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Axionic instability of periodic Weyl-semimetal superstructures
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Weyl-semimetal superstructures with a spiraling position of a pair of Weyl nodes of opposite chirality can
host a chiral-symmetry-preserving Fermi-arc metal state, where the chirality is carried by cylindrical Fermi
surfaces, electronlike and holelike depending on the chirality. The Fermi surfaces nest at vanishing momentum
separation (zero nesting vector) at the electron-hole-compensation energy because the nesting is topologically
protected by vanishing spatial overlap of any pair of equal-momentum opposite-chirality states. In this work
we show that the nesting and Coulomb interaction drive a spontaneous chiral symmetry breaking in such a
Fermi-arc metal, which leads to a dynamical axion insulator state but without breaking translational symmetry
(no charge-density-wave order) as in a conventional Weyl semimetal. As for material realization, we discuss
magnetically doped Bi,Ses, for which the Weyl-node positions depend on the order of the magnetic dopands. In
this case, the axionic condensation can itself stabilize a spiral order of the magnetization, and hence the spiraling
node positions, even if the magnetic interaction is intrinsically ferromagnetic.

DOLI: 10.1103/PhysRevB.109.155151

I. INTRODUCTION

The axion is the Goldstone mode associated with sponta-
neous chiral symmetry breaking, which has been considered
as a candidate for dark matter [1-3] and as a solution of the
strong CP problem [4-6]. Its condensed-matter realization, in
form of a dynamical quasiparticle mode 6 coupled to the elec-
tromagnetic field in the form 6 E - B [7], is in great demand
from the perspective of realizing novel topological states of
matter. The dynamical condensed-matter axion is associated
with novel electronic response properties [7-9], as well as the
intriguing possibility to build dark-matter detectors [10—13].

Theoretical proposals to realize axions in condensed matter
include the realization of massive axions in antiferromag-
netic topological insulators [7] and massless axions in Weyl
semimetals (WSMs) [8,14]. The experimental realization is so
far limited to the WSM (TaSe4)*I [15—17]. In WSMs the low-
energy excitations resemble chiral Weyl fermions (chirality
x = %) represented by the Hamiltonian

Hyy = xvo -k, (D

where o is the vector of (pseudo)spin Pauli matrices, k the
momentum (% = 1), and v the Fermi velocity. The Weyl nodes
occurring in pairs of opposite chirality at different momenta
are topologically protected on length scales much larger than
the inverse separation of different chiralities in momentum
space. Excitonic- or Peierls-type instabilities [18—20] leading
to pairing of opposite chiralities constitute a spontaneous chi-
ral symmetry breaking and thus lead to axions [8,14,21,22].
However, the momentum-space separation of opposite chiral-
ities necessitates an accompanying breaking of translational
symmetry manifesting in a charge-density-wave formation,
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the phase of which (phason) is the massless axion field. The
pure axion electrodynamics is obscured in these systems,
since the pinning of the charge-density wave by impurities
leads to a threshold voltage [16,23] below which the axion
remains static. Moreover, the charge density wave couples to
the electric field via additional terms beyond the characteristic
axion coupling [16].

The extension of this so far experimentally most successful
realization of axions to other WSM materials meets the dif-
ficulties that purely excitonic internodal pairing does not gap
the Weyl nodes [21] and, due to the vanishing density of states
at the Weyl nodes, a minimal interaction strength [8,21,24,25]
or the application of a magnetic field [14,26] is required.

In this work we propose an alternative condensed-matter
platform for realizing axions, which has a number of ad-
vantages as compared to WSMs, among which is that the
spontaneous chiral symmetry breaking is not accompanied
by a charge density wave and does not require an external
magnetic field. The host system is a Fermi-arc metal (FAM)—
a WSM superstructure with spatially modulated Weyl-node
positions, recently predicted by Brouwer and one of the au-
thors [27]. FAMs are topological semimetallic states where
instead of Weyl nodes the Weyl-fermion chirality is carried
by extended Fermi surfaces. Crucially, here the topological
protection is based not on a purely momentumlike separation
of chiralities as in the original WSM but a mixed momentum-
real-space separation, explained in more detail below. This
momentum-real-space separation allows for protected sur-
faces of degenerate states of opposite chirality and opposite
electron-hole character in momentum space. We show that
these states are unstable with respect to the formation of
an excitonic electron-hole condensate that spontaneously
breaks chiral symmetry. This leads to dynamic axions as
the Goldstone modes associated with the chiral symmetry
breaking. Since the paired electrons and holes are at the same

©2024 American Physical Society


https://orcid.org/0000-0002-7224-1378
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.109.155151&domain=pdf&date_stamp=2024-04-18
https://doi.org/10.1103/PhysRevB.109.155151

TOMMY LI AND MAXIM BREITKREIZ

PHYSICAL REVIEW B 109, 155151 (2024)

momentum, translational symmetry remains intact so that no
charge density wave is formed. This makes FAMs a more
suitable platform to realize pure axion electrodynamics than
WSMs. The instability that we will explore in this work is of
the type of a nesting-driven excitonic instability [18,28,29],
but modified in accordance with the fermiology of the FAMs.
Next, we will present our considerations using one specific
FAM model and we will discuss generalizations to other FAM
systems at the end.

II. MODEL

The model system we consider is based on the model
of a magnetically doped three-dimensional (3D) topological
insulator of the Bi;Se; family [30-32], in the ferromagnetic
Weyl-semimetal phase (exchange coupling larger than the
band gap of the paramagnetic phase). The low-energy Hamil-
tonian is given by (1) with added magnetic exchange term that
splits the two Weyl nodes of opposite chirality to k = £K,

H=xvo -k+vo-K. 2)

The FAM phase emerges if the ferromagnetic order of the
magnetic dopands is replaced by a helical magnetic order, in
which the exchange field rotates as a function of one spatial
coordinate (here z) perpendicular to the rotation plane [here
k = (kx, ky)] in momentum space,

K — K(z) = K[cos(Qz), sin(Qz), 0], 3)

where the pitch 27 /Q is assumed sufficiently long so that
0 < K = [K]|. Such a spiral magnetic order can arise from
Weyl-fermion mediated magnetic interaction [33-36]; re-
cently, WSMs with spiral magnetic order have been observed
experimentally [37-39]. Moreover, the excitonic condensa-
tion considered in this work can by itself stabilize the spiral
magnetic order against the ferromagnetic, which will be dis-
cussed in more detail in Sec. I'V.

To understand the fermiology of FAMs (see Ref. [27] for
more details) it is useful to assume for a moment that z in K(z)
is a parameter, in which case the system is a WSM where the
Weyl-node positions spiral in form of a double helix in the
mixed (kj, z) momentum/real space, as illustrated in Fig. 1
(left). Low-energy states can only live nearby those Weyl node
positions. At the same time, the spatial node-position change
induces a pseudomagnetic field V x K(z) since K(z) enters
the Hamiltonian as a pseudo-vector-potential (with opposite
signs for opposite chiralities). The states become localized in z
and the pure Weyl-Fermion dispersion is replaced by pseudo-
Landau levels dispersing along K(z). This is reflected in the
exact low-energy dispersion of the FAM [27],

ey = x v(ky — K), @

where we used k| = kj(cos ¢, sin ¢x). The corresponding
eigenstates read

1
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FIG. 1. Left: Fermi-arc metal states at fixed low energy in mixed
momentum real space (ky, ky, z) shown as position of the wave
function centers zx,, (red/blue helical lines for chirality y = +4/—).
Right: Same states but in the all-momentum space (k;, k,, k.), where
they form nested cylindrical electronlike and holelike Fermi surfaces
for chirality 4+ and —, respectively. Both figures illustrate excitonic
pairing of two states (red/blue spheres) of opposite chirality at the
Fermi surface, whih are at the same momentum (right) but sepa-
rated in z by 7 /Q (left), which protects them from single-particle
hybridization.

where n indexes the unit cells of size 27 /Q of the helix period-
icity in the z direction. The two chiralities y = % correspond
to electronlike and holelike cylindrical Fermi surfaces with
radius K in the k, k, plane and flat in k;, shown in Fig. 1
(right). At the same time, due to localization of the wave
functions in the z direction, the quantum number k, may be
replaced by the unit-cell index n, resulting in an equivalent
representation of the Fermi surface in the mixed momentum
real space (ky, ky, z), Fig. 1 (left), where the Fermi surfaces
form a double helix. Thus, at electron-hole compensation
energy (here ¢ = 0) the two opposite-chirality Fermi surfaces
nest without any momentum separation. In the mixed (k, z)
space, however, the chiralities are instead always separated up
to an exponentially small overlap ~e~%/? (Q « K), which
makes the protection of the nesting without momentum sepa-
ration from single-particle hybridization.

This protected overlap of chiralities in the energy-
momentum space distinguishes the FAMs from the WSMs,
where the topological protection of chiralities relies on sepa-
ration of opposite chiralities in momentum (~K). Crucially,
while two quasiparticles of opposite chirality at the same
momentum are spatially separated and thus do not hybridize
on the single-particle level, there is still Coulomb interaction
between them. Moreover, the nesting of the electronlike and
holelike Fermi surfaces, characterized by the corresponding
dispersions fulfilling &4 x = —e_ k4o is well known to sup-
port excitonic-type instabilities [18,28]. The nesting vector Q
is zero in our case, unlike in conventional excitonic systems
and WSMs [8].

III. EXCITONIC INSTABILITY

We now show that the FAM exhibits an excitonic-type
instability for arbitrarily weak values of the interaction
caused by collisions between electrons and holes of opposite
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chirality. This instability is significantly modified by the spa-
tial structure of the wave functions (5) which for 0 < K
strongly suppresses scattering unless the in-plane momentum
transfer is close to zero. Since the matrix elements U, =
4me? /g? of the Fourier-transformed long-ranged Coulomb in-
teraction diverge for small momentum transfer, the excitonic
instability is also strongly affected by screening processes,
which we incorporate within the random phase approximation
(RPA).

We may describe the mean-field instability via the exci-
tonic self-energy A(k, w), which satisfies the self-consistency
equation

Ay (ko)=Y Ty (kK ,0-o)Gi (K. 0) (6

,
o'k

where G._(k,w) = — [(Tc, ,(t)c; _(0))e'dt is the off-
diagonal matrix element of the Matsubara Green’s function in
the chirality basis; c,:X (ck,x) are the fermionic creation (anni-

hilation) operators, and I'; _ (K", Q2) is the scattering vertex. In
order to remove the divergence of the forward scattering ver-
tex due to the long-ranged nature of the Coulomb interaction,
we consider screening in the RPA. Hence, the vertex is given
by (detailed derivation in Appendixes A and B),

U’I
Pk = 10 oy,
— (g, )U,

fp. k), (N
where ¢ = p — k, I1(g, 2) is the polarization operator, and the
form factor

1+ e (br—x)

5 6*2%(%*(/‘)1:)2 (®)

fp. k)=

stems from the overlap of wave functions given in (5). The
physical reason for the unusual form factor is that two wave
functions at different momenta k and k" with |¢ — ¢;| =
/O/K are localized at different z slices so that they do not
interfere. Hence, density waves with wave vectors k — k" for
which |¢x — ¢| 2 +/O/K become suppressed.

Approaching the critical temperature for excitonic
condensation, T — T., we may replace G,_(k',o') —
Gk, oAy _(K',w')G_(K', '), with normal state single-
electron Green’s functions Gi(k', o) = (i’ — sk/,i)‘l.
Due to the nesting of the electron and hole Fermi surfaces,
contributions to the frequency and momentum summation
in (6) originating from the singularities of the normal
state single-electron Green’s functions Gi(k',w’) for
io' =&y, ~0 become enhanced by factors log(w/T)
with w being an ultraviolet energy cutoff. Physically, this
corresponds to an electron-hole instability due to interaction
processes close to the Fermi surface, which we may treat
similarly to the BCS theory of superconductivity [40].
We neglect subleading corrections that do not affect the
logarithmic enhancement, corresponding to virtual processes
that involve electron-hole pairs with energy far above or
below the Fermi level, which allows us to set w, £ = 0 in the
excitonic self-energy and interaction vertex respectively.

The static polarization operator is given by

_ _ nr (sk,x) —nr (8k+q,x)
Mg, Q=0)= ; ek +a k. )

where ng(x) = 1/[1 +exp (x/T)] is the Fermi-Dirac distri-
bution and the Boltzmann constant set to unity. It describes
the density perturbation induced by a static external poten-
tial. Excitation of electron-hole pairs is suppressed unless
the total in-plane momentum is small, and we find that it
decreases as I1(g, 2 =0) ~ (I(Q)%/v|qH |, while in the limit
lg;| < +/KQ, we recover the Thomas-Fermi limit

KQ
2n2v’

where v = KQ/2n?v is the density of states at the Fermi
energy. Since the summation appearing in the self-consistency
equation (6) is dominated by contributions where k| ~ k|,
we may replace the scattering vertex with the simplified
expression

Mg, Q=0)— —v=— (10)

U,
T (k. k) — S S
1 + VUk_k’
The critical temperature is determined from the gap

equation (6) following standard steps [40] (detailed in
Appendix C),

[ k). an

2e” 1 /K
T.=—wexp| — |—=|,
b4

0

nzw’ gZZE (12)

22 Tv’

where y is the Euler constant, ¢ is the speed of light, and
« is the fine-structure constant. Analogous to other excitonic
systems with finite density of states [20] and the BCS theory
[40] no minimal interaction strength is required, in contrast to
WSMs, where a minimal interaction strength emerges due to
the vanishing density of states at the Weyl nodes [8,21,24,25].

Below T, the mean field A, _ couples opposite chiralities
as expressed by (6). This spontaneous chiral symmetry break-
ing leads to axions analogous to conventional WSMs (but with
nesting vector set to zero). In a nutshell (see, e.g., Ref. [8]
for details), the chiral gauge transformation can be used to
remove the phase of A _ at the cost of adding an anomalous
term in the action from the path-integral measure, which is of
the form ~6 E - B [8,41,42]. Thus, the Goldstone mode of the
excitonic condensate couples to the electromagnetic field as
an axion, detectable via specific axionic response properties
[7-9].

IV. FREE-ENERGY CONTRIBUTION
OF AXIONIC CONDENSATE

In our model of magnetically doped topological insulator,
the FAM state arises from a ferromagnetic WSM state if
the ferromagnetic alignment of magnetic moments receives
a smooth modulation towards a spiraling magnetic order. Let
us now assume that if disregarding the excitonic condensa-
tion, the dominant interaction of the magnetic moments is
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ferromagnetic. Then, depending on the stiffness of the mag-
netic moments, the excitonic state of the FAM may have
lower energy than the WSM state, in which case the spi-
ral magnetic order will itself be driven by the excitonic
instability.

The free-energy contribution of the excitonic condensate
in the FAM state to fourth order in the order parameter A
reads F = a|A|*> + (8/2)|Al*. The coefficients below T, can
be derived in the standard way (see Appendix D for a detailed
derivation), o = v(T — T.)/T and B = [7¢(3)/87*]v/T>.
Below 7., the order parameter becomes |A|*> = —a/f
and the free energy contribution of the condensate thus
reads

2 2

— T _TR ¥ 13
35 = T T (13)

fa 763)

Note that F depends on the magnitude of the magnetic order
through the density of states v = KQ/2m?v. This conden-
sate contribution is to be compared to a positive Q® free
energy contribution due to magnetic stiffness that would sta-
bilize a ferromagnetic order (a ferromagnetic order would
correspond to O = 0). Such a contribution can be written as
Fy = (w?/v)py Q% where py > 0is a dimensionless param-
eter quantifying the stiffness of the ferromagnetic order. The
condition for the formation of the axionic insulator via the
FAM is then a negative free energy at finite O, which is
achieved for

< 862?5(1—1>2 ex (—% 5) (14)
M=73eo\ 1) “P\ThyVe)

defining an upper bound for the stiffness.

V. DISCUSSION AND CONCLUSION

We have shown that periodic WSM superstructures in a
FAM state that support nested Fermi surfaces are unstable
with respect to excitonic condensation spontaneously break-
ing chiral symmetry. These systems are suitable to realize
dynamic axions as the Goldstone modes of the symmetry
breaking. Compared to WSMs, which are the only systems
where dynamical axions have been experimentally realized so
far, the realization of axions in FAMs has the advantages that
neither a minimal interaction strength [8] nor an external mag-
netic field [14] are required and, most importantly, the axion
dynamics is not accompanied by the dynamics of a charge
density wave [15—17]. These advantages are the result of the
novel form in which the chiral anomaly is realized in FAMs
as compared to WSMs: The density of states is finite at the
electron-hole compensation point (the Fermi surfaces do not
shrink to points as in WSMs) and the topological protection of
chiralities is based not on a purely momentumlike separation
of chiralities as in WSMs, but a mixed momentum-real-space
separation, which allows for nested Fermi surfaces of opposite
chirality at the same momentum.

We have explicitly considered the model of a magneti-
cally doped 3D topological insulator from the Bi,Se; family,
which has been proposed as a WSM provided a ferromagnetic

magnetic order [30-32]. The FAM is formed in a similar
system but with a spiral magnetic order instead of a ferromag-
netic one [27]. The spiral magnetic order can be stabilized
by mechanisms considered elsewhere [33-36] but it can also
be stabilized by the excitonic instability itself, as we have
shown in this work. We derived the upper bound for the mag-
netic stiffness of the ferromagnetic coupling, ~(K/Q)exp ( —
~/K/Q), up to which the excitonic instability would lead
to the spiral magnetic order, according to our mean-field
considerations. Here one should note that we assumed clean
systems with Q < K being the only requirement on Q. In real
systems there will be also a lower bound for Q due to disorder,
as the mean-free path / naturally limits the size of the unit cell
in the long z direction, 27 /Q, up to which disorder can be
treated as a perturbation to the FAM state, hence Q > [~ is
an additional condition on Q.

Material realizations other than magnetically doped Bi,Ses
can be discussed based on the generic ingredients favoring the
FAM state, such as the coupling of the magnetization direction
and the momentum separation of Weyl nodes [43-45] and
coupling mechanisms of the magnetic moments that favor a
spiral magnetic order. Interestingly, the latter can be provided
by Weyl-mediated magnetic interactions as predicted theoreti-
cally [33-36,46—48] and observed experimentally [37-39]. In
particular, suitable material platforms include van der Waals
layered magnets from the MnBi,Tes-family compounds
[49,50], showing a strongly manipulable magnetic coupling,
and magnetically doped Dirac semimetals [51,52]. Here too,
a slow spiraling modulation of magnetic order can lead
to FAMs.

In these different material realizations of FAMs, the Fermi
surfaces may differ from the cylindrical shape of the model
considered in this work. While a precise prediction for such
systems requires modified FAM models, we note that the
crucial property of FAMs to allow hybridization-protected
states of opposite chirality overlapping in energy momen-
tum is generic and thus, in principle, possible in form of
arbitrary Fermi-surface shapes. The system symmetry needs
to support nesting though, ideally at a vanishing momentum
separation to not link the chiral symmetry breaking with
translational symmetry breaking. The cylindrical shape of the
Fermi surfaces of our model are instead not essential, since
the excitonic pairing is limited to contributions separated no
larger than /KQ, which is much smaller than the cylinder
radius K.

Intriguingly, further theoretical exploration might reveal
correlation effects that compete with or supplement the
excitonic instability considered in this work, such as Peierls-
type instabilities building on the here-neglected coupling of
quasiparticles with phonons, or axion-fluctuation-driven su-
perconducting pairing.

ACKNOWLEDGMENTS

We thank Jan Schiitte-Engel, Binghai Yan, and Carsten
Timm for useful discussions. This research was funded by the
Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) through CRC-TR 183 “Entangled States of Mat-
ter” and the Emmy Noether program, Project No. 506208038.

155151-4



AXIONIC INSTABILITY OF PERIODIC ...

PHYSICAL REVIEW B 109, 155151 (2024)

APPENDIX A: DENSITY OPERATOR
AND POLARIZATION

The wave functions of the Fermi-arc metal are given in
Eq. (5) of the main text as

1
TK\* 1 i ko, )
= — . E 17Nk Zkny ) ,— 57 (2= Zkn.x)
Vi <4Q> (—e’“) — ‘ ’

¢k +27n i

Zkn+ = Q s Zhkn— = Zhn+ T é (Al)
For the density operator follows
0@ = Y clyey, [dre vl ow, 0 @)
kk' x
— i — 45 D A3
- Ckx Ck+q,x ¢ ’ (A3)
kx
where we approximated (used also below)
i(Pr—rrq)
1 + e+ o~ 10 G—tt0)’ oG Dk—Ikig)’ (Ad)

2

due to Q < K. The physical reason for the unusual form
factor exp{—%(q&k - ¢k+q)2} in the density is that two wave
functions at different momenta (more precisely at different
polar angles ¢ ) are localized at different z slices so that they
do not interfere and thus do not produce a density wave.

The static polarization is given by

M(g) = Tl(q. 2 = 0) = —i / dt ([p(g.1). p(—q. O)])
0

o0
— H T T
= —i / dr ([ Chrqrs Sy gy ) (A5)
0 kK x x'
s @l Ehn—ekig ) o~ i Be—bkrq)’ =i (B —w -y (A6)
_ Z”F(gk x) — N (Ekg.x) _7(¢k ¢k+q) (A7)

x Ek,x — Ek+q.x

where np(x) = 1/[1 + exp (x/T)] is the Fermi-Dirac distribu-
tion and the Boltzmann constant set to unity.

The density-caused form factor exp{— % (Pk — Prrq )2} de-
scribes the suppressed interference of particles separated in
z and thus a suppressed ability of the system to polarize at
momenta |g;| 2 +/KQ. In the limit |g| < +/KQ, we instead

recover the usual Thomas-Fermi limit

KQ
2720’
where v = KQ/2m?v is the density of states at the Fermi
energy.

Iq) - —v=— (A8)

APPENDIX B: MEAN-FIELD DECOUPLING

The density-density interaction potential taken in the static
limit and with a RPA-screened interaction vertex, as motivated
in the main text, reads

V3T

1‘1( Uy ——————p(@p(—9q). (B1)

Mean-field decoupling in the excitonic channel corresponds
to the coupling of opposite chiralities, x = + and x = —,
as those have electronlike and holelike dispersions, respec-
tively, ey, = x v(|kj| — K). The mean-field Hamiltonian then
reads

Hvr = Zakxckxckx + ch LG AL (k)
kx

+) ol o Ap(k), (B2)
k

with

Ap-k) == Ty (kK)c) ¢ ). (B
.

and the interaction vertex

Ui—r

— & (e~ )?
20 . B4
1~k — KU * G

F+_(k, k/) -

It follows the standard derivation of the self-consistent gap
equation via diagonalizing the mean-field Hamiltonian and
inserting into (B3),

A,k
%w(m — np(=&)l,

A-(k) =7 Ty (kK
-
o= s,f,x + AZ_(K). (B5)

At T, the order parameter vanishes, leading to

&y
tanh| kX',
2T,

(B6)

1= I (k k)
; " 2lew |

to be solved with respect to 7.

APPENDIX C: DERIVATION OF T,

The form factor in the interaction vertex modifies the oth-
erwise standard solving of (B6) with respect to T, which we
are now going to perform. We use that the interaction vertex,
given in (B4), is suppressed for |g;| 2, +/KQ and we may use
the Thomas-Fermi limit (A8) for the polarization, leading to

Up_v x ,
o (kk) —> —*k  omaphdw) (C1)

1 + VUk—k/

Inserting Uy = 4ne2/q2, V= KQ/2712v, settingk = (K, 0, 0)
(without loss of generality), and using polar coordinates k' =
(k'cos @', k' sin¢’, k) we obtain

dk, / e’ / dK'K

e %" tanh
X 5
K2+ (K — KP + KK¢™ + 2620K 2v[k' — K|
(C2)

v\k K|

where &2 = e?/vm ~ (0.002¢/v)?>. Using that the tanh
term is peaked at k' = K with a width T? <« QK, and
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k? ~ 0* < OK, the integrals factorize and can be carried out,

€2¢

0 tanh%
I = / ay sy a5t
2:1[( ¢ +£222 2lel
0 T Segzerff
J=(1n — In=), n=2>—=> (C3
nK<n2T+V n4> n W5 (C3)

= T.= —wexp|—.[= |, (C4)
T n

where w is the UV energy cutoff and y the Euler constant.

APPENDIX D: DERIVATION OF LANDAU-GINZBURG
THEORY FOR EXCITONS

Expanding the free energy to quadratic order a complex
order parameter A appearing in the mean-field Hamiltonian
(B2) we find

1
F = |:—+H]|A|2+§|A|4, (D1)
)

=a

where g is an effective coupling constant, which may be re-
lated to the T, derived in the main text, and

HZTZZGJr(w,k)G,(w,k):—TZZﬁ’
— £ pafar: kot

p=T Z Z(G+(w, k)G_(w,k))*

= TZZ , (D2)

(@ + & +)

where
1
iw— Ek,+ ’
&k+ = —¢&k,— = vk — D). (D3)

Gi(a)a k) =

For the first sum, we first perform the Matsubara summa-
tion using the relation 7' )"  g(iw) = f nF(a))g(co) - where
the contour encloses the entire complex plane ant1c10ckw1se,
excluding the imaginary axis. Taking into account the residues
atio = £eg 4 we find

v(e)de

- an(8k+)—np(8k -) /nF(S)—nF(—S)

Ek+ — Ek— 2¢e

o /A tanh (55) . <A>
x —V —d vin . (D4)
—A 2¢ T

where v(¢) is the density of states and v = v(0) is the density
of states at the Fermi energy. Inserting into (D1) we obtain

N D oL (D5)
e — n J— i n a— I~ — — .
o P v v g v

For the second sum we first perform the integral over
momentum and obtain

B v(ede _ mvT L . 7{(3)1
ﬂ_TXw:/(wereZ)ZN 2 Xw:la)P_ 872 T2
(D6)

where we used

1 2 7¢(3)
>y ==

w3 =3 873

/ o
(@ +e2)? o]

(D7)

w=21 (n+ % ) T

In the excitonic phase, i.e., below T, the order parameter
becomes |A|?> = —a/B and the Fermi energy thus assumes
the value

2 4 2
Fam -2 — (T -T2
28 7¢(3)

(D8)
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