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We investigate the Andreev reflection in a normal metal/charge-4e superconductor junction. Compared with

the electron-hole conversion in normal charge-2e superconductors, here four electrons participate simultane-
ously, enriching the possibility of conversion ways. Using the nonequilibrium Green’s function method, we
obtain a four-particle-type Landauer-Biittiker formula with generalized charge-4e anomalous Green’s function to
describe it. We then calculate and clarify the behavior of the Andreev coefficient and the conductance contributed
by it, showing features like the unconventional position of the peak structure and the emerging plateau inside
the superconducting gap. Our research makes up the blank of research for transport property of charge-4e
superconductors and can serve as a hallmark for future experimental verifications.

DOLI: 10.1103/PhysRevB.109.144504

I. INTRODUCTION

Charge-4e superconductivity (charge-4e SC) names the
condensate of the quartets of electrons. Such electron pairs
can carry a charge of 4e, which differs from the normal
charge-2e Cooper pairs described by the Bardeen-Cooper-
Schrieffer theory [1]. It was proposed in a wide range of
fields [2-9]. Especially in the theory of intertwined orders
in cuprate superconductors, the charge-4e SC is described
as a vestigial phase in the thermal melting of pair-density-
wave order [10,11]. Recent progress in experiments makes
charge-4e SC more attractive [12,13], due to the possible
evidence for charge-4e and even charge-6e pairs in kagome
superconductors. Although theorists have proposed a possible
mechanism for charge-4e/6e pairs [14-16], it still requires
more evidence to confirm the existence of charge-4e SC in
experiments. Therefore, it is quite necessary to investigate the
transport properties of charge-4e SC in the hope of giving
more hallmarks to distinguish it from the perspective of trans-
port phenomena.

The former researches are mainly focusing on the equilib-
rium properties of charge-4e SC [6-8,17-21]. By applying
the theory of vestigial order and the Ginzburg-Landau
method, they showed the appearance of charge-4e SC or-
der and discussed the phase competition between it and
other orders, such as pair-density-wave and nematic orders
[9,18,19,22,23]. While those studies were phenomenological
in general, some works began to pay attention to the micro-
scopic mechanics of forming four-electron pairs [24-27]. A
real-space mean-field Hamiltonian, in which four electrons
on the neighboring sites can form a pair, was proposed with
quantum Monte Carlo simulations revealing chemical poten-
tial controlled phase transition between charge-4e SC and
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charge-2e SC [25]. Using the solvable Sachdev-Ye-Kitaev
model, a charge-4e superconductor with gapless ground
state was also described [26]. Besides, similar to the BCS
wave function for charge-2e SC, a charge-4e wave function
with its corresponding mean-field Hamiltonian has also been
proposed [27]. While this Hamiltonian describes a gapped
charge-4e SC phase, it can also be seen as a natural extension
of the theory of intertwined orders.

To study the transport with superconductors, one often en-
counters the interface between leads and superconductors. It is
well known that an incident electron can be reflected as a hole
at the interface between a normal metal and a superconduc-
tor, namely, the Andreev reflection. This process can convert
the normal current into the supercurrent, governing the con-
ductance of the interface below the superconducting gap.
Moreover, as the incident electron and reflected hole can be
regulated by both sides of the junction, the Andreev reflection
is often used to reveal the novel properties of materials either
in the normal side [28-31] or in the superconducting side
[32-35]. Therefore, to understand the transport with charge-4e
SC, it is natural to consider the possible Andreev reflection
happening in the interface between a normal metal and a
charge-4e superconductor. At this point, the conventional pic-
ture involving two participating electrons may be inapplicable
due to the electron quartet, which introduces more freedom as
well as complexity.

In this paper, we investigate the charge-4e Andreev
reflection (charge-4e AR) in a normal metal/charge-4e su-
perconductor junction. Due to the characteristics of quartet
condensation, the Andreev reflection here involves four par-
ticles, enriching the possibility of conversion ways. Using
nonequilibrium Green’s function method, we derive a four-
particle-type Landauer-Biittiker formula with generalized
charge-4e anomalous Green’s function to describe the An-
dreev reflection process. We then calculate and clarify the
behavior of charge-4e AR with various incident energy and
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show the conductance contributed by it. We find that there ex-
ist features including the unconventional position of the peak
structure and the emerging plateau inside the superconducting
gap. Our results provide formulas and pictures to describe
the charge-4e AR, which can enrich the understanding of
the transport with charge-4e SC and give guidance for future
experimental verifications.

The rest of the paper is as follows: In Sec. II, we give the
Hamiltonian of the normal metal/charge-4e superconductor
junction and derive the formula for the transport process. In
Secs. III and IV, we calculate the Andreev coefficient using
perturbation and nonperturbation methods, which character-
ize the Andreev reflection from different perspectives while
maintaining some consistency. We then give the whole pic-
ture of charge-4e AR in Sec. V and further consider the
conductance in Sec. VI. Finally, a summary is presented in
Sec. VIL

II. MODEL AND FORMULA

We consider a normal metal/charge-4e superconductor
junction, which is described by the following Hamiltonian
Ho« = H + Hg + Hc, with

— ¥
Hy = E €Lik A}y, iko s

i,k,o
+
Hp = E €R.ik CiyCiko + Hsc,
ik,o
He = E Lk Rk Gy Cike + Hec., (D)
i,k,k' o

where Hy, Hg, and H¢ represent the Hamiltonians of left
lead (normal metal), right lead (charge-4e superconductor),
and their coupling, respectively. a;, (cirs) are electron an-
nihilation operators in the left (right) lead, with k denoting
the momentum and o =1, | denoting the electron spins.
Besides, €; /g ix and t7; gr are the energy dispersion and hop-
ping strength. We set 74 riw = t. below for convenience [36].
Hgc describes the superconducting interaction. Adopting the
charge-4e mean-field Hamiltonian in Ref. [27] and introduc-
ing the index i = 1, 2 to fulfill the Pauli exclusion principle
(like pair-density-wave order momentum, nematic order
component, layer degree of freedom, etc. [7,8,10,15,37]),
we have

Hge = A Z(c'li'chLklc;ch;ki +H.c.), @)
k

with A being the superconducting pairing potential. To com-
pare with the charge-2e SC, we also write the charge-2e
Hamiltonian HZ = A Zk(cIkTCLu + H.c.) with the index
i =1 only.

Due to the symmetry of Hy, exchanging arbitrary two
channels could exchange their currents while keeping Hiy
unchanged. Therefore, the current of each channel must be
equal, leading to a total current being four times that of a
single channel. We thus consider the current flowing from
channel 1 1 via the time derivative of electron number op-

erator Njp g =y, aikTalkT [38],

Iy = —e(Niy.1)

[ donT [ @0)GT (@) + Fiy @1y (@1)].

3

where 'l = 2n pLlt)? with pr being the density of states in
the left lead. fﬁ(a)l) =1- fﬁ(a)l) and ffT(a)l) = f(w; —
eV) = 1/[e~V)/ksT 4 1] is the Fermi distribution function
of channel 1 4 in electron type with the bias voltage V
and temperature 7. The less and greater Green’s functions

Gﬁ (w1) are the Fourier transforms of G1§T (t, 0), which are
defined as G1<T (t,"()) =i) (cIk,T(O)clkT(t» and GTT t,0)=
—iY (clkT(t)ciM(O)). Equation (3) is a simple transform of
the usual Landauer formula [39] and contains all the possible
transport processes of an interacting system.

A. Andreev reflection in charge-2e SC

Before starting our procedure in calculating charge-
4e AR, we first briefly review the Andreev reflection
in charge-2e SC. To describe charge-2e AR, we need
to explicitly insert the coupling term of channel 1 |
into the nonequilibrium Green’s function G4 g, K, (t1,7]) =

[TPR1]

—i{c1r1(T1 )CTk/¢(f1,))c’ with superscript “c” denoting the
1
complex contour time order and the time 7; and 7| being
defined on the contour [40], to do the perturbation expan-
sion. This would introduce the nonequilibrium anomalous
Green’s functions Fy, g, (71, T2) = —i{c1x,4(T1)C1-k,} (72))€ and
Fk;k;(Té’ ES _i<CT—ké¢(T2/)CTkET(rl/»c‘ After applying the
analytic continuation and Fourier transform, we derive the part
< . .

of the G1>T (wy) relating to the process of Andreev reflection
(denoted with subscript “A”) as

Grra(w) = F () [—iff, TH]F (o)),
Grya(@r) = F ()[if{, T*]F (o), 4

where fI =1 — f}, and f{} = f(w1 + eV is the Fermi dis-
tribution function of channel 1 | in hole type. F"(w;) and
F"“(w;) are the Fourier transforms of Y, . F/, (¢,0) and
Zk; K FkZ’k‘z (¢, 0). The retarded (advanced) Green’s functions
can be obtained from the analytic continuation

F'(ti, ) =F(t},17) — F(1],15),

F ', 0) =F'(tf 1)) — F(1; ., 1)), Q)
with s = + or —. The arbitrary choosing of s = + branch
of the complex contour shows the causality [41] that #; > £,
in F’(t;, 1) and F™%(t,, t;). Substituting Eq. (4) into (3), we
obtain the current contributed by the Andreev reflection

e

hha=7 / don (i, 1, — T F1) T, ©)

with Ty(w) = 'LF'TLF "'*“_ being the Andreev reflection
coefficient. Notice that I f{l L fﬁ =fi - flhw so the
Andreev reflection current in Eq. (6) is identical with that in
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the literature [38,42,43]. For completeness, we leave the de-
tailed derivation and the formula for other transport processes
contributed to the total current in Appendix A 1.

B. Andreeyv reflection in charge-4e SC

It is then straightforward to generalize the charge-2e AR
to the charge-4e AR. By inserting the coupling terms of the
other three channels, we introduce the nonequilibrium charge-
4e anomalous Green’s function

Fooksk, (T1, T2, T3, T4)
. .
= —i{C1r1 (T1)C1-kyy (T2)C2s1 (T3)C2ky (T4))
+
Fk4k3k2k1 (14, 13, T2, T1)
c

@)

After applying the analytic continuation and the Fourier trans-

= —i{c]_y, (@)l (e, (m)el, 1 (7))

form, we obtain the part of the G1§T (wy) relating to the process
of charge-4e AR as

Gipalw) = —i /2 MF’[f{g (@2) /2 (@3) /2 (@) (T | F T,

Givaton =i [ Pl @bl @)ty T,
234
®)

where Z’,(a)) =1- iﬁ(w) and ii’,(a)) = f(w+e€eV) is
the Fermi distribution function of channel ioc in hole
type. The integral f23 , represents the energy convolu-
tion [ dwydwsdwsd(w; — wy — w3 — ws) /47, constraining
the total energy of the three reflected holes to form four-
electron pairs at the Fermi surface. F" = F"(w;, w3, w4)
and F™¢ = F"%(w,4, w3, wy) are the Fourier transforms of
Zk, Fl 1okt (0, 12,13, 14) and ij’. sz}c(lgkgk; (t4, 13, 1, 0), respec-
tively. We have the generalized retarded (advanced) Green’s
functions (omitting the momentum index for simplification)

Fr(t,to 3, ta) = Y (=DPF (1,62, 15, 1)),

8525354

Fo%u b, 00,10) = Y (=DFI (57, 62, 15), 9)

528384

with §5 34 = = being the branch index and P being the total
number of “~” branches among them. Note that the results in
Eq. (9) are the same regardless of #; either on 4 branch or on —
branch. This arbitrary choosing of the branch of ¢, is protected
by the causality that#; > 1, 13, t4.

Substituting Eq. (8) into (3) leads to a four-particle Lan-
dauer formula

e oo _
ha=3 [ GG =T ) T (0)

with [, being [ dojdwydwsdwsd(w) — wy —w3 —wy) /47
and

Ty(s, w3, w4) = TEFT (L) F i (11)

being the charge-4e Andreev reflection coefficient. This is one
of the central results of this work. It describes the charge-4e
Andreev reflection process, where one incident electron can

w234

i_oo’f’l @—>2A’2A
/7 2\
N 4e SC

FIG. 1. Schematics of charge-4e Andreev reflection in the nor-
mal metal/charge-4e superconductor junction, where one incident
electron carrying energy w; can be reflected to three holes carrying
energy w, 3 4 at the interface of the junction, injecting a four-electron
pair into the right side. The green, yellow, and orange lines show the
energy dispersion of different types of quasiparticles in charge-4e
SC. While the mixing of charge-2e particles (holes) owns a direct
gap A, the mixing of charge-e/3e particles (holes) owns an indirect
gap A = V3A/2.

be reflected to three holes at the interface between normal
metal and charge-4e superconductor (shown in Fig. 1), and
can be easily extended to multielectron Andreev reflection.
Note that since the Fermi distribution functions of elec-
tron and hole can be transformed by _li’, (0™ = i (0°) with
w® = —w", the number of incident electrons and reflected
holes just depends on the way we treat each channel as elec-
tron type or hole type. We thus can rewrite Eq. (10) as

hya="¢ / FFffe— FFFfT (12)
h Ji234

omitting the channel index io. Here [ 1/23 4 denotes the
energy integral [ dofdwsdwidwsd(wf + o + @ + wf)/4n>
with o = wy, j 3 ; = —w2 3 4 unifying the energy variables
in electron type.

We then consider the conductance contributed by the
charge-4e AR, which can be obtained from G4 = 01141 4/9V:

e’ : ' e re re re e fe
Ca = 32/1234_,.(fff H T Talog=evs - (13)

assuming that 7 is independent of the voltage V. Here
the integral | 1/23 4_; is over the other three energy vari-
ables while keeping w{ = eV. For completeness, we leave in
Appendix A 2 the detailed derivation as well as the transport
formula for other transport processes and their contributions
to the total conductance. Recall that in charge-2e SC, G, is
simply proportional to 74, the integral nature here would make
the conductance of charge-4e SC quite different from that of
charge-2e SC.

III. PERTURBATION IN SUPERCONDUCTIVITY:
LOWEST-ORDER EXPANSION

It is challenging to solve the charge-4e anomalous Green’s
functions F, Ft and give an exact form of Ty. Therefore, we
begin our analysis by considering some specific conditions
where perturbation theory can take effect.
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We first consider expanding the Andreev reflection co-
efficient to the lowest order of charge-4e superconducting
pairing potential A. Due to the many-body correlation nature
of charge-4e SC, in the theoretical description, one usually has
no particular reason to expect the charge-4e pairing potential
to be weak enough to apply a perturbation theory [26]. How-
ever, such a challenge can be avoided in transport problems, as
we investigate the state that the energy of the incident electron
is much greater than the superconducting gap. Compared with
the injecting energy, the pairing potential can now be seen as
a small quantity, which makes the perturbation effective.

Therefore, we can expand the charge-4e anomalous
Green’s function to the lowest order of A and obtain the
Andreev reflection coefficient up to A? order (here we also
give the result of charge-2e¢ SC for comparison),

) 4 (A/7pr)*
Tyae =42 2 2 20
' (w1 + w2) (w1 + w3)" (w1 + wy4)
AZ
T, =4 ——, (14)
Aze (w1 + w)?

with z = 7 pgI"E /(1 + 7 prT'E/2)” measuring the influence of
coupling. Here pg is the density of states in the right lead.
We have energy constraint w, = w; for charge-2e SC and
wy + w3 + wy = w for charge-4e SC, showing that the total
energy carried by the reflected holes is equal to that of the in-
cident electron. A brief discussion of other transport processes
is given in Appendix B for completeness.

It is now clear to see that the perturbation can take effect
only when the denominators in Eq. (14) are much greater
than the numerators. In charge-2e SC, the energy constraint
preserves that we just require the incident electron to be far
away from the gap. However, in charge-4e SC, the loose
constraint requires not only the incident electron but also the
reflected holes should be far away from the gap. The pertur-
bation would also break down at some diverging points as
some reflected holes carry the opposite energy of the incident
electron. However, these divergences can be compensated by
considering the higher-order contributions. The maximum of
TA(LL would happen when each reflected hole carries one-third
of the energy of the incident electron, which is different from
TA(.IZ)Q that the energy of the reflected hole and the incident
electron are usually equal [44].

Besides, we can see from Eq. (14) that the structure of
TA(LL is similar to the TA(_ylz)e. However, since TAL)E o E~° and
TA(lz)g o« E~? with E the incident energy, we find that they
po’ssess different energy dependence. Meanwhile, the square
of coupling from z? to z* makes TA( 14)e change faster than TA( IZ)e
as z varies, which means that the ‘conductance of charge-4e
SC is more sensitive to the interface barriers than that of
charge-2e SC.

IV. NONPERTURBATION IN SUPERCONDUCTIVITY:
THE EQUATION OF MOTION METHOD

As the incident (reflected) energy stays below or near the
gap, the breakdown of the perturbation expanded by supercon-
ducting pairing potential A implies that we should consider
higher orders of A into the anomalous Green’s function.

One straightforward way is to expand the Andreev reflec-
tion coefficient to the lowest order of coupling |¢.|?, which
makes the nonequilibrium charge-4e anomalous Green’s func-
tion Fi, ik, (0, 12, 13, t4) regress to the equilibrium charge-4e
anomalous Green’s function 8k, Sk, Siks Skk, Fx (0, f2, 13, 14). As
the equilibrium Green’s function of Hg can be solved exactly
[27], for the convenience of future promotion to the weak
coupling case, we introduce the equation of motion (EOM)
for retarded charge-4e anomalous Green’s functions.

A. EOM for equilibrium Green’s function

We first solve the equilibrium charge-4e anomalous
Green’s functions of Hg at t. = 0. By using Eq. (9) and the
identity

1=>"000— )0t — 1,)0(ty — 1.), (15)

(xyz)

with (xyz) the permutation of (234), we rewrite the retarded
charge-4e anomalous Green’s function

F0,1,13,14) = Z —iF (E1k(0), Ex(te), Cyi(ty), Ex(t2))

(xyz)

=) —iP(xy2)0(0 — )0 (t — 1,)0(ty — 1.)
(xyz)

X {[{51/((0)7 Exk(tx)}a Eyk(ty)]a Ezk(tz)}a
(16)

where P(xyz) is the sign of the permutation (xyz).
Clks Cok, C3k, Caf  TEPrESENt Cixy, €1k, C2kt, C2—ky, TESPEC-
tively. Using the Fourier transform, we have

Fl(o, 03, 01) =Y —iF (0,0, 0,). (17
(xyz)

The EOM for F/(%) can then be obtained by consider-
ing the time derivative, with detailed derivation shown in
Appendix C 1.

Recall the EOM for charge-2e¢ anomalous Green’s func-
tion, we note that the closure of the EOM relies on the
commutation relation

[Clkor ’ Hszé] = AC}Lfkfa’ [C—Ifkfa ’ HSZ(K:] = AclkU ’ (] 8)

which also shows the particle-hole symmetry in charge-2e SC.
Similarly, for charge-4e SC, we have a commutation relation

[ClkT’ Hgé] =A dfkw

[dlkT’ Hg] = A Epein,
[Eikrcier, Hse] = A df,w (19)

guaranteeing the closure of the EOM. Here dfkT =

cT_k ¢czk Tcg_k | 1s the operator for charge-3e particles. &1y =
Ny Mok Na—k |, + A1k M2kr Aok, with 7 = 1 — n shows the
effect of occupation numbers to the excitations. Therefore,
Eq. (19) expresses the particle-hole symmetry in charge-4e
SC, where a charge-3e hole (particle) can be converted into
a charge-e particle (hole) combining with its environment
(described by &).
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Equipped with this relation, we can write the EOM for
charge-4e SC,

(0] Iz — H)F = —iF},

(0 Iy — H)F, = —iF,
(0, L7 — H2)F, = —iFy, (20)
with o =w; —in, o, = o, + o, —in, o, = ox+ oy +

w, —in and 1 measuring the energy relaxation rate [42].
I, is the n x n identity matrix. H, H,;, are the coefficient

matrix and F,F(;, are the vectors containing charge-4e
anomalous Green’s functions with different number of time
variables. The superscript “prime” means to select the first
3 (9) elements of F; (F,). We leave the explicit form of
H,Hi,and F, Fy 1, in Appendix C 2.

B. Equilibrium gap spectrum

Using Eq. (20), we show here the result of .# at zero
temperature,
|
(0] + 3ek)(w + 26/()(0))01 + €) + Az(a) + o), t o, + 2€r) 1)

F(wy, 0y, 0;) =

with E} = 4e? + A% This gives us more insights into the
properties of charge-4e SC, especially the energy dispersion
of quasiparticles, which can be obtained from poles of .%.
Similar to the charge-2e SC, the energy dispersion here
also shows a gapped feature. However, we note that there are
two types of gaps. As shown in Fig. 1, while +E; (shown as
green lines) contribute a direct gap of A for the mixing of
charge-2¢ particles (holes), ¢, + E; (shown as yellow and
orange lines) contribute an indirect gap of A’ = v/3A/2 for
the mixing of charge-e/-3e particles (holes). Similar to the
charge-2e SC where the Andreev reflection can be enhanced
at the gap, we will show below that the peaks of Andreev
reflection in charge-4e SC are also related to those gaps.

C. EOM for nonequilibrium Green’s function

We then consider adding the coupling of left leads into
7. In general, introducing the lead coupling would mix the
momentum in the right side and make k not a good quan-
tum number anymore. Besides, the nonzero voltage bias and
the flowing current could regulate the behavior of quasipar-
ticles through the occupation numbers [see in Eq. (19) and
Appendix C3]. These things would bring a lot of complexity
to the description of the transport in charge-4e SC. Therefore,
to capture the main characteristics of charge-4e AR, we con-
sider below an approximation with weak coupling, which can
also be achieved in experiments conveniently. At this point,
the momentum mixture is weak as well as the current is
relatively small so that we can see the lead coupling as an extra
self-energy £ to the charge-4e anomalous Green’s function
while keeping other things unchanged. This would correct the
EOM in Eq. (20):

(a); I3 —H - g)Fneq =
(wv_z I9 - Hl - gl )Fl,neq = lF

lFl ,neq’

2,neq’

(wy, — Ho — E)Fp neq = —iFy, (22)

xyz

with the subscript “neq” distinguishing the results here from
those in the equilibrium case. We leave the explicit form of
&, €12 and discussion in Appendix C 3.

[(wz + ek) - Ek2] [wyz

- ][(wxﬂ —&) - Ez](wxyz + &)

V. CHARGE-4e ANDREEV REFLECTION

Once we calculate the result of nonequilibrium charge-4e
anomalous Green’s functions through Eq. (22), it is straight-
forward to get the Andreev coefficient 7 by Eq. (11).
Therefore, we now reach the stage to give the whole picture
of the charge-4e AR, together with the calculated results of
Andreev coefficient T. Unlike the charge-2e AR where the
energy of the reflected hole is constrained to that of the in-
cident electron, the loose constraint in charge-4e AR would
give two additional energy degrees of freedom w,, w; if we
consider the incident electron with certain energy wi, leaving
w4 = w1 — wy — w3. Together with Eq. (13) which shows that
the contribution of T4 to Gy is further constrained by Fermi
distribution functions, for a given w; = eV > 0, we indeed
only need to investigate the behavior of T in —eV < wp34 <
3eV, which forms a triangle region in the w,-ws3 plane [see in
Fig. 2(a)]. Besides, the two types of gaps shown in Sec. IV
would bring different “in-gap” areas to the energy triangle.

(a))/ \ N T, Dmgh
© Ao Ii D

TA.hgh

0

1

—~
3 M ow

Ty H high
H tow

FIG. 2. Schematics of charge-4e Andreev reflection in w;-w;
energy plane (left column) with corresponding numerical results
of T, at ¢V =0.2,0.4,0.8, 1.8 (from top to bottom of the right
column) in the weak coupling case. While the blue regions denote
the “in-gap” areas, we distinguish the separation lines induced by
different gaps with different types of dotted lines. Moreover, we set
A=1,pr=1,TL =0.02, and n = 0.01 in calculations [45].
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We find that similar to the charge-2e AR, the charge-4e AR
would also be enhanced around the energy gap as well as
decay quickly outside the gap. Therefore, as w; varies, the
competing of these two gaps would change the “in-gap” area,
which dominates the behavior of 7, and eventually influences
the result of conductance G,.

We begin with w; being relatively small. As shown in
Fig. 2(a), the whole energy triangle is inside the gap A’ with
all the incident (reflected) particles (holes) lying below the
gap. Therefore, T, stays stable with different energy but is
slightly smaller in the center than around [see in Fig. 2(b)]. If
we improve the strength of coupling, 74 would increase in the
whole area. As w; increases, some incident (reflected) particle
(hole) would reach the gap A’ where Andreev reflection gets
enhanced. This requires that the maximum energy allowed
to a single particle (hole) should satisfy 3eV > A’, giving
a separation point w.; = A’/3. When w; > w.1, the whole
area would be separated by three lines w;34 = A’ located
at the gap of charge-e/-3e particles [see in Fig. 2(c)]. In the
weak coupling case, the strength of T4 concentrates on these
gap lines [see in Fig. 2(d)]. As we improve the strength of
coupling, those Ty belonging to the “in-gap” area [shown as
the blue region in Fig. 2(c)] would also increase.

The further increasing of w; allows two of the electrons
can carry a total energy of A, touching the gap of charge-
2e particles. This requires that 2eV > A, leading to another
separation point w., = A/2. When w; exceeds w.,, a new set
of three lines appears, with w; — w, = A, w; — w3 = A, and
w| — w4 = A located at the gap of charge-2e particles. At this
time, the “in-gap” area is encircled by six lines, showing a
star of David structure [see in Fig. 2(e)]. In the weak coupling
case, the peaks of T4 mainly focus on the crossover points of
these lines [see in Fig. 2(f)]. The improvement of coupling
would enhance the T, in the whole area inside the star of
David structure.

As w; further increases across w. = 2A — A’, the “in-
gap” area brought by A fully enters into the area brought by
A’. As shown in Figs. 2(g) and 2(h), the maximum of T} is
then back to the position of A’ gap. This “in-gap” area would
eventually disappear as w; > 3A’, leaving the maximum of
T, at the center of the energy triangle w, = w3 = w4 = w;/3.
This also matches Eq. (14) from the perturbation theory in the
case of A < wj, showing the consistency of results provided
by different methods.

VI. CONDUCTANCE

A. Conductance for Andreev reflection

Clarifying the behavior of 7, helps us understand the
conductance of charge-4e SC, which can be measured in
experiments. Applying Eq. (13), we first consider the conduc-
tance G4 contributed by the charge-4e AR [see in Fig. 3(a)].
From the numerical results, we find that the G4 possesses
two major features. One is the conductance peak located at
A’ = +/3A/2. The other is the emerging plateau beginning
from A/2.

When we consider increasing eV from zero, at first, G, is
contributed by those “in-gap” processes [shown in Figs. 2(a)
and 2(b)]. In the weak coupling case, they are relatively small,

AR A

®)

5 L5 20

1.0
eV/ A

FIG. 3. (a) Conductance G4 contributed by the charge-4e AR
with different coupling strength. (b) Conductance G, in (a) is scaled
by G? o (T'F)?, which shows the consistency of decreasing coupling
strength. We use dotted lines to highlight the major features in Gy4.
Besides, G, ~ 472 p; pglt.|*> = 2 pg'" is the normal-state conduc-
tance in the weak coupling case [42,44]. We omit the unit €2 /h for
conductance here and below and keep other parameters the same as
those in Fig. 2 in calculations.

resulting in a near zero G4. Once eV surpasses w.i, the
emerging gap lines enhance the Andreev reflection [shown
in Figs. 2(c) and 2(d)], causing the increasing of G4 before
eV = A/2 [see Fig. 3(a)]. The further increase of eV, how-
ever, turns the maximum of 7 from lines to points. The
emerging plateau is then attributed to the fixed number of
T, peaks [shown in Figs. 2(e) and 2(f)]. Such peaks would
reach their maximum at eV = A’ [as shown in Fig. 3(a)],
where all the participating electrons touch the gaps +A’. We
therefore get the G4 peak located at eV = A’, which differs
from the charge-2e AR that G4 is enhanced at A [44]. Apart
from the peak, G4 decays. While in charge-2e AR, a quick
A? / [A% — (eV)?] behavior is presented [44], the asymmetric
behavior here between eV = A’ (especially when I'' /2 — 1)
shows the slow decaying in charge-4e G, due to the integral
nature of it. Moreover, we compare our results with decreasing
the coupling I'’, finding that the peak and plateau always
appear at weak coupling cases. As the coupling decreases, the
nonequilibrium Green’s functions would regress to equilib-
rium Green’s functions. Our results in Fig. 3(b) then indicate
good consistency, with the small values of G4 being scaled by

G? o (Tt )2 at weak coupling cases.

B. Conductance for other transport processes

We then consider the contributions of other transport pro-
cesses to the total conductance (see Appendix A2 for the
formulas used in numerical computation). Except for the
quasiparticle tunneling process, the other transport processes
can also be viewed as Andreev reflection with some of the
reflected holes entering into the right leads. Similar to the
charge-2e¢ AR where an incident electron can be converted
into a hole in the superconductor due to the “branch crossing”
[42,44], we distinguish those processes by which side the
reflected holes enter and use Ty g, , Gugy, Witha, B,y = L, R,
to denote them (see Appendix A 2 for the detailed formulas.)
Due to the coexistence of left-leaving holes and right-leaving
holes, we find that they possess features both in Andreev
reflection and normal tunneling with different types of quasi-
particles. Therefore, we cannot simply attribute them to the
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FIG. 4. Conductance contributed by the charge-4e AR with some reflected holes entering the right leads. (a)—(c) Show the conductance
Grir, Grrr, and Gggg, respectively, with different coupling strengths. We use dotted lines to highlight major features in those conductances

and keep other parameters the same as those in Fig. 2 in calculations.

transmission processes like what we usually do in charge-2e
SC [32,38].

Figures 4(a)-4(c) show numerical results for the conduc-
tance Grrg, Grrr, and Gggg, respectively. These processes
contain both features in Andreev reflection and quasiparticle
tunneling. While the emerging increase from eV = A/2 and
the peak at eV = A’ is similar to that behavior of G, we
attribute the peak at eV = A to the combination of charge-2e
quasiparticles in the right leads. Note that the symmetry pre-
serves that GLLR = GLRL = GRLL and GLRR = GRLR = GRRL-

C. Total conductance

Finally, combining all the processes (including all Andreev
reflections G,g, and the quasiparticle tunneling G,) gives us
the total differential conductance Gi. As shown in Fig. 5,
in the weak coupling case, we have a U-shape curve of Gyy.

'
20 A{Z 2 T
SR W I 2-m
' —T2=002
1.5 - ' ——T2=003 |
: s | =004
|

Gtot / Gn

0.5 0.6 0.7 0.8
eV/A h

0.0 1
0.0

05 1.0 15
eV/ A

FIG. 5. Total conductance with different coupling strength. We
use dashed lines to highlight the major features in Gy, and the
insert shows detailed behavior of the plateau. Besides, we keep other
parameters the same as those in Fig. 2 in calculations.

20

We also find the plateau beginning from eV = A /2 as well as
the conductance peak at ¢V = A’. While the former is mainly
contributed by G4 and Grrr rrr riL. the latter is mainly con-
tributed by the divergence of the DOS in charge-4e SC [27].
As ¢V increases away from the gap, Gy eventually tends to
the normal-state conductance G,, backing to the results in
normal metal/normal metal junctions [42].

Moreover, it is beneficial to discuss the possible behaviors
of Gggp, in the strong coupling case. While in the weak cou-
pling case, the increase of coupling would rise the height of
the features at A/2 and A’ [see in Figs. 3(a) and 4(a)]. If we
further improve the coupling, however, the increase of T4 in
those “in-gap” areas would suppress the contribution in gap
lines, eliminating the plateau feature. Therefore, when eV is
close to zero, Ga/ (eV)? ~ (2/m?)Ty is the constant propor-
tional to the area of the energy triangle. As eV increases, the
behavior of G,/(eV)* would be proportional to the area of
the “in-gap” region, and the total curve of G4 would show a
V-shape behavior. Besides, to see the possible values of those
conductances, we further consider an incident electron with
energy E, the conservation of probability in charge-4e SC case
requires that

!
= LE+RE+ Y. [ Tl @
afy 1234—i

where T, is the tunneling coefficient and R is the reflec-
tion coefficient. T4, are Andreev reflection coefficients with
Trr = Ta. Due to the non-negativity of those coefficients, we
have

0< (24)

/
/ Tupyloc=e <1,
1234—i

which would give us an estimation for G,g,. Note that here
we do not involve Fermi distribution functions. This would
extend the integral range to the whole energy plane and cause
the result of the single integral in Gug, [see in Eqgs. (13) and
(A13)] less than that in Eq. (24). Therefore, we have

2

e
Gaﬁy < (naﬂy + 1);7 (25)
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with n,g, measuring the number of holes entering the left
leads. We then expect to approach these values in some strong
coupling cases, such as a possible maximum 4e?/h peak at
A’ for the perfect charge-4e AR, differing from the maximum
2¢?/h peak of charge-2e AR [44].

VII. DISCUSSION AND CONCLUSIONS

The calculations above provide a comprehensive descrip-
tion of the charge-4e AR, from the transport formula to the
picture of the behavior of T4. Differing from the charge-2e
SC, in charge-4e SC, the superconducting potential A intro-
duces two types of gaps, an indirect gap of A’ = +/3A/2 for
charge-e/3e quasiparticles and a direct gap of A for charge-
2e quasiparticles. These two gaps compete with each other
to decide the “in-gap” area for the Ty, thus introducing the
conductance peak at eV = A’ and the plateau beginning from
eV = A/2 at weak coupling case.

In experiments, these features can help us distinguish the
charge-4e SC from the charge-2e SC. As the value of the su-
perconducting potential usually remains unknown, it is hard to
distinguish A’ from A directly. Therefore, the existence of the
plateau not only gives us direct evidence that differs from the
conductance spectrum of charge-2e SC but also provides us a
way to check the behavior of +/3 as the ratio of the position of
the gap and plateau. Besides, these behaviors also distinguish
the charge-4e SC from two-gap charge-2e SC, as its con-
ductance spectrum usually contains two peaks and irregular
ratio of two gaps [46-50]. Moreover, if we can change the
coupling continuously, like approaching the tip to the sample
in STM experiments, the rising of the conductance inside the
gap can alter the curve of the differential conductance from
U shape and plateau to V shape, with a parabolic behavior
near the center of the gap. This would give more hallmarks
for experimental observation.

In summary, we investigate the Andreev reflection in
a normal metal/charge-4e superconductor junction, which
involves four particles due to the characteristics of quar-
tet condensation. Using nonequilibrium Green’s function
method, we obtain a four-particle-type Landauer-Biittiker
formula with generalized charge-4e anomalous Green’s func-
tions to describe this process. We then calculate and clarify
the behavior of this process with various incident energy
and show the conductance contributed by it. Our results
can enrich the understanding of the transport with charge-
4e SC and give more guidance for future experimental
verifications.
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APPENDIX A: DERIVATION OF THE FORMULA
FOR TRANSPORT PROCESSES IN NORMAL
METAL/SUPERCONDUCTOR JUNCTIONS

In this Appendix, we derive the formula for transport pro-
cesses in the normal metal/superconductor junction, with the
superconducting side being either charge-2e superconductor
or charge-4e superconductor.

1. Transport in charge-2e superconductivity

We first derive the transport formula in the case of charge-
2e SC. To describe the Andreev reflection, we explicitly insert
the coupling term of channel 1| into Gy sk (71, 7). By
using the Wick’s theorem, we get

[part of Gy xk; (71, )]

= / drdty Yy Fo(ti, ) iy(v, 1) B, (1, 7)),
¢ Kok
(A1)

with  Fy,, (11, 72) and sz K (t5,7{) being the nonequi-
librium anomalous Green’s functions. X,(12, 75) =
> ltel*g} ) (T2, 73) is the self-energy of coupling to channel

1} with gj{%k(rz, 7)) = —i(a?_ki(fz)a]_u(‘fz,))(c) being the
hole-type free Green’s function in the decoupled system (i.e.,
when t, = 0).

We then apply the analytic continuation [51] to get the less
(greater) Green’s function Gﬁ’ « (@1) as the Fourier transform

<
of G1>T,k1k; (t, 0):

[part of G1<T-k1/<i (w1)]

=D D DIER @) B (@) B (@),
koky s’
[part of G1>¢,k|k; (w1)]
=D > EDE (@) B iyt (@),

kokl  ss'

(A2)

with s,s' =+ being the branch index and P being the
total number of “minus” branches among them. Besides,

Fkliki(a) D, FkT/’kﬁFi(wl ), and Eﬁi (w; ) are Fourier transforms of
2 2Kq

Pk, (1%, 0%), szki (t%,0%), and =, (t%, 0F), respectively. In

114> We need to select the less (greater) part Eﬁ
from 7. By using ¥, = —Xf, = —il'*/2, T = if/| ",
and X7, L= —i fl'i 'L [52] we eventually obtain Egs. (4) and (5)
from Eq. (A2).

While Eq. (A2) contains the process of Andreev reflection,
it should be emphasized that the rest parts of Eﬁi (i.e., Efi“)
in Eq. (A2) also contributes to the other transport processes.
Using the Keldysh equation [42]

<
order to get G,

GS = (14+G'¥)G(1 4+ Z“G) + G'I5G*

= G'[G}'GS G + 2567, (A3)
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ﬁ . can be derived as [43,53,54] (omit-
Jkiky

ting the energy variable w;)

. re L . R
Tkl = ZGQMIIQ [iff; 75+ if T80, ]G4 ne
okl

- rh . s
+ B [T+ if TR 8 ] R

the exact form of G

1>T,k,k; = Z Gimklkz[_ifﬂrL - ifFRSkzké]GlllT,kék{

Kok,

+ B [T = i T Sy JF (A4)
where f =1— f and f = f(w;) is the Fermi distribution
function in the right lead. I'® = 25 measures the linewidth of
the quasiparticles in the right lead [42]. Substituting Eq. (A4)
into (3), we then get the transport formula for other transport
processes.

One is the quasiparticle tunneling process, which con-
tributes a current

b= [ oty - 1, (A3)

where Ty(w1) = T'TR 37, 0 Gl 41, Gy 4 18 the tunneling
coefficient.

The other is the Andreev process with the reflected hole
entering the right lead, contributing a current

Iiwg = %/dwl (ff}];— f_ﬂf) Tr

e

h/dwl(ffT — f) Tx.

; _ T'LTR f.a
with Tr(wy) =TT Zklkzki Fk’Ikszzk; .
We usually do not distinguish these two processes and

define the transmission current [38]
e
IlT,trans = E / dwl (f]eT - f) ﬂrans,

with transmission coefficient Tirns = T, + Tg. Together with
Eqg. (6), we have the total current

(A6)

(A7)

Il?,lot = Il?,A + 11T,trans~ (A8)

2. Transport in charge-4e superconductivity

Similar to the charge-2e AR, the charge-4e AR can be
described by inserting the coupling terms of the other three
channels into Gy g, K, (t1, 7{). Using the Wick’s theorem, we
get

[part of G4k, (71, T1)]

/ / /
=— /drzdrgdr4dr2dr3dr4 Z Fo ok, (T1, T2, T3, T4)
p

koksky
kaksky

X Z1(12, 15) 24 (13, T3)
(A9)

T
X EZi(féh r‘;)Fk‘;kgksz (Tziv Téa 7:2,’ Tl/)»

: ¥ Y A :
with Fi, kyksk, (T15 T2, T3, T4) and Fkgkgk;k’l (14, 73, 75, 1) being

the nonequilibrium charge-4e anomalous Green’s functions.

Sio(r, T =), |tc|2g};mk(r, t’) is self-energy of coupling to
channel io with ¢! (z,7') = —i{a}, (Dan, (') being the
hole-type free Green’s function in the decoupled system (i.e.,
when 7, = 0).

We then apply the analytic continuation [51] and use the
Fourier transform to get the less (greater) Green’s functions

[part of G,?klk? (w1)]

— _1\P 528384 525)
= E E (=1 F}<|k2k3k421¢ (w2)
234 iy S
KKK, $h5s,

5385 548 848585 —
X ZzT (w3)22l (w4)Fj‘k§k§k{ s

[part of Gl>M1ki (w1)]

_ _1\P 525384 SZS,Z
= / E E (=1 Fk|k2k3k421¢ (w2)
234 koksky 25354

KKk, 55535,

5385 5458 T8, 5555+
x B (w3) B ) E i

Lk, (A10)

with 533 4, 83 3, = =+ being the branch index and P denoting

the total number of “minus” branches among them kaka[lili =

thtt Tttt ottt
Bk, (@2, @3, 04) - and - Fynn ™ = B
are the Fourier transforms of Fk1k2k3k4(0i,t2i,t§t,tf) and

i + .+ .+ o+ ++ . .
Fkgkgk;k; (t; . t5,t5,0%). X “(w;) is the Fourier transform

of ip (15, 0%). To get G, .

(greater) part E% from the Zii. With some simplification,
we can get Egs. (8) and (9) in the end.

Similar to the charge-2e SC, here we have extra processes
contributing to the total conductance, including the quasiparti-
cle tunneling and the other three types of Andreev processes.
While the current /4 4, contributed by the quasiparticle tun-
neling has the same form as Eq. (AS), the formula for other
transport processes can be generalized from Eq. (A6). We de-
note them as 114 4y, With @, 8, y = L, R denoting which side
the reflected holes enter, and set I14 ;11 = I1y 4. According to
the number of reflected holes entering the right side, we have

+
(w4, w3, w2)

we also need to select the less

/

e o
Ly i =~ (ffff—=rfrf) Toers
h J1234
/
Ly irr = — (ffff =) Ters
h Ji234
!
Ly rRRR = 7 (ffff = ffFf) Trers (A1)
1234
with
L\3 <R t,
Tr=I")T ZFer,klk2k3k4F1Tflk4k§k§ki’
Kk,
— (TL\2 (TR )2 1,
Tigr = () (I') ZFerwklk2k3k4F1¢flk4k3k/2k;’
kiK'
— TL(TRy3 1,
Trrr = T(I') ZFer,klkzkzluF1¢,ak4k3k2k;' (Al2)
Kk,
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Others like IlT,LRL(TLRL)’ IlT,RLR(TRLR)7 etc., are analogous.
Therefore, we can measure their contributions to the con-
ductance by Gy, = 014,48, /3V,

GLLRZ_Z/

1234—i

GLRR:_Z/

Grrr = %/ (FFf+ FFF) Trrrlws=ev (A13)
1234-1

S+ PP Tuirluog=evs

L+ FFF) Turrlug=ev

1234—i

assuming that all 7,4, are independent of voltage V. Others
are analogous. We then obtain the total current and conduc-
tance

Lo =1y g+ ZIIT,a/Sy»
afy

Gou=Gy+ Y Gupy,
aBy

(Al4)

with GLLL = GA.

APPENDIX B: PERTURBATIVE EXPANSION FOR OTHER
PROCESSES IN NORMAL METAL/CHARGE-4e
SUPERCONDUCTOR JUNCTIONS

In this Appendix, we briefly discuss the perturbative
expansion for other transport processes. The first one is
the quasiparticle tunneling process, which is described by
Eq. (AS). To calculate the nonequilibrium G/ we begin

11 kiks?
with the Dyson equation [51]
G (@) = S8 (0D + Y gl (1)

kik,

r/a r/a
x [ 2 + ik (@n]GY, i Kk, (@1):

(BD)

with g4« being the free Green’s function. Er/a = Fil't /2 is

the self-energy of coupling to channel 1 1 and E;T”k o (@1)

is the Fourier transform of the irreducible self-energy

Eﬁak, « (£, 0) containing the superconducting interaction and
P12

the coupling. Expanding %4 x4 (7, ') to the lowest order of

A and applying the analytic continuation [51], we have

1) 2
2 i (7 T) = =A%G1 i (7. TG ks (7. T)
X Gy uiwy (T, '),

< , ,
S (1) = = A0, 4, (1G5, 4, (1)

19,k K
/
X 2>¢,k;k/2(t’t ), (B2)
with
Gis ki, (t, 7)) = 5k;k;gﬁ,,k; (r, )+ /dfldff ng'(,,k; (t. 1)
C
X

X Xio (71, 1) Gio i, (T1, T)- (B3)

Using [51] (omit the subscript for simplification)

=@, 0) =0z, 0) - ==, 0)],
=,0) = 0(-0[2D =, 00~ 27, 0], (B4

the Fourier transform to £"/%(w;) would then lead to in-
tegrals over terms like (f, fsf, + faf_ﬂfy ), where o, B,y =
L, R denotes the Fermi distribution function in left (right)
leads, as GS contains terms with Jr.r. This is consistent with
the results in Ref. [5] and can be seen as the generalization
to the nonequilibrium case. From this we can find that, in
general, if we fix the energy of the incident electrons, the
voltage bias would still affect 7; by changing the occupation
numbers. This is consistent with the discussion in Sec. IV,
showing the specific particle-hole symmetry in charge-4e SC.

As for the other three types of Andreev processes, the
lowest-order expansions of 7,4, can be expressed like (omit-
ting the expressions of A; ; 3 for simplification)

Ay (o, 0, 5, @, 21)

1 3.2
TL(LI)Q =4z77v
B(a)e ws, w5 a)e)
12 Wy W3, Wy
e (4 e (4
AZ(wlv“)z""ywal)

(1) 2 2
TLRR =4z

’

B(wf. 5. . )

2 A3 (0f, @5, 05, 5, 21)

Trrk = 42v , (B5)

B(wf, 5, w5, o)
with v = A/mpr and z; = wperl'L/(2 + mwpgrTL). Despite
having different sensitivity to the coupling, the same form of

the denominator of Ta(f];;/ shows similar energy dependence.
We can write it explicitly

[T (- ). (B6)

i#j

B(wf, 5, @, wf) =

Therefore, the perturbation breaks down when at least two
of the incident electrons carry the same energy. In fact, it is
these points that mainly contribute to 7, and dominate the
transmission processes.

APPENDIX C: THE EQUATION OF MOTION
FOR RETARDED GREEN’S FUNCTIONS

In this Appendix, we derive the EOM for charge-4e anoma-
lous Green’s function.

1. The equation of motion for multitime
retarded Green’s function

According to Eq. (16), we begin with examining the time
evolution of multitime retarded Green’s function .%. For the
convenience of future applications, we consider the general
form of Z (t,, t,, t,),

F(A0), X (1), Y (1), Z(1,))
= P(xyz)0(0 — 1)0 (1, — 1,)0(ty — 1)
x {[{A0), X (1)}, Y (1)1, Z(2.)}. (CDH
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with operators A, X, Y, Z owning different times. The Fourier
transform of % (1, t,, ;) can be written as

iyl iwyty
F(wy, wy, 0;) = fdtxe’w' /dtye""—

x / dt e F (t,, 1y, 1)

0 ) ty )
/ dt, e f dt,e'"
—0oQ —0oQ

t, )
X / dt,e' = F (t,, ty, 1,).

—0Q

(C2)

We first consider the time derivative of 7,. Using the Heisen-
berg equation, we have

iazy(tx’ tyv tz) = [fgz.s Hz](txy ty’ tz)v (C3)

where [.7, H.] = .7 (A(0), X (t,), Y (t,), [Z(t.), Ht(t.)]). No-
tice that

t,
/ dt,e' ™" (0, F (ty, ty, t;)
—00

ty

= i F (ty, by, 1)) + @] / dt.e " F (t, t,, 1,).

—00
(2))
The Fourier transform of Eq. (C2) then gives
o, F(wy, wy, ®;)
= —iF 1 (wy, wy) + [F, H(0x, @y, ®;). (C5)

Here .71 (wy, wy;) is the Fourier transform of .% (t,, t,, t,) with
wy; = wy + w,. We note that in our calculations, w; , . are hole
energies due to the selection of time variables that is opposite
to the usual way. This also causes the —in which preserves the
causality 0 > #, ..

Repeatiung the above steps for 7, and 1, we finally get a
complete set of EOM,

wz_j(wxv Wy, w;) = —iF (wy, a)yz) +[Z, H |(w,, Wy, w;),
w\;gzl (a)Xa wyz) = _i§2(wxyz) + [g\la [_Iy](wxa wyz)’
w;yzﬁZ(wxyz) = —iFy + [F2, Hx](wxyz)’ (Co)

where Zy = Z(A(0), X(0), Y (0), Z(0)). Fa(wxy), [F1, Hy]
(wy, wy;), and [.F,, H](wyy,) are the Fourier transforms of
g(tm Iy, tx)’ [ﬁls Hy](tx, tys ty), and [927 Hx](txa Iy, tx) with

[Z1, Hyl = Z(A0), X (1), [Y (ty), Hiat (1y)], Z(1))
+ F(A0), X (1), Y (1y), [Z(ty), Hiot (1)),
[F2, He] = F(AQ0), [X (tx), Hior (1], Y (12), Z(1x))
+ F(A0), X (1), [Y (1), Hiot ()], Z(1))
+ FZ(A0), X (1), Y (1), [Z(t,), Hia (£)]). (CT)

2. The equation of motion for equilibrium
retarded Green’s function

We here give the explicit form of the EOM to solve
F (wy, wy, w;). Using the EOM derived in Appendix C 1 and
the commutation relations (19), we define F, which is the

Fourier transform of
F(A0), X, (1), Y1(ty), Zy(t,))
F(A0), X, (1), Y1(ty), Za(t) |,
F(A0), X, (1), Y1(1y), Z3(1.))

(C8)

with A=y, X| =, Y1 =6y and Zy =84, =d),,
73 = &4y This leads to

(0] Iz — H)F = —iF}, (C9)
with the coefficient matrix
€k A 0
H=|0 =3 A], (C10)
0 A €k
and F| being the Fourier transform of
F(A0), X1 (1), Yi(ty), Zi (1))
F(A0), X, (1), Y1 (ty), Zx(ty)) (CID

F(A0), X1 (1), Y1 (ty), Z3(1y))

It then requires F| to solve F. We thus define F;, in
which the (3i + j — 3) element is the Fourier transform of
F(A0), X, (t,), Yi(ty), Z;(t,)), with i, j =1,2,3. Here the
definition of Y) , 3 is the same as Z; , 3 and we can get F] as
the top three elements of F;.

Following the similar procedures, we can derive the EOM
for Fy,

((1)‘)_Z I9 - Hl)Fl = —iF,z, (C12)
with the coefficient matrix
Hi1 Al 0
Hi=| 0 Hp AL,
0 ALy Hyy
2€k A 0
Hu=10 2 A,
0 A 26k
—2¢; A 0
Hip = 0 —06¢; A (C13)
0 A —Zék

Besides, F, are the top nine elements in F,, in which
the (9i 4+ 3j + k — 12) element is the Fourier transform of
F(A0), Xi(t,), Y;(t,), Zi(t,)), with i, j, k = 1,2, 3. Here the
definition of X 5 3 is the same as Z; 3.
We then write the EOM for F,
(wy,, Ir7 — H2)F> = —iFy,

Xyz

(C14)

with H, being the coefficient matrix similar to H, H;.
Fy is the vector with its (9i 4 3j 4+ k — 12) element being
Z(A0), X;(0), Y;(0), Z:(0)).

Since the value of Fy can be solved exactly [27], at zero
temperature, we find that the nonzero terms in F are

F(A0), X2(0), Y1(0), Z,(0)) = 1,
F(A0), X>(0), Y1(0), Z3(0)) = 1,

F(A0), X5(0), Y1(0), 22(0)) = —1. (C15)
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This completes the whole set of EOM and we can solve
F (wy, wy, ;) as F(1).

3. The equation of motion for nonequilibrium
retarded Green’s function

Here we extend the EOM in Appendix C 2 to the nonequi-
librium case with the coupling of the left normal metal lead
and briefly discuss the complexity for transport in charge-4e
SC. In charge-2e SC, the EOM for nonequilibrium Green’s
functions can still be closed with the help of commutation
relations like

[ciko, Hel = tears,  laiks, Hel = teciq, (C16)

where a1, = ), airo and ci; = Y, c1ko. However, the sit-
uation for charge-4e SC is much more complex, due to the
commutation relations like

T _ T T ) ToT
[dyy Hel = —te (aucékrcz—u + €1k 924 Coypy

+ CT—kic;kTagi)’ (C17)

[Eikrcike, Hel = te Eiparr + (k) Varp.2—ky
+ jsz\)l—u,z—u + jz-u Vl—k¢,2kT)Clk¢7
(C18)

where a,T{, =>4 a,-Tk(,, Qic = Y 1 Qiko s Vik, jk = i jk — Al ji.,
and jio =1, Zk/(cjkaa,vk/g - a;fk,ac,-kg). Here Eq. (C17) de-
scribes the coupling between charge-3e particles and left
leads, which would mix the momentum of three channels, and
Eq. (C18) describes the effect that the occupation numbers
in charge-4e SC would be affected by the appearance of the
current.

To suppress these many-body correlation effects, we con-
sider the approximation with weak coupling |t.|?, where the
lead coupling only introduces an extra self-energy £ to the

charge-4e anomalous Green’s function. This approximation
is effective due to the dominant contribution of the diagonal
term Sgk, Sk, Srks Sty 1, 1t tO the summation 3, Fl oo as
those momentum mixing terms are higher-order terms of |z.|>.
Therefore, we have

(@ Ty — H — )Fpeq = —iF,

1,neq’
(@, Iy = Hy — ENF1neq = —iF) g
((,();yz I27 - HZ - EZ)FZ,neq = —iF(), (C19)
with
irt/2 0 0
E=| 0 3rt/2 0 (C20)
0 0 irt/2
and
Eu O 0
51: 0 5u 0 s
0 0 &n
irt 0 0
En=10 2art o |,
0 0 irt
2irt 0 0
Enp = 0 3irt 0 (C21)
0 0 2irt

&, is similar to &£, &;. Notice that as we consider the cou-
pling hardly altering the property of charge-4e SC, at zero
temperature we still use the result of Fy in equilibrium. As
the coupling is strengthened, not only the contribution of the
momentum mixing terms needs to be considered but also the
value of nonequilibrium F( needs to be decided by some self-
consistent method, which we would leave for future study.
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