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Non-Fermi liquid fixed point of the dissipative Yukawa-Sachdev-Ye-Kitaev model
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Using a functional renormalization group approach we derive the renormalization group (RG) flow of a
dissipative variant of the Yukawa-Sachdev-Ye-Kitaev model describing N fermions on a quantum dot, which
interact via a disorder-induced Yukawa coupling with M bosons. The inverse Euclidean propagator of the bosons
is assumed to exhibit a nonanalytic term proportional to the modulus of the Matsubara frequency. We show that,
to leading order in 1/N and 1/M, the hierarchy of formally exact flow equations for the irreducible vertices of the
disorder-averaged model can be closed at the level of the two-point vertices. We find that the RG flow exhibits
a non-Fermi liquid fixed point characterized by a finite fermionic anomalous dimension η, which is related to
the bosonic anomalous dimension γ via the scaling law 2 = 2η + γ with 0 < η < 1/2. We explicitly calculate
η and the critical exponents characterizing the linearized RG flow in the vicinity of the fixed point as functions
of N/M.
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I. INTRODUCTION

The Yukawa-Sachdev-Ye-Kitaev (YSYK) model describes
N fermions on a quantum dot, which are coupled to M
phonons via infinite-range random couplings [1–9]. Recently
this model has also attracted attention because it features
maximally chaotic behavior [7,10]. In the limit N → ∞ and
M → ∞ with N/M = O(1) (which we call for simplicity
large-N limit) the YSYK model exhibits a non-Fermi liquid
state, which can be studied in a controlled way. In this limit
the perturbative expansion of the fermionic and bosonic self-
energies is dominated by so-called melon diagrams, which
can be summed to all orders in perturbation theory by solving
coupled Dyson-Schwinger (DS) equations. Alternatively, the
DS equations can be derived from the large-N saddle point of
a suitably defined functional integral involving special bilocal
composite fields [1,11,12]. From the numerical solution of the
DS equations for the YSYK model Pan et al. [5] have shown
that the model exhibits for vanishing chemical potential μ

a non-Fermi liquid phase where the fermionic and bosonic
self-energies display power-law behavior characterized by
exponents, which depend on the ratio N/M. Moreover, the
power-law behavior of the self-energies persists even for finite
values of μ, a phenomenon, which has been called self-tuned
criticality [5]. The leading power-law behavior in the non-
Fermi liquid phase has also been extracted analytically by
self-consistently solving the DS equation at low energies [6].
However, the physical reason for the self-tuned criticality of
the non-Fermi liquid phase of the YSYK model has not been
identified.

From the point of view of the renormalization group (RG)
the phenomenon of self-tuned criticality has a simple expla-
nation: the critical state must be associated with a fixed point
with only attractive directions. Such a fixed point is called
a sink [13–15] and describes a stable phase of matter. In
fact, the non-Fermi liquid phase of the Sachdev-Ye-Kitaev
model with complex fermions has recently been shown to be
associated with such a sink [15]. Unfortunately, we have not

been able to obtain sensible results for the critical behavior of
the YSYK model using a straightforward generalization of the
functional renormalization group (FRG) approach developed
in our previous paper [15] for the SYK model. The reason
for this failure of the standard FRG approach are not entirely
clear to us at this point; possible explanations are the failure
of the low-energy expansion or subtleties associated with the
proper regulator choice in coupled Fermi-Bose systems with
two types of frequency scaling [16]. It turns out, however, that
these technical complications do not arise for the dissipative
variant of the YSYK model where the frequency dependence
of the inverse boson propagator is proportional to the modulus
|�| of the bosonic Matsubara frequency. In this paper we will
therefore focus on this dissipative YSYK model and use a
generalization of the FRG approach developed in Ref. [15]
to investigate the RG flow of this model. Our motivation
for studying this model is not solely technical, because the
dissipative YSYK model can be viewed as a toy model for
understanding the behavior of strongly correlated fermions
that are coupled to bosons with dissipative dynamics.

We define the dissipative YSYK model via the following
Euclidean action,

S = S2 + 1√
MN

∑
i jk

gi jk

∑
σ

∫ β

0
dτ c̄iσ (τ )c jσ (τ )φk (τ ),

(1.1)
where β is the inverse temperature, φk (τ ) is a real bosonic
field depending on a flavor index k and imaginary time τ ,
ciσ (τ ) and c̄iσ (τ ) are Grassmann variables representing elec-
trons of type i with spin projection σ , and the quadratic part
of the action is in frequency space given by

S2 = − 1

β

∑
ω

N∑
i=1

∑
σ

(iω + μ)c̄iσωciσω

+ 1

2β

∑
�

M∑
k=1

(|�| + 
)φ∗
k�φk�. (1.2)
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Here 
 defines the bare energy scale of the bosons, ω and
� are fermionic and bosonic Matsubara frequencies, and the
Fourier components of the fields are defined by

ciσω =
∫ β

0
dτeiωτ ciσ (τ ), φk� =

∫ β

0
dτei�τφk (τ ). (1.3)

The Yukawa couplings gi jk in Eq. (1.1) are independent Gaus-
sian random variables with vanishing average and constant
variance. In general the couplings gi jk = g′

i jk + ig′′
i jk are com-

plex. The Hermiticity of the Hamiltonian implies that the
real and imaginary parts have the symmetries g′

i jk = g′
jik and

g′′
i jk = −g′′

jik . A finite imaginary part g′′
i jk is a manifestation of

broken time-reversal symmetry [6]. The second moments of
the couplings are assumed to be of the form [6]

〈g′
i jkg′

i′ j′k′ 〉 = g2
1(δii′δ j j′ + δi j′δ ji′ )δkk′ , (1.4a)

〈g′′
i jkg′′

i′ j′k′ 〉 = g2
2(δii′δ j j′ − δi j′δ ji′ )δkk′ , (1.4b)

〈g′
i jkg′′

i′′ j′k′ 〉 = 0, (1.4c)

where 〈. . .〉 denotes averaging over the Gaussian probability
distribution of the random couplings. The nonanalytic |�|
dependence in the bosonic part of S2 describes dissipative
bosonic dynamics due to the coupling to some other degrees
of freedom that do not explicitly appear in the above action.
Note that the usual YSYK model can be obtained by replacing
|�| → �2 in Eq. (1.2).

The rest of this paper is organized as follows. In Sec. II
we derive FRG flow equations for the irreducible vertices of
the disorder-averaged YSYK model and develop a truncation
of the hierarchy of FRG flow equations, which becomes exact
for N → ∞ and M → ∞. The resulting flow equations are
not precisely equivalent to the DS equations [1–9] for the
YSYK model. However, the DS equations can be recov-
ered if we modify our flow equations using the so-called
Katanin substitution [17]. In Sec. III we simplify our FRG
flow equations for the irreducible self-energies using a stan-
dard low-energy expansion, which reduces our functional flow
equations to a system of ordinary differential equations for
five scale-dependent couplings associated with the chemical
potential, the boson gap, and three types of wave-function
renormalization factors. In Sec. IV we show that our flow
equations have a nontrivial non-Fermi liquid fixed point. We

derive the linearized RG flow in the vicinity of this fixed point
and show that it has only one repulsive direction correspond-
ing to a linear combination of the rescaled chemical potential
and a parameter describing the spectral asymmetry. All other
couplings are irrelevant at this fixed point, so that fine-tuning
of the bosonic energy scale 
 in Eq. (1.2) is not necessary
to realize the non-Fermi liquid phase. Finally, in Sec. V we
present our conclusions.

II. LARGE-N TRUNCATION
OF THE EXACT RG FLOW EQUATIONS

To calculate the disorder average of the grand canonical
potential and of the correlation functions of our model we
should use the replica trick [1]. Note that for the SYK model
with Majorana fermions replica-nonsymmetric large-N saddle
points with energies lower than the replica-symmetric saddle
point have been found [18]. Whether this happens also for the
YSYK model has not been thoroughly investigated. Here we
assume that the replica symmetry is not broken, so that we
can simply average the partition function and treat the gi jk as
additional complex fields, which should be integrated over.
The average partition function can be written as

〈Z〉 =
∫

D[c, c̄, φ]e−S2

× 〈e− 1√
NM

∑
i jk gi jk

∑
σ

∫ β

0 dτ c̄iσ (τ )c jσ (τ )φk (τ )〉. (2.1)

Since the probability distribution of the gi jk is Gaussian,
the averaging in Eq. (2.1) generates the usual Debye-Waller
factor,

〈Z〉 =
∫

D[c, c̄, φ]e−S2−S6 , (2.2)

where the interaction S6 involves six powers of the fields,

S6 = − 1

2NM

∑
i jk

∑
i′ j′k′

〈gi jkgi′ j′k′ 〉
∑
σσ ′

∫ β

0
dτ

∫ β

0
dτ ′

× c̄iσ (τ )c jσ (τ )φk (τ )c̄i′σ ′ (τ ′)c j′σ ′ (τ ′)φk′ (τ ′). (2.3)

Using our assumptions (1.4) for the second moments we
obtain

S6 = − 1

2MN

∑
i jk

∑
σσ ′

∫ β

0
dτ c̄iσ (τ )c jσ (τ )φk (τ )

∫ β

0
dτ ′{g2

1[c̄iσ ′ (τ ′)c jσ ′ (τ ′) + (i ↔ j)] − g2
2[c̄iσ ′ (τ ′)c jσ ′ (τ ′) − (i ↔ j)]

}
φk (τ ′)

= − 1

2MN

∑
i jk

∑
σσ ′

∫ β

0
dτ

∫ β

0
dτ ′φk (τ )φk (τ ′)

{(
g2

1 − g2
2

)
c̄iσ (τ )c jσ (τ )c̄iσ ′ (τ ′)c jσ ′ (τ ′)

+ (
g2

1 + g2
2

)
c̄iσ (τ )c jσ (τ )c̄ jσ ′ (τ ′)ciσ ′ (τ ′)

}
= − 1

4MN

∑
i jk

∑
σσ ′

∫ β

0
dτ

∫ β

0
dτ ′φk (τ )φk (τ ′)

{
g2

1[c̄iσ (τ )c jσ (τ ) + (i ↔ j)][c̄iσ ′ (τ ′)c jσ ′ (τ ′) + (i ↔ j)]

− g2
2[c̄iσ (τ )c jσ (τ ) − (i ↔ j)][c̄iσ ′ (τ ′)c jσ ′ (τ ′) − (i ↔ j)]

}
. (2.4)
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In frequency space this interaction can be written as

S6 = − 1

2NMβ6

∑
n′

1n′
2n2n1

∑
σ ′

1σ
′
2σ2σ1

∑
ω′

1ω
′
2ω2ω1

∑
k1k2

∑
�1�2

βδω′
1+ω′

2,ω2+ω1+�2+�1βδω′
2,ω2+�2δk1,k2

× {(
g2

1 − g2
2

)
δσ ′

1,σ1δσ ′
2,σ2δn′

1,n
′
2
δn1,n2 + (

g2
1 + g2

2

)
δσ ′

1,σ1δσ ′
2,σ2δn′

1,n2δn′
2,n1

}
c̄1′ c̄2′c2c1φk1�1φk2�2 , (2.5)

where we have introduced the abbreviations 1 = (n1, σ1, ω1), 1′ = (n′
1, σ

′
1, ω

′
1) etc. for the fermionic labels. A graphical

representation of the nonsymmetrized interaction vertices in Eq. (2.6) is shown in Fig. 1. For the derivation of formally exact
FRG flow equations it is convenient to work with vertices, which are antisymmetric with respect to permutation of the outgoing
and the incoming fermion labels, and symmetric with respect to permutation of the boson labels. Therefore we write the bare
interaction S6 in the symmetrized form

S6 = 1

(2!)3NMβ6

∑
n′

1n′
2n2n1

∑
σ ′

1σ
′
2σ2σ1

∑
ω′

1ω
′
2ω2ω1

∑
k1k2

∑
�1�2

βδω′
1+ω′

2,ω2+ω1+�1+�2�
c̄c̄ccφφ

0 (1′, 2′; 2, 1; k1�1, k2�2)c̄1′ c̄2′c2c1φk1�1φk2�2 ,

(2.6)

where the mixed six-point vertex �
c̄c̄ccφφ

0 (1′, 2′; 2, 1; k1�1, k2�2) is antisymmetric with respect to the exchange 1′ ↔ 2′ and
1 ↔ 2, and symmetric with respect to the exchange k1�1 ↔ k2�2. Explicitly, the bare value of the properly symmetrized mixed
six-point vertex is

�
c̄c̄ccφφ

0 (n′
1σ

′
1ω

′
1, n′

2σ
′
2ω

′
2; n2σ2ω2, n1σ1ω1; k1�1, k2�2)

= −δk1k2

β

2

{
(g2

1 + g2
2)

[
δn′

1n2δn′
2n1δσ ′

1σ1δσ ′
2σ2 (δω′

1,ω1+�1 + δω′
2,ω2+�2 ) − δn′

2n2δn′
1n1δσ ′

2σ1δσ ′
1σ2 (δω′

2,ω1+�1 + δω′
1,ω2+�2 )

]
+ (g2

1 − g2
2)δn′

1n′
2
δn1n2

[
δσ ′

1σ1δσ ′
2σ2 (δω′

1,ω1+�1 + δω′
2,ω2+�2 ) − δσ ′

2σ1δσ ′
1σ2 (δω′

2,ω1+�1 + δω′
1,ω2+�2 )

] + (�1 ↔ �2)
}
. (2.7)

For later reference let us also calculate the site-averaged mixed six-point vertex

�
c̄c̄ccφφ

0 (σ ′
1ω

′
1, σ

′
2ω

′
2; σ2ω2, σ1ω1; �1,�2) = 1

N2M

N∑
n1n2=1

M∑
k=1

�
c̄c̄ccφφ

0 (n1σ
′
1ω

′
1, n2σ

′
2ω

′
2; n2σ2ω2, n1σ1ω1; k�1, k�2). (2.8)

Actually, for our purpose we only need this vertex in the limit of large N and M where only the terms involving δn′
1,n1δn′

2,n2 in
Eq. (2.7) contribute,

�
c̄c̄ccφφ

0 (σ ′
1ω

′
1, σ

′
2ω

′
2; σ2ω2, σ1ω1; �1,�2) = β

2

(
g2

1 + g2
2

)
δσ ′

2,σ1δσ ′
1,σ2

(
δω′

2,ω1+�1 + δω′
1,ω2+�2

) + (�1 ↔ �2) + O(1/N ). (2.9)

To derive formally exact FRG flow equations for the ir-
reducible vertices of the model defined by the bare action
S2 + S6 in Eqs. (1.2) and (2.6) we add frequency-dependent

FIG. 1. (a) Graphical representation of the bare interaction ver-
tices in the bare action S6 given in Eq. (2.6). Outgoing arrows
represent c̄iσω, incoming arrows represent ciσω, wavy external lines
represent φk�, the red-dashed line represents the bare interaction
vertex g2

1 − g2
2 while the blue-dashed line represents g2

1 + g2
2. Note

that on both ends of the dashed lines the frequencies are separately
conserved. (b) Graphical representation of the (anti)symmetrized
bare interaction vertex �

c̄c̄ccφφ

0 (1′, 2′; 2, 1; k1�1, k2�2) in Eq. (2.6).

regulators R
(ω) and Rφ

(�) to the quadratic part of the

action, where the cutoff-parameter 
 should be chosen such
that the regulators vanish for 
 = 0 and diverge for 
 → ∞.
At this point it is not necessary to specify the regulators. The
modified quadratic part of the Euclidean action is then

S2,
 = − 1

β

∑
nσω

G−1
0,
(ω)c̄nσωcnσω

+ 1

2β

∑
k�

F−1
0,
(�)φ∗

k�φk�, (2.10)

where we have introduced the regularized inverse propagators

G−1
0,
(ω) = iω + μ − R
(ω), (2.11)

F−1
0,
(�) = |�| + 
 + Rφ


(�). (2.12)

To obtain the flow equation for the generating functional of
the irreducible vertices of the YSYK model for finite N and
M we introduce the cutoff-dependent generating functional of
the connected imaginary time correlation functions,

eG
[ j̄, j,J] =
∫
D[c̄, c, φ]e−S2,
−S6+( j̄,c)+(c̄, j)+(J,φ)∫

D[c̄, c, φ]e−S2,

, (2.13)
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where j̄nσω and jnσω are independent Grassmann sources, Jk�

is a bosonic source, and we have introduced the notations

( j̄, c) + (c̄, j) = 1

β

∑
nσω

[ j̄nσωcnσω + c̄nσω jnσω], (2.14)

(J, φ) = 1

β

∑
k�

J∗
k�φk�. (2.15)

The generating functional of the irreducible vertices (average
effective action) can now be defined via the subtracted Legen-
dre transform

�
[〈c̄〉, 〈c〉, 〈φ〉]
= ( j̄, 〈c〉) + (〈c̄〉, j) + (J, 〈φ〉) − G
[ j̄, j, J]

− 1

β

∑
nσω

R
(ω)〈c̄nσω〉〈cnσω〉

− 1

2β

∑
k�

Rφ

(�)〈φ∗

k�〉〈φk�〉, (2.16)

where on the right-hand side the sources j̄ and j should be
expressed in terms of the source-dependent expectation values
〈c̄〉, 〈c〉, and 〈φ〉 by inverting the relations

〈cnσω〉 = δG
[ j̄, j, J]

δ j̄nσω

, (2.17a)

〈c̄nσω〉 = −δG
[ j̄, j, J]

δ jnσω

, (2.17b)

〈φk�〉 = δG
[ j̄, j, J]

δJ∗
k�

. (2.17c)

FIG. 2. Graphical representation of the exact FRG flow equa-
tions for the irreducible two-point vertices: (a) flow equation (2.22)
of the fermionic self-energy; (b) flow equation (2.23) of the bosonic
self-energy. The dot above the vertices on the left-hand side repre-
sents the scale derivative ∂
. Outgoing arrows represent external legs
associated with c̄ while incoming arrows represent c. The external
wavy lines correspond to φ. Slashed lines with arrows represent the
fermion single-scale propagator Ġ
(ω), while slashed wavy lines
represent the boson single-scale propagator Ḟ
(�). The blue symbols
represent three different types of four-point vertices distinguished by
the externals legs.

The functional �
[〈c̄〉, 〈c〉, 〈φ〉] satisfies the usual Wet-
terich equation [19–22] for systems involving both bosonic
and fermionic fields [14]. For notational simplicity we will
now rename 〈c̄〉 → c̄, 〈c〉 → c and 〈φ〉 → φ, i.e., the symbols
c̄, c, and φ now denote the expectation values of the corre-
sponding quantum fields in the presence of sources. For finite
N and M the first few terms in the vertex expansion of the
functional �
[c̄, c, φ] then have the following structure,

�
[c̄, c, φ] = β�
 + 1

β

∑
n′nσω

[ − δnn′ (iω + μ) + �n′n

 (ω)

]
c̄n′σωcnσω + 1

2β

∑
k′k�

[
δkk′ (|�| + 
) + �k′k


 (�)
]
φ∗

k′�φk�

+ 1

(2!)2Nβ4

∑
n′

1n′
2n2n1

∑
σ ′

1σ
′
2σ2σ1

∑
ω′

1ω
′
2ω2ω1

βδω′
1+ω′

2,ω2+ω1�
c̄c̄cc

 (1′, 2′; 2, 1)c̄n′

1σ
′
1ω

′
1
c̄n′

2σ
′
2ω

′
2
cn2σ2ω2 cn1σ1ω1

+ 1

4!Mβ4

∑
k1k2k3k4

∑
�1...�4

βδ�1+�2+�3+�4,0�
φφφφ

 (k1�1, k2�2, k3�3, k4�4)φk1�1φk2�2φk2�3φn4�4

+ 1

2!Mβ4

∑
n′nk1k2

∑
σ

∑
ω′ω�1�2

βδω′,ω+�1+�2�
c̄cφφ

 (n′σω′; nσω; k1�1k2�2)c̄n′σω′cnσωφk1�1φk2�2

+ 1

(2!)3NMβ6

∑
n′

1n′
2n2n1

∑
σ ′

1σ
′
2σ2σ1

∑
ω′

1ω
′
2ω2ω1

∑
k1k2

∑
�1�2

βδω′
1+ω′

2,ω2+ω1+�1+�2�
c̄c̄ccφφ

 (1′, 2′; 2, 1; k1�1, k2�2)

× c̄n′
1σ

′
1ω

′
1
c̄n′

2σ
′
2ω

′
2
cn2σ2ω2 cn1σ1ω1φk1�1φk2�2 ,+ . . . , (2.18)

where in the arguments of the fermionic four-point vertex and in the six-point vertex we have abbreviated n1σ1ω1 → 1 and
similarly for the other fermionic labels, and we have omitted other six-point vertices involving different field combinations as
well as vertices involving more than six fields.

Using the general flow equations generated by the vertex expansion of the Wetterich equation given in Ref. [14], we may now
write down formally exact flow equations for vertices in the above expansion for finite N and M. The scale-dependent grand
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canonical potential satisfies the exact flow equation

∂
�
 = 1

β

∑
nσω

Gnn

 (ω)∂
R
(ω) + 1

2β

∑
k�

F kk

 (�)∂
Rφ


(�), (2.19)

where Gnn

 (ω) and F kk


 (�) are the diagonal elements of the scale-dependent propagator matrices whose inverse is given by the
following matrices in the flavor indices,[

G−1

 (ω)

]nn′ = δnn′ [iω + μ − R
(ω)] − �nn′

 (ω), (2.20)[

F−1

 (�)

]kk′ = δkk′
[|�| + 
 + Rφ


(�)
] + �kk′


 (�). (2.21)

The irreducible fermionic self-energy �nn′

 (ω) satisfies the exact flow equation

∂
�nn′

 (ω) = 1

Nβ

∑
mm′

∑
σ ′ω′

Ġmm′

 (ω′)�c̄c̄cc


 (nσω, mσ ′ω′; m′σ ′ω′, n′σω) + 1

2Mβ

∑
kk′

∑
�

Ḟ kk′

 (�)�c̄cφφ


 (nσω; n′σω; k�̄, k′�),

(2.22)

while the scale-dependent bosonic self-energy satisfies

∂
�kk′

 (�) = 1

Mβ

∑
nn′

∑
σω

Ġnn′

 (ω)�c̄cφφ


 (nσω; n′σω; k�̄, k′�) + 1

2Mβ

∑
ll ′

∑
�′

Ḟ ll ′

 (�′)�φφφφ


 (l�̄′, l ′�′, k�̄, k′�), (2.23)

where we have introduced the abbreviation �̄ = −� and Ġnn′

 (ω) and Ḟ kk′


 (�) are the fermionic and bosonic single-scale
propagators [14]. Graphical representations of the flow equations (2.22) and (2.23) are shown in Fig. 2. The right-hand sides
of these flow equations depend on three different types of four-point vertices, which in turn satisfy flow equations involving
not only four-point vertices but also various types of six-point vertices. For example, the exact flow equation for the fermionic
four-point vertex is

∂
�c̄c̄cc

 (n′

1σ
′
1ω

′
1, n′

2σ
′
2ω

′
2; n2σ2ω2, n1σ1ω1) = 1

Nβ

∑
nn′

∑
σω

Ġnn′

 (ω)�c̄c̄c̄ccc


 (1′, 2′, nσω; n′σω, 2, 1)

+ 1

2Mβ

∑
kk′

∑
�

Ḟ kk′

 (�)�c̄c̄ccφφ


 (1′, 2′; 2, 1; k�̄, k′�)

+ Lpp

 (1′, 2′; 2, 1) + Lph


 (1′, 2′; 2, 1) + Lbos

 (1′, 2′; 2, 1), (2.24)

where on the right-hand side we have used again the abbreviation 1 = (n1σ1ω1), and in the last line we have introduced three
different loop contributions,

Lpp

 (1′, 2′; 2, 1) = − 1

N2β

∑
nn′

∑
mm′

∑
σσ ′

∑
ω

Ġnn′

 (ω)Gmm′


 (ω1 + ω2 − ω)�c̄c̄cc

 (1′, 2′; nσ ′ω1 + ω2 − ω, mσω)

× �c̄c̄cc

 (m′σω, n′σ ′ω1 + ω2 − ω; 2, 1), (2.25)

Lph

 (1′, 2′; 2, 1) = 1

N2β

∑
nn′

∑
mm′

∑
σσ ′

∑
ω

[
Ġnn′


 (ω)Gmm′

 (ω + ω1 − ω′

1) + Gnn′

 (ω)Ġmm′


 (ω + ω1 − ω′
1)

]
× �c̄c̄cc


 (1′, m′σ ′ω + ω1 − ω′
1; nσω, 1)�c̄c̄cc


 (2′, n′σω; mσ ′ω + ω1 − ω′
1, 2) − {(n1σ1ω1) ↔ (n2σ2ω2)},

(2.26)

Lbos

 (1′, 2′; 2, 1) = − 1

M2β

∑
kk′

∑
ll ′

∑
�

Ḟ kk′

 (�)F ll ′


 (� + ω1 − ω′
1)

× �
c̄cφφ

 (1′; 1; k�, l�̄ − ω1 + ω′

1)�c̄cφφ

 (2′; 2; k′�̄, l ′� − ω2 + ω′

2) + {(n1σ1ω1) ↔ (n2σ2ω2)}.
(2.27)

A graphical representation of the exact flow equation (2.24)
for the fermionic four-point vertex is shown in Fig. 3. The
six-point vertices on the right-hand side of Eq. (2.24) satisfy
flow equations involving various types of eight-point vertices.

Obviously, for finite N and M the FRG vertex expansion
generates an infinite hierarchy of flow equations.

The crucial point is now that in the limit N → ∞ and M →
∞ the system of flow equations can be closed to leading order
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in 1/N and 1/M where we can retain only the contributions
to the flow equations, which have finite limits for N → ∞
and M → ∞. The self-energies are then diagonal in the site
indices,

�nn′

 (ω) = δnn′�
(ω) + O(1/N ), (2.28)

�kk′

 (�) = δkk′�
(�) + O(1/N ), (2.29)

where the symbol O(1/N ) represents also terms of order
1/M because we assume that the ratio N/M is of order

unity. The leading large-N limit of the four-point vertices
is more complicated. Consider first the fermionic four-point
vertex �c̄c̄cc


 (n′
1σ

′
1ω

′
1, n′

2σ
′
2ω

′
2; n2σ2ω2, n1σω1). We obtain a

consistent large-N truncation of the hierarchy of FRG flow
equations if we assume that the leading components of the
fermionic four-point vertex are constrained by the condition
that site labels n′

1 and n′
2 of the two outgoing fermions agree

with the site labels n1 and n2 of the two incoming fermions
up to a permutation. Taking into account the antisymmetry
of �c̄c̄cc


 (1′, 2′; 2, 1) with respect to the exchange 1′ ↔ 2′ and
1 ↔ 2, this implies

�c̄c̄cc

 (n′

1σ
′
1ω

′
1, n′

2σ
′
2ω

′
2; n2σ2ω2, n1σ1ω1) = δn′

1n1δn′
2n2�

c̄c̄cc

 (σ ′

1ω
′
1, σ

′
2ω

′
2; σ2ω2, σ1ω1)

− δn′
1n2δn′

2n1�
c̄c̄cc

 (σ ′

2ω
′
2, σ

′
1ω

′
1; σ2ω2, σ1ω1) + O(1/N ), (2.30)

where

�c̄c̄cc

 (σ ′

1ω
′
1, σ

′
2ω

′
2; σ2ω2, σ1ω1) = lim

N→∞
�c̄c̄cc


 (n1σ
′
1ω

′
1, n2σ

′
2ω

′
2; n2σ2ω2, n1σ1ω1). (2.31)

Note that to leading order in 1/N the fermionic four-point vertex gives the following contribution to the vertex expansion of the
average effective action defined in Eq. (2.18),

1

(2!)2Nβ4

∑
n′

1n′
2n2n1

∑
σ ′

1σ
′
2σ2σ1

∑
ω′

1ω
′
2ω2ω1

βδω′
1+ω′

2,ω2+ω1�
c̄c̄cc

 (1′, 2′; 2, 1)c̄n′

1σ
′
1ω

′
1
c̄n′

2σ
′
2ω

′
2
cn2σ2ω2 cn1σ1ω1

≈ N

2!β4

∑
σ ′

1σ
′
2σ2σ1

∑
ω′

1ω
′
2ω2ω1

βδω′
1+ω′

2,ω2+ω1�
c̄c̄cc

 (σ ′

1ω
′
1, σ

′
2ω

′
2; σ2ω2, σ1ω1)�σ ′

1ω
′
1σ1ω1�σ ′

2ω
′
2σ2ω2 , (2.32)

where we have introduced the site-averaged composite field

�σ ′ω′σω = 1

N

∑
n

c̄nσ ′ω′cnσω. (2.33)

This field resembles the collective Hubbard-Stratonovich field
introduced in the path integral derivation of the Dyson-
Schwinger equations from the large-N saddle point [1,11,12].
However, in Eq. (2.33) the symbols c̄nσ ′ω′ and cnσω represent
the source-dependent expectation values of the corresponding
Grassmann fields, so that the above �σ ′ω′σω cannot be iden-
tified with the Hubbard-Stratonovich field introduced in the
path integral approach.

To solve our flow equations for the two-point vertices for
large N we also need the leading large-N limit of the mixed
four-point vertex,

�
c̄cφφ

 (n′σω′; nσω; k1�1, k2�2)

= δn′nδk1k2�
c̄cφφ

 (σω′; σω; �1,�2) + O(1/N ), (2.34)

where

�
c̄cφφ

 (σω′; σω; �1,�2) = lim

N→∞
�

c̄cφφ

 (nσω′; nσω; k�1, k�2).

(2.35)

Finally, the purely bosonic four-point vertex has for large N
the form

�
φφφφ

 (k1�1, k2�2, k3�3, k4�4)

= δk1k2δk3k4�
φφφφ

 (�1,�2,�3,�4)

+ δk1k3δk2k4�
φφφφ

 (�1,�3,�2,�4)

+ δk1k4δk2k3�
φφφφ

 (�1,�4,�2,�3) + O(1/N ), (2.36)

with

�
φφφφ

 (�1,�2,�3,�4)

= lim
N→∞

�
φφφφ

 (k1�1, k1�2, k2�3, k2�4). (2.37)

It turns out that the bosonic four-point vertex does not con-
tribute to the flow of the two-point vertices to leading order in
1/N because this vertex vanishes in the bare action and is not
generated by the FRG flow to this order.

It is now easy to see that the loop contributions Lpp

 , Lph


 ,
and Lbos


 defined in Eqs. (2.25)–(2.27) do not contribute to the
flow of the fermionic four-point vertex to leading order in 1/N
[23]. Consider first the particle-particle loop Lpp


 (1′, 2′; 2, 1) in
Eq. (2.25) for the relevant index combinations n′

1 = n1, n′
2 =

n2 or n′
1 = n2, n′

2 = n1. Keeping in mind that for large N the
propagators are diagonal in the flavor indices, we see that the
flavor sums in Eq. (2.25) collapses to 2 = O(1) terms, so that
Lpp


 (1′, 2′; 2, 1) = O(1/N2). Moreover, in Lph

 (1′, 2′; 2, 1) and

Lbos

 (1′, 2′; 2, 1) only one of the flavor sums collapses, so that

these contributions are of order 1/N . By the same argument,
the leading large-N contribution in the FRG flow equations for
any n-point vertex is given by the term where two legs of the
(n + 2)-point vertex are joined by a single propagator line.
In the flow equations for the four-point vertices, we therefore
have to consider only the contributions from the six-point ver-
tices. Given the fact that the bare action S6 given in Eq. (2.6)
depends only on the mixed six-point vertex �

c̄c̄ccφφ

 with initial

value given in Eq. (2.7), to leading order in 1/N we can ne-
glect the FRG flow of all other six-point vertices. If we insert
this initial value on the right-hand side of the flow equation
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FIG. 3. Graphical representation of the exact FRG flow equa-
tion (2.24) for the fermionic four-point vertex. The gray square
represents the fermionic six-point vertex, while the gray triangle
represents the mixed six-point vertex with four fermionic and two
bosonic external legs. The internal lines with arrows represent the
exact scale-dependent fermion propagator G
(ω), whereas wavy
internal lines represent the boson propagator F
(�). The cross inside
the loops means that one should sum up two diagrams where either
the right or the left propagator forming the loop is replaced by the
corresponding single-scale propagator. The rest of the symbols is
defined in the caption of Fig. 2.

(2.24), we see that only the site-average of the six-point vertex
given in Eq. (2.9) contributes. Moreover, following the analy-
sis of the diagrams in the flow equation for the fermionic four-
point vertex presented in the paragraph after Eq. (2.24), and
using the fact that the bare action does not contain any eight-
point vertices, we see that to leading order in 1/N the mixed
six-point vertex is not renormalized. We thus arrive at the
following large-N truncation of the formally exact FRG flow
equations for the YSYK model: The flow of the site-diagonal
two-point vertices is related to the large-N limits of four-point
vertices defined in Eqs. (2.31) and (2.35) as follows,

∂
�
(ω) = 1

β

∑
σ ′ω′

Ġ
(ω′)�c̄c̄cc

 (σω, σ ′ω′; σ ′ω′, σω)

+ 1

2β

∑
�

Ḟ
(�)�c̄cφφ

 (σω; σω; −�,�),

(2.38)

∂
�
(�) = N

Mβ

∑
σω

Ġ
(ω)�c̄cφφ

 (σω; σω; −�,�),

(2.39)

where the single-scale propagators are

Ġ
(ω) = −G2

(ω)∂
G−1

0,
(ω) = G2

(ω)∂
R
(ω), (2.40)

Ḟ
(�) = −F 2

(�)∂
F−1

0,
(�) = −F 2

(�)∂
Rφ


(�), (2.41)

and the scale-dependent propagators are related to the corre-
sponding self-energies via the regularized Dyson equations

G
(ω) = 1

G−1
0,
(ω) − �
(ω)

= 1

iω + μ − R
(ω) − �
(ω)
, (2.42)

F
(�) = 1

F−1
0,
(�) + �
(�)

= 1

|�| + 
 + Rφ

(�) + �
(�)

. (2.43)

The four-point vertices on the right-hand side of the flow
equations (2.38) and (2.39) for the two-point vertices satisfy

∂
�c̄c̄cc

 (σ ′

1ω
′
1, σ

′
2ω

′
2; σ2ω2, σ1ω1)

= 1

2β

∑
�

Ḟ
(�)�c̄c̄ccφφ

0

× (σ ′
1ω

′
1, σ

′
2ω

′
2; σ2ω2, σ1ω1; −�,�), (2.44)

and

∂
�
c̄cφφ

 (σ ′ω′; σω; �1,�2)

= 1

β

∑
σ1ω1

Ġ
(ω1)�c̄c̄ccφφ

0

× (σ ′ω′, σ1ω1; σ1ω1, σω; �1,�2), (2.45)

where the large-N limit of the initial value of the site-averaged
mixed six-point vertex �

c̄c̄ccφφ

0 (. . .) is given in Eq. (2.9). A
graphical representation of the above large-N truncation of
the FRG flow equations is shown in Fig. 4. Substituting our
explicit expression (2.9) for the initial value of the site aver-
aged six-point vertex into Eqs. (2.44) and (2.45), we see that
the fermionic four-point vertex in the flow equation (2.38) is
spin-diagonal while the mixed four-point vertex in Eq. (2.39)
is actually independent of the spin label σ so that we can write

�c̄c̄cc

 (σω, σ ′ω′; σ ′ω′, σω) = δσσ ′�c̄c̄cc


 (ω,ω′; ω′, ω), (2.46)

�
c̄cφφ

 (σω; σω; −�,�) = �

c̄cφφ

 (ω; ω; −�,�). (2.47)

With this notation the flow equations (2.38, 2.39) for the
self-energies can be written as

∂
�
(ω) = 1

β

∑
ω′

Ġ
(ω′)�c̄c̄cc

 (ω,ω′; ω′, ω)

+ 1

2β

∑
�

Ḟ
(�)�c̄cφφ

 (ω; ω; −�,�), (2.48)
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FIG. 4. Graphical representation of our large-N truncation of
the hierarchy of FRG flow equations for the YSYK model.
(a) Fermionic self-energy, Eq. (2.38); (b) bosonic self-energy,
Eq. (2.39); (c) fermionic four-point vertex, Eq. (2.44); and (d) mixed
four-point vertex, Eq. (2.45). The empty triangle represents the
large-N limit of the symmetrized bare six-point vertex given in
Eq. (2.9).

∂
�
(�) = p

β

∑
ω

Ġ
(ω)�c̄cφφ

 (ω; ω; −�,�), (2.49)

while the flow of the scale-dependent four-point vertices is

∂
�c̄c̄cc

 (ω,ω′; ω′, ω) = g2Ḟ
(ω − ω′), (2.50)

∂
�
c̄cφφ

 (ω; ω; −�,�) = g2[Ġ
(ω + �) + Ġ
(ω − �)].

(2.51)

Here

g2 = g2
1 + g2

2 (2.52)

is the relevant bare coupling and we have introduced the
parameter

p = (2S + 1)N

M
= 2N

M
, (2.53)

where 2S + 1 = 2 is the spin degeneracy for spin S = 1/2.
The four coupled flow equations (2.48)–(2.51) uniquely

determine the scale-dependent fermionic and bosonic self-
energies and the two relevant interaction vertices. We

emphasize that Eqs. (2.48)–(2.51) have been obtained from
the formally exact hierarchy of flow equations for the irre-
ducible vertices of the YSYK model by retaining all terms,
which have a finite limit for N → ∞ and M → ∞.

We now show that our FRG flow equations (2.48)–(2.51)
can be reduced to the usual DS equations for the self-
energies of the YSYK model if we use the so-called Katanin
substitution [17] to replace the single-scale propagators on
the right-hand sides by the total scale derivatives of the
propagators,

Ġ
(ω) → ∂
G
(ω) = Ġ
(ω) + G2

(ω)∂
�
(ω), (2.54)

Ḟ
(�) → ∂
F
(�) = Ḟ
(�) − F 2

(�)∂
�
(�). (2.55)

With this substitution the right-hand sides of the flow equa-
tions (2.50) and (2.51) become total 
 derivatives so that we
may trivially integrate both sides over the flow parameter 
.
Taking into account that for 
0 → ∞ the regularized propa-
gators vanish we obtain

�c̄c̄cc

 (ω,ω′; ω′, ω) = g2F
(ω − ω′), (2.56)

and

�
c̄cφφ

 (ω; ω; −�,�) = g2[G
(ω + �) + G
(ω − �)].

(2.57)

Substituting these equations into the flow equations (2.38) and
(2.39) for the two-point functions we obtain

∂
�
(ω) = g2

β

∑
�

[Ḟ
(�)G
(ω − �) + F
(�)Ġ
(ω − �)],

(2.58)

∂
�
(�) = p
g2

β

∑
ω

[Ġ
(ω)G
(ω − �)

+ G
(ω)Ġ
(ω − �)]. (2.59)

Using once more the Katanin substitution (2.54) and (2.55) to
transform the right-hand side of the above equations into total

 derivatives and integrating both sides over 
 we obtain for

 → 0 the DS equations for the YSYK model [1,6],

�(ω) = g2

β

∑
�

F (�)G(ω − �), (2.60)

�(�) = p
g2

β

∑
ω

G(ω)G(ω − �). (2.61)

We conclude that our large-N truncation of the FRG flow
equations in combination with the Katanin substitution is
equivalent to the DS equations obtained from the large-N
saddle point of a suitably defined functional integral repre-
sentation of the YSYK model. Note that without the Katanin
substitution our large-N FRG flow equations are not equiva-
lent to the DS equations (2.60) and (2.61) because the Katanin
substitution in Eqs. (2.54) and (2.55) resums higher orders in
the coupling g2. However, for the SYK model we have shown
in Ref. [15] that the Katanin substitution does not modify the
value of the fermionic anomalous dimension. Whether this
is also true for the YSYK model is an interesting question
beyond the scope of this paper.
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III. LOW-ENERGY EXPANSION

Our aim is to determine possible fixed points of the system
of FRG flow equations given in Eqs. (2.48)–(2.51) at zero
temperature, β−1 = 0. As usual, we anticipate that the fixed
points are determined by the leading low-energy behavior of
the vertices, so that for our purpose it is sufficient to expand
the irreducible self-energies to linear order in the frequencies.
Taking the possibility of dissipative terms proportional to |ω|
and |�| into account, the expansion is of the form

�
(ω) = �
(0) − A
|ω| − (B
 − 1)iω + O(ω2), (3.1)

�
(�) = �
(0) + (Y −1

 − 1)|�| + O(�2), (3.2)

where A
, B
, and Y
 are dimensionless. The coupling A


parametrizes the asymmetry in the fermion spectral function,
which is expected to emerge for finite values of the chemical
potential μ [3]. The usual fermionic wave-function renormal-
ization factor Z
 is then given by

Z
 = 1√
A2


 + B2



, (3.3)

which defines the scale-dependent fermionic anomalous di-
mension via

η
 = 
∂
Z


Z


. (3.4)

Using for simplicity a sharp frequency regulator, the low-
energy form of the scale-dependent fermionic propagator and
the corresponding single-scale propagator can then be written
as [24]

G
(ω) = Z
�(|ω| − 
)

a
|ω| + ib
ω + μ


, (3.5a)

Ġ
(ω) = − Z
δ(|ω| − 
)

a

 + ib

sgnω + μ


, (3.5b)

where

a
 = Z
A
 = A
√
A2


 + B2



, (3.6a)

b
 = Z
B
 = B
√
A2


 + B2



, (3.6b)

and

μ
 = Z
[μ − �
(0)]. (3.7)

Note that by construction a2

 + b2


 = 1. Similarly, using also
a sharp frequency cutoff for the bosons, the bosonic propaga-
tor and the corresponding single-scale propagator are at low
energies given by

F
(�) = Y
�(|�| − 
)

|�| + r


, (3.8a)

Ḟ
(�) = −Y
δ(|�| − 
)


 + r


, (3.8b)

where

r
 = Y
[
 + �
(0)]. (3.9)

The logarithmic scale dependence of the bosonic
wave-function renormalization factor Y
 defines the
scale-dependent bosonic anomalous dimension

γ
 = 
∂
Y


Y


. (3.10)

For later convenience we introduce the dimensionless
coupling

ul = Z2
l Ylg2

π
2
, (3.11)

which by definition satisfies the flow equation

∂l ul = (2 − 2ηl − γl )ul , (3.12)

where l = ln(
0/
) is the logarithmic flow parameter and
∂l = −
∂
. From now on all quantities will be considered to
be functions of l instead of 
; in the case of dimensionless
quantities we simply rename η
 → ηl , γ
 → γl , a
 → al

and b
 → bl , while the dimensionful couplings μ
 and r


are divided by 
 to obtain the corresponding dimensionless
rescaled couplings,

μl = μ




= Z
[μ − �
(0)]



, (3.13)

rl = r




= Y
[
 + �
(0)]



. (3.14)

To find the fixed points of the renormalization group, we
introduce the dimensionless rescaled self-energies

�̃l (ω̃) = Z
�
(
ω̃)



, (3.15)

�̃l (�̃) = Y
�
(
�̃)



, (3.16)

which depend on the dimensionless frequencies ω̃ = ω/
 and
�̃ = �/
. Using the flow equations (2.48) and (2.49) for
the dimensionful self-energies we find that the corresponding
dimensionless rescaled quantities satisfy

∂l�̃l (ω̃) = (1 − ηl − ω̃∂ω̃ )�̃l (ω̃) + �̇l (ω̃), (3.17)

∂l�̃l (�̃) = (1 − γl − �̃∂�̃)�̃l (�̃) + �̇l (�̃), (3.18)

where

�̇l (ω̃) = − Z
∂
�
(ω)

=
∫

dω̃′

2π
˙̃Gl (ω̃

′)�̃c̄c̄cc
l (ω̃, ω̃′; ω̃′, ω̃)

+ 1

2

∫
d�̃

2π
˙̃Fl (�̃)�̃c̄cφφ

l (ω̃, ω̃; −�̃, �̃), (3.19)

�̇l (�̃) = − Y
∂
�
(�)

= p
∫

dω̃

2π
˙̃Gl (ω̃)�̃c̄cφφ

l (ω̃, ω̃; −�̃, �̃). (3.20)
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Here we have introduced the dimensionless rescaled four-
point vertices,

�̃c̄c̄cc
l (ω̃, ω̃′; ω̃′, ω̃) = Z2






�c̄c̄cc


 (
ω̃,
ω̃′; 
ω̃′,
ω̃), (3.21)

�̃
c̄cφφ

l (ω̃, ω̃; −�̃, �̃) = Z
Y




�

c̄cφφ

 (
ω̃; 
ω̃; −
�̃,
�̃),

(3.22)

and the dimensionless single-scale propagators,

˙̃Gl (ω̃) = −
2

Z


Ġ
(
ω) ≈ δ(|ω̃| − 1)

al + iblsgnω + μl
, (3.23)

˙̃Fl (ω̃) = −
2

Y


Ḟ
(
ω) ≈ δ(|�̃| − 1)

1 + rl
. (3.24)

From the flow equations (2.50) and (2.51) we obtain for the
flow of the rescaled four-point vertices

∂l �̃
c̄c̄cc
l (ω̃′

1, ω̃
′
2; ω̃2, ω̃1) = (1 − 2ηl − ω̃′

1∂ω̃′
1
− ω̃′

2∂ω̃′
2
− ω̃2∂ω̃2 − ω̃1∂ω̃1 )�̃c̄c̄cc

l (ω̃′
1, ω̃

′
2; ω̃2, ω̃1)

+ π
ul

2
[ ˙̃Fl (ω̃1 − ω̃′

2) + ˙̃Fl (ω̃2 − ω̃′
1)], (3.25)

∂l �̃
c̄cφφ

l (ω̃1, ω̃2; �̃1, �̃2) = (1 − ηl − γl − ω̃1∂ω̃1 − ω̃2∂ω̃2 − �̃1∂�̃1
− �̃2∂�̃2

)�̃c̄cφφ

l (ω̃1, ω̃2; �̃1, �̃2)

+ π
ul

2
[ ˙̃Gl (ω̃1 + �̃1) + ˙̃Gl (ω̃2 + �̃1) + ˙̃Gl (ω̃1 + �̃2) + ˙̃Gl (ω̃2 + �̃2)]. (3.26)

These linear first-order partial differential equations can be solved analytically [14]. For the external frequencies needed in
Eqs. (3.19) and (3.20) we obtain

�̃c̄c̄cc
l (ω̃, ω̃′; ω̃′, ω̃) = e

∫ l
0 dτ (1−2ητ )�̃c̄c̄cc

0 (e−l ω̃, e−l ω̃′; e−l ω̃′, e−l ω̃) + π

∫ l

0
dte

∫ l
l−t dτ (1−2ητ )ul−t

˙̃Fl−t (e−t (ω̃ − ω̃′)), (3.27)

�̃
c̄cφφ

l (ω̃; ω̃; −�̃, �̃) = e
∫ l

0 dτ (1−ητ −γτ )�̃
c̄cφφ

0 (e−l ω̃; e−l ω̃; −e−l�̃, e−l�̃)

+ π

∫ l

0
dte

∫ l
l−t dτ (1−ητ −γτ )ul−t [ ˙̃Gl−t (e−t (ω̃ − �̃)) + ˙̃Gl−t (e−t (ω̃ + �̃))]. (3.28)

After substituting these expressions into Eqs. (3.19) and (3.20) and performing the frequency integrations we obtain

�̇l (ω̃) = 1

2

∫ l

0
dtul−t

{
e
∫ l

l−t dτ (1−2ητ )

1 + rl−t

[
δ(e−t |1 − ω̃| − 1)

μ̃l + ibl
+ δ(e−t |1 + ω̃| − 1)

μ̃l − ibl

]

+ e
∫ l

l−t dτ (1−ητ −γτ )

1 + rl

[
δ(e−t |1 − ω̃| − 1)

μ̃l−t − ibl−t sgn(1 − ω̃)
+ δ(e−t |1 + ω̃| − 1)

μ̃l−t + ibl−t sgn(1 + ω̃)

]}
, (3.29)

�̇l (�̃) = p
∫ l

0
dtul−t e

∫ l
l−t dτ (1−ητ −γτ )Re

[
δ(e−t |1 − �̃| − 1)

(μ̃l + ibl )(μ̃l−t + ibl−t sgn(1 − �̃))
+ δ(e−t |1 + �̃| − 1)

(μ̃l + ibl )(μ̃l−t + ibl−t sgn(1 + �̃))

]
,

(3.30)

where we have introduced the shifted rescaled chemical potential,

μ̃l = μl + al . (3.31)

Assuming |ω̃| < 1 and |�̃| < 1 and using the fact that in this case the δ functions can be written as

δ(e−t |1 ± ω̃| − 1) = δ(t − ln(1 ± ω̃)), (3.32)

we can now carry out the t integrations. Defining Lω̃ = ln(1 + |ω̃|) and assuming l > Lω̃ and l > L�̃ we finally obtain

�̇l (ω̃) = ul−Lω̃

2

⎡
⎣ e

∫ l
l−Lω̃

dτ (1−2ητ )

(1 + rl−Lω̃
)(μ̃l − iblsgnω)

+ e
∫ l

l−Lω̃
dτ (1−ητ −γτ )

(1 + rl )(μ̃l−Lω̃
+ ibl−Lω̃

sgnω)

⎤
⎦, (3.33)

�̇l (�̃) = pul−L�̃
e
∫ l

l−L
�̃

dτ (1−ητ −γτ )
Re

[
1

(μ̃l + ibl )(μ̃l−L�̃
+ ibl−L�̃

)

]
. (3.34)
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The flow equations for μl and rl can now be obtained
from Eqs. (3.33) and (3.34) by setting the external frequencies
equal to zero,

∂lμl = (1 − ηl )μl − �̇l (0)

= (1 − ηl )μl − ul
μ̃l

(1 + rl )
(
b2

l + μ̃2
l

) , (3.35)

∂l rl = (1 − γl )rl + �̇l (0)

= (1 − γl )rl − pul
b2

l − μ̃2
l(

b2
l + μ̃2

l

)2 . (3.36)

To determine the scale-dependent anomalous dimensions ηl

and γl we need the linear terms in the expansions of �̇l (ω̃)
and �̇l (�̃),

�̇l (ω̃) = �̇l (0) − αl |ω̃| − βl iω̃ + O(ω̃2), (3.37)

�̇l (�̃) = �̇l (0) + γl |�̃| + O(�̃2). (3.38)

The fermionic anomalous dimension is then given by

ηl = alαl + blβl , (3.39)

where al and bl satisfy

∂l al = −ηl al + αl , (3.40)

∂l bl = −ηl bl + βl , (3.41)

with

αl = ul

2(1 + rl )

{
μ̃l(

b2
l + μ̃2

l

)[
2 − ηl − γl − ∂l rl

1 + rl

]

+
(
b2

l − μ̃2
l

)
∂l μ̃l − μ̃l∂l b2

l(
b2

l + μ̃2
l

)2

}
, (3.42)

βl = ul

2(1 + rl )

{
bl(

b2
l + μ̃2

l

)[
ηl − γl − ∂l rl

1 + rl

]

+
(
b2

l − μ̃2
l

)
∂l bl + bl∂l μ̃

2
l(

b2
l + μ̃2

l

)2

}
. (3.43)

Finally, the bosonic anomalous dimension is

γl = pul

[
(1 − ηl )

(
b2

l − μ̃2
l

)
(
b2

l + μ̃2
l

)2 + Re
∂l (μ̃l + ibl )

(μ̃l + ibl )3

]
. (3.44)

IV. NON-FERMI LIQUID FIXED POINT

To find possible fixed points of the above system of dif-
ferential equations, we note that the flow equation (3.12) for
the coupling ul implies that at a nontrivial fixed point with
liml→∞ ul = u∗ �= 0 the fermionic and bosonic anomalous
dimensions must satisfy the scaling relation

γ∗ = 2 − 2η∗. (4.1)

Using this to eliminate γ∗ in favor of η∗ we find that the
fixed point values μ∗, r∗, a∗, b∗, η∗, and u∗ of the six scale-
dependent parameters μl , rl , al , bl , ηl , and ul are constrained

by the following six equations,

(1 − η∗)μ∗ = u∗(μ∗ + a∗)

(1 + r∗)[b2∗ + (μ∗ + a∗)2]
, (4.2a)

(2η∗ − 1)r∗ = pu∗
b2

∗ − (μ∗ + a∗)2

[b2∗ + (μ∗ + a∗)2]2
, (4.2b)

η∗a∗ = η∗u∗(μ∗ + a∗)

2(1 + r∗)[b2∗ + (μ∗ + a∗)2]
, (4.2c)

η∗b∗ = (3η∗ − 2)u∗b∗
2(1 + r∗)[b2∗ + (μ∗ + a∗)2]

, (4.2d)

(1 − η∗) = (1 − η∗)
pu∗
2

b2
∗ − (μ∗ + a∗)2

[b2∗ + (μ∗ + a∗)2]2
, (4.2e)

a2
∗ + b2

∗ = 1. (4.2f)

We have analytically determined the solutions of this system
of equations. For u∗ > 0 we find physically acceptable so-
lutions only for μ∗ = a∗ = 0 implying b∗ = 1. Actually, if
we allow for (unphysical) complex values of η∗ the above
system has additional solutions where μ∗, a∗, and b∗ are all
finite. Moreover, for negative u∗ we find additional solutions
with b∗ = 0, a∗ = ±1, and finite μ∗, which we do not further
discuss in this paper [25]. To determine the values of η∗, r∗,
and u∗ at the physical fixed point, we set μ∗ = a∗ = 0 and
b∗ = 1 in Eqs. (4.2) and obtain

u∗ = 2

p
, (4.3a)

r∗ = 2

2η∗ − 1
, (4.3b)

pη∗ = 3η∗ − 2

1 + r∗
= 3η∗ − 2

1 + 2
2η∗−1

. (4.3c)

The resulting quadratic equation for η∗ has the two solu-
tions

η+
∗ = 7 + p +

√
1 + 30p + p2

4(3 − p)
, (4.4a)

η−
∗ = 4

7 + p +
√

1 + 30p + p2
. (4.4b)

We discard the η+
∗ solution because it exhibits a singular-

ity at p = 3 that we believe to be unphysical. The only
physical solution of our fixed point equation (4.3c) for the
fermionic anomalous dimension is therefore η∗ ≡ η−

∗ given
in Eq. (4.4b), which is shown in Fig. 5(a). Obviously, η∗(p) is
a continuous function of p for all p with

η∗ = 1
2 − p + O(p2), (4.5)

for small p, while for large p the leading asymptotics is

η∗ = 2

p
+ O(1/p2). (4.6)

The corresponding fixed point values of r∗ and u∗ are shown in
Fig. 5(b). Note that 1 + r∗ is negative for all p and diverges for
p → 0 as r∗ ∼ −1/p = −u∗/2. For 0 < p � 1 both |r∗| and
u∗ are large compared with unity, indicating the nonperturba-
tive nature of the non-Fermi liquid fixed point in this regime.
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FIG. 5. (a) Physical branch η∗ ≡ η−
∗ of the fermionic anomalous

dimension at the non-Fermi liquid fixed point given in Eq. (4.4b).
(b) Corresponding fixed point values of r∗ (blue) and u∗ (red).

Given the fact that γ∗ = 2 − 2η∗ > 1, we conclude that for
small imaginary frequencies the boson propagator scales as

F (�) ∼ −k∗|�|γ∗−1, (4.7)

with some positive real constant k∗. For p → ∞ where γ∗ →
2 this implies F (�) ∼ −k∗|�|, so that the analytic contin-
uation from the upper frequency plane to real frequencies
(|�| → −i�) gives for the retarded boson propagator

Fret (� + i0) ∼ ik∗�. (4.8)

The resulting spectral function satisfies

�ImFret (� + i0) � 0, (4.9)

which is a general property of any bosonic spectral function.
For finite p where 1 < γ∗ < 2 we have to choose the physical
Riemann sheet of the multi-valued complex function zγ∗−1 to
obtain the physical spectral function that satisfies the positiv-
ity condition (4.9), see Ref. [26] for a careful discussion.

To investigate the stability of the non-Fermi liquid fixed
point, we now study the linearized RG flow in the vicinity of
this fixed point. Given the fact that at the fixed point μ∗ =
a∗ = 0 we find from Eqs. (3.35), (3.40), and (3.42) that the
linearized flow in the μ − a plane decouples from the flow of
the other parameters,

∂l

(
μl

al

)
=

(
Mμμ Mμa

Maμ Maa

)(
μl

al

)
, (4.10)

FIG. 6. RG flow in the μ − a plane for p = 1 close to the
fixed point μ∗ = a∗ = 0 obtained from the linearized flow equa-
tions (4.10). Note that the physical initial condition corresponding
to the bare action is given by the horizontal line a0 = 0.

with

Mμμ = 1 − η∗ − u∗
1 + r∗

, (4.11a)

Mμa = − u∗
1 + r∗

, (4.11b)

Maμ = u∗

(
1

1 + r∗
− 1

2(1 + r∗) − u∗

)
, (4.11c)

Maa = −η∗ − u2
∗

(1 + r∗)[2(1 + r∗) − u∗]
. (4.11d)

The resulting RG flow in the μ − a plane is shown in Fig. 6.
Obviously, the RG flow in the μ − a plane has one attractive

FIG. 7. Graph of the eigenvalues λ+ (blue) and λ− (red) of the
matrix in Eq. (4.10), which characterize the linearized RG flow in
the μ − a plane around the fixed point μ∗ = a∗ = 0.
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and one repulsive direction. To characterize the behavior of
the RG trajectories quantitatively, we calculate the eigenval-
ues λ± of the 2 × 2 matrix in Eq. (4.10),

λ± = Mμμ + Maa

2
±

√(
Mμμ − Maa

2

)2

+ MμaMaμ.

(4.12)
At small and large p, they behave as

λ+ = 3
2 − 3p + O(p2), (4.13a)

λ− = − 1
2 + p + O(p2), (4.13b)

and

λ+ = 1 + O(1/p2), (4.14a)

λ− = −2

p
+ O(1/p2), (4.14b)

respectively. We plot these eigenvalues as function of p in
Fig. 7.

Next, let us discuss the linearized RG flow of the cou-
plings ul and rl in the vicinity of our non-Fermi liquid fixed
point. Using Eqs. (3.12), (3.43), and (3.44) we find that the
linearized flow of δul = ul − u∗ completely decouples from
the other parameters,

∂lδul = −pu∗(1 − η∗)δul = λuδul , (4.15)

with

λu = −pu∗(1 − η∗) = −2(1 − η∗), (4.16)

where we have used Eq. (4.3a) to set pu∗ = 2. Given the
fact that 0 < η∗ < 1/2, we conclude that the coupling ul is
irrelevant at the non-Fermi liquid fixed point with scaling
exponent λu < 0. A graph of λu as a function of p is shown by
the red line in Fig. 8. Finally, using Eqs. (3.36), (3.43), and
(3.44) we obtain for the linearized flow of δrl = rl − r∗,

∂lδrl = λrδrl + λruδul , (4.17)

where

λr = 2η∗ − 1 − pr∗u2
∗(5η∗ − 3)

2(1 + r∗)2 − (1 + r∗)u∗ − pu2∗
, (4.18a)

λru = −p + pr∗
pu2

∗ + 2(1 + r∗)2(η∗ − 1) + u∗(1 + r∗)(2η∗ − 1)

2(1 + r∗)2 − (1 + r∗)u∗ − pu2∗
. (4.18b)

The eigenvalue λr as a function of p is represented by the blue
line in Fig. 8. It is always negative and has the asymptotics

λr = − 1
2 − 6p + O(p2), (4.19a)

λr = −1 − 8

p
+ O(1/p2) (4.19b)

for small and large p, respectively. A projection of the lin-
earized RG flow onto the plane spanned by δrl and δul in
the vicinity of the fixed point is shown in Fig. 9. Note that
the projected flow has only attractive directions, so that fine
tuning of the couplings rl and ul is not necessary to realize

FIG. 8. Graph of the eigenvalues λr (blue) and λu (red) of the
linearized flow in the vicinity of the non-Fermi liquid fixed point,
see Eqs. (4.16) and (4.18a).

the critical state associated with the non-Fermi liquid fixed
point. Our model therefore exhibits self-tuned criticality [5]
with respect to the bosonic mass parameter 
 + �(0). Thus,
the only relevant coupling at the non-Fermi liquid fixed point
is the scaling variable associated with the positive eigenvalue
λ+ of the 2 × 2 matrix in Eq. (4.10), which is a linear combi-
nation of the rescaled chemical potential μl and the spectral
asymmetry parameter al .

FIG. 9. RG flow in the r − u plane for p = 1 close to the
non-Fermi liquid fixed point obtained from the linearized flow equa-
tions (4.15) and (4.17).
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V. SUMMARY AND CONCLUSIONS

In this paper we have developed a FRG approach for
a dissipative Yukawa-SYK model where the inverse boson
propagator exhibits a nonanalytic |�| frequency dependence.
We have shown that, to leading order in 1/N and 1/M, the
infinite hierarchy of FRG flow equations for this model can
be reduced to a system of flow equations for the irreducible
fermionic and bosonic self-energies and two types of scale-
dependent four-point vertices. This system is closed because
the flow of the four-point vertices can be expressed again
in terms of the self-energies. Within a standard low-energy
expansion of the self-energies we have found a nontrivial non-
Fermi liquid fixed point with critical exponents depending
on the ratio N/M. A stability analysis of the linearized RG
flow in the vicinity of this fixed point shows that it has only
one repulsive direction corresponding to a linear combination
of the rescaled chemical potential μl and a parameter al ,
which quantifies the spectral asymmetry. As a0 = 0 in the
microscopic action, the physical parameter that can be tuned
to reach the non-Fermi liquid fixed point is the fermionic
density. In particular, the rescaled boson mass parameter rl

and the Yukawa coupling ul are both irrelevant at the fixed
point, so that no fine-tuning of these parameters is necessary
to realize the corresponding non-Fermi liquid phase. Although

in principle it should also be possible to extract these re-
sults from the corresponding Dyson-Schwinger equations, in
practice our approach based on FRG flow equations is more
convenient because it allows us to extract the low-energy
properties analytically using well-established approximations.

It would be interesting to extend our analysis to the usual
YSYK model where the inverse boson propagator exhibits
a quadratic frequency dependence. Our FRG flow equa-
tions (2.48)–(2.51) remain valid also in this case, so that
from a numerical solution of these equations we expect to
recover the non-Fermi liquid solution of the Dyson-Schwinger
equations derived in Ref. [6]. Unfortunately, the low-energy
expansion of Sec. III, which is crucial to make progress an-
alytically, does not produce sensible results in this case, at
least when it is combined with a sharp frequency regulator.
Possibly, an ultrasmooth regulator of the type proposed by
Husemann and Salmhofer [27] might solve this problem.
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