
PHYSICAL REVIEW B 109, 155137 (2024)

Topologically compatible non-Hermitian skin effect
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The bulk-boundary correspondence (BBC) relates in-gap boundary modes to bulk topological invariants.
In certain non-Hermitian topological systems, conventional BBC becomes invalid in the presence of the non-
Hermitian skin effect (NHSE), which manifests as distinct energy spectra under the periodic and open boundary
conditions and massive eigenstate localization at boundaries. In this paper, we introduce a scheme to induce
NHSE without breaking conventional BBC, dubbed as the topologically compatible NHSE (TC-NHSE). In a
general one-dimensional two-band model, we unveil two types of TC-NHSE that do not alter topological phase
transition points under any circumstance or only in a certain parameter regime, respectively. Extending our model
into two dimension, we find that TC-NHSE can be selectively compatible to different sets of Weyl points between
different bands of the resultant semimetallic system, transforming some of them exceptional points connected by
bulk Fermi arcs while keeping the rest unchanged. Our paper hence helps clarify the intricate interplay between
topology and NHSE in non-Hermitian systems, and provides a versatile approach for designing non-Hermitian
topological systems where topological properties and NHSE do not interfere each other.
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I. INTRODUCTION

The bulk-boundary correspondence (BBC) is among the
most important principles in the investigation of topological
phases of matter [1–6]. Namely, a topological invariant de-
fined under the periodic boundary conditions (PBCs) predicts
the number of topological boundary modes under the open
boundary conditions (OBCs). Accordingly, topological phase
transitions involve band gap closing for both PBC and OBC
bulk spectra, which is the only possibility to change the topo-
logical invariant and the number of topological modes.

In recent years, investigations into non-Hermitian topo-
logical phases reveal an enigmatic violation of conventional
BBC [7–12], as the eigenvalues and eigenvectors of most
non-Hermitian systems are extremely sensitive to boundary
conditions [13–15]. In particular, the topological structure of
PBC energy bands can be changed by passing through excep-
tional points (EPs) when gradually eliminating the amplitude
of hopping between the ends of a chain to reach OBCs, which
leads to the connection of different bands in the complex
energy plane [13]. In these systems, OBC eigenstates tend to
be exponentially localized near system’s boundaries, which is
called the non-Hermitian skin effect (NHSE) [8,16], and the
number of topological edge modes may no longer be related
to the topological invariants formulated in terms of the Bloch
Hamiltonian, as the gap-closing condition can be different for
PBCs and OBCs. A modified BBC has been established for
these systems through the non-Bloch band theory [7,16–18].
In such a framework, topological invariants are defined with
complex deformations of lattice momentum, which generally
have rather intricate explicit forms and extremely sensitive nu-
merical solutions for systems beyond minimal models [19,20],
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making it difficult to accurately identify their topological
properties.

In this paper, we unveil a class of topological compati-
ble NHSE (TC-NHSE), where massive edge localization of
eigenstates emerges without breaking the conventional BBC,
as non-Hermiticity is introduced properly to avoid inducing
any EP to the system. We first discuss the general scheme for
inducing two types of TC-NHSE in two-band non-Hermitian
Hamiltonians, where conventional BBC is preserved either
universally or only within certain parameter regimes, re-
spectively. An explicit one-dimensional (1D) example of a
non-Hermitian Su-Schrieffer-Heeger (SSH) model [21] is
then demonstrated accordingly. We next extend the 1D SSH
model into a 2D semimetallic system with an extra spin degree
of freedom and spin-orbit coupling terms, where three sets of
Weyl points protected by different (hidden) PT symmetries
emerge between different energy bands. More interestingly,
TC-NHSE can be introduced in a way that is selectively com-
patible to different sets of Weyl points, transforming some of
them into EPs by breaking the corresponding symmetry while
the others remain unchanged. The topological compaticity of
the induced NHSE is further verified by calculating the non-
Hermitian Zak phase defined with Bloch eigenstates, which
precisely predict topological properties under OBCs, for both
the 1D and 2D models.

II. GENERAL TWO-BAND HAMILTONIANS

We begin with a general non-Hermitian two-band
Hamiltonian,

h(k) =
∑

α=0,x,y,z

hα (k)σα,

hα = dα (k) + igα (k), (1)
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with d (k) and g(k) taking real values, describing the Hermi-
tian and anti-Hermitian parts of the system, σx,y,z the Pauli
matrices, and σ0 the 2 × 2 identity matrix. We will omit the k
dependency in the notations of dα , gα , and hα for simplicity.
A topological phase transition requires a band touching point
of h(k), which occurs when

P(k) =
∑

α=x,y,z

h2
α = 0,

namely ∑
α=x,y,z

(
d2

α − g2
α

) = 0,
∑

α=x,y,z

dαgα = 0, . (2)

This condition generally applies to an exceptional degeneracy
point (EP) of h(k). A normal degenerate point (DP) appears
when the system further satisfies hα = 0 for α = x, y, z.

The breakdown of conventional BBC requires different
bands connect head to tail in the complex energy plane
[7,13,22], corresponding to a nontrivial winding of eigenvec-
tors around an EP [23–25]. As Hermitian systems forbid any
EP to exist, this means that if we start from a Hermitian h(k)
and turn on non-Hermiticity gradually, it must go through a
EP transition to break conventional BBC. In turn, in order for
NHSE to emerge without breaking the conventional BBC, we
need to properly introduce non-Hermiticity to the system, and
avoid inducing any EP. For our minimal two-band Hamilto-
nian, this can be done by introducing

(i) a nonzero g0 that shifts both bands by the same amount
for each momentum k, or

(ii) nonzero gx, gy, or gz, which vanishes together with
the Hermitian parts of the Hamiltonian, i.e., when dx = dy =
dz = 0.

In both cases, NHSE can emerge provided that the non-
Hermitian terms also induce nontrivial spectral winding to the
PBC spectrum. Note that the first scheme shall avoid EP under
any circumstance, as g0 only shifts the eigenvalues of h(k), but
does not change its degenerate condition. On the other hand,
the second scheme does not always guarantee the absence of
EP, and the NHSE may be topologically compatible only in
a certain parameter regime, as elaborated with the example
model discussed below.

III. TC-NHSE IN A 1D TWO-BAND MODEL

To give an explicit example, we consider a non-Hermitian
extension of the Su-Schrieffer-Heeger (SSH) model [21] as
sketched in Fig. 1, described by the Hamiltonian H1D =
HSSH + HnonH where

HSSH =
N∑
n

(t1â†
nb̂n + t2b̂†

nân+1) + H.c., (3)

HnonH =
N∑
n

δ1(â†
nân+1 + b̂†

nb̂n+1) − H.c.

+
N∑
n

δ2(â†
nb̂n+1 − â†

nb̂n−1) − H.c., (4)

with a and b the two sublattices of the system, and N the total
number of unit cells. Its Bloch Hamiltonian in momentum
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FIG. 1. A sketch of the 1D lattice of the non-Hermitian SSH
model described by Eqs. (3) and (4). The arrows of different colors
indicate different hopping parameters. Opaque arrows are marked by
the parameters they represent, and unmarked ones are made translu-
cent for a clearer demonstration.

space reads

h1D(k) = (t1 + t2 cos k)σx + t2 sin kσy

+ i(2δ1 sin kσ0 + 2δ2 sin kσx ), (5)

and the gap-closing conditions are given by

(t1 + t2 cos k)2 + (
t2
2 − 4δ2

)
sin2 k = 0,

4δ sin k(t1 + t2 cos k) = 0. (6)

For |2δ2| < |t2|, the above conditions are satisfied only at the
DPs of the Hamiltonian, namely when dx = dy = gx = 0 at
(t1, k) = (t2, π ) or (−t2, 0). In other words, conventional BBC
is expected to be valid in this parameter regime, as shown by
the PBC and OBC spectra in Figs. 2(a) and 2(b). The 1D topo-
logical properties can be characterized by the non-Hermitian

(d1)

(d2)

(d3)

(a)

(b)

(c)

FIG. 2. TC-NHSE in the non-Hermitian SSH model. [(a),(b)]
The absolute values of eigenenergies |E | under PBCs and OBCs
respectively, with the same gap-closing point at t1 = 2 (red-dashed
lines). In either case, |E | of the two energy bands roughly overlap
each other. (c) The Zak phase γ1 as a function of t1. [(d1)–(d3)]
The complex spectrum under the PBCs (gray) and OBCs (red, blue,
black, and green) for t1 = 1, 2, and 3 respectively, with insets demon-
strating distribution profiles of OBC eigenstates with the same colors.
Other parameters are t2 = 2, δ1 = 0.75, δ2 = 0.5, N = 60.
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FIG. 3. [(a),(b)] PBC and OBC eigenenergies vs t1, with δ2 =
1.5 > t2/2 and δ1 = 1. The gap-closing points t1 = tc and t1 = t ′

c

under the PBCs and OBCs are denoted by red and blue-dashed lines,
respectively, which do not coincide. (c) The deviation between the
PBC and OBC gap-closing points �t = tc − t ′

c, as a function of δ2

for three different values of δ1. Other parameters : t2 = 2, N = 120.

Zak phase, defined as [10]

γn = −Im
∮

BZ
〈ψL,n(k)|∂k|ψR,n(k)〉dk,

with ψR,n (ψL,n) the right (left) biorthogonal [26] Bloch eigen-
state of the nth energy band. In particular, in our considered
two-band cases, the non-Hermitian Zak phase can be analyt-
ically expressed as a winding number of the real part of the
Hamiltonian vector, as shown in Appendix A. As evident in
Fig. 2(c), γn takes quantized values of π and 0 in the regimes
with and without zero-mode edge states under OBC, respec-
tively, reflecting the existence of conventional BBC. On the
other hand, bulk states accumulate to the two ends of the 1D
lattice under OBC, indicating the emergence of TC-NHSE,
as shown in Fig. 2(d). In addition, for the topological phase
transition in Fig. 2(d2), eigenstates are seen to be delocalized

at the gap-closing point (k = π ), where the non-Hermitian
terms in Eq. (5) vanish.

Further increasing the absolute value of δ2, an EP transition
occurs at |δ2| = |t2/2| with two EPs at cos k = −t1/t2. Con-
sequently, the conventional BBC is broken for |δ2| > |t2/2|,
as shown in Figs. 3(a) and 3(b). On the other hand, δ1 does
not enter the gap-closing conditions of Eqs. (6), thus it never
breaks conventional BBC. In Fig. 3(c), we display numerical
results of the deviation between PBC and OBC gap-closing
point as a function of δ2, which acquires a nonvanishing value
when δ2 > t2/2, regardless of the values of δ1. Nonetheless,
we point out that each of δ1 and δ2 alone can induce NHSE in
this model, as further demonstrated in Appendix B.

IV. TC-NHSE IN SEMIMETALS

Extending the 1D SSH model into 2D by introducing the
same lattice structure along a second direction, we obtain a
2D Hamiltonian

h2D(kx, ky) = (t1 + t2 cos kx + t2 cos ky)σx

+ (t2 sin kx + t2 sin ky)σy. (7)

This Hamiltonian generally describes a semimetal with two
gapless points located along kx = −ky. Following previous
discussion, non-Hermiticity can be introduced in the same
manners as for the 1D case to induce compatible NHSE,
which does not affect these gapless points. To go beyond these
two basic types of compatible NHSE, we take into account the
spin degree of freedom, and consider two types of spin-orbit
terms hSO = hSO,1 + hSO,2,

hSO,1 = tSO(sin kxτy − sin kyτx ),

hSO,2 = vSO sin(kx + ky + φ)τzσz, (8)

with tSO and vSO describing their strengths, and φ a phase fac-
tor to tune the position of Weyl points in momentum space. Its
eigenenergies read (subscribes ordered by their real energies)

E1,2,3,4(kx, ky) = ±
√

[
√

(t1 + t2 cos kx + t2 cos ky)2 + (t2 sin kx + t2 sin ky)2 ± √
(tSO sin kx )2 + (tSO sin ky)2]2

+ [vSO sin(kx + ky + φ)]2
. (9)

The original gap-closing points become fourfold degenerate
Dirac points when the spin degree of freedom is introduced,
which evolve into twofold degenerate Weyl points at zero-
energy under nonzero vSO and tSO, whose location in the
Brillouin zone is determined by

Set I : vSO sin(kx + ky + φ) = 0, (10)

(t1 + t2 cos kx + t2 cos ky)2 + (t2 sin kx + t2 sin ky)2

= (tSO sin kx )2 + (tSO sin ky)2. (11)

Numerically, we find that these Weyl points can be locally
gapped out only by terms anticommuting with hSO,2, namely
σατᾱ with α, ᾱ ∈ {x, y, z}, α �= ᾱ, and either α or ᾱ being
z. Thus the existence of the zero-energy Weyl points can be

attributed to the protection of an parity-time (PT) symmetry,

σxτxh∗(k)σxτx = h(k), (12)

which excludes the above mentioned matrices from the
Hamiltonian.

Other than these zero-energy gap-closing points, extra
Weyl points also emerge between the first (last) two bands
when

Set II : t1 + t2 cos kx + t2 cos ky

= t2 sin kx + t2 sin ky = 0,

or

Set III : tSO sin kx = tSO sin ky = 0.

Note that these two sets of Weyl points are determined solely
by h2D and hSO,1, respectively. In order words, Weyl points of
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FIG. 4. (a) Schematic of the position (points) and degenerate
conditions (dash lines) of Sets I (red), II (blue), and III (green) Weyl
points in momentum space. (b) Energy difference between E3 and E4,
zeros indicate the Weyl points of Sets II and III [blue and green points
in (a)]. (c) Energy difference between E2 and E3, zeros indicate the
Weyl points of Set I [red points in (a)]. Note that due to the resolution
of the figure, there seems to be six bright spots in panel (c), where the
two curvyish ones no matching the red points in (a) represent regions
with a small but nonzero band gap between E2 and E3. Parameters for
(b) and (c) are t1 = t2 = tSO = 2, vSO = 1.2, and φ = π/4.

Sets II and III are protected by hidden PT symmetries of the
corresponding sub-Hamiltonians,

σxh∗
2D(kx, ky)σx = h2D(kx, ky), (13)

τxh∗
SO,1(kx, ky)τx = hSO,1(kx, ky), (14)

respectively. The locations in the Brillouin zone of these three
sets of Weyl points are sketched in Fig. 4(a). In Figs. 4(b)
and 4(c), we demonstrate the energy difference between the
highest and middle two bands, respectively, where zeros of
the former (later) represents Weyl points of Sets II or III (Set
I). Given the coexistence of Weyl points between different
bands, we argue that NHSE can not only be introduced in
a way that is compatible to all sets of Weyl points, e.g.,
through introducing a non-Hermitian τ0 term, but also in a
way that is selectively compatible to different sets of Weyl
points, transforming some of them into EPs while the others
remain unchanged. As a first demonstration, we consider the
following non-Hermitian term as an example,

hnonH1 = iδ1τzσz, (15)

which breaks the PT symmetry and transforms the first set of
Weyl points (at Re[E ] = 0) into bulk Fermi arcs [27–29] with
degenerate real energies, as shown in Figs. 5(a) and 5(b). In
contrast to boundary Fermi arcs in Hermitian systems, bulk
Fermi arcs are terminated at EPs with zero imaginary energy,
whose locations are determined by

kx + ky + φ = 0,

|E2,3(kx,−kx − φ)| = |δ1|,
and the two bands sorted by their real energies have discontin-
uous imaginary energies across the arcs, as shown in Fig. 5(c).
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FIG. 5. The properties of the system when introducing the non-
Hermitian term hnonH1 with δ1 = 0.5. (a) The real part of the energy
bands structure, valence and conduction bands meet at bulk Fermi
arcs. The logarithm of real energy difference (b) and the imaginary
energy difference (c) between the middle two bands E2 and E3. Black
arrows indicate the regions of bulk Fermi arcs, where the imaginary
energies switch between the two bands, as shown by the jump of
Im[E3 − E2] between large negative and positive values across the
bulk Fermi arcs. (d) The average distribution ρ̄x,y of all eigenmodes
under OBCs. Other parameters: t1 = t2 = tSO = 2, vSO = 1.2, and
φ = π/4.

On the other hand, hnonH1 does not alter the hidden sym-
metries of the sub-Hamiltonians, therefore the other two sets
of Weyl points remains unchanged, as can be seen in Fig. 5(a)
between the top two or the bottom two bands. In Fig. 5(d),
we display the average distribution of all eigenmodes under
OBCs,

ρ̄x,y = (1/N )
N∑
i

√∑
α

∣∣ψ i
x,y,α

∣∣2
,

with N the size of the Hilbert space, and ψ i
x,y,α the wave

amplitude of the ith eigenmode at unit cell (x, y), α = (τ, σ )
denoting the spin and sublattice degrees of freedom respec-
tively. A clear edge localization can be seen in the figure,
indicating the emergence of NHSE compatible with the sec-
ond and third sets of topological Weyl points. Similarly, by
breaking different hidden PT symmetries of Eqs. (13) and
(14), the resultant non-Hermitian system may host NHSE [see
Figs. 6(a3) and 6(b3)] compatible with Set I and only one of
the rest two sets of Weyl points. Specifically, we consider the
following two non-Hermitian terms,

hnonH2 = i2δ2 sin(kx + ky + φ)σx, (16)

hnonH3 = i2δ3 sin(kx + ky + φ)τx. (17)

Note the these extra terms also inevitably break the PT sym-
metry of Eq. (12) for the overall system. To avoid destroying
the zero-energy Weyl points of Set I, the explicit forms of
hnonH2 and hnonH3 are chosen to vanish (thus recovering the
symmetry) at the momenta of these points. In Figs. 6(a1) and
6(a2), the degenerate real energies and discontinuous imag-
inary energies show that Weyl points of Set II [blue dots in
Fig. 4(a)] are transformed into EPs connected by bulk Fermi
arcs due to hnonH2, which breaks the corresponding hidden PT
symmetry of Eq. (13), similar to the influence of hnonH1 on the
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FIG. 6. The properties of the system when introducing the non-
Hermitian term hnonH2 (a) or hnonH3 (b) with δ2 = 0.35 or δ3 = 0.35.
The logarithm of real energy difference [(a1),(b1)] and the imaginary
energy difference [(a2),(b2)] between the last two bands E3 and E4.
[(a3),(b3)] The average distribution ρ̄x,y of all eigenmodes under
OBCs. Other parameters: t1 = t2 = tSO = 2, vSO = 1.2, φ = π/4.

first set of Weyl points. Besides, NHSE is seen to emerge as
the average distribution of all eigenmodes ρ̄x,y localizes at the
left and bottom boundaries [Fig. 6(a3)], and is topologically

compatible with the other two sets of Weyl points (Sets I and
III) that remain unchanged as in the Hermitian case. Similarly,
introducing non-Hermitian term hnonH3 will break the hidden
PT symmetry of Eq. (14), and only transform Weyl points
of Set III into bulk Fermi arcs, as shown in Figs. 6(b1) and
6(b2). Thus the resultant NHSE, with ρ̄x,y localizing at all
of the four boundaries [Fig. 6(b3)], is compatible with Weyl
points of Sets I and II. We also note that extra EPs and
bulk Fermi arcs (irrelevant to the Weyl points) may appear
between different bands when further increasing each of the
non-Hermitian parameters δ1,2,3 (not shown).

To further demonstrate the topological compatibility of
NHSE induced by different non-Hermitian terms, we com-
pare the absolute values of eigenspectra under full PBC and
x-PBC/y-OBC in Fig. 7. It is seen that in the presence of
each non-Hermitian term, only one set of Weyl points are
transformed into EPs under full PBC, where the gap-closing
points diverge under different boundary conditions. For exam-
ple, in Fig. 7(a) with nonzero δ1, a pair of EPs (transformed
from a Weyl point of Set I) at |EPBC| = 0 under full PBC in
Fig. 7(a2) are marked by red dash lines, which do not coincide
with the gap-closing points of |EOBC| = 0 under x-PBC/y-
OBC in Fig. 7(a3). In comparison, the Weyl points (Sets II
and III) at nonzero |E |, which are partially marked by blue
and green circles, remain unchanged under different boundary
conditions.

Taking kx as a parameter, topological properties related to
these gap-closing points can be characterized by the Zak phase

FIG. 7. The absolute value of full PBC (a2) (b2) (c2) and x-PBC/y-OBC (a3) (b3) (c3) spectrum as a function of kx with introducing the
non-Hermitian terms hnonH1 (a), hnonH2 (b), and hnonH3 (c) into the Hermitian Hamiltonian h2D + hSO, corresponding to the change of Zak phase
γ

y
1 (a1) (b1) (c1) and γ

y
1 + γ

y
2 (a4) (b4) (c4). The red (Set I), blue (Set II) and green (Set III) dash lines indicate the gap-closing points under

the PBC in y direction around one of each set of Weyl points, which are marked by circles if they remain unchanged under OBC. It shows that
different sets of Weyl points are transformed into EPs by different non-Hermitian terms and the Zak phase is not quantized when EPs appear.
The length in y direction is N = 150 and the non-Hermitian parameters are δ1 = 0.5 (a), δ2 = 0.35 (b), and δ3 = 0.35 (c) respectively. Other
parameters: t1 = t2 = tSO = 2, vSO = 1.2, φ = π/4.
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as in the 1D case, defined as

γ y
n (kx ) = −Im

∮ 2π

0
dky〈ψL,n(kx, ky)|∂ky |ψR,n(kx, ky)〉.

As seen in Fig. 7(a1), γ
y
1 (which describes the topological

properties of the lowest energy band) is always quantized
at π or 0, and jumps between them only at the gap-closing
points (Weyl points) at nonzero |EPBC/OBC| [partially marked
by blue and green circles in Figs. 7(a2) and 7(a3)]. Note that
it remains unchanged across the gap-closing point at kx = π ,
which is actually the projection of a pair of Weyl points with
opposite topological charges [at ky = 0 and π , see green dots
in Fig. 4(a)]. On the other hand, as shown in Fig. 7(a4), the
summed Zak phase between the lower two bands (γ y

1 + γ
y
2 )

becomes nonquantized in the parameter regime between each
pair of EPs with |EPBC| = 0, and its transition points do not
match the gap-closing points under OBC with |EOBC| = 0 in
Fig. 7(a3).

Similar phenomena are also observed with nonzero δ2 and
δ3, where the non-Hermiticity is compatible with different sets
of Weyl points, respectively. As shown in Fig. 7(b), nonzero δ2

leads to a nonquantized Zak phase γ
y
1 in the parameter regimes

between the EPs marked by blue-dashed lines (Set II), while
γ

y
1 + γ

y
2 is always quantized and only jumps discontinuously

at the Weyl points with |EPBC/OBC| = 0 (Set I, red circles). On
the other hand, nonzero δ3 leads to a nonquantized γ

y
1 when

kx falls between the EPs marked by green dash lines (Set III),
while γ

y
1 + γ

y
2 also remains quantized and correctly reflects

both the PBC and OBC topological properties, as shown in
Fig. 7(c). These observations further validate the topological
compatibility of NHSE induced by different non-Hermiticity
in our model with different sets of Weyl points.

V. SUMMARY

To summarize, we have revealed a class of TC-NHSE,
which induces nontrivial spectral winding and skin accu-
mulation of eigenstates to the system without breaking
conventional BBC. By analyzing the degenerate condition
of general non-Hermitian two-band Hamiltonians, we have
provided a general scheme for introducing NHSE without in-
ducing any EP, and demonstrate the corresponding TC-NHSE
in a 1D non-Hermitian SSH model. Specifically, the induced
NHSE is compatible with the system’s topology either in
a universal manner, or only in a certain parameter regime,
depending on how the non-Hermiticity enters the Hamilto-
nian explicitly. Next, we extended the 1D SSH model into a
2D PT -symmetric semimetal with three sets of Weyl points
between different energy bands, protected by different sym-
metries or hidden symmetries of the system respectively. We
find that by introducing non-Hermitian terms that break dif-
ferent symmetries of the system, the corresponding TC-NHSE
can be selectively compatible to one set of Weyl points (i.e.,
remain unchanged in the momentum space) and transform the
rest into pairs of EPs connected by bulk Fermi arcs. By taking
kx as a parameter, the unaffected Weyl points can be char-
acterized by the quantized non-Hermitian Zak phase, which
becomes nonquantized in the parameter regime between each
pair of EPs transformed from a Weyl point, reflecting the
selective compaticity of the TC-NHSE in the system.

The topological properties of our studied systems are char-
acterized by the non-Hermitian Zak phase, which essentially
describes 1D topology corresponding to edge states gapped
from the bulk (as in 1D topological insulators), or bulk
degeneracy with codimension of two (as in 2D semimet-
als). Nevertheless, our scheme for inducing TC-NHSE relies
only on the vanishing of non-Hermiticity at bulk degen-
eracy, and thus it can also be straightforwardly extended
to other higher-dimensional topological phases, such as 2D
topological insulators characterized by the Chern number. A
potential area of interest is the generalization of TC-NHSE in
more sophisticated topological phases, such as higher-order
topological phases where topological edge states may not
directly correspond to bulk topology [30–35], or hybrid skin-
topological phases where NHSE interplay with topological
localization in a distinctive manner [36–38].

Finally, we note that in this study, we have considered a few
toy models for a clear demonstration of the TC-NHSE. Nev-
ertheless, during the past few years, different types of NHSE
have been realized in a variety of experimental platforms, such
as electrical [39–43], photonic [44–47], and acoustic [48–51]
systems, each has flexible parameters that can be individually
tuned, thus making them promising for constructing our mod-
els. Another charming platform with the potential for realizing
the TC-NHSE is quantum gases in optical lattices, which fur-
ther allow for experimentally investigating the rich interplay
between quantum many-body effect and NHSE [52–56]. In
particular, the SSH-type staggered hopping amplitudes in 1D
and the spin-orbit terms of our 2D models can be realized
with double-well optical potentials [57–59] and Raman lasers
that couple different orbitals [60–63], respectively. Design-
ing the optical potential for our 2D extension of the SSH
model [Eq. (7)] may be challenging, as staggered hopping
amplitudes along two directions will result in four sublattices
instead of two. However, similar 1D topological properties
also exist in the Creutz ladder model [22,64], whose realiza-
tion involves no sublattice structure, but different orbitals of
the same lattice sites with periodically driven lattice potential
[65,66], making its higher-dimensional generalization more
straightforward. In addition, non-Hermiticity can be imple-
mented in cold atoms with laser-assisted atom loss [67,68],
which has already been applied for realizing NHSE in 1D
momentum space of a untracold atomic gases [69]. These
developments indicate the possibility for realizing TC-NHSE
in cold atoms, but an explicit scheme still remains to be
considered in depth.
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APPENDIX A: THE NON-HERMITIAN ZAK PHASE
EXPRESSED AS A WINDING NUMBER FOR CHIRAL

NON-HERMITIAN SYSTEM

Here we consider a general non-Hermitian two-band
Hamiltonian in momentum space, which can be written in the
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form of Eq. (1),

h(k) =
∑

α=0,x,y,z

hα (k)σα,

hα = dα (k) + igα (k). (A1)

Its left and right eigenstates are given by

|ψR
+〉 =

(
e−iφ cos θ

2

sin θ
2

)
, |ψR

−〉 =
(

e−iφ sin θ
2

− cos θ
2

)
, (A2)

and

〈ψL
+| =

(
eiφ cos θ

2

sin θ
2

)
, 〈ψL

−| =
(

eiφ sin θ
2

− cos θ
2

)
, (A3)

with cos θ = hz/
√

h2
x + h2

y + h2
z and cos φ = hx/

√
h2

x + h2
y ,

and ± denoting the two bands. We note that h0 does not enters
the expressions of eigenstates, and we will omit this term in
our following discussion. Here we consider the non-Hermitian
Zak phase of the lower band, which can be obtained as [70]

γ (−) = −Im
∮

BZ
〈ψL

−|∂k|ψR
−〉dk

= Re
∮

BZ

∂φ

∂k
sin2 θ

2
dk. (A4)

If the Hamiltonian has chiral symmetry σzh(k)σz = −h(k), we
have cos θ = 0, and γ (−) is given Re

∮
BZ

dφ

2 , namely half the

total winding angle of (hx, hy) when k varies from 0 to 2π ,
or in other words, the winding number of (hx, hy) multiplied
by π . For non-Hermitian systems, φ may take complex val-
ues, making the winding number of (hx, hy) ill defined. Thus
we further consider the winding number of (dx, dy), i.e., the
Hermitian parts of a chiral-symmetric Hamiltonian, and their
winding number ν in the parameter space takes the form as

ν = 1

2π

∮
C

dφ′ (A5)

= 1

2π

∫ 2π

0
dk

dx∂kdy − dy∂kdx

d2
x + d2

y

, (A6)

where C is the trajectory of (dx, dy) in a period. Further con-
sidering the non-Hermitian terms gx and gy vanish together
with the Hermitian parts of the Hamiltonian (so to generate
TC-NHSE),

gx = ady, gy = bdx, (A7)

where a and b are chosen to be real and positive without loss
of generality, the Zak phase can be expressed as

γ (−) = Re

2

∮
BZ

(1 + ab)(dx∂kdy − dy∂kdx )

(1 − b2)d2
x + (1 − a2)d2

y + 2i(a + b)dxdy
.

(A8)

Substituting dφ′ = dk(dx∂kdy − dy∂kdx )/(d2
x + d2

y ) into
Eq. (A8), we obtain

γ (−) = Re

2

∫ φ′(k=2π )

φ′(k=0)

(1 + ab)dφ′

(1 − b2) cos2 φ′ + (1 − a2) sin2 φ′ + 2i(a + b) sin φ′ cos φ′ , (A9)

which is nonzero only when the winding of φ′ is nontrivial
(i.e., ν �= 0), as φ′(0) = φ′(2π ). To further simplify the above
integral, we substitute z = tan φ′ into Eq. (A9) and obtain

γ (−) = 1

2
Re

∫
dz

1 + ab

(1 − b2) + (1 − a2)z2 + 2i(a + b)z

= Re
1 + ab

2(1 − a2)

∫
dz

1

(z − z1)(z − z2)
.

Here z1 and z2 are the two roots of the denominator polyno-
mial, which take pure imaginary values, given by

z1,2 = i
−(a + b) ± (ab + 1)

1 − a2
. (A10)

In nontrivial cases with ν �= 0, φ′ varies in the interval
[φ0, φ0 + 2νπ ], and z varies ν times in infinite intervals
[tan φ0,+∞), and (−∞, tan φ0], so

γ (−) = Re
1 + ab

2(1 − a2)

∫ φ=φ0+2νπ

φ=φ0

dz
1

(z − z1)(z − z2)

= Re
1 + ab

2(1 − a2)

∮
L+C′

dz
ν

(z − z1)(z − z2)
, (A11)

where L is the real axis and C ′ is a semicircle of infinite radius
on the lower complex plane. The integral of Eq. (A11) can be

calculated by residue theorem

γ (−) = Re
1 + ab

1 − a2
· 2π i

∑
j

Res

[
ν

(z − z1)(z − z2)

]

=
⎧⎨
⎩

−νπ, a, b > 1
νπ, a, b < 1
0, a > 1, b < 1 or a < 1, b > 1,

(A12)

where z j is the residue of the function 1
(z−z1 )(z−z2 ) on the

lower complex plane. For the non-Hermitian SSH model we
discussed in Sec. III, the parameters are given by a = 0 and
b = 2δ2/t2. We can see that the Zak phase can be mapped
to the winding number ν when δ2 < t2/2, i.e., the parameter
regime with TC-NHSE where the conventional BBC is valid.
However, when δ2 > t2/2, the Zak phase γ (−) is always 0, and
can no longer predict the existence of zero-mode edge states.

APPENDIX B: TC-NHSE IN THE 1D NON-HERMITIAN
SSH MODEL

In this Appendix, we provide further analysis of the NHSE
induced by δ1 and δ2 in the model described by Eq. (5).
As shown in Figs. 8(a1) and 8(b1), each of these two
non-Hermitian parameters along can induce NHSE in the
system, yet the resultant skin modes show different localizing
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(a1) (b1)

(a2) (b2)

FIG. 8. [(a1),(b1)] Complex spectra under the PBCs (gray) and
OBCs (red, blue, and black) for (a) δ1 = 0.2, δ2 = 0 and (b) δ1 = 0,
δ2 = 0.25, respectively, with insets demonstrating distribution pro-
files of OBC eigenstates with the same colors. [(a2),(b2)] The inverse
localization length κ±(k) for the two bands marked by the same
colors in (a1) and (b1). In (b2), blue and red curves overlap as
κ2,+(k) = κ2,−(k). Other parameters are t1 = 1, t2 = 1.5 and N = 40.

directions. Therefore we shall treat these two parameters sep-
arately in the following discussion.

We first give a systematic analysis of the case in the pres-
ence of a nonzero δ1. The Bloch Hamiltonian becomes

h1(k) = (t1 + t2 cos k)σx + t2 sin kσy + i2δ1 sin kσ0,

with its eigenenergies given by

E1,±(k) = i2δ1 sin k ±
√

t2
1 + t2

2 + 2t1t2 cos k, (B1)

supporting the same DP as the Hermitian SSH model. More-
over, h1(k) satisfy

σyh1(k)σy = −h∗
1(k), (B2)

so that the eigenenergies of h1(k) are always symmetric
about the imaginary axis (ReE = 0), i.e., E+(k) = −E∗

−(k),
as shown in Fig. 8(a1). Therefore a real line-gap always pres-
ences between the two bands E1,± except when they touch at
ReE = 0, avoiding the band overlapping problem.

In 1D systems, NHSE can be quantitatively described
by generalizing the Bloch Hamiltonian to a non-Bloch one,
H (k) → H (k + iκ (k)), where κ (k) describes the inverse lo-
calization length of skin modes [7,16]. The eigenenergies of
Eq. (B1) satisfy

E1,+(k + iκ ) = −E∗
1,−(k − iκ ), (B3)

where κ is a arbitrary constant inverse localization length.
Assuming the inverse localization length is given by κ±(k)
for two bands, the OBC eigenenergies must have paired k and
k′ satisfying

E±[k + iκ±(k)] = E±[k′ + iκ±(k)]. (B4)
The exact relation between k and k′ is unknown, yet from
Eqs. (B3) and (B4) we will also have

E1,−[k − iκ1,+(k)] = E1,−[k′ − iκ1,+(k)]. (B5)

Combining the Eqs. (B4) and (B5), we reach the conclusion
that

κ1,+(k) = −κ1,−(k), (B6)

meaning that the eigenstates have opposite localizing direc-
tions for the two bands, as shown in the Fig. 8(a2) and the
insets of Fig. 8(a1).

Similar analytics can be applied to the case in the presence
of a nonzero δ2. The Hamiltonian in momentum space is
given by

h2(k) = (t1 + t2 cos k + i2δ2 sin k)σx + t2 sin kσy,

which satisfies the chiral symmetry

σzh2(k)σz = −h2(k). (B7)

The eigenvalues of h2(k) appear in (E ,−E ) pairs,

E2,±(k) = ±
√

(t1 + t2 cos k + i2δ2 sin k)2 + (t2 sin k)2,

(B8)

as shown in Fig. 8(b1). With the non-Bloch generalization
taken into account, the eigenenergies satisfies

E2,+(k + iκ ) = −E2,−(k + iκ ). (B9)

Combining Eqs. (B4) and (B9) we shall obtain

κ2,+(k) = κ2,−(k), (B10)

meaning that the eigenstates have the same localizing direc-
tion for the two bands, as shown in the Fig. 8(b2) and the
insets of Fig. 8(b1).
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