ−1
a xnc−γ+δ−1

b Yr,[a|c](x, y)Yr′,[b|d](x, y)

+
∑

a

∑
c,d

(−)c+d yic,ayi′d ,ancn′
d x

nc+n′
d −2

a Yr,[a|c](x, y)Yr′,[a|d](x, y). (A19)

In the last two lines, we completed the sum with the term a = b. We recognize in the last term the expansion in minors of the
expression

∑
a

∂aYr(x, y)∂aYr′ (x, y) =
∑

a

(∑
c

(−)a+cyic,ancxnc−1
a Yr,[a|c](x, y)

)(∑
d

(−)a+d yi′d ,an′
d x

n′
d −1

a Yr′,[a|d](x, y)

)
. (A20)

Thus, by rearranging the terms, we arrive at∑
a

∂aYr(x, y)∂aYr′ (x, y) −
∑
a �=b

1

(xa − xb)2
[Jb,aYr(x, y)][Ja,bYr′ (x, y)]

=
∑
a,b

∑
c,d

nc−1∑
γ=0

n′
d −1∑
δ=0

(−)a+b+c+d yic,byi′d ,ax
n′

d +γ−δ−1
a xnc−γ+δ−1

b Yr,[a|c](x, y)Yr′,[b|d](x, y). (A21)

We can now perform the summations of indices a and b; they correspond to the minor expansions of the following determinants:∑
a

(−)a+cyi′d ,ax
n′

d +γ−δ−1
a Yr,[a|c](x, y) = [

xn1 yi1 ∧ · · · ∧ xn′
d +γ−δ−1yi′d

ĉ

∧ · · · ∧ xnN yiN

]
,

∑
b

(−)b+d yic,bxnc−γ+δ−1
b Yr′,[b|d](x, y) = [

xn′
1 yi′1 ∧ · · · ∧ xnc−γ+δ−1yic

d̂

∧ · · · ∧ xn′
N yi′N

]
. (A22)

The first line corresponds to Yr(x, y) with rc replaced by r′
d + γ − δ − 1, and the second one to Yr′ (x, y) with r′

d replaced
by rc − γ + δ − 1. These operations have been encoded using the permutation R[r,r′]

a,b and the shift operator Ta in (A14). This
concludes the proof of the Hamiltonian action (42).

2. Proof of the Knizhnik-Zamolodchikov equation

In this subsection, we use the following expansion property for rational fractions of the form

xα
a xβ

b − xβ
a xα

b

xa − xb
=

{
− ∑β−1

γ=α xα+β−1−γ
a xγ

b α < β,∑α−1
γ=β xα+β−1−γ

a xγ

b α > β,
α, β ∈ Z�0. (A23)

a. Decomposing the KZ equation

Using the chain rule, we can write

∂a�r0 (x, y) =
∑

α

∏
β �=α

Yr(β )
0

(x, y) ∂aYr(α)
0

(x, y),

∑
b�=a

Ja,bJb,a

xa − xb
�r0 (x, y) =

∑
α

∏
β �=α

Yr(β )
0

(x, y)
∑
b�=a

Ja,bJb,aYr(α)
0

(x, y)

xa − xb
+

∑
α �=β

∏
γ �=α,β

Yr(γ )
0

(x, y)
∑
b�=a

Ja,bYr(α)
0

(x, y)Jb,aYr(β )
0

(x, y)

xa − xb
. (A24)
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In this subsection, we prove the following two identities:∑
b�=a

Ja,bJb,aYr0 (x, y)

xa − xb
= (p + 1)∂aYr0 (x, y), (A25)

∑
b�=a

Jb,aYr0 (x, y)Ja,bYr′
0
(x, y)

xa − xb
= Yr0 (x, y)∂aYr′

0
(x, y), (A26)

from which we deduce ∑
α

∏
β �=α

Yr(β )
0

(x, y)
∑
b�=a

Ja,bJb,aYr(α)
0

(x, y)

xa − xb
= (p + 1)

∑
α

∏
β �=α

Yr(β )
0

(x, y) ∂aYr(α)
0

(x, y),

∑
α �=β

∏
γ �=α,β

Yr(γ )
0

(x, y)
∑
b�=a

Ja,bYr(α)
0

(x, y)Jb,aYr(β )
0

(x, y)

xa − xb
= (k − 1)

∑
α

∏
β �=α

Yr(β )
0

(x, y) ∂aYr(α)
0

(x, y). (A27)

It shows the KZ relation (51) using the decomposition (A24) for the left-/right-hand sides.

b. Proof of (A25)

To prove this identity, we first notice that the action of Ja,bJb,a on a single determinant Yr(x, y) can be rewritten using the
permutation operator τa,b exchanging the coordinates xa and xb,

Ja,bJb,aYr(x, y) = (1 − τa,b)Yr(x, y). (A28)

To compute its action explicitly, we perform a double minor expansion assuming a < b for definiteness,

Yr(x, y) =
∑
c<d

(−)a+b+c+d yic,ayid ,bxnc
a xnd

b Yr[a,b|c,d](x, y)

−
∑
c>d

(−)a+b+c+d yic,ayid ,bxnc
a xnd

b Yr[a,b|c,d](x, y), (A29)

where Yr[a,b|c,d](x, y) denotes the double minor with rows a and b and columns c and d removed. From the previous remark, we
have ∑

b�=a

Ja,bJb,aYr0 (x, y)

xa − xb
= A< − A>, (A30)

with

A< =
∑
b�=a

∑
c<d

(−)a+b+c+d yic,ayid ,b
xnc

a xnd
b − xnd

a xnc
b

xa − xb
Yr[a,b|c,d](x, y),

A> =
∑
b�=a

∑
c>d

(−)a+b+c+d yic,ayid ,b
xnc

a xnd
b − xnd

a xnc
b

xa − xb
Yr[a,b|c,d](x, y). (A31)

We note that c < d implies nc � nd if Yr(x, y) is of the vacuum form (46) (i.e., r ∈ R0), and conversely c > d implies nc � nd .
Using the expansion formulas (A23), we find [60]

A< = −
∑
b�=a

∑
c<d

nd −1∑
γ=nc

(−)a+b+c+d yic,ayid ,bxnc+nd −1−γ
a xγ

b Yr0[a,b|c,d](x, y),

A> =
∑
b�=a

∑
c>d

nc−1∑
γ=nd

(−)a+b+c+d yic,ayid ,bxnc+nd −1−γ
a xγ

b Yr0[a,b|c,d](x, y). (A32)

The next step is to perform the summation over b which is interpreted as a minor expansion of the determinant Yr0[a|c](x, y),
where some replacement has occurred. In the case of A< [61],∑

b�=a

(−)b−1+d yid ,bxγ

b Yr0[a,b|c,d](x, y), (A33)

the elements yid ,bxnd
b on column d have been replaced by yid ,bxγ

b with γ < nd . Since Yr0 (x, y) is of the form (46), this column is
already present in Yr0[a|c](x, y), unless it is the one that has been removed previously, i.e., unless γ = nc and id = ic, in which
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case we find Yr[a|d](x, y). Thus,

A< =
∑

c<d
nc<nd

(−)a+d δic,id yid ,axnd −1
a Yr0[a|d](x, y). (A34)

The summation over c can be performed by a counting argument. It produces an extra factor nd [62],

A< =
∑

d

(−)a+d yid ,and xnd −1
a Yr0[a|d](x, y) = ∂aYr0 (x, y). (A35)

Next, we examine A>, and we interpret again the summation over b as a minor expansion of the determinant Yr0[a|c](x, y),
where the elements yid ,bxnd

b on column d have been replaced by yid ,bxγ

b . The only difference is that now γ ∈ [[nd , nc − 1]] with
nc � nd . In general, the determinant vanishes since the same column is present twice, unless γ = nd , in which case we simply
recover the original determinant, ∑

b�=a

(−)b−1+d yid ,bxnd
b Yr0[a,b|c,d](x, y) = Yr0[a|c](x, y). (A36)

Thus, we have

A> = −
∑

c>d
nc>nd

(−)a+c yic,axnc−1
a Yr0[a|c](x, y). (A37)

The sum over d is performed by a similar counting argument which gives a factor pnc since the condition δic,id is not present in
this case [63]. We find

A> = −
∑

c

(−)a+c yic,a pncxnc−1
a Yr0[a|c](x, y) = −p∂aYr0 (x, y). (A38)

Combining the results (A35) and (A38) for A> and A<, respectively, we deduce that A< − A> produces indeed (p +
1)∂aYr0 (x, y), which shows the identity (A25).

c. Proof of Eq. (A26)

In this proof, we need the following lemma, which can be derived using a similar argument as the previous lemma (A16):

Jb,aYr(x, y)Ja,bYr′ (x, y) =
∑
c,d

(−1)a+b+c+d yic,byi′d ,a

(
xnc

a x
n′

d
b − x

n′
d

a xnc
b

)
Yr[a|c](x, y)Yr′[b|d](x, y) (A39)

for a �= b. The proof of this lemma is obtained using a minor expansion of both determinants to compute explicitly the action of
Ja,b,

Jb,aYr(x, y)Ja,bYr′ (x, y) =
∑
c,d

(−1)a+b+c+d yic,byi′d ,axnc
a x

n′
d

b Yr[a|c](x, y)Yr′[b|d](x, y). (A40)

This expression is then antisymmetrized to produce (A39), noticing that∑
c,d

(−1)a+b+c+d yic,byi′d ,ax
n′

d
a xnc

b Yr[a|c](x, y)Yr′[b|d](x, y) = 0 (A41)

since it corresponds to the minor expansion of determinants with two equal rows (two copies of row b in the first one, and two
copies of row a in the second one).

Thus, using the lemma (A39), we can write

Jb,aYr(x, y)Ja,bYr′ (x, y)

xa − xb
=

∑
c,d

(−1)a+b+c+d yic,byi′d ,a
xnc

a x
n′

d
b − x

n′
d

a xnc
b

xa − xb
Yr[a|c](x, y)Yr′[b|d](x, y). (A42)

Next, we need to perform the summation over b �= a. Assuming nc < n′
d , we can expand the rational function as in (A23) and

we obtain ∑
b�=a

(−)b+d yic,b
xnc

a x
n′

d
b − x

n′
d

a xnc
b

xa − xb
Yr′[b|d](x, y)

= −
n′

d −1∑
γ=nc

x
nc+n′

d −1−γ
a

∑
b

(−)b+d yic,bxγ

b Yr′[b|d](x, y) + (n′
d − nc)(−)a+d yic,ax

nc+n′
d −1

a Yr′[a|d](x, y), (A43)

where the second line corresponds to the extra term b = a added to the summation. The first line contains minor expansions of

the determinant Yr′ (x, y) in which the elements yi′d ,bx
n′

d
b of the row d have been replaced by yic,bxγ

b with γ < n′
d . If Yr′ (x, y) is a
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vacuum wedge state of the form (46), i.e., r′ ∈ R0, this determinant is vanishing and so

∑
b�=a

(−)b+d yic,b
xnc

a x
n′

d
b − x

n′
d

a xnc
b

xa − xb
Yr′

0[b|d](x, y) = (n′
d − nc)(−)a+d yic,ax

nc+n′
d −1

a Yr′
0[a|d](x, y). (A44)

This equation is also trivially satisfied if nc = n′
d .

When nc > n′
d , we need to use another expansion for the ratio (A23), and we find

∑
b�=a

(−)b+d yic,b
xnc

a x
n′

d
b − x

n′
d

a xnc
b

xa − xb
Yr′[b|d](x, y)

=
nc−1∑
γ=n′

d

x
nc+n′

d −1−γ
a

∑
b

(−)b+d yic,bxγ

b Yr′[b|d](x, y) + (n′
d − nc)(−)a+d yic,ax

nc+n′
d −1

a Yr′[a|d](x, y). (A45)

The first line still contains minor expansions of the determinant Yr′ (x, y) in which the elements yi′d ,bx
n′

d
b of the row d have been

replaced by yic,bxγ

b , but now n′
d � γ � nc − 1. If both r, r′ ∈ R0, then 0 � nc, n′

d � m and so γ < m. Thus, this row will already
be present in Yr′

0[b|d](x, y) unless it is the one that had been removed from Yr′
0
(x, y), i.e., unless γ = n′

d and ic = i′d . In this case,
we recover the original determinant,

∑
b�=a

(−)b+d yic,b
xnc

a x
n′

d
b − x

n′
d

a xnc
b

xa − xb
Yr′

0[b|d](x, y) = δic,i′d xnc−1
a Yr′

0
(x, y) + (n′

d − nc)(−)a+d yic,ax
nc+n′

d −1
a Yr′

0[a|d](x, y). (A46)

Combining the results (A44) and (A46), we find∑
b�=a

Jb,aYr0 (x, y)Ja,bYr′
0
(x, y)

xa − xb

=
∑

c,d
nc>n′

d

(−)a+cδic,i′d xnc−1
a yi′d ,aYr0[a|c](x, y)Yr′

0
(x, y) +

∑
c,d

(−1)c+d (n′
d − nc)yic,ayi′d ,ax

nc+n′
d −1

a Yr0[a|c](x, y)Yr′
0[a|d](x, y). (A47)

The summation over d in the first line can be simplified by a counting argument. Examining the values of i′d and n′
d for a =

1 · · · N , we find a factor nc [64],

d 1 · · · p p + 1 · · · 2p 2p + 1 · · · 3p · · · · · · (m − 1)p + 1 · · · mp mp + 1 · · · N
i′d 1 · · · p 1 · · · p 1 · · · p · · · · · · 1 · · · p s1 · · · sq

n′
d 0 · · · 0 1 · · · 1 2 · · · 2 · · · · · · m − 1 · · · m − 1 m · · · m

Thus, we find after cancellation and reforming the determinant∑
b�=a

Jb,aYr0 (x, y)Ja,bYr′
0
(x, y)

xa − xb

=
∑

c

(−)a+cncxnc−1
a yic,aYr0[a|c](x, y)Yr′

0
(x, y) +

∑
c,d

(−1)c+d (n′
d − nc)yic,ayi′d ,ax

nc+n′
d −1

a Yr0[a|c](x, y)Yr′
0[a|d](x, y)

=
∑
c,d

(−1)c+d n′
d yic,ayi′d ,ax

nc+n′
d −1

a Yr0[a|c](x, y)Yr′
0[a|d](x, y) = Yr0 (x, y)∂aYr′

0
(x, y). (A48)

This is indeed the identity (A26), which concludes the proof of the KZ equation.

APPENDIX B: EXPLICIT FORM OF SOLUTIONS
FOR N = 2

In this Appendix, we examine the eigenvalue problem for
the Hamiltonian (32) in the case of two particles (N = 2) for
generic p and k.

1. Spin-wave function

The spin states of each particle a = 1, 2 take the form
yi1,a · · · yik ,a. They belong to the order k totally symmetric
representation of U (p) associated with the Young diagram
[k]. The tensor product of two representations [k] has the
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decomposition,

[k] ⊗ [k] = [2k, 0] ⊕ [2k − 2, 2] ⊕ · · · ⊕ [k, k]

= ⊕k
l=0[k + l, k − l] . (B1)

The spin component of the wave function expressed in
terms of y-variables is obtained from a function Y HW

m (y) satis-
fying the highest weight condition

Ki, jY
HW

m (y) = 0, i < j,

Ki,iY
HW

m (y) = miY
HW

m (y), i = 1, . . . , p (B2)

for the U (p) generators Ki, j defined in (4). In particular,
the highest weight state for the irreducible representation
[k + l, k − l] has the wave function

Y HW
[k+l,k−l](y) = (y11y22 − y12y21)k−l (y11)l (y12)l . (B3)

This state has parity (−1)k−l under the exchange of the two
particles 1 ↔ 2. It satisfies the conditions (B2) with m1 = k +
l, m2 = k − l, m3 = · · · = mp = 0.

The operator J12J21 can be written using the second
Casimir operator of U (p). It is constant on the states that
belong to a given representation [k + l, k − l]. Its eigenvalue
can be obtained from the action on the highest weight state of
this representation,

(J12J21)Y HW
[k+l,k−l](y) = l (l + 1)Y HW

[k+l,k−l](y) . (B4)

We will show below that the representation with l = 0 (i.e.,
[k, k]) has minimal energy and corresponds to the true ground
state. Instead, states in the representation [k + l, k − l] with
l = 1, . . . , k enter in the wave function of excited states.

We note that there are different choices for the spin compo-
nents of the wave functions at fixed l . In some references on
the spin Calogero model (see, e.g., [65]), a totally symmetric
wave function l = k is used. The form of the KZ equation for
the vacuum wave functions depends explicitly on this choice
of spin component (see, for example, [18,29]).

Finally, we comment on the dimension of the representa-
tion. The dimension of the symmetric representation of order
k is

dp,k = �(k + p)

�(k + 1)�(p)
. (B5)

On the other hand, the dimension of the irreducible represen-
tation [k + l, k − l] is given by the factors over hooks rule
(see, for example, p. 120 in [66]),

m(p, k, l ) = (k + p + l − 1)!(k + p − l − 2)!(2l + 1)

(k + l + 1)!(k − l )!(p − 1)!(p − 2)!
.

(B6)

We note that d2
p,k = ∑k

l=0 m(p, k, l ) in agreement with the
branching rule (B1).

2. Inclusion of the coordinate dependence

The total wave functions can be factorized into coordinate
and spin dependence, ψ (x, y) = Xl (x)Yl (y), where Yl (y) is
assumed to belong to the representation [k + l, k − l]. In this

case, the Hamiltonian (32) acting on the coordinates compo-
nent Xl (x) reduces to

H̃|x =
∑

a=1,2

( − ∂2
a + xa∂a

) + 2 + 2l (l + 1)

(x1 − x2)2
. (B7)

We recover here the Calogero Hamiltonian; the ground state
is found using the ansatz Xl (x) = (x1 − x2)n. The eigenvalue
problem has a solution only if n = l + 1 or n = −l . Only
solutions with n positive, i.e., n = l + 1, are nonsingular. The
corresponding eigenvalue is El = 2l + 4, and the representa-
tion [k + l, k − l] with l = 0 has indeed the minimal energy.

Combining spin and coordinate components, we deduce
the ground-state wave functions for l fixed,

ψ (x, y) = (x1 − x2)l+1(y11y22 − y12y21)k−l yl
11yl

12 (B8)

= (x1 − x2)

∣∣∣∣y11 y12

y21 y22

∣∣∣∣k−l ∣∣∣∣ y11 y12

y11x1 y12x2

∣∣∣∣l

. (B9)

This expression agrees with the formula (39) for N = 2. We
note that for k even (odd), the system is fermionic (bosonic)
under the exchange of the two particles, i.e., the simultane-
ous exchange of spin and coordinate variables (x1, yi,1) ↔
(x2, yi,2).

For the singular branch of solutions obtained by choosing
n = −l , the corresponding energy is El = −2l + 2. The low-
est energy among the representations [k + l, k − l] is found
for l = k, which gives Ek = −2k + 2, and the wave function
has a pole of order (x1 − x2)−k which grows with k.

3. Excited states

The wave functions of excited states have a coordinate
dependence of the form Xl (x) = xl+1

12 P(x), where P(x) is a
symmetric polynomial in the variables (x1, x2). After conju-
gation, the action of the Hamiltonian (32) on P(x) takes the
form

H̃|P = x−l−1
12 H̃|xxl+1

12

= 2l + 4 +
∑

a

( − ∂2
a + xa∂a

) − 2(l + 1)

x12
(∂1 − ∂2).

(B10)

The polynomial P(x) can be decomposed on the basis of
symmetric monomials mr,s(x) = xr

1xs
2 + xs

1xr
2 with r � s � 0.

The action of the Hamiltonian H̃|P on the monomials reads

H̃|Pmr,s(x) = 2(r + s + l + 2)mr,s(x) + · · · , (B11)

where · · · is a linear combination of mr′,s′ (x) with r′ + s′ =
r + s − 2. We recover here the triangular action of the Hamil-
tonian written in (42) for general N . For each value Er,s =
2(l + r + s + 2) of the energy, it is possible to construct the
corresponding eigenfunction as a linear combination,

ψl,r,s(x, y) = Yl (y)

⎛⎝mr,s(x) +
∑

r′+s′�r+s−2

cr′s′mr′,s′ (x)

⎞⎠.

(B12)

From the formula (B6) for the dimension of irreducible rep-
resentations, we deduce the partition function for a system of
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two particles,

Tr(qH̃ ) = q4
k∑

l=0

m(p, k, l )
q2l

(1 − q2)(1 − q4)
. (B13)

APPENDIX C: CLASSIFICATION OF EIGENSTATES
USING GEL’FAND-ZETLIN PATTERNS

In this Appendix, we focus on the case k = 1 and describe
the decomposition of the wedge state according to irreducible
representations of the Lie algebra u(p), or glp upon complex-
ification. This technique is well-known in the context of the

spin Calogero model [36]. We apply here similar ideas to the
wedge states defined in (35). We note that the Gel’fand-Zetlin
framework also works for k > 1, but it requires the decom-
position of a tensor product of k irreducible representations,
which is difficult in practice.

Irreducible highest weight finite-dimensional representa-
tions of glp are labeled by sequences of integers [67],

λ1 � λ2 � · · · � λp, . (C1)

The basis of these irreducible representations is labeled by
Gel’fand-Zetlin (GZ) patterns, i.e., a set of integers filling the
following table �:

⎛⎜⎜⎜⎜⎝
λ1,1 λ2,1 · · · λp−1,1 λp,1

λ1,2 λ2,2 · · · λp−1,2
. . .

... . .
.

λ1,p−1 λ2,p−1

λ1,p

⎞⎟⎟⎟⎟⎠ (C2)

with the identification λi,1 = λi and the requirement that
other integers satisfy λi, j � λi, j+1 � λi+1, j . These patterns are
in one-to-one correspondence with the sequence of embed-
ding glp ⊃ glp−1 ⊃ · · · ⊃ gl1. Indeed, the integers λi, j (i =
1, . . . , p − j + 1) correspond to the highest weights of the
representation of the subalgebra glp−i+1 embedded in the rep-
resentation of glp−i+2 with highest weights λi, j+1. The highest
weight state of glp corresponds to the Gel’fand-Zetlin label
�0 defined by λi, j = λi for any i, j.

By construction, the wedge state belongs to a tensor prod-
uct of N fundamental representations of glp. This tensor
product decomposes as a sum of irreducible representations
labeled by integers λi with the constraints

p∑
i=1

λi = N, λp � 0. (C3)

Thus, the labels λi define a partition λ = [λ1, . . . , λl ] of N
with l = �(λ) � p.

Let n = (n1, . . . , nh) be a set of mutually distinct non-
negative integers. The highest weight states of the irreducible
representations of glp mentioned before correspond to wedge
states written in two equivalent forms,

Y[�0,n](x, y)

= [y1xn1 ∧ y1xn2 ∧ · · · ∧ y1xnλ1 ∧ y2xn1 ∧ · · · ∧ y2xnλ2

∧ · · · ∧ ylx
n1 ∧ · · · ∧ ylx

nλl ]

= ε
[
y1xn1 ∧ y2xn1 · · · ∧ yλ′

1
xn1 ∧ y1xn2 ∧ · · · ∧ yλ′

2
xn2

∧ · · · ∧ y1xnλ1 ∧ yλ′
λ1

xnλ1
]
, (C4)

where ε is a sign of reordering the factors in the wedge
product, and λ′ = [λ′

1, . . . , λ
′
l1

] is the transposed partition.
The first form is convenient for discussing the highest weight
representation given below, while the second form is useful to
derive the energy of the wedge state. These two expressions
illustrate the U (N )/U (p) duality of the spin Calogero system.

These states satisfy the highest weight condition with
weight λ,

Ki, jY[�0,n](x, y) = 0, i < j,

Ki,iY[�0,n](x, y) = λiY[�0,n](x, y), (C5)

where the action of the glp generators Ki, j has been de-
fined in (4). The highest weight state with the lowest energy
in each representation λ is obtained by taking n = n0 =
{0, 1, . . . , λl − 1}. The corresponding wedge state is an eigen-
state of the Hamiltonian (32) with energy E (λ) = N2 +∑l

i=1 λi(λi − 1). A short proof of these statements is given
below.

Proof 1. We note that the wedge state can be written in the
form

Y[�0,n](x, y) =
∑
σ∈Sn

(−)σ
l∏

i=1

λi∏
α=1

yi,σ (ai,α )x
nα

σ (ai,α ), (C6)

with ai,α = α + ∑i−1
j=1 λi labeling the N boxes of the Young

diagram λ.
(i) The first condition comes from the fact that

Ki, j (yk,axn
a ) = δ j,k yi,axn

a , but when i < j the same factor ex-
ists in the wedge product due to the condition λi � λ j . The
expression for the action of Ki,i comes from the fact that there
are λi particles of spin i, i.e., there are λi factors yi,a in each
term.

(ii) The lowest energy state is obtained by minimizing |r|
in each representation λ, since the Hamiltonian has a global
glp-invariance. For Y[�0,n](x, y), we have from (C4),

|r| =
λ1∑

α=1

nαλ′
α . (C7)

It is indeed minimized by nα = α − 1, which gives

|r| =
λ1∑

α=1

(α − 1)λ′
α =

l∑
i=1

λi∑
j=1

( j − 1) = 1

2

l∑
i=1

λi(λi − 1).

(C8)
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1. Examples

(i) For the totally symmetric representation λ1 = N, λ2 =
· · · = λp = 0, l = 1, and n0 = {0, 1, . . . , N − 1}. The corre-
sponding wedge state is proportional to the Vandermonde
determinant:

Y[�0,n0](x, y)= [y1 ∧ y1x ∧ · · · ∧ y1xN−1] =
(

N∏
a=1

y1,a

)
�(x) .

(C9)

Generic states of the representation λ of glp are obtained
by the application of Ki, j which does not modify the
x-dependence. The Gelfand-Zetlin patterns of this represen-
tation have the form

� =

⎛⎜⎜⎜⎜⎝
N 0 · · · 0 0

λ1,2 0 · · · 0
. . .

... . .
.

λ1,p−1 0
λ1,p

⎞⎟⎟⎟⎟⎠,

(C10)

with 0 � λ1,p � λ1,p−1 � · · · � λ1,2 � N . The number of
patterns is (N+p−1)!

(p−1)!N! , which coincides with the dimension of
the representation [N] of glp.

(ii) In the totally antisymmetric case with N � p, we have

λ = [

N︷ ︸︸ ︷
1, . . . , 1] and n0 = {0}. The corresponding wedge state

does not depend on the variables xa,

Y[�0,n0](x, y) = [y1 ∧ y2 ∧ · · · ∧ yN ] . (C11)

The number of patterns for the representation λ =

[

N︷ ︸︸ ︷
1, . . . , 1,

N−p︷ ︸︸ ︷
0, . . . , 0] is p!

(p−N )!N! , which equals the dimension
of the order N totally antisymmetric representation of glp.

(iii) With the exception of the two previous cases, in
general the coordinate and spin dependence mix. For in-
stance, taking λ = [λ1, λ2] with λ1 + λ2 = N , we have n =
{0, 1, . . . , λ1 − 1} and

Y[�0,n0](x, y)

=
∑

A(1),A(2)

εA(1)A(2)
λ1∏

i=1

y1,a1i

λ2∏
j=1

y2,a2 j �(x(1) )�(x(2) ), (C12)

where A(1) = {a1,1, . . . , a1,λ1} and A(2) = {a2,1, . . . , a2,λ2}
are disjoint divisions of a set of integers {1, . . . , N},
namely A(1), A(2) ⊂ {1, . . . , N}, A(1) ∪ A(2) = {1, . . . , N},
A(1) ∩ A(2) = ∅. x(1) = {xa1,1 , . . . , xa1,λ1

} and x(2) =
{xa2,1 , . . . , xa2,λ2

}. The patterns have the form

� =

⎛⎜⎜⎜⎜⎝
λ1 λ2 · · · 0 0

λ1,2 λ2,2 · · · 0
. . .

... . .
.

λ1,p−1 λ2,p−1

λ1,p

⎞⎟⎟⎟⎟⎠, (C13)

where all elements but λi,1, λi,2 (i = 2, . . . , p) vanish.

APPENDIX D: CHARACTER DECOMPOSITION AND LEVEL-RANK DUALITY

In this Appendix, we check the decomposition (101) of the fermionic Fock space at the level of characters for p = k = 2.
In this case, irreducible representations are labeled by the integer l = 0, 1, 2. The relevant decompositions for the DTT matrix
model are

F2,2
0 = (

W ŝu(2)2
l=0 ⊗ W ŝu(2)2

l=0 ⊕ W ŝu(2)2
l=2 ⊗ W ŝu(2)2

l=2

) ⊗ W û(1)
0 , (D1)

F2,2
2 = (

W ŝu(2)2
l=0 ⊗ W ŝu(2)2

l=2 ⊕ W ŝu(2)2
l=2 ⊗ W ŝu(2)2

l=0

) ⊗ W û(1)
2 . (D2)

1. Character of the fermionic Fock space

We use the following formula for the character of the free-fermion Fock space F2,2
σ :

ch(F2,2
l ) = Resp=0 p−σ−1

∞∏
n=1

((1 + pqn−1/2)4(1 + p−1qn−1/2)4), (D3)

where the residue picks up the contribution of fermionic number σ in the usual free-fermion partition function. For l = 0, 2, we
find at first order in q,

ch
(
F2,2

0

) = 1 + 16q + 68q2 + 256q3 + 777q4 + 2160q5 + 5460q6 + 13 056q7 + 29 482q8 + · · · ,

ch
(
F2,2

2

) = 6q + 32q2 + 140q3 + 448q4 + 1316q5 + 3456q6 + 8520q7 + 19 712q8 + · · · . (D4)
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a. Character for ŝu(2) Kac-Moody algebra

The character formula for the ŝu(2) Kac-Moody algebra at level k can be found in [68],

χ
ŝu(2)
l,k = 1

η(q)3

∑
n∈Z

[l + 1 + 2(k + 2)n]q
1

4(k+2) [l+1+2(k+2)n]2

, (D5)

where l = 0, 1, . . . , k labels primary fields, and

η(q) = q1/24
∞∏

n=1

(1 − qn). (D6)

In particular, removing the overall factor q−c/24 = q−1/16,

ch
(
W ŝu(2)2

l=0

) = 1 + 3q + 9q2 + 15q3 + 30q4 + 54q5 + 94q6 + 153q7 + 252q8 + · · · ,

ch
(
W ŝu(2)2

l=0

) = q1/2(3 + 4q + 12q2 + 21q3 + 43q4 + 69q5 + 123q6 + 193q7 + 318q8 + · · · ). (D7)

b. Character for û(1) Kac-Moody algebra

We use

ch(W û(1)
σ ) = qσ 2/8

∞∏
n=1

(1 − qn)−1 = qσ 2/8(1 + q + 2q2 + 3q3 + 5q4 + 7q5 + 11q6 + 15q7 + +22q8 · · · ). (D8)

Using these formulas, we can check the following character identities at first order in q:

ch
(
F2,2

0

) = (
ch

(
W ŝu(2)2

l=0

)2 + ch
(
W ŝu(2)2

l=2

)2)
ch

(
W û(1)

0

)
, (D9)

ch
(
F2,2

2

) = 2ch
(
W ŝu(2)2

l=0

)
ch

(
W ŝu(2)2

l=2

)
ch

(
W û(1)

0

)
. (D10)
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