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Quantum oscillations in an excitonic insulating electron-hole bilayer
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We study the quantum oscillations of interlayer capacitance in an excitonic insulating electron-hole double
layer with the Hartree-Fock mean-field theory. Such oscillations could be simply understood from the physical
picture of an exciton formed by electron and hole Landau levels, in which the direct gap between the electron-
hole Landau levels will oscillate with the exciton chemical potential and the inverse of the magnetic field. We
also find that the excitonic order parameters can be destroyed by a strong magnetic field. At this time, the
system becomes two independent quantum Hall liquids, and the interlayer capacitance oscillates to zero at zero

temperature.
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I. INTRODUCTION

A two-dimensional bilayer separated by a perfect insulat-
ing barrier is expected to be a candidate system for realizing
exciton condensation and the excitonic insulator (EI) phase
at the charge neutrality point (CNP), where the two layers
are equally charged by electrons and holes [1-11]. Evidence
of the EI phase in such a bilayer was first observed in
quantum well system [12] and was also identified in dual-
gated transition metal dichalcogenide (TMD) double layers
recently [13—16]. In this paper, we focus on the TMDs bi-
layer, and the experimental setup is illustrated in Fig. 1(a),
where the electron layer (blue) and hole layer (orange) are
sandwiched between the top and bottom gates (black) and
dielectric spacers (gray) are inserted between gates and layers
to avoid direct tunneling. The gate-layer voltage (V, + V;,)/2
is used to control the overall chemical potential © to make
the system charge neutral. And the exciton density (charge
number density per layer) n,, is tuned by the exciton chemical
potential pex = eV), — E,, where V,, =V}, — V, is the interlayer
bias voltage and E, is the spatially indirect gap between the
electron and hole bands at zero bias.

Low-energy excitations of single-layer TMDs near the val-
ley center are approximated as free fermions with quadratic
dispersion [17]. By tuning the exciton chemical potential
Uex, a typical noninteracting band structure at the CNP is
illustrated in Fig. 1(b), where the electron and hole layers
have nested Fermi surfaces. In the absence of single-particle
tunneling ¢, the electron and hole layers have separate charge
conservations, and the system has a U,(1) x Uy (1) symmetry.
However, when interlayer excitons are generated and con-
densed due to the attractive interaction between electrons
and holes, a nonzero mean-field interlayer coherence A =
hmt = | Ale™ will spontaneously arise, break the electron-hole
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U(1) symmetry, and leave only the total charge conserva-
tion. In addition, the interlayer coherence A will also gap
out the Fermi surfaces and drive the system into an exci-
tonic insulator phase [18]. Due to the spontaneous symmetry
breaking, the long-wave phase fluctuation of the excitonic
order parameter in real space d¢(r) is the Goldstone mode
and is related to the exciton superfluidity. In real materi-
als, a tiny single-particle tunneling ¢ is unavoidable, which
breaks the electron-hole U(1) symmetry initially. This will
pin the phase of the interlayer coherence to ¢ = argt, gap
out the zero-energy Goldstone mode, and destroy the exciton
superfluidity [19-21]. Without a dielectric spacer, the single-
particle tunneling strength in TMDs bilayer is on the order
of 10 meV [21,22]. By inserting a few-layer hexagonal boron
nitride (hBN) spacer between the two TMD single layers, the
inter-layer hopping strength will be exponentially suppressed.
The charge transfer time through a 1 nm thick hBN barrier
was found to be about T = 500 ps, which is over 3 orders
of magnitude slower than that between TMD layers without
a spacer [23]. And the tunneling strength is just estimated as
t ~ i/t ~ 0.01 meV, which is also 3 orders lower. In addition
to the phase pinning effect, the interlayer tunneling will also
induce a tunneling current when the circuit is closed, which
drives the system into a nonequilibrium state. However, as
long as ¢ is small enough, the tunneling current is insignificant,
and the nonequilibrium transport physics can be ignored.
When magnetic field is applied along the z direction, the
parabolic dispersions of electron and holes are quantized
into Landau levels (LLs). At the CNP, the overall chemical
potential must lie between the electron and hole LLs with
the same index as illustrated in Fig. 1(c). The low-energy
excitations are free particle-hole pairs between the highest
occupied electron LL and the highest empty hole LL. When
interaction is considered, such free pairs will bind to form
an exciton of LLs with binding energy Ep. By tuning the
magnetic field B or exciton chemical potential px to make
the exciton binding energy Ep larger than the gap between
the highest occupied electron and empty hole LLs, excitons
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FIG. 1. (a) Setup of the double-gated electron-hole bilayer sys-
tem. d is the geometry distance between the electron-hole layers.
The distances between the top and bottom gates and the electron
and hole layers are set to be equal to d,. The voltages applied to
the two layers, V, and V,, are used to tune the overall chemical po-
tential and the exciton chemical potential. (b) The exciton chemical
potential uex = eV, — E, is determined by the interlayer bias voltage
V, =V, —V,, while the overall chemical potential u is tuned by
(V. 4+ V;,,)/2 to make the system charge neutral. (¢) When a magnetic
field is applied in the z direction, the noninteracting electron and
hole bands are quantized to LLs. At the CNP, the overall chemical
potential must lie between the electron and hole LLs with the same
index, for example, the Nth level. If the electron-hole interaction
is considered, particle-hole excitations will bind to form an exciton
with binding energy Ej. If the gap between the Nth electron and hole
LLs is smaller than Ep, such an exciton of LLs will spontaneously
form and condense.

of LLs will spontaneously form and condense. Since the gap
between the highest electron and hole LLs will oscillate with
1/B and p.y, the physical properties of the exciton condensa-
tion state will also oscillate. As an insulator, the conventional
quantum oscillation of resistance might be hard to detect. In
our paper, we will focus on the interlayer capacitance

= e (1)
Opex / 1

to show the quantum oscillation phenomenon in such an exci-
tonic insulating electron-hole bilayer system.

There are several advantages of the interlayer capacitance
measurement. First, it is unique to the bilayer system and
can be measured accurately in real experiments [15]; i.e.,
by applying an ac voltage dV, in one layer and measuring
the differential charge density dr in the other layer, the in-
terlayer capacitance is directly determined by definition as
C; = edn/dV,. In addition, as we will show, the oscillation
behaviors of the interlayer capacitance could help us to distin-
guish an excitonic gap from a single-particle one. When the
magnetic field is so large that the cyclotron energy 7i(w, + wy,)
is much larger than the exciton binding energy, one can always
tune the exciton chemical potential w.x to make Eg smaller
than the LL direct gap, and the exciton will not spontaneously
generate and condense anymore. For such a situation, the
bilayer system in the magnetic field is just two indepen-
dent quantum Hall (QH) liquids and is charge incompressible
at zero temperature [24], which results in a zero interlayer

capacitance C;(T = 0) = 0. In other words, the interlayer
coherence A of an excitonic insulator can be destroyed by
a strong magnetic field, and the interlayer capacitance might
oscillate to zero. However, for a consistent hybridization from
single-particle tunneling, the interlayer capacitance will never
be zero.

II. MODEL AND MEAN-FIELD THEORY

In general, the TMDs have complicated spin-valley struc-
tures. When both spin and valley degrees of freedom are
considered, the lowest exciton level is approximated fourfold
degenerate. However, at an appropriate interlayer distance
and exciton chemical potential, which is usually satisfied in
experiments, this degeneracy is lifted due to the spontaneous
breaking of the time-reversal symmetry, and the exciton con-
densation problem will be relevant to only the two bands that
form the lifted exciton energy level with the lowest energy [8].
Without magnetic field, the many-body Hamiltonian for the
bilayer system as illustrated in Fig. 1(a) is modeled as [25]

Hy = Z (h?yk - //Lsss’)cjkcs’ka (23)
ss’'=eh.k
1
o
Hi= 55 D0 2 Vi @cy o ComrgCt—gp - (2b)
ss'=eh kikaq

where c:k and c:lk are electron creation operators in the
electron and hole layers, V = LL, is the area of the two-
dimensional (2D) system, and L; is the system length in the
i direction. The spin-valley structures of the electron and hole
bands are related to the true ground state after the breaking of
time-reversal symmetry. Since they do not affect the exciton
condensation and quantum oscillation physics, the spin and
valley indices will be abbreviated in this paper. Under & - p
approximation, the single-particle Hamiltonian is

272
W= [ﬁk [2me—phen 1 } )
t* —R*k? ) 2my,

where m,, are the effective masses and ¢ is the in-
terlayer tunneling strength. The intra- and interlayer in-
teractions are taken as the gate-screened Coulomb in-
teractions [26] V(q) = Vi_y(q) ~ 2me?/eq(l — e~29%) and
U(q) = Vizy(q) = V(q)e”‘qd, where € = +/e%e? is the ef-
fective dielectric constant and k = /€ /€7 is the anisotropy
parameter (a detailed derivation is given in Appendix A).

By assuming a nonzero EI order parameter p.nx, where
Dssk = (cj,kcxk) — 85y 8sp 18 the density matrix relative to the
uncharged state (pp = 8585, 1s subtracted to avoid dou-
ble counting [8,27]), the interacting part of the many-body
Hamiltonian (2) is decoupled into a noninteracting mean-field
Hamiltonian

HMF = Z (hgs’k + hg; + hgv’k - M(Sss’)c;rkcs’k- (4)
ss'k

The Hartree and Fock terms are constructed by a density
matrix as

2
W= 2 (52)
geo
1 !
g = =55 D Vowlle = Kpso (5b)
k
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where o, is the Pauli matrix, ne, = V7! D Peck 1S exciton
density, and Cg, = €°/4md is the geometry capacitance of
the charged electron-hole double layer. The mean-field Hamil-
tonian A" = hY + h* + hf is a 2 x 2 matrix and has two
eigenvalues:

B/, k) = & kle/v, k), ©6)

where &, > &, i are the mean-field energy bands and |c/v, k)
are the corresponding eigenstates. Then a new density matrix
can be reconstructed as

o=y fiaGuli. k)i, k| = 8,8y, )

i=c,v

where f; () = 1/[1 + eCx=#/kT] are the occupation num-
bers. By requiring charge neutrality, the overall chemical
potential is determined by solving

D Lfer(i) + for(p) = 11=0. ®)
k

Equations (5)—(8) form the full self-consistent procedure. At
zero temperature 7 = 0, Eq. (8) is simply solved as f,, =0
and f,x = 1. Such a mean-field procedure is equivalent to
minimizing the free energy F[|c/v,k), feppi; T, hex] =U —
TS with respect to the wave functions |c/v, k) and occu-
pation numbers f.,, x under constraints (i, k|j, k) = §;; and
> i Trpg = 0, where U and S are internal energy and entropy,
defined as

1
U=3 zk:Tr[(h,? + h) px], 9)

S=—ks Y [fixInfix + (1 = fi)In(l = fi)l.  (10)
ik
Proof of the equivalence is given in Appendix B.

When a magnetic field is applied along the z direction,
it is more convenient to adopt the LL basis. In the Landau
gauge A = (—yB, 0), the parabolic bands are quantized into
LLs |¢nuk, ), as shown in Fig. 1(c), where n is the LL index and
k, is the momentum in the x direction. By defining the creation
operator for LL electrons l;kx =)y (k’|¢>,,kv)cxk,, which, in
fact, is a basis transformation, the many-body Hamiltonian
with magnetic field is written under the LL basis as

HO = Z (hg,ss’ - Mass’)l‘jnkx ls/"k.w (lla)
58" nky
1 i — 2 %
H; = 2V Z ZVSS’(Q)elq“'(kl ) A, @ Anon; (@)
ss'niki  q

x 1 (11b)

T T
snik +qx/zl_y’nzk2 _qx/zls’n3k2+qx/2lsn4k1 —qx/2>

where ¢ = /li/eB is the magnetic length and A,,,(q) is the
form factor of the LLs, defined as [28]

A (@) = (S 2le | Duprg 2™ (12)
The single-particle Hamiltonian now becomes
ha)e(” + 1/2) — Mex t
0 _
h —[ * Chann+1/2)0 13

where w; = eB/my is the cyclotron frequency. The details of
deriving Eq. (11) are given in Appendix C. In addition to

the Landau quantization of the electron and hole bands, the
Zeeman effect will also help fix the spin structures of the
electron and hole bands [8]; i.e., the electron band has an up
spin, while the hole band prefers a down spin. Then the valley
indices of the two bands will be automatically fixed due to
the spin-valley locking physics in TMDs [29]. In addition, the
Zeeman energies can be absorbed in the definition of pex and
will not be written out explicitly.

The density matrix is now defined as Qg yn,(kx) =
(lj,m i Lsmk,) — 85 8sn. However, due to symmetry constraints,
not all the elements survive. Although the vector potential in
the Landau gauge A = (—yB, 0) breaks translation symmetry
in the y direction, the physics is expected to be indepen-
dent of the choice of the gauge. After a small translation
in the y direction, i.e., A — (— (y — n)B, 0), the magnetic
field is invariant, while the LL electron transforms as l:nkx —

l;nkx ey 1t is easy to see that the many-body Hamiltonian

(11) is 1nvariant under such a magnetic translation, while the
density matrix transforms from pg, ¢n,(ky) tO Osn, sn, (ke +
eBn/h). By requiring magnetic translation symmetry in the y
direction, the density matrix should be k, independent, i.e.,
Osny.smy (Kx) = Psny.s'n,- AS discussed in Appendix D, when
magnetic translation symmetry is preserved, the EI order
parameters p.n, i, can be decomposed into independent chan-
nels labeled by their angular momenta M = n; — n,. In the
charge-neutral case, the overall chemical potential © must
lie between electron and hole LLs with the same index, for
example, the Nth level, as illustrated in Fig. 1(c). At this time,
the s-wave pairing case with zero angular momentum M = 0
usually has the lowest energy. For electron and hole bands
with trivial band topology, high angular momentum exciton
condensation in the quantum Hall regime is energetically
preferable only when the electron and hole layers are charge
imbalanced, as investigated by Zou et al. [30]. In summary, by
requiring magnetic translation symmetry and s-wave pairing,
the only surviving density matrix elements are ps, ¢,, and they
will be abbreviated as p, ;¢ in the following.

Once the mean-field channels are determined, the Hartree-
Fock procedure is straightforward, and the mean-field Hamil-
tonian in the LL basis is written as

Hyp = Z (R o + Rl + Bl o — 8 )Ly Tomi,. (14)

s8'nk;

Since the Hartree term is just a renormalization of the exciton
chemical potential due to the geometry electrostatic energy,
it is independent of basis transformation and is still given by
Eq. (52). The only difference is that the exciton density is cal-
culated as ne, = (2w €?)~! Zn Pn.ce- The Fock term becomes

hi};ss’ == Z Vis' o' On' 55 s (15)
o

where Vi = V7! > Vie ()| Awn(g))? is the interaction
matrix elements projected to the LL basis. By replacing the
k index in (6)—(8) with the LL index n, we get the full self-
consistent equations under the LL basis.
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FIG. 2. (a) Zero magnetic field phase diagram as a function of the
exciton chemical potential u.x and temperature T'; the single-particle
tunneling strength ¢ is assumed to be zero. Below the red solid line,
the EI order parameter is not zero, i.e., pen, 7 0, which means the
system is in the EI phase, while above the red solid line pe, = 0
and the system is in the normal phase. The gray dashed line further
separates the normal phase into a NI phase and a SM phase. In the
NI phase, there is no inversion between the renormalized electron
and hole bands, while in the SM phase electron and hole bands
are inverted. The color represents the mean-field band gap. (b) and
(c) Typical mean-field band structures in different regions of the
parameter space; points P;_4 in (a) are used as examples.

III. RESULTS

In our calculation, the parameters are set to be consistent
with the MoSe,/hBN/WSe, heterostructure experimentally
studied by Ma et al. [15]. The effective masses of the con-
duction band minimum of MoSe, and valence band maximum
of WSe, in the K-valley centers are about m, =~ 0.58m, and
my, ~ 0.36mg [31] (mg is the bare electron mass). The in-
terlayer and gate-layer distances are taken as d &~ 2.5 nm
(five- to six-layer hBN spacer) and d, ~ 10 nm. The dielectric
constant of hBN is about € ~ 6.71 and €* ~ 3.57 [32]. Thus,
the anisotropy parameter and the effective dielectric constant
are about k¥ &~ 1.37 and € ~ 4.89. To fit the interlayer exci-
ton binding energy in the experiment [15] (about 20 meV),
a larger effective dielectric constant, € =9, is used in the
calculation.

A. Interlayer capacitance at zero magnetic field

Let us first ignore the single-particle tunneling ¢. At zero
magnetic field, the mean-field phase diagram as a function
of the exciton chemical potential pex and temperature T is
calculated and plotted in Fig. 2(a). The red solid line is
the boundary of the region pen (7T, tex) # 0. The area below
the red line is the EI phase with a nonzero order parameter
pen 7 0. However, above the red line, there is no EI order,

discontinuities between the EI and SM phases more clearly. (c) and
(d) The same quantities as in (a) and (b) except that a finite single-
particle tunneling strength r & 0.01 meV instead # = 0 meV is used.

and the system is in the normal phase. The gray dashed line is
determined by requiring the renormalized offset between the
electron and hole bands to be equal to the original gap, after
which the inversion between the renormalized conduction and
valence bands from different layers occurs. To the left of the
gray dashed line, there is no band inversion, and the normal
phase is just a normal insulator (NI); to the right of this line,
the normal phase is a semimetal (SM). In the EI phase, the
gray dashed line does not mark a phase transition but, rather,
indicates a Bose-Einstein condensate to BCS crossover to
some extent. By diagonalizing the mean-field Hamiltonian
hg“f, mean-field band structures are obtained, and the gap is
represented by the color plot in Fig. 2(a). In addition, typical
mean-field band structures in different regions of the parame-
ter space are also plotted in Figs. 2(b) and 2(c) [points P;_4 in
Fig. 2(a) are used as examples].

At the CNP, the interlayer capacitance C; (in units of
the geometry capacitance Cgeo = €°/4md) is calculated and
plotted in Fig. 3(a) as a function of the exciton density (the
abscissa) and temperature (different colored lines). The inset
in Fig. 3(a) shows a magnified view of the line near the
phase boundary between the EI phase and the SM phase at
60 K. Due to the exchange part of the interaction, which
accounts for exciton condensation, the interlayer capacitance
is greatly enhanced from its classic geometry value, which
is consistent with previous studies [8,25]. In addition, dis-
continuities of C; are shown at the transition points between
El and normal phases. To see the discontinuities between
the EI and SM phases more clearly, the entropy change per
exciton (0s/9dne)r is calculated and plotted in Fig. 3(b),
where s = §/V is the entropy density and S is calculated using
Eq. (10). However, these discontinuities may be absent in real
experiments. On the one hand, the transition between an EI
and NI in the low-density region at finite temperature is a
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FIG. 4. (a) Phase diagram as a function of the exciton chemical
potential i« and magnetic field strength B at 0 K. The single-particle
tunneling strength is assumed to be zero. The red solid line separates
the region into an EI phase with a nonzero EI order parameter
pen 7 0 and normal phases with pe, = 0. The gray dashed line is
the critical line for band inversion. In the NI phase, all hole LLs are
occupied, and all electron LLs are empty. In the QHN phases, the first
N electron LLs are occupied, while the first N hole LLs are empty.
The pseudo color map represents the interlayer capacitance C;/Ceo.
(b) and (c) Oscillations of interlayer capacitance C; versus B~! and
Mex, T€SpEcCtively.

Berezinskii-Kosterlitz-Thouless (BKT) transition [7,33] that
is beyond the mean-field description, and its main effect is
to smooth out the dramatic changes in the mean-field theory.
On the other hand, these discontinuities are easily smoothed
by a very small single-particle tunneling effect. In Figs. 3(c)
and 3(d), the same quantities as in Figs. 3(a) and 3(b) are
plotted, except that a finite single-particle tunneling strength
t = 0.01 meV is used. Although the tunneling strength ¢ is
much smaller than the mean-field gap [about 20 meV, as indi-
cated in Fig. 2(a)], the discontinuities at the EI phase boundary
no longer exist, as shown in Figs. 3(c) and 3(d).

B. Quantum oscillation of the interlayer capacitance

Since the interlayer tunneling gaps out the Goldstone
mode, the BKT phenomenon is suppressed for temperatures
much below the energy scale of the tunneling strength ¢,
especially at zero temperature. In this situation, the mean-
field theory is still qualitatively right. Thus, in this part, we
will focus on zero temperature. Ignoring the single-particle
tunneling effect, the mean-field phase diagram as a function of
the exciton chemical potential ptex and magnetic field strength
B is plotted in Fig. 4(a). Like in Fig. 2(a), the red solid line
is the boundary of the region pe, # 0, and the gray dashed
line is the critical line for band inversion. Only in the EI
phase does pen # 0, and there is interlayer coherence. In the
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FIG. 5. Oscillations of ACj(ne, B) versus ney for different mag-
netic field strengths.

NI phase, there is no band inversion between the electron
and hole bands in which all the hole LLs are occupied and
the electron LLs are empty. In the QH phase, according
to the index N of the highest inverted electron and hole LLs,
the regions in the parameter space are labeled by QHN, as
shown in Fig. 4(a). The color in Fig. 4(a) represents the
interlayer capacitance C;/Cieo, Which is plotted in more detail
in Figs. 4(b) and 4(c). Oscillations versus B~! and j.y are
easily identified. Similar to the quantum oscillation in metal,
the oscillation frequency versus B~! increases with exciton
chemical potential, as shown in Fig. 4(b). It is also worth
noting that interlayer capacitance sharply oscillates to zero in
the QH phases, which reflects the fact that a QH state is charge
incompressible at zero temperature. To see the oscillations
versus [ex more clearly, let us transform the abscissa from
Hex 10 nex and define AC;(nex, B) as

ACy(nex, B) = C(nex, B) — C(nex, B=10).  (16)

Then the oscillations of AC; versus ne, are shown in
Figs. 5(a)-5(d) for different magnetic field strengths. A period
of about (27¢2)~! = eB/h is observed, which is exactly the
LL degeneracy for a spinless fermion.

When the finite, but small, tunneling strength =
0.01 meV is considered, the phase transitions between the
NI, EI, and QH phases become continuous crossovers, and the
discontinuities in Figs. 4(b) and 4(c) are also smoothed, just
like in the case without magnetic field. In addition, the oscil-
lation amplitudes also get slightly smaller. The corresponding
numerical results are given in Appendix E for reference.

IV. SUMMARY AND DISCUSSION

For an electron-hole bilayer without any interlayer cou-
pling, the system is just a semimetal, and quantum oscillations
are not surprising due to the Landau quantization of the elec-
tron and hole Fermi surfaces [34]. An interband hybridization
hen will gap out the Fermi surfaces and lead the system
into an insulating phase at the CNP. However, as long as
the hybridization strength is comparable to the cyclotron
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frequency %(w, + wy), quantum oscillations of physical quan-
tities are still expected. Such oscillations have already been
predicted [35-39] and detected [40—43] in narrow-gap insula-
tors where the hybridization has a single-particle origination.
However, in this paper, we showed that quantum oscillations
will also appear in EI systems where the interband hybridiza-
tion arises purely from exciton condensation.

A more interesting observation is the QH phases in the
phase diagram in Fig. 4(a), where there is no EI order pa-
rameter. These phases are also noted in a similar study by Zou
et al. [30]. From the physical picture of an exciton formed
by electron and hole LLs illustrated in Fig. 1(c), the critical
magnetic field strength can be estimated by requiring the
cyclotron frequency to be comparable to the exciton binding
energy, i.e., i(w, + wy)/2 = Ep, which implies

2m.my;, Epg

B.=

= . 17
me + my, eh (17

Substituting the parameters m, = 0.58mqy and m; = 0.36my
and the value of the zero-density binding energy Ep ~
20 meV into Eq. (17), the critical field strength is estimated
as B. ~ 77 T. We argue that this value is an overestimation
since the binding energy usually drops with the increase of
the exciton density ne (or, equivalently, the exciton chemical
potential piex) [25]. This point can also be seen from the fact
that the critical field strength of the QH2 phase is lower than
that of the QH1 phase. Such QH phases are also unique to
the 2D system. In three-dimensional cases, the electron and
hole LLs are usually dispersive in the third dimension, like in
Fig. 1(b). In the BCS regime where electron and hole bands
are inverted, the subbands of LLs are also inverted, and the
Fermi surface instability will always drive the system into the
EI phase [44-47].

The emergence of the QH phases also reflects the insta-
bility of an excitonic gap, which can be destroyed not only
by temperature [18] and electrical field [48] but also by mag-
netic field in 2D systems. This instability is a key difference
between an exciton gap and a single-particle gap and can
easily be identified in interlayer capacitance measurements.
As shown in Figs. 4(b) and 4(c), the interlayer capacitance
at zero temperature oscillates to zero when the EI order and
interband hybridization are destroyed by the magnetic field
in the QH phases. However, the capacitance will never be
zero if the gap has a single-particle origination as derived in
Appendix F. Furthermore, a zero interlayer capacitance in a
strong magnetic field could be used to exclude the single-
particle contribution to the excitonic gap, which is an essential
requirement for exciton superfluidity.
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APPENDIX A: GATE SCREENING INTERACTION

When the gate layer distance d, is comparable to the in-
terlayer distance d, the screening effects from the gates are

not negligible. To derive the gate screening interaction, let us
solve the Poisson equation of a point charge. For convenience,
let us assume the point charge is in the electron layer; using
the Dirichlet boundary condition, the Poisson equation reads

€OV o(r, 2) + €029(r, 2) = —4med(r —ro)d(z — d — dy),
Veo(r, 2)l:=0.4+24, = 0.

If we define the 2D Fourier transformation of ¢(r, z) as
0(2) = f dr ¢(r, 7)e 7", the Poisson equation becomes

€0204(2) — °€Vpy(2) = —4med(z —d —dy),  (A2a)
0g(z=0,d +2d,) = 0. (A2b)

If we define the effective dielectric constant and anisotropy

parameter as € = v/e"e? and k = /€% /€%, the Poisson equa-
tion (A2) is solved as

0(2) = T [e15 + ey 4 ¢RI,
€q

e~ <4Cd+d) ginh ke g(dy + d)
= — )

sinhkq(2d, + d)
. sinh kqd,
~ sinhkg(2d+d)’

Thus, the intra- and interlayer interactions are
4 e? sinh kqd, sinhkq(d + d,)
€q sinhkq(2d, + d)

Vimra(q) = e‘ﬂq(d + dg) =

)

(A3a)

2 sinh? Kk qdyg

€q sinhkq(2d,+d)’

drre

Vinter (@) = eﬁl)q(dg) = (A3b)

Expanded in exponentials, the interactions are approximated
by

27 e?

Vinia (q) & (1 — e72vad), (Ada)

27 e?

Vinter (@) = (1 — e72rdde)emrad, (Adb)
From the expression in Eq. (A4) we can see that the screen-
ing mainly happens in the long-range part (g — 0) of the

interaction.

APPENDIX B: MINIMIZATION OF THE FREE ENERGY

In this appendix, we will derive the self-consistent equa-
tions by minimizing the free energy. For simplicity, only the
derivations for the case without magnetic field are presented.

At fixed temperature 7 and exciton chemical potential
Hex, the free energy FF = U — TS is a functional of the wave
functions |i = ¢/v, k) and occupation numbers f;; of the
mean-field bands, where the internal energy U and entropy
S are respectively written as

1
U= EZTr[(h,?Jrh;’f)pk], (B1)
k

S=—kg Y [fiwlnfix+ (1= fi)In(l = fix)l,  (B2)

ik
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and py is the density matrix relative to the uncharged state
po = 8¢ 84,, wWhich is defined by

pelli k), fikl = ) fiklis )i el = 8,08,

lCU

(B3)

There are two kinds of constraints. The first one is the or-
thonormal relation of the wave functions,
(iv kl]v k) - 6ijv

and the second one is the charge neutrality requirement,

ZTr(lOk) = Z(fc,k +fv,k —1)= 0.
k k

(B4)

(BS)

It is more convenient to introduce the Lagrange multipliers
& x (the mean-field band energies) and p (overall chemical
potential) and transform the constrained minimization of the
free energy to an unconstrained minimization of the grand
potential

G=F = &ufiaCliklik) = 1) = 0> (for + fox = .
ik k

(B6)
Under this definition, derivatives of G with respect to &
and u recover the constraints (B4) and (B5). Unconstrained
derivatives of G with respect to |i, k) are calculated as
8G  8U dpx
50, k|~ 8ok 8(i, k]

Fie(BE" — & x)li. k).

B7)

—&infikli k) =

For f; x # 0, the minimization condition §G/é(i, k| = 0 leads
to the eigenvalue equation

i k) = & kli, k).

In addition, unconstrained derivatives of G with respect to f; x
are calculated as
8G 38U ép N

8fik  Spkdfik 5ﬁ

= Tr(h"|i, k) (i, k|) +kBT1n

(B8)

— &ix (i, ki k) —1) —

fik

Jik

—

—Etk_,u"‘kBTlnlfl s
i,k

(B9)

where the orthonormal constraints (B4) and the eigenvalue
equation (B8) are used to get the final expression. Then the
minimization condition §G/é f; = 0 leads to the Fermi-Dirac
distribution

1

1+ eGrm/ksT (B10)

fix=

APPENDIX C: MANY-BODY HAMILTONIAN UNDER THE
LANDAU LEVEL BASIS

In this Appendix, we will derive the LL representations of
the many-body Hamiltonian. When magnetic field is applied,
one should replace the kinetic momentum /k in Eq. (3) by
the canonical momentum IT = 7k + eA (e = |e|) according to
Peierls substitution [49]. In the Landau gauge A = (—yB, 0),

the wave functions of LLs are

Gui, () = ——=€™ Y, (y/€ — Lky), ke € [0, Ly/€%],

L.t

where L; is the system size in the i direction, £ = y/i/eB is
the magnetic length, and

Y (x) = (2"n/m) "2 2 H, (x) (€2)

is the nth level of the one-dimensional quantum Har-
monic oscillator. The LLs are complete and orthonormal;

€., (¢nkx|¢mk;_) = Snm(skxk;., and anx |¢nkx)(¢nkx| = 1. Fur-
thermore, they satisfy

(ChH

H2
Sy P} = has(n+1/2)|pui ), (€3)
M
where w; = eB/m; is the cyclotron frequency.
It is easy to verify that
( ) "r> = [hw.(n+ 1/2) — Mex]anmakxk"rv

( ’ X> = —hwy(n + 1/2)8m8k s, »

(ea ¢nkx h ‘> = tSnmSk_tk;-

Thus, the single-particle part expressed in the LL basis is
written as

Hy = Z (S,

— M |S/ s d)nkx )l;nkX lsnkx

ss'nky
Z 0 s = M) L (C5)
ss'nky
where [, is the creation operator for LL electrons and
2 = [hwe(n + tl /2) = hex o ' 1/2)} C6)
Using the relation
o = Y (Klpue) ok (€7

nk;,
the interaction part [Eq. (2b)] becomes

Z Z ZVN (¢I)lm k ?nzkz vn;kglvn4k4

ss’ k. \khq nik;

x <¢n1k1 IKY) (k) — @l Pnii) (Busiy 1K) (K + Gl i)

=5y Z ZV” (q)lmlk] vn2k2 Ymkzlm4k4

ss'nik; q
X (Dt 1€ P ) (Buoks |6 | Dshy) - (C8)
To get the last equality, we use the identity
D Ik)k—ql=)" / drlk) (k — glr) (r|
k k
= Z / dr|k)e " * DT (p|
k
=2 / drlke) (| |r) (|
k
=" (C9)
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Notice that (Dot [ €77 | Pt} ¢ [ dx e iReta—ho)r o
Oks—t,q.> EQ. (C8) is finally simplified to

1 .
H =55 3 Y V@A @A @)

ss'nik; q

i t
X lsnlkl +q;/2ls’nzkz—q,/2l5/”3k2+(1x/215n4k1 —qx/2> (C10)

where A,,,(q) is the form factor for LLs,

—iqa- : 2
Ain(@) = (Pmi—g. 21674 | picg, 2) 0"

- f dy e DY (y + Gl /2P (y — 4x/2).
(C11)
For m > n, A,;,(q) is evaluated as [28]

22 [l (g e\"™ 202
Am(g) =5 m—y(—%) Lf;""><—q2 ) (C12)
n.

where ¢g_ = g, — ig, and L{®)(x) is the Laguerre polynomial;
form < n, A,,(g) can be determined by A, (q) = A, (—q).

APPENDIX D: MEAN-FIELD CHANNELS
IN MAGNETIC FIELD

As discussed in the main text, by requiring magnetic trans-
lation symmetry, the density matrix

Pany.sm (ki) = (L5 k) — B S (D1)

is k, independent. Under Hartree-Fock approximation, the
mean-field Fock Hamiltonian is decoupled as

Hr == 255 3 Y V@ @A @)

ss'nik q

X [l:rnzklsmkps’ng,sm + l:nlklx’mkpsm,s’nz]- (D2)

According to Eq. (C12), we have A,,,(q) o e~ ™% Thus,
the ¢ summation in Eq. (D2) is nonzero only when ng — n; =
n, — n3. It is convenient to define M = n3 — ny = ny, — ngy,
which labels independent condensation channels. For a con-
densation channel labeled by M, the only surviving density
matrix elements are Oy ps4n.sn ANd Pgp.nrum-

We argue that the index M is just the angular momentum of
the exciton condensation. In the absence of a magnetic field,
the density matrix for the exciton condensation of angular
momentum M takes the form

Penic ~ kY F k),

where k. =k, + ik, and f is some analytic function. After
Peierls substitution and projecting to the LL basis, we have

(ev ¢nkx |10H |h7 ¢mk)")
~ (P | TIY F (T /122 | i)
~ (D |\ TIY i) £ ((2m + 1)eB/ 1)

~ 5n,m+M8ka)’c .

(D3)

(D4)

Due to Hermiticity, (A, ¢u, |onle, dmk,) ~ S+t mSk.k;- Thus,
for exciton condensation of angular momentum M, the only
surviving EI order parameters under LL basis are pna,nn and

Phn,en+M -

2.0
1.5
c §
E Q
@ 105
0.5
0.0
-20 0 20 40 60
Hex (mMeV)
(b) (c)
201 N\ _
g 1.5 T
Um S Hex==0meV 5 —
S 107 e Hex=20meV || .l
0.5 4 i —— Hex=40meV |{ .
}’ —— Hex =60meV —et
0.0 1 T

0.025 0.050 0.075 0.100 —-20 0 20 40 60
B~ (T Hex (MeV)

FIG. 6. The same quantities as in Fig. 4, expect that a finite
tunneling strength + = 0.01 meV is used.

APPENDIX E: CAPACITANCE OSCILLATION AT FINITE
INTERLAYER TUNNELING

With a finite tunneling strength + = 0.01 meV, the same
quantities as in Fig. 4 are calculated and shown in Fig. 6. At
this time, there is no phase transition since the off-diagonal
part of the density matrix p, never goes to zero due to the
persistent single-particle tunneling #. And the red solid lines
which mark the phase boundaries in Fig. 4(a) are replaced by
the red dashed lines (determined by max, |py..n| = 0.01) in
Fig. 6(a), which could be used to indicate the crossover. It
is easily seen from Fig. 6 that the main results of the single-
particle tunneling are to smooth the curves of the interlayer
capacitance just like in the case without magnetic field.

Using B = 15 T as an example, oscillations of AC; versus
nex at different tunneling strengths are plotted in Fig. 7, and

x1071

1.0 4

ACI/ Cgeo
o
o

o
<)
!

2m%Nex

FIG. 7. Oscillations of AC; versus ne for different tunneling
strengths. The magnetic field strength is taken as B = 15 T.
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the oscillation amplitudes get smaller when the interlayer
tunneling is included.

APPENDIX F: EFFECT OF SINGLE-PARTICLE
HYBRIDIZATION ON THE INTERLAYER CAPACITANCE

Let us assume a nonzero tunneling strength ¢ # 0 and ig-
nore the exchange part of the interaction, which accounts for
the exciton condensation. Then the charge density per layer is
calculated as

1
Nex = _47'[@2 Xn: |:1
(F1)

where ©* = (@, + @;,)/2 and flex = fex — €*ex /Caeo 1 the
renormalized “exciton chemical potential” from interlayer

fiw* (2n + 1) — flex
Vo @n+1) = i +42 |

geometry electrostatic energy. By definition, the interlayer
capacitance should be calculated as

OMex C
— 2 <1— ! ) (F2)
0 fhex Cgeo

Cr = 2 0nex ) 0nex O flex
1= =e —
0 fLex Oflex Oflex

Denoting C; = e~23nex /0filex, the interlayer capacitance is
solved as C; = (C,_1 + Cg’e‘lj)’l. It is easily verified that

N 62 Z 4[2
CAm e S {[hot(2n + 1) — fie)? + 412)32

G

>0 (F3)

as long as the hybridization strength ¢ is nonzero, and the
interlayer capacitance must satisfy 0 < C; < Cgeo.
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