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Terahertz spin-wave excitations in the transverse conical phase of BiFeO3
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Although BiFeO3 is one of the most studied multiferroic materials, recent magnetization and neutron scatter-
ing studies have revealed a new magnetic phase in this compound—the transverse conical phase. To study the
collective spin excitations of this phase, we performed terahertz spectroscopy in magnetic fields up to 17 T at
and above room temperature. We observed five spin-wave branches in the magnetic phase with long-wavelength
conical modulation. Using a numerical spin dynamics model, we found two kinds of excitations with magnetic
moments oscillating either along or perpendicular to the static fields. Remarkably, we detected strong directional
dichroism, an optical manifestation of the magnetoelectric effect, for one spin-wave mode of the conical phase.
According to our experiments, the stability of the conical state is sensitive to the magnetic-field history, and
it can become (meta)stable at or close to zero magnetic field, which may allow exploiting its magnetoelectric
properties at room temperature.
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I. INTRODUCTION

Among magnetoelectric multiferroics, i.e., materials with
coexisting ferroelectric and magnetic orders [1–4], BiFeO3

attracted particular interest [5] because (1) it is one of the
few room-temperature multiferroics [4], (2) it shows large
ferroelectric polarization, even compared with conventional
ferroelectrics [6], and (3) it has a complex magnetic structure
shaped by competing interactions [7,8]. Based on the magne-
toelectric (ME) coupling between the electric polarization and
the magnetic order, several potential applications of multifer-
roics were envisaged, such as magnetoelectric memory and
logic devices [9–14]. BiFeO3 has been a test bed for these
concepts, and many fundamental features relevant for applica-
tions, such as electric field control of magnetic domains [15]
and magnetization [10] and nonreciprocal light absorption
[16], have been demonstrated in this material.

Even though BiFeO3 has been studied extensively, large,
ferroelectric monodomain single crystals became avail-
able only in the last 10 years [17]. These laser-floating-
zone-grown crystals allowed the systematic characteriza-
tion of magnetic-field-induced electric polarization [18,19],

*toth.boglarka@ttk.bme.hu

observation of magnetic-field-induced reorientation of the cy-
cloidal domains [20], determination of the optical selection
rules of spin waves [21], and measurement of their anisotropy
[22]. Remarkably, the magnetic-field-temperature phase dia-
gram of BiFeO3 has still not been fully explored: recently, a
new magnetic phase, the transverse conical state, was discov-
ered above 150 K [23,24]. Although the spin-wave excitations
of BiFeO3 have been studied close to room temperature us-
ing inelastic neutron scattering [22,25,26], Raman [27], and
terahertz (THz) [16,28–31] spectroscopies, the spin-wave ex-
citation spectrum in the transverse conical phase has remained
unexplored. Here, we study the spin-wave excitations in this
magnetic-field-induced transverse conical phase, but before
presenting the results, we briefly summarize the most impor-
tant aspects of the phase diagram of bulk BiFeO3 below.

The perovskite structure of BiFeO3 [see Fig. 1(a)] under-
goes a lattice distortion at around 1100 K, and its symmetry
decreases to the rhombohedral R3c [32,33]. Upon this struc-
tural transition, ferroelectric polarization appears along one
of the 〈111〉-type body diagonals [34]. Throughout the paper,
we use the Cartesian system {X, Y, Z} with axes paral-
lel to {[11̄0], [112̄], [111]}, as shown in Fig. 1(a). In the
rhombohedral phase, below 640 K, a cycloidally modulated
antiferromagnetic order sets in [see Fig. 1(b)] [35]; thus,
BiFeO3 becomes multiferroic well above room temperature.
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FIG. 1. (a) Perovskite unit cell of BiFeO3. The {x, y, z} axes
show the coordinate system of the pseudocubic unit cell. The Z =
[111]/

√
3 axis is parallel to the hexagonal axis, while X = [11̄0]/

√
2

and Y = [112̄]/
√

6 are in the perpendicular plane. At 1100 K, the
unit cell undergoes a rhombohedral distortion, and electric polar-
ization emerges along a body diagonal. (b)–(d) Schematic drawings
of magnetic structures in the different phases of BiFeO3 when the
static field B points along Y. Spins in two antiferromagnetically
coupled hexagonal planes, light red and light blue, are shown. (e)
Magnetic phase diagram of BiFeO3 as a function of temperature and
magnetic field. In increasing fields, the cycloidal-transverse conical
phase boundary is indicated by gray symbols, and the conical-canted
antiferromagnetic phase boundary is indicated with white symbols.
In decreasing fields, the conical-to-cycloidal transition is marked by
blue symbols. The striped region shows the hysteretic region. Stars
are the THz data from this work, and triangles are the magnetization
data from Ref. [23].

The strongest Heisenberg interaction between neighboring
spins is antiferromagnetic, favoring a G-type order [26,36],
i.e., with the magnetic moments pointing oppositely in con-
secutive atomic layers stacked along the [111] direction. The
polar displacement of the ions and the antiferrodistortive ro-
tation of the oxygen octahedra allow for homogeneous and
staggered Dzyaloshinskii-Moriya (DM) interactions [37]. In
competition with the Heisenberg interaction, the homoge-
neous DM interaction leads to the cycloidal modulation of
the antiferromagnetic structure. The staggered component is
responsible for a local weak-ferromagnetic component ap-
pearing perpendicular to the ferroelectric polarization. As the
spins of the cycloidal structure rotate, this term results in an

additional spin-density wave modulation [38]. The q vectors
describing the modulated order lie in the plane perpendicular
to the ferroelectric polarization and parallel to one of the three
equivalent 〈11̄0〉-type (X-type) directions [34].

In a magnetic field applied in the XY plane, the q vectors
rotate in the plane perpendicular to the field, and at low
temperature, above 7 T only domains with q vectors (nearly)
perpendicular to the field remain [20,21]. This rearrangement
is mainly driven by the difference between the longitudi-
nal and transverse susceptibilities defined with respect to
the local antiferromagnetic order parameter. A sufficiently
high magnetic field suppresses the modulated order, and a
two-sublattice canted antiferromagnetic (CAFM) order with
a finite weak magnetic moment along the applied field [see
Fig. 1(d)] becomes energetically favorable [7,18,39,40].

At temperatures above 150 K, recent magnetization and
polarization measurements [23] and neutron scattering studies
[24] revealed an intermediate phase between the cycloidal
and the CAFM phases see Fig. 1(e). In agreement with
former theoretical predictions [41], this transverse conical
state with q vectors parallel to the field emerges as a com-
promise: it is a combination of spiraling and homogeneous
antiferromagnetic orders, as shown in Fig. 1(c). Remark-
ably, this magnetic-field-induced phase possesses a linear
magnetoelectric effect of 210 ps/m [23], which is exception-
ally large even compared to those of orthophosphates and
boracites [42–44].

Spectroscopic techniques have provided valuable infor-
mation on the complex magnetic structure of BiFeO3 and
the interactions stabilizing it. Inelastic neutron scattering
experiments revealed the magnon dispersion over the Bril-
louin zone, from which the nearest- and next-nearest-neighbor
Heisenberg interactions were deduced [26,36]. Due to the
long-wavelength modulation, the magnetic Brillouin zone is
much smaller, which leads to a series of excitations close to
the center of the Brillouin zone [8,45]. These spin-wave exci-
tations of the cycloidal phase were probed by high-resolution
Raman and THz spectroscopy [16,21,28,46,47]. The strength
of the DM interactions and the easy-axis anisotropy were
determined from the resonance frequencies. Moreover, the
dynamic magnetoelectric coupling gives rise to nonrecipro-
cal directional dichroism (NDD) in BiFeO3, which is the
light absorption difference for counterpropagating beams
[16]. However, despite these efforts, the collective excita-
tions of the transverse conical phase have not been studied
so far.

In this paper, we present the magnetic-field dependence
of the THz spectra measured in ferroelectric monodomain
BiFeO3 samples at 300 and 350 K up to 17 T. At such high
temperatures, our magnetic-field range covers all three above-
mentioned phases. Besides the resonances of the cycloidal and
the CAFM phases, we observed five THz active resonances in
the transverse conical phase. In increasing field, three reso-
nances disappear, and the remaining two modes continuously
evolve to the resonances of the CAFM state. Remarkably, we
observed strong NDD for one mode of the conical phase. Fur-
thermore, we derived spin-model parameters which describe
well the resonances of the cycloidal and CAFM phases and
qualitatively capture the spin-wave modes of the conical phase
near room temperature.
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II. EXPERIMENTAL METHODS

Fourier-transform infrared spectroscopy was performed on
high-symmetry cuts of ferroelectric monodomain single crys-
tals of BiFeO3. Three pieces, large faces normal to the X,
Y, and Z directions, were the same as used in Refs. [21,39].
Samples were large enough to cover a 3 mm diameter hole; the
thickness of the samples was about 0.5 mm, and the samples
were polished to a wedged shape with 2◦ angle. The same
experimental setup as in Ref. [21] was used to study THz
absorption in a magnetic field, but the Faraday and Voigt
probes were modified. The sample was placed on a small
copper disk with the heater and thermometer. The sample disk
was thermally isolated from the rest of the probe using plastic
parts. On the optical path between the sample and the 0.3 K
bolometer, four radiation shields with 4 mm diameter aperture
were installed. Despite these measures, the thermal heat load
from the sample probe at 300 K on the bolometer using a
40 cm−1 high-cutoff filter reduced the bolometer sensitivity
about 1 order of magnitude compared to the measurements at
a sample temperature of 4 K.

The magnetic-field dependence of the THz transmission
was measured up to 17 T in two configurations. In the Faraday
configuration, the light propagation vector k is parallel to
the external magnetic field B, whereas in Voigt geometry, k
is perpendicular to B. Before recording the spectra at 300
and 350 K, a magnetic field of 17 T was applied at low
temperatures. This created a magnetic monodomain with the
cycloidal-order q vectors aligned perpendicular to the ap-
plied field. We obtained the absorption spectrum following
Ref. [21]. First, we determined the field-induced absorption
difference �αB as

�αB = α(B) − α(0 T) = − 1

d
ln

( I (B)

I (0 T)

)
, (1)

where I (B) is the intensity of the transmitted light at magnetic
field B and d is the sample thickness. Next, we calculated
the median of �αB at each frequency, for all field values,
which gives us the negative value of the zero-field absorp-
tion spectrum −�α0. With this method we recovered the
absorption lines in the zero-field spectrum, which shift due
to the magnetic field in frequency by more than the linewidth
or are absent in magnetic-field-induced phases. Finally, the
zero-field spectrum was added to �αB to calculate �α, �α =
�αB + �α0. We obtained directional dichroism as the ab-
sorption difference detected upon the reversal of the magnetic
field instead of the light propagation vector, following earlier
experiments [16].

III. EXPERIMENTAL RESULTS

A. Magnetic-field dependence of the spin waves

Absorption spectra measured in the Faraday configuration
at 300 and 350 K are shown in Fig. 2. Spectra recorded
in increasing (decreasing) fields are plotted in red (blue).
The zero-field spin-wave resonances of the cycloidal state
shift to lower frequencies as the temperature is increased, in
agreement with former Raman and THz spectroscopy studies
[28,30,46], and follow a similar field dependence observed at
low temperatures [16,21,47]. However, in higher fields, there

FIG. 2. (a)–(d) Magnetic-field dependence of the differential ab-
sorption spectra for various field directions and light polarizations.
The spectra are shifted by a constant proportional to the magnetic-
field strength. Spectra measured in increasing (decreasing) magnetic
fields are red (blue). Spectra in (a) and (b) were measured at T =
300 K, whereas spectra in (c) and (d) were measured at T = 350 K.

are two pronounced anomalies in the character of the spectra
corresponding to the two critical fields, Bc1 and Bc2. On the
border between the cycloidal and transverse conical phases,
at Bc1 the resonance frequencies suddenly change, whereas
the appearance of the CAFM phase at Bc2 is indicated by the
reduction in the number of modes to two and by kinks in the
magnetic-field dependence of the frequencies.

Figures 2(a) and 2(b) present THz spectra recorded at
T = 300 K in external fields B ‖ Y and B ‖ X, respectively.
When the field is increased along B ‖ Y, Bc1 is found between
13 and 13.5 T, and the CAFM phase is reached at Bc2 = 15 T.
The two strongest modes of the conical state continuously
transform into the modes of the two-sublattice CAFM phase,
in accordance with the second-order nature of the transition.
With decreasing magnetic field, the CAFM-conical transition
occurs at the same field, Bc2 = 15 T, but the conical phase
persists down to 12 T. When B ‖ X, the transition from the
cycloidal to conical state at Bc1 takes place between 12 and
13 T in increasing fields. The CAFM phase is reached at
the same field, Bc2 = 15 T, as for B ‖ Y. With decreasing
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field, the conical state remains stable until 12 T; then the
magnetic state changes back to cycloidal. The difference in
Bc1 for B ‖ X and B ‖ Y detected in increasing fields may
come from the in-plane magnetic anisotropy [20,21,48]. Since
the cycloidal-to-conical transition at Bc1 requires the q vector
to change direction from perpendicular to parallel with the
external field, the conical state for B ‖ X has the lowest energy
due to the in-plane anisotropy.

THz spectra measured at T = 350 K and in field B ‖
Y are shown in Figs. 2(c) and 2(d) for light polarizations
Bω ‖ X, and Eω ‖ Z and Bω ‖ Z and Eω ‖ X, respectively.
The critical fields at this higher temperature are lower, as
expected from the phase diagram of Ref. [23]; see also Fig.
1(e) for the phase diagram based on the experimental data.
The cycloidal-to-conical phase transition occurs between 10
and 11 T in increasing fields, whereas the conical-to-CAFM
phase boundary is at Bc2 = 14 T. In decreasing fields, there
is no discontinuous change that would indicate the transi-
tion from the transverse conical to the cycloidal phase; i.e.,
the conical modes persist down to the lowest fields. After
the application of a field, the spin-wave frequencies are the
same in zero field, although the magnitude of the resonances
changes. We may assume that at 350 K, the transverse conical
state stays metastable after high-field treatment or the conical
state is continuously deformed to the cycloidal state. The
stabilization of the conical state in small or even zero fields is
compelling because its large magnetoelectric effect becomes
available in low fields. We note that zero-field stabilization of
a high-magnetic-field phase by the broadening of a magnetic
hysteresis is not unprecedented: the antiferromagnetic ground
state of Fe2Mo3O8 was replaced by a metastable ferrimagnetic
state after the application of a magnetic field, as reported
recently [49,50].

To analyze the magnetic-field dependence of the reso-
nance frequencies deduced at T = 300 K, we plot them in
Figs. 3(a) and 3(b) for increasing fields applied along X and
Y, respectively. Each symbol refers to a specific polarization
configuration, and the symbol size is proportional to the mode
strength. Horizontal dashed lines mark critical fields Bc1 and
Bc2. We note that the field steps are not equidistant in the dif-
ferent polarization configurations and different field regions.
For example, for B ‖ Y, Bω ‖ X, and Eω ‖ Z [green down-
ward triangles in Fig. 3(b)], spectra were recorded at every
integer value of magnetic field between 0 and 9 T and every
half tesla was measured between 9.5 and 15 T, but for B ‖ Y,
Bω ‖ X, and Eω ‖ Y [red upward triangles in Fig. 3(b)], only
every fourth tesla was measured between 0 and 12 T, every
half tesla was measured between 13 and 15 T, and above that,
only 17 T was measured.

1. Cycloidal phase

Altogether, we observed seven modes in the cycloidal
phase that we labeled following Ref. [21]. At the lowest ener-
gies, �

(2)
1 gains intensity only in finite fields just like �

(1)
1 at

about 2 cm−1 higher phonon wavenumber. �0, � (2)
1 , � (1)

1 , and
�

(1,2)
2 are present already in zero fields at 13.4, 17.6, 18.5, and

24.3 cm−1 , respectively. When B ‖ Y, the weak �
(1,2)
2 mode

also gains strength in finite fields, appearing at 25.4 cm−1 .
The selection rules of these modes are mostly in agreement

FIG. 3. Magnetic-field dependence of spin-wave frequencies and
intensities at 300 K for magnetic fields (a) B ‖ X and (b) B ‖ Y.
Different symbols represent different light polarizations as given in
the legends. The symbol size is proportional to the absorption line
area. Gray dashed horizontal lines mark the transition fields between
the cycloidal-to-conical (Bc1) and conical-to-CAFM (Bc2) phases. �

and � respectively stand for the in-plane and out-of-plane modes of
the cycloidal phase.

with the low-temperature results of Ref. [21]. The only ex-
ception is �

(1)
1 , which is observed in Ref. [21] when B ‖ X,

Bω ‖ Y, and Eω ‖ X but is absent in our measurements. As
this is a weak resonance gaining strength only in finite fields,
it probably remains undetectable in the high-temperature ex-
periments due to the reduced signal-to-noise ratio.

2. Transverse conical phase

In the transverse conical phase, between Bc1 and Bc2,
we observe five modes (see Figs. 2 and 3). Mode 1 is at
5.5 cm−1 , and mode 2 starts at 12 cm−1 and evolves into the
lower-frequency mode of the CAFM phase. Mode 3 begins
at 14 cm−1 ; mode 4, the nearly field-independent mode at
17.7 cm−1 , evolves to be the higher-frequency mode of the
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CAFM phase; and mode 5 emerges at 25.5 cm−1 . As the
set of measured polarization configurations is incomplete, we
can make only a few claims about the selection rules of these
modes.

The two strongest modes of the conical phase, modes 2
and 4, evolve into the lower- and higher-energy modes of
the CAFM phase. These resonances are present in all polar-
ization configurations. However, mode 2 is weak for Bω ‖ Y
when B ‖ X and also for Bω ‖ X when B ‖ Y [see black and
green symbols in Fig. 3(a) and red and green symbols in
Fig. 3(b)]. In these configurations, its strength decreases with
the field, while in all other configurations, it grows as the
field increases. These observations suggest that the in-plane
component of Bω perpendicular to the static field does not
significantly couple to this resonance. Mode 4 is weak for po-
larization Bω ‖ X and Eω ‖ Y for both external field directions
(see red triangles in Fig. 3).

The other three modes are weaker and lose intensity
with increasing fields. Mode 1, with decreasing energy and
strength, is active in all configurations when B ‖ Y. Even
though we observed this mode in only two polarization con-
figurations for B ‖ X, we cannot draw further conclusions
because it is close to the low-frequency cutoff of the THz
spectroscopy setup. Similarly, mode 5 is close to the high-
frequency cutoff set by the 40 cm−1 low-pass filter. For both
B ‖ X and B ‖ Y, mode 3 is silent in one polarization config-
uration for Bω ‖ Y and Eω ‖ Z and for Bω ‖ X and Eω ‖ Z,
respectively (green symbols in Fig. 3). As neither of these
fields can excite this mode, it is electric dipole active only for
electric fields oscillating in plane, while Bω along Z or B may
also excite this resonance.

3. CAFM phase

In the high-field CAFM phase, two resonances emerge
from the strongest modes of the conical phase. The lower-
frequency mode is strong in two polarization configurations
for both external field directions. When B ‖ X, those are Bω ‖
X and Eω ‖ Y and Bω ‖ Z and Eω ‖ Y. And when B ‖ Y, the
favored polarizations are Bω ‖ Y and Eω ‖ X and Bω ‖ Z and
Eω ‖ X. This lower-frequency mode is also present for B ‖ X,
Bω ‖ Y, and Eω ‖ X but is much weaker than in the former
cases. Therefore, the lower-frequency mode interacts weakly
with in-plane Bω perpendicular to B. The higher-frequency
mode is present in all configurations but is very weak when
Bω ‖ X and Eω ‖ Y for both B ‖ X and B ‖ Y. As can be seen
from Figs. 3(a) and 3(b), the CAFM spin-wave frequencies do
not depend on the magnetic-field direction in the hexagonal
plane: they are the same for B ‖ X and B ‖ Y. This is different
from the case at liquid He temperatures, in which the higher-
energy mode shifted to higher energy when the magnetic field
direction changed from B ‖ X to B ‖ Y [39].

B. Directional dichroism of the spin waves

A finite-frequency manifestation of the ME effect is the
so-called NDD [16,51–53]; namely, the light absorption co-
efficient is different for light passing through a medium in
opposite directions. In BiFeO3, the reversal of the external
magnetic field is considered to be equivalent to the reversal of

FIG. 4. Spectra measured at T = 300 K in positive (red) and
negative (black) fields with increasing magnitude are shown for
various light polarizations. The difference between the absorption
measured in positive and negative fields is the nonreciprocal direc-
tional dichroism.

the light propagation direction [16]; thus, we detected NDD
as the difference in the absorption spectrum for positive and
negative field directions. We measured absorption spectra for
k ‖ Z in two Voigt configurations, B ‖ X and B ‖ Y. The
results are presented in Fig. 4 for increasing field magnitudes
at T = 300 K. The finite difference between the spectra mea-
sured in positive and negative fields is the NDD (compare red
and black curves in Fig. 4). The dichroism is present in all
three phases, and its magnitude is the largest in the conical
phase for mode 4 close to the upper critical field, Bc2 ≈ 15 T.

Studying the sum rule of NDD spectra may provide infor-
mation about the static ME susceptibility [54]:

χME
γ δ (0) = c

2π
P

∫ ∞

0

�αk (ω)

ω2
dω, (2)

where �αk (ω) = α+k (ω) − α−k (ω) is the difference in the
absorption spectra. We calculated �αk as the difference of the
absorption spectra measured in positive and negative magnetic
fields (see Fig. 4). The ω2 dependence in Eq. (2) implies
that the strongest contribution to the static ME susceptibility
comes from NDD of low-frequency modes. In the present ex-
perimental configuration, when B ‖ X, Bω ‖ Y, and Eω ‖ X,
the contribution of the spin waves to the ME susceptibility at
14 T is 3.3 ps/m as calculated with Eq. (2).

The static ME effect of the conical phase was studied
in Ref. [23], which probed the longitudinal response χME

YY ,
i.e., measured the magnetic-field-induced electric polariza-
tion in increasing magnetic fields. However, this experiment
provided a different component of the ME tensor compared
to our THz results. Here, the oscillating magnetic field Bω

is perpendicular to the static field B; i.e., it corresponds to
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TABLE I. Exchange, DM, and anisotropy parameters used in the
simulations.

J1 (meV) J2 (meV) D1 (µeV) D2 (µeV) K (µeV)

Set 1 4.9 0 177 77.3 3.1
Set 2 4.9 0.17 177 77.3 3.1

the transverse response χME
XY or χME

Y X , which can be measured
either by rotating a static field or by adding a small oscilla-
tory field perpendicular to the static field. Thus, our results
give an estimate of the spin-wave contribution to the static
ME susceptibility, which may be verified in one of these
configurations.

IV. THEORETICAL MODELING OF SPIN-WAVE
RESONANCES

Following the literature [8], we used the Hamiltonian be-
low to calculate the spin-wave resonances of the various
phases:

H = J1

∑
〈i, j〉

Si · S j + J2

∑
〈i, j〉′

Si · S j

+ D1

∑
〈i, j〉

(Z × ei j/a)(Si × S j )

+ D2

∑
〈i, j〉

(−1)hi Z(Si × S j )

− K
∑

i

S2
iZ + gμB

∑
i

Si · B, (3)

where a is the pseudocubic lattice constant (see Fig. 1). Each
site Ri is occupied by an Fe atom with a classical spin vector
Si of length S = 5/2, and the nearest neighbors 〈i, j〉 are
connected by the vector R j = Ri + ei j . J1 and J2 are the ex-
change coupling constants between nearest and next-nearest
neighbors. D1 and D2 are the homogeneous and staggered
components of the nearest-neighbor DM interaction, respec-
tively, and hi = √

3Ri · Z/a labels the hexagonal layers. The
coupling constant of the easy-axis anisotropy is denoted by K .
The g factor is g = 2, μB is the Bohr magneton, and B is the
magnetic field. The model parameters are collected in Table I.

We performed simulations for a cell consisting of six layers
along the Z direction, enabling the use of periodic boundary
conditions when considering the three alternating in-plane
atomic positions in the pseudocubic lattice along this direction
and the antiferromagnetic alignment between neighboring
layers. The system size was larger along the wave-vector
direction, i.e., X perpendicular to the field direction for model-
ing the cycloidal structure and Y along the field for the conical
spiral, while the size was kept minimal along the direction
perpendicular to the long side. Periodic boundary conditions
were used along all directions, and a single period of the spin
spiral was included in the cell. The period of the spiral, i.e.,
the length of the long side of the cell, was optimized at each
magnetic-field value by calculating the ground-state energy
per spin for various cell sizes.

The energy was found by initializing a system in a har-
monic spin cycloid. The energy of this state was minimized
first by numerically solving the Landau-Lifshitz-Gilbert equa-
tion using the full Hamiltonian, then speeding up the
relaxation close to the energy minimum by aligning the spins
with the direction of the local effective magnetic field in each
step. The convergence was stopped when the torque expressed
in frequency units became smaller than 10−8 meVg/h̄ at each
lattice site. The spin-wave frequencies were calculated within
linear spin-wave theory close to this energy minimum. The
spin-wave eigenvectors of each mode n were used to deter-
mine the response function |χn

0 |2 to a spatially homogeneous
external magnetic field at the spin-wave frequency; i.e., the re-
sponse function is proportional to the magnetic dipole strength
of the mode. Details of the calculation method and the defini-
tion of the response function are reported in Ref. [55].

The calculated spin-wave resonances are compared with
the experimental results in Fig. 5. In Fig. 5(a), excitations are
calculated with parameter set 1 given in Table I. We optimized
these coupling constants to fit the cycloidal wavelength λ

(62 nm), the zero-field resonances of the cycloidal state, and
the field dependence of the modes in the CAFM phase. In this
phase, D2 and the product J1K determine the resonances, ων2

and ων1 [39], in agreement with Ref. [56]:

ων2 = γ
√

B2 + BBD, (4)

ων1 = γ

√
BBD − 2BE BA + B2

D, (5)

where γ is the gyromagnetic ratio and we introduced the
following effective fields: BD = z1D2S

gμB
, BE = z1J1S

gμB
, and BA =

2KS
gμB

, where z1 = 6 is the number of nearest neighbors. The in-
plane, �n, and out-of-plane, �n, excitation frequencies of the
zero-field cycloidal state may be well approximated by ω�n ≈
γ
√

BE B2
L/(2BS )n2 and ω�n ≈ γ

√
BE B2

L/(2BS )(n2 + 1), re-
spectively, with BL = 2D1S

gμB
and BS = (J1−4J2 )S

gμB
[8,45]. The

non-negative integer index n labels the spin-wave modes at
nQ, where Q is the cycloidal ordering wave vector, Q =
2π/λ. The ratio 2π (2BS )/BL is the period of the cycloid
in units of a in B = 0. The period and the frequencies are
perturbed by the anisotropy in combination BE BA. In order
to reduce the number of free parameters, first, we set J2 = 0.
The four parameters in set 1 describe well the magnetic-field
dependence of the resonance frequencies in the cycloidal and
CAFM phase, and also the lower critical field Bc1. Besides
the frequencies, the numerical model correctly describes the
motion of spins in the cycloidal phase as the modes labeled as
� and � indeed correspond to the out-of-plane and in-plane
oscillations of the spins. The parameter values in set 1 are
similar to, although somewhat lower than, the ones applied
to describe the low-temperature resonances [16,21,39]. In
these publications, the same model was used apart from a
sign difference in the definition of the exchange terms in the
Hamiltonian, Eq. (3). The decrease of the interaction param-
eters accounts for the lowered excitation frequencies in the
high-temperature experiments

In the transverse conical state, the model qualitatively de-
scribes the field dependence of the resonances and gives an
almost field-independent q vector in accordance with recent
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FIG. 5. The resonance positions calculated using the model
Hamiltonian defined in Eq. (3) with (a) parameter set 1 and (b) pa-
rameter set 2, as given in Table I. Red, blue, and green dots show
the theoretical frequencies in the cycloidal, transverse conical, and
CAFM phases, respectively. The size of the dots is proportional to the
magnetic dipole strength of the given mode. 
n and �n correspond to
modes with oscillating magnetic moments parallel and perpendicular
to the static field, respectively. The resonance frequencies measured
in experiments in external magnetic fields parallel to Y are shown
in black. Gray dashed horizontal lines mark the transition fields
between the cycloidal-conical (Bc1) and conical-CAFM (Bc2) phases
in the experiments.

neutron scattering experiments [24]. The eigenmodes can be
classified into two groups. They possess an oscillating mag-
netic moment either parallel or perpendicular to the static
field; thus, we label them 
n and �n, respectively. 
1, which
is the lowest-energy mode of the conical phase, i.e., mode 1
in Fig. 3(a), corresponds to the opening and closing of the
cone angle. As expected from this motion, it softens and loses
its strength toward Bc2. In agreement with the experimental

finding that mode 2 is not significantly coupled to an in-plane
Bω perpendicular to B, we assign it to 
2. As mode 3 shows a
similar selection rule, it is likely 
3, although it may overlap
with �1, appearing at almost the same energy in the numerical
calculations. Although we could not deduce clear selection
rules for mode 4, it is clearly the �2 mode based on the
calculations. Mode 5 could be one of the pairs (�3,
4) and
(�4,
5), which are almost degenerate in the calculations. The
(�3,
4) pair is not visible in Fig. 5(a) because of its low
intensity. However, experimentally, we could not distinguish
between modes �3, �4,
4, and 
5. Experimentally, some
of the modes are active in polarizations where the magnetic
dipole selection rules do not predict their appearance; these
may be excited by the oscillating electric field through the
strong magnetoelectric effect detected in the conical phase.

Despite the qualitative agreement between theory and ex-
periment, calculations predict lower frequencies in the conical
phase and also a lower transition field, Bc2 ≈ 13.8 T. The
upper critical field may be found as the field below which the
CAFM phase becomes unstable against periodic modulations,
i.e., the energy of a finite-q spin-wave becomes negative [57].
The equation derived can be formally expressed with the
frequencies of the modes in the CAFM phase at Bc2 and the
zero-field cycloidal frequency ω�0 :

ων2 (Bc2) + ων1 (Bc2) = 2ω�0 . (6)

Therefore, once the spin-wave frequencies in the zero-field
cycloidal state and in the CAFM phase are fixed, Bc2 can-
not be modified by tuning the parameters. By introducing a
finite J2 in the original parameter set (see set 2 in Table I)
the stability range of the modulated phases is extended, and
the CAFM phase appears above Bc2 ≈ 15 T, as shown in
Fig. 5(b). However, the energy of the conical phase is lower
than that of the cycloidal phase only in a narrow field range
above Bc1 = 14.9 T. Although the conical state is not a global
energy minimum below Bc1, it remains a local minimum,
allowing us to calculate excitations above this metastable
state. In Fig. 5(b), we show the spin-wave resonances of
the conical state in the 13–15 T field range. The correspon-
dence between theory and experiment becomes much better
in the conical phase as the modes are shifted to higher fre-
quencies. However, increasing J2 leads to smaller exchange
stiffness and thus a longer cycloidal q vector and correspond-
ingly increased spin-wave frequencies in the cycloidal phase.

We could not find a parameter set that captures the
critical fields and the resonance frequencies in all three
phases. The sizable magnetostriction observed across the
magnetic phase transition [23] may explain why a single field-
independent parameter set cannot describe all the experimen-
tal results. At low temperatures, the introduction of additional
anisotropy parameters induced by magnetostriction explained
the anisotropy of the resonances detected in the CAFM phase
[39]. However, at high temperatures the magnetic resonances
of the CAFM phase are not sensitive to the in-plane rotation
of the field as seen in Fig. 3. Moreover, the introduction of
such additional anisotropies can modify the frequencies in the
CAFM phase, but Eq. (6) remains valid. This means that ad-
ditional anisotropies cannot change the upper critical field Bc2

if the resonance frequencies are fixed. When fixing ων2 , ων1 ,
and Bc2, we could only take into account the magnetostriction
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by considering a different value of ω2
�0

= γ 2BE B2
L/(2BS ) in

the cycloidal state and the CAFM phase. This coefficient is
determined by parameters influencing the spatial variation of
the structure, such as the exchange J2 selected in parameter
set 2 or DM interactions, but is not significantly influenced
by local anisotropy terms. Since we lack sufficient data to
determine how all of the model parameters change as a conse-
quence of the magnetostriction, we propose a minimal model
in which considering two different values of J2 is sufficient to
quantitatively describe the spin-wave frequencies in all three
phases and the two critical fields.

V. SUMMARY

We studied the spin-wave excitations of the transverse
conical state of BiFeO3 by THz spectroscopy. We determined
the magnetic-field dependence of spin-wave excitations in all
three phases at room temperature and above: the cycloidal,
transverse conical, and CAFM phases. Moreover, we analyzed
selection rules for the linearly-polarized THz radiation ab-
sorption spectra. In the transverse conical phase we observed
five modes, among which two evolve into the resonances of
the CAFM phase. As a manifestation of the magnetoelectric
effect, we also observed nonreciprocal directional dichroism,
which is the strongest in the conical state. We developed a
numerical model that describes well the resonances of the
cycloidal and CAFM phases. The agreement between theory
and experiment is qualitative in the conical phase, indicating
the importance of magnetostriction. Based on this model,

we classified the resonances of the conical state into two
groups: active for magnetic moments oscillating either along
or perpendicular to the static field. Finally, we found that the
conical state, which shows a strong linear magnetoelectric
effect and directional dichroism, may become (meta)stable at
or close to zero magnetic field. Given the strain tunability of
the magnetic phases in BiFeO3 [58–60], thin-film technology
may allow the realization of these peculiar effects at room
temperature.
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