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Fullerene solids doped with alkali metals (A3Cqp, A = K, Rb, Cs) exhibit a superconducting transition
temperature 7. as high as 40 K, and their unconventional superconducting properties have been a subject of
debate. With the application of high pressure on K3Cgy and Rb;Cg, experiments demonstrate the decrease
of T.. In this paper, we focus on K3Cg and derive the structure of K;Cgy under different pressures based on
first-principles calculations, exploring the trends of Coulomb interactions at various pressures. By utilizing
the maximally localized Wannier function approach, constrained density functional perturbation theory, and
constrained random phase approximation, we construct a microscopic low-energy model near the Fermi level.
Our results strongly indicate that, in the K3Cg system, as pressure increases, the effect of phonons is the key to

intraorbital electron pairing. The phonon-driven superconducting mechanism is dominant at high pressure.
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I. INTRODUCTION

Since their discovery three decades ago, fullerenes have
commanded substantial scientific attention [ 1-4]. Notably, the
intriguing hallmark of these molecules resides in their distinc-
tive geometric structure: Cgp molecules exhibit the symmetry
of an icosahedral group, a symmetry class of paramount
significance within the realm of symmetric operations. The
recent realization of monolayer fullerene materials [5—12]
further underscores the importance of investigating fullerene
materials’ physical properties, as these insights are pivotal in
unlocking their full technological potential.

After solid Cgp (fullerene crystals) was successfully syn-
thesized, a series of extensive solid-state experiments was
conducted, revealing numerous significant physical properties
[13-16]. For instance, fcc K3Cg9 demonstrates metallic be-
havior, with the resistivity increasing as the temperature rises
[13]. A distinct Drude peak is observed in the optical conduc-
tivity, and photoemission studies identified a finite density of
states near the Fermi level [17-20]. Pressure tuning of light-
induced superconductivity in K3Cgg has also led to significant
progress [21,22]. Measurements of electron spin resonance
[23,24] and nuclear magnetic resonance [25-27] indicate a
Pauli-like susceptibility behavior in the normal state, which
is nearly temperature independent.

A groundbreaking achievement was made by Hebard
et al. as they successfully identified superconductivity in
potassium-doped Cgp, notably characterizing a superconduct-
ing transition at a critical temperature of 7, = 18 K [28].
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Subsequent investigations into the underlying superconduct-
ing mechanisms revealed resemblances to the BCS theory,
supported by consistent experiments. These include the con-
firmation of a full-gap s-wave pairing [25,29-31], a reduction
in spin susceptibility within the superconducting phase [26],
the observation of the Hebel-Slichter peak [32] with nuclear
magnetic resonance (NMR) [26,33], and the correlation be-
tween the lattice constant and 7, [34].

Moreover, there have been thorough examinations of
pressure-induced alterations in 7; [35-37] and the lattice pa-
rameter [37,38] within the K3;Cgp system. In non-Cs-doped
Ceo superconductors, the observation of T, monotonically de-
creasing under lattice compression was attributed to the band
widening caused by lattice contraction, resulting in a reduc-
tion of the density of states at the Fermi level [34,35,38-41].
In the context of the general reduction in 7, under pressure,
these experimental findings provide the conditions for further
exploration of the superconducting mechanism in K3Cgp.

Given the intricate interplay between electronic corre-
lations and complex electron-phonon coupling (EPC), the
mechanisms underpinning superconductivity in fullerenes
remain contentious. While initial perceptions categorized
fullerene superconductors as conventional BCS systems, the
discourse has expanded to encompass an array of unconven-
tional theories. These include propositions of polaron-driven
superconductivity [42,43], local pairing facilitated by Jahn-
Teller phonons and Coulomb repulsion [44,45], the intriguing
concept of negative Hund’s coupling stabilized by EPC
[46,47], and even scenarios of pure electronic pairing [48],
among other possibilities.

In this context, our present study initiates an ab initio
exploration of interactions within the K3Cgy system under
the influence of elevated pressures. Utilizing experimentally
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acquired data on lattice constants under various pressures
[37], we aim to employ a combination of density functional
theory (DFT) and the model-calculation approach [49-51]
to compute essential interaction parameters. We will deter-
mine the effective Coulomb interaction within the low-energy
subspace using the constrained random phase approxima-
tion (cRPA) [52]. Additionally, we will calculate partially
renormalized phonon frequencies and electron-phonon cou-
plings through the constrained density functional perturbation
theory (cDFPT) [53,54]. Our primary objective is to unveil
the alterations in physical properties, ranging from elec-
tronic characteristics to phonon behavior, caused by pressure
fluctuations. By closely examining the pressure-induced mod-
ifications in various interaction parameters, we strive to
discern the most plausible superconducting mechanism amid
the changing pressure conditions.

The rest of this paper is outlined as follows. In Sec. I, we
choose the target band and show the low-energy models from
ab initio calculations. In Sec. III, we calculate the global band
structure using DFT and construct maximally localized Wan-
nier orbitals within the low-energy band subspace. Detailed
computations are presented in this section. We obtain parame-
ter results for the Coulomb interaction and electron-phonon
interaction and analyze their trends with varying pressure.
In Sec. IV, we discuss changes in electronic and phononic
properties resulting from pressure fluctuations and compare
various explanations for the unconventional superconducting
mechanism in K3Cg. Finally, we present the conclusion in
Sec. V.

II. METHOD AND MODEL

Close to the Fermi energy, the #, band, which we call
the target band, is the focus of our investigation. We use a
lattice Hamiltonian encompassing the electron and phonon
degrees of freedom specifically associated with the #;,, orbitals
that was formulated in Refs. [47,55]. Nearly all the excitation
processes occur in the ¢ subspace, the subspace which the
target bands span (for later use, we define the r subspace as
the rest of the Hilbert space). The Hamiltonian assumes the
following general form:
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This Hamiltonian operates on the fcc lattice, where each lat-
tice site corresponds to a Cgy molecule. The terms H, U, g,
and w respectively denote the one-body electron Hamiltonian,
Coulomb interaction, electron-phonon coupling, and phonon
frequency. All these quantities are indexed by Wannier or-
bitals i, j, i/, and j’; spins o and o¢’; momentum k; and
q, and the phonons are further distinguished by the branch
index v. To ensure the short-range nature of hopping, we

FIG. 1. (a) The atomic structure of K3Cgy, which is set at a
size of 2 x 2 x 2, and the real-space Wannier function displayed
using VESTA software [57]. K atoms are depicted as purple spheres,
while C atoms are represented by brown spheres. Positive iso-
surfaces are highlighted in yellow, while negative isosurfaces are
shown in blue. (b) Brillouin zone of the fcc lattice; the path is
I'-X-U-K-T'-L-K-W-X, as described in Ref. [58].

constructed maximally localized Wannier orbitals [56] as the
basis [Fig. 1(a)]. Reflecting the molecular nature of solids,
the maximally localized Wannier orbitals constructed from
the #;, bands are well localized on one molecule and can-
not be assigned to specific atoms in the crystal [Fig. 1(a)].
These parameters are determined using state-of-the-art ab ini-
tio techniques, with a particular emphasis on the utilization of
cRPA [52] for the calculation of electron-related terms U;; ;
and the cDFPT [53] for the calculation of the phonon-related
terms g;; and wgq,, where the influence of the high-energy
bands is incorporated into the parameter values. Here, we
consider only the local part (Upp, Uéh, and Jp,) of phonon-
mediated electron-electron interactions. This is because the
intramolecular electron-phonon coupling plays a dominant
role. If nonlocal electron-phonon coupling were strong, the
current modeling of electron-phonon coupling would not be
valid.

The parameters ’Hf.?)(k) represent an on-site energy (k =
0) and hopping integrals (k ## 0), which are described with
translational symmetry as

HO &) = (g Hisd o). )

where |pk) = c§k|0) and Hks is the Kohn-Sham Hamilton.

To evaluate effective interaction parameters U;; y i(q), we
convert U;;y(q) into the on-site Coulomb repulsion Uj;
and the exchange interaction J;; and calculate the screened
Coulomb interaction W at the low-frequency limit. We first
calculate the noninteracting-polarization function y, exclud-
ing polarization processes within the target bands. Note that
screening by the target electrons is considered when we solve
the effective models, so we have to avoid double counting it
when we derive the effective models. With the resulting y,
the W interaction is calculated as W = (1 — vy )~ 'v, where v
is the bare Coulomb interaction potential v(r, r’) = ﬁ We
consider a decomposition of the total irreducible polarization
x " into the one involving only the ¢-subspace electrons . and
one involving the rest x?° [52]:

0 0 0
X =X *TX-
Note that x° contains not only the processes involving only

the r-subspace degrees of freedom but also the ones involving
both the ¢-subspace electrons and the r-subspace electrons.
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We define the partially screened Coulomb interaction W as
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WP = (1-vx)) v=¢"v. 3

The on-site Coulomb repulsion U;; and the exchange interac-
tion J;; are evaluated as
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respectively, where 2 is the volume of the unit cell and
pij(q+ G) is given, with the Wannier-gauge Bloch functions
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To facilitate a comparative analysis with the cRPA results,
we compute interaction parameters using the unscreened case,
representing the bare Coulomb interaction. In order to differ-
entiate it from the cRPA results, we refer to this as the “bare”
interaction.

In solids, the individual ion can be identified as the «th
ion in the pth unit cell, and the direction of the displacement
o = Xx, y, z. To evaluate effective electron-phonon-coupling
interaction parameters, we use

gk, q) = Z

V(I’)(r)
dug(q)
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(N

where we employ the Wannier-gauge for the electrons and the
superscript (p) indicates the partially renormalized quantities.

Here, we consider the real-phonon contributions, the
intraorbital density-density-type interaction Uy, interor-
bital density-density-type interaction Uph, and exchange-type
interaction Jyp:

2M wq,

Ly 2/37(q, )|’

Up = —— L, (8)
b q qv wfllu)
1« 287, g""(q, v)
U/h - _ Z i ’ JJ ’ (9)
p Ny " wa(ﬁ)
Z 22" (q. v)E* (q. v)
ph N
Ny ‘= k)

2g(P)(q’ v)g(P)*(q’ V)

- o (0

q q Wqy

where the orbital dependences of Upy, U,

oh> and Jp, do not exist

by symmetry and gﬁ;’)(q, v) is calculated as

g (q,v) = Zg“’”(k Q. (1)

III. RESULT

A. Calculation details

We constructed maximally localized Wannier orbitals
(MLWOs; Fig. 1) from the DFT ¢, band and calculated
the model parameters in the lattice Hamiltonian [Eq. (1)]
as described in Sec. II. We employed the local density ap-
proximation (LDA) exchange-correlation functional with the
parametrization by Perdew, Burke, and Ernzerhof and em-
ployed the Troullier-Martins conservative pseudopotentials
within the Kleinman-Bylander representation. The reference
configurations used to generate the pseudopotentials for C and
K are (25)*(2p)? and (3p)®(4s)°(3d)°, respectively.

A partial core correction was applied to the pseudopo-
tential for the alkali metal K. The unit cell volume data for
K3Cgp at different pressures were obtained from experimental
sources [37]. Calculations were performed using the open-
source software QUANTUM ESPRESSO [59-61] and RESPACK
[62—-67]. We performed the structure optimization by fixing
the lattice constants to the values employed [37] and ignoring
the orientational disorder of Cgy molecules.

In DFT calculations, the crystal lattice is defined as a
type-2 Bravais lattice, with the lattice parameter a deter-
mined from Fig. 2(a). The calculation includes 350 electronic
bands. Electron occupation numbers are determined using the
“smoothing” method with a Gaussian smoothing of 0.025 Ry.
In our Wannier orbital calculations, we specified the following
parameters: a crystal cell with a multiplicity of 2, a com-
putation for three Wannier orbitals, and an energy window
ranging from Er — 0.5 to Eg 4+ 0.5 eV (EF is the Fermi en-
ergy). We employed a set of six initial Gaussian functions as
a foundational basis. Moreover, we defined Gaussian function
coefficient matrices for distinct orbital types, such as py, p,,
and p.. For example, in the case of the p, orbital, the coef-
ficient matrix comprises four values: 1.0, —0.243, 0.243, and
0.243, which represent the weights assigned to each Gaussian
function utilized in constructing the p, orbital. Similarly, p,
and p, orbitals possess analogous coefficient matrices for
specifying their Gaussian function weights. Additionally, we
established a path for symmetric k-point interpolation, en-
compassing specific high-symmetry points: I" (0, 0, 0), X
(0.5, 0, 0.5), U (0.625, 0.25, 0.625), K (0.375, 0.375, 0.75),
L (0.5,0.5,0.5), and W (0.5, 0.25, 0.75) [Fig. 1(b)]. Then, we
calculated the band structure for the optimized structure.

In order to maximize the utilization of computational
resources, different cutoff energies for wave functions and
charge densities, as well as k-point sampling grids, were
set because the calculation requirements vary when com-
puting Coulomb interactions using the cRPA method and
electron-phonon interactions using the cDFPT method. In the
calculation of effective parameters for Coulomb interaction,
the wave function and charge density were truncated with
kinetic energy cutoffs of 36 and 144 Ry, respectively. A
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FIG. 2. The pressure dependence of (a) lattice constant a, (b) bandwidth W, and (c) Fermi velocity vg. We fix the lattice constants to the
experimental values [37] and calculate the bandwidth of the #,, band using QUANTUM ESPRESSO [59—-61]. We combine Eq. (14) to obtain the

Fermi velocity from the energy band results.

k-point sampling grid of 5 x 5 x 5 k points was utilized. But
in the calculation of effective parameters for electron-phonon
interactions, the cutoff energy for the wave functions was set
to 50 Ry, and we employed 4 x 4 x 4 k points. The cDFPT
calculations were performed with a2 x 2 x 2  mesh.

B. Band structure

The Cg solid possesses a three-dimensional crystal struc-
ture [68,69] owing to the relatively isotropic shape of the
Ceo molecule. The centers of these molecules form an fcc
lattice. Considering that undoped Cg constitutes a molec-
ular solid, an insightful initial approach to comprehend its
electronic structure is to examine the molecular limit. In
this limit, numerous molecular orbitals degenerate due to
the high symmetry inherent in the molecule itself: specifi-
cally, the Cgp molecule boasts the fivefold-degenerate highest
occupied molecular orbital (HOMO), threefold-degenerate
lowest unoccupied molecular orbital (LUMO), and threefold-
degenerate LUMO + 1 orbitals, denoted as h,, t1,, and t, or-
bitals, respectively, based on their symmetry properties. In the
context of a solid, these orbitals acquire a dispersion as a re-
sult of electron transfers taking place between the molecules.
However, owing to the relatively small magnitude of the trans-
fer integral, the bandwidth of each orbital remains narrow
(typically around ~0.5eV). Consequently, there is minimal
overlap observed between the bands associated with different
molecular orbitals. Meanwhile, the Cgo solid manifests as a
band semiconductor in which the LUMO ¢, band remains
unoccupied, while the HOMO #4,, band is fully populated.

In fcc K5Cqo, each alkali atom donates about one elec-
tron to the #, band, so the #;, band becomes half filled.
As a result, K3Cgp is no longer a semiconductor; instead, it
exhibits partially metallic characteristics. Figure 3 illustrates
the computed band structures of fcc K3Cgp at various pres-
sure levels within the framework of LDA. These compounds
exhibit shared characteristics in their band structures; partic-
ularly notable is the presence of narrow bands in proximity
to the Fermi level which are well isolated from other bands.
Within K;Cgp, a set of threefold-degenerate states, known as
the #;, band, exists which occupies a prominent position in
the vicinity of the Fermi level. This distinctive feature renders
them particularly suitable for selection as target bands in the
construction of an effective model.

We show in Fig. 4 the calculated density of states (DOS)
of the #, band for fcc K3Cgp. The DOS configuration profile

shows only a relatively small change, in which the profile
generally obeys the DOS behavior of the Fermi gas. This
suggests we can use the Fermi gas model to quantify Fermi
parameters. For the Drude model, we define the density of
states N(E ), Fermi energy Er, and Fermi velocity vg:

w 2m N\,
o= gm(ir) Bn o

k2

Ep = P, (13)
2m*
k

vp = hi—. (14)
m

We find that N(E) « vg and Ep v%, demonstrating a
consistent alignment between theoretical and computational
trends. Increasing pressure causes a reduction in the lattice
constant of K3Cgo [Fig. 2(a)], leading to an upward shift of
the Fermi level and an increase in the Fermi velocity. Addi-
tionally, alterations in lattice constant impact the electronic
band structure, resulting in a wider bandwidth and influencing
the density of states. Both bandwidth W and Fermi velocity vg
exhibit a monotonic increase as the lattice constant decreases;
W rises from 0.51 to 0.76 eV [Fig. 2(b)], representing an
approximately 50% increase, and v rises from 1.42 x 10°
to 1.58 x 10° m/s [Fig. 2(c)], representing an approximately
11% increase.

C. Coulomb interaction parameters of K;Cg

In this section, we analyze the effective Coulomb inter-
action parameters for K3Cgy. Specifically, we focus on the
parameters U = U;;(0), U’ = U;;(0), and J = J;;(0), where
i # j, with U;;(R) in Eq. (4) and J;;(R) in Eq. (5). U is
the intraorbital Coulomb interaction, U’ is the interorbital
interaction, and J is the exchange interaction. Figure 5 shows
our calculated interaction parameters U, U’, and J with two
screening levels (bare and cRPA). It can be observed that
the values of effective interaction parameters decrease due
to the screening process. For instance, at 0 GPa, the bare
Coulomb repulsion for K3Cgg is approximately 3.32 eV, but if
we consider the cRPA screening effects, this value decreases
to around 0.83 eV.

Figure 6 shows the inverse dielectric matrix {e(’;é(q, w)};
the macroscopic dielectric constant is defined as

1
eRPA — lim TTE P (15)
Q—0,0—0 E(C}G (q7 a))
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FIG. 3. Calculated ab initio electronic band structure of fcc K;Cg at different pressures. The pressure parameters are set as 0, 0.53, 1.42,
2.05, 2.81, 3.34, 3.74, and 5.03 GPa. The horizontal axis is labeled with the special points in the Brillouin zone: I" (0, 0, 0), X (0.5, 0, 0.5), U
(0.625, 0.25, 0.625), K (0.375, 0.375, 0.75), L (0.5, 0.5, 0.5), and W (0.5, 0.25, 0.75). Fermi energy is depicted as blue dashed lines.

where w is the frequency and Q = q + G, with q being the
wave vector in the first Brillouin zone and G being the re-
ciprocal lattice vector. Figure 5(d) presents our calculated
cRPA-macroscopic-dielectric constant €5x™* in Eq. (15). The
diagonal elements of the inverse dielectric matrix demonstrate
lower values with increasing pressure (Fig. 6), eventually con-
verging to 1 with increasing |q 4+ G| (Fig. 6, inset).

Figure 7 summarizes the results of the cRPA calculations:
the on-site Coulomb repulsion U averaged over the ML-
WOs derived from the target band, the off-site interaction V
averaged over the nearest-neighbor sites, the on-site exchange

25F —— 0GPa
—— 0.53GPa
—— 1.42GPa
20F — 2.05 GPa
—— 2.81GPa
—— 3.34GPa
3.74 GPa

15F — 5.03GPa

10

DOS/Cgo/spin (states/ev)

Energy (eV)

FIG. 4. Our calculated density of states (DOS) for the ¢, band of
fce K;3Cq at different pressures. The pressure parameters are set as
0,0.53, 1.42, 2.05, 2.81, 3.34, 3.74, and 5.03 GPa.

interaction J, the ratio U /W, and the ratio (U — V' )/W, which
measures the correlation strength in the system.

The metal-insulator transition in a correlated system is
commonly analyzed through the U/W ratio [70]. In a solid
with approximately one electron per lattice site, the emer-
gence of a Mott-insulating state occurs when the Coulomb
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FIG. 5. (a)-(c) U, U’, and J with different screening levels [un-
screened (bare) and constrained RPA (cRPA)]. For bare and cRPA
U, U’, and J values, the units are given in eV. (d) €y, the cRPA-
macroscopic-dielectric constant in Eq. (15).
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FIG. 6. Diagonal terms of the inverse dielectric matrix for all q
points ea(l;(q, w) at the first frequency @ = 0. The horizontal axis is
limited within the range of 0 to 0.5 bohr™!, where it represents |q +
G|. Inset: The horizontal axis represents the entire range of |q + G]|.

repulsion U surpasses the one-particle bandwidth W. Con-
versely, when U/W <« 1, metallic behavior is expected. In
situations where U/W > 1, the substantial energy cost of
having one site doubly occupied impedes the free mobility
of electrons, resulting in electron localization. Consequently,
a first-order metal-insulator transition takes place at a critical
U /W ratio close to 1.

Despite K3Cgo materials exhibiting relatively high U /W
values (1.6 without pressure), they manifest metallic behav-
ior rather than the anticipated Mott-insulating behavior [see
Fig. 7(d)]. One contributing factor is the inherent frustration
in the fcc lattice, which can stabilize the highly correlated
metallic state by elevating the critical ratio to even higher
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FIG. 7. Pressure dependence of (a) the average of the on-site
effective Coulomb repulsion U, (b) the on-site effective exchange
interaction J, (c) the average of the off-site effective Coulomb re-
pulsion between neighboring sites V, and (d) the correlation strength
(U — V)/W, which are derived using the cRPA method.

values. In contrast, nonfrustrated topologies, such as those
based on bce packing, feature a much smaller critical ratio
(U/W). = 1.3 [71] compared to the fcc counterparts.

Note that the net interaction is estimated as U — V based
on the analysis of the extended Hubbard model. Through-
out the entire process, the relationship U’ ~ U — 2J remains
valid. As pressure increases, all parameters exhibit varying
degrees of reduction, with the on-site Coulomb repulsion be-
ing notably affected by pressure. Specifically, U decreases
from 0.80 to 0.50 eV, representing a decrease of approxi-
mately 40%. The value of J undergoes a relatively minor
change, decreasing from 0.034 to 0.029 eV, corresponding to
a decrease of approximately 15%. Additionally, V decreases
from 0.24 to 0.16 eV, approximately declining by 31%. U is
approximately 3 times V and 20 times J. U and V decrease
almost synchronously with increasing pressure, while the rate
of decrease in J with pressure is slower than that of U and
V. In terms of ratios, U /J decreases from 23.4 to 17.0, while
V /J only decreases from 7.0 to 5.7.

In general, a small value of J tends to favor low-spin
states, consistent with experimental observations. It is worth
mentioning that there is a proposal suggesting that the Jahn-
Teller coupling may exert greater influence than Hund’s rule
coupling J and, when coupled with a sufficiently large U, may
lead to the emergence of superconductivity. We will discuss
this pertinent topic in Sec. IV. The ratio (U — V)/W, which
measures the correlation strength in the system, shows a sim-
ple monotonic decrease with the application of pressure. It is
noteworthy that at 0 GPa, the value of (U — V)/W is approx-
imately 1, suggesting the potential for Cgy superconductors
to be strongly correlated electronic systems. The results at
0 GPa are consistent with (U — V)/W ~ 1 [55] exhibited by
other Cgp superconductors. However, as pressure increases,
this value gradually decreases, indicating a departure from a
strongly correlated electronic system.

D. Electron-phonon interactions and phonon frequencies

The phonon modes associated with K3Cg that have the
potential to interact with the #;, electrons can be categorized
into distinct classes, including libration modes, intermolecular
modes, optical modes involving alkali cations and Cga anions,
and intramolecular modes [72-76]. For the librations, which
involve rigid rotations of the molecules, only the hopping
between the molecules is influenced; the coupling observed
is only consistent with small values of A < 0.08 [77]. For
the intermolecular modes, from the displacement of the band
structure energies, A ~ 0.01 was estimated for these modes
[78]. For alkali-metal phonon modes, the energy is ~0.013,
and A ~ 0.004 [79]. For intramolecular modes, all A of the
phonon modes exceed 0.01, as shown in Fig. 8. Therefore,
our primary focus is on investigating the characteristics of
intramolecular phonons.

Given the high symmetry of the Cgp molecule, only specific
types of intramolecular phonon modes can couple with the ¢,
electrons due to symmetry considerations. If we consider the
ideal icosahedral symmetry of the isolated Cgy molecule, a
total of 60 x 3 — 6 = 174 intramolecular vibrational modes
exist (where the subtraction of six modes pertains to the
molecule’s translational and rotational degrees of freedom).
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FIG. 8. Partially renormalized electron-phonon coupling parameter for different phonon modes at the I" point calculated using the cDFPT
method. The phonon modes are as follows: (a) H,(1)-H,(8) and (b) A,(1) and A,(2). The mode decomposition of phonon-mediated interactions

(¢) Upn(v) and (d) Ul;h(v) as a function of pressure.

These modes are further categorized into two A, modes, one
A, mode, three T7, modes, four 77, modes, four 73, modes,
five T3, modes, six G, modes, six G, modes, eight H, modes,
and seven H, modes.

The A,(,) modes exhibit no degeneracy, whereas the T,
and T3,(,) modes, the G, modes, and the Hy(,) modes possess
threefold, fourfold, and fivefold degeneracies, respectively.
Among the intramolecular modes, only the phonon modes
with A, and H, symmetries exhibit finite electron-phonon
couplings to the 7, electrons [80,81].

Table I summarizes our calculated partially renormalized
phonon frequencies of all modes at the I" point under differ-
ent pressures. High phonon frequencies up to ~1500 cm™!
(~0.2 eV) can be ascribed to the stiff C—C bonds and the
lightness of the carbon atoms. Note that these frequencies are
inputs for the low-energy solvers and thus cannot be directly
compared with the experimentally observed frequencies. In
general, the electron-phonon coupling of the individual mode
is not large (see Fig. 8), while the accumulation of the con-

TABLE I. Partially renormalized phonon frequencies of different modes at the I" point calculated using the cDFPT method. The units are
cm~'(1 eV = 8065.54 cm™').

Pressure (GPa)  Hy(1) H,(2) H,(3) Hy(4) Hy(5) H,(6) H(7) Hy(8) A1) Al2)

0 25941 42728 68573 77926 111459 127356 140296  1531.60  504.82  1503.33
0.53 260.77 42927 68552  781.82  1117.53 127727  1407.12 153445 50991  1504.94
1.42 26292 43206 68525 78549  1121.59 128241  1413.03  1538.64 51454  1507.33
2.05 26471 43433  684.98  788.66 112499  1287.02  1418.17 154250  518.17  1509.58
2.81 26685  437.14  684.52 79261  1129.16 129271 142441 154737 52246  1512.30
3.34 267.89  438.62  684.22 79429  1130.64  1294.10  1427.68 154932  525.02  1514.18
3.74 26891 43971  684.05 79628 113294  1297.92 143022  1552.10 52733  1515.02
5.03 27129 45040  686.52 77720 110426  1256.63 137434 150626  520.53  1453.92
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exchange-type interaction.

tributions leads to a total electron-phonon coupling of A ~
0.5-1.0 [82].

The values of Uy, and U;;h are given by the sum of contri-
butions from phonon modes:

I;h B § U;;h(v)i (16)
1 287 nE%" @)
U,(v)=—— 2 . (17)
ST

In Figs. 8(a) and 8(b), we can visually observe the trends
of various phonon modes as they change with pressure. With
increasing pressure, the majority of phonon modes exhibit a
decreasing trend in their intensities, with the exception of the
H,y(1) and H,y(8) modes. This observed trend aligns with the
overall decrease in phonon coupling strengths as the pressure
increases. In Figs. 8(c) and 8(d), we plot Upp(v) and UI;h(v),
respectively, for the A, and H, modes as a function of pressure.
Up’h(v) for A, modes decreases with pressure, while Ul;h(v) for
H, modes undergoes relatively small changes.
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Figure 9 summarizes the values of the static parts. We
also find that the relation Ul;h ~ Upn — 2Jp, holds well. The
negative values of Up, Uéh, and Jp, indicate that the in-
teractions are attractive. Therefore, they will compete with
the repulsive on-site Coulomb interactions. It is evident that
an increase in pressure leads to a reduction in the absolute
magnitudes of Uy, and Jypn. The weakening trend is con-
sistent for intraorbital density-density-type interactions and
exchange-type interactions. Additionally, the magnitude of
Up’h decreases to approximately 3 GPa before undergoing a
sign reversal, transitioning from negative to positive. This
sign change indicates a gradual transition from attraction
to repulsion in the interorbital density-density-type interac-
tions. As for the density-density channel, since the Coulomb
interaction U for the 1, electrons [see Fig. 7(a)] is approx-
imately 5 times larger in magnitude than electron-phonon
coupling Uy, the repulsive Coulomb interaction dominates
over the phonon-mediated attraction. However, remarkably,
the situation changes for the exchange-type interaction: at
0 GPa the absolute values of [Jon| ~ 0.05 eV are larger
than those of Hund’s coupling J ~ 0.034 eV [see Fig. 7(b)].
This indicates that, effectively, negative exchange interac-
tions are realized. Thus, the systems will obey the inverted
Hund’s rule, which favors the low-spin state rather than
the high-spin state. This fact naturally explains the origin
of the low-spin state observed in the Mott-insulating phase
[83].

On the other hand, the enhancement of the negative Jyp
is due to the strong coupling between the Jahn-Teller modes
and the ¢, electrons. As already mentioned in the discussion
above, the Jahn-Teller H, modes are the non-density-type
electron-phonon coupling, and A, modes are density-type
electron-phonon coupling. This shows the H, modes con-
tribute to Jppn, and the A, modes do not contribute. We focus
our attention on the behavior of the H, and A, modes, as
they play key roles in these interactions. Notably, A, modes
predominantly contribute to |Upy|, and their trends exhibit
substantial similarity. Conversely, H, modes contribute pri-
marily to |Jyn|, and it is evident that the trends of the
H,y(2)-H,(7) modes are largely consistent with |Jpp|, although
the intensities of the H,(1) and H,(8) modes increase as pres-
sure decreases.
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FIG. 10. Pressure dependence of effective interactions Uett (U + Upn), U (U + Uy, and Jeg (J + Jpn). ULUpn ], U'[U,, 1, and J[Jpn ] are the
intraorbital, interorbital, and exchange components of the cRPA Coulomb (cDFPT phonon-mediated) interactions, respectively.
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FIG. 11. Pressure dependence of the comparison of effective
interactions. U [Uph] and J[Jy] are the on-site effective Coulomb
repulsion and exchange components of the cRPA Coulomb (DFPT
phonon-mediated) interactions, respectively.

In Figs. 8(c) and 8(d), the contributions of the A, modes be-
come more prominent as pressure increases compared to other
modes. The decrease in U, (v) for A, modes will eventually
result in the reversal of the interorbital density-density-type
interaction Ul;h(v) from attraction to repulsion.

E. Effective interactions

Figure 10 shows the pressure dependence of the effective
interactions between the ty, electrons (Ues = U + Upp,
Ug=U"+ U[;h, Jett = J 4+ Jpn), which are given by the
sum of the Coulomb U, U’, and J and the retarded
phonon-mediated interactions Upp, U};h, and Jpp. In the context
of K3Cgp subjected to variable external pressure conditions,
several notable observations have emerged. First, it has been
observed that both U and UJ; remain positive across the
entire range of pressures studied, exhibiting substantial vari-
ations as their values decrease from 0.7 to 0.45 eV. Notably,
these two parameters exhibit a highly synchronized trend,
demonstrating a strong degree of synchronicity. Second, the
effective exchange interaction parameter J.i consistently
takes negative values under all pressure conditions, with
its variation confined to a narrow range, specifically within
the limits of —0.016 to —0.011 eV. It is pertinent to note
that Uy and Ul; exhibit pronounced repulsive tendencies
throughout the studied pressure range which are greater than
the attractive tendencies exhibited by Jegs.

Furthermore, the transition of Je to negative values is
attributed to the contributions from phonons. Within the pa-
rameter regime where J.ir becomes negative, U, is observed
to marginally surpass U, indicating that the interorbital re-
pulsion is slightly greater than the intraorbital repulsion across
all pressure conditions. This scenario favors electron pairing
within the orbitals, consistent with the conclusions drawn
regarding intraorbital pairs [47,84-87].

Figure 11 illustrates the pressure-induced variations
in the strengths of the Coulomb interaction and the
electron-phonon interaction parameters. In particular, it
compares the behavior of on-site effective interaction U with
that of the phonon-mediated interaction Up,. Notably, U
exhibits a slower rate of reduction compared to Upp. This
implies that as pressure increases, the intraorbital electron
repulsion decreases at a slower rate than the intraorbital
electron-phonon attraction. On the other hand, the exchange

interaction parameter J exhibits a lower sensitivity to pressure
variations. Unlike U, it does not display pronounced changes
with increasing pressure.

IV. DISCUSSION

We carried out a fully ab initio study of all the interac-
tions of a multiorbital Hubbard model coupled with phonons
computed from first principles with only the information
on the atomic positions. In our study, we unveiled changes
in electronic and phononic properties induced by pressure
fluctuations and compared several explanations for the uncon-
ventional superconducting mechanism in K3Cg. Referring to
the experimental trend of decreasing T, in K3Cg as pressure
increases [3,35], we make the following observations:

(1) As pressure increases, the strength of the Coulomb
interaction consistently surpasses that of the electron-phonon
interaction, although both exhibit decreasing trends. Fur-
thermore, phonon-mediated interaction decreases in strength
more rapidly than Coulomb interaction. The concurrent weak-
ening of the superconducting phase and phonon interactions
aligns well with the proposition that local pairing with Jahn-
Teller phonons assisted by Coulomb repulsion predominates
as the superconducting mechanism [44,45,88] in K3Cg¢g. This
highlights the impact of phonon interactions on the super-
conducting mechanism, even though the phonon interaction
strength in K3Cgo is relatively modest due to the dom-
inant role of strong Coulomb interactions in suppressing
kinetic energy.

(2) Through band structure calculations, we assert that the
primary source of electrons within K3Cg relies on the ¢,
band. The density of states plot in Fig. 4 reveals that the
t1, band is entirely contributed by electrons from the car-
bon atoms, independent of potassium atoms. This observation
indicates that the hypothesis suggesting that potassium ion
phonon modes exert a strong attractive force on electrons
on Cg sufficient to overcome Coulomb repulsion and induce
superconductivity [89] is incorrect. Instead, the role of potas-
sium atoms is to donate electrons to the Cq9 HOMO orbitals.
Cgo solids are semiconducting, with a finite gap between
HOMO and LUMO orbitals. Doping is required to realize a
metallic state. Each potassium atom donates one electron to
the Cgy molecules; then Cgy becomes a 3— anion, and the
LUMO orbital becomes half filled. Also, the potassium atom
acts as a chemical pressure, so by changing the alkali species,
the lattice constant can be changed.

(3) In K3Cgp, when considering only the Coulomb inter-
action in isolation, we observe that U is greater than U’.
However, upon incorporating electron-phonon interactions,
denoted as Uy, and U;;h’ we discern that U.¢ becomes smaller
than U_j;. This observation forms the foundational explanation
for electron pairing. Despite the relatively modest strength
of phonon interactions within K3Cgp, the robust Coulomb
interactions effectively curtail the kinetic energy of electrons.
This, in turn, facilitates the interorbital tunneling of electron
pairs through pair-hopping interactions, which is an indis-
pensable mechanism for the emergence of superconductivity.
Throughout the entire process, both Uy and Ul; decrease
with increasing pressure, with U, consistently being less than
Ui This indicates that interorbital Coulomb interactions are
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FIG. 12. The evolution of Coulomb interaction parameters with increasing energy cutoff. It can be observed that beyond 36 Ry, the changes
in interaction parameters are minimal. To conserve computational resources and time, we utilized a cutoff of 36 Ry in our calculations.

greater than intraorbital interactions, implying that electron
pairing within the orbitals persists even as Coulomb interac-
tions decrease. Furthermore, the A, mode gives Uy, = Ul;h, and
the H, mode gives negative Jp, and negative Jeir. Hence, H,
modes assume a pivotal role in determining the relationship
Ul = Uetr — 2Jeir > Uesr; both modes are indispensable in
shaping the dynamics of the superconducting mechanism.

V. CONCLUSION

In conclusion, our comprehensive ab initio study of a mul-
tiorbital Hubbard model coupled with phonons under varying
pressure conditions sheds light on the intriguing behavior
of the superconducting mechanism in K3Cgy. We observed
significant changes in the system’s parameters and theoretical
concepts under increasing pressure. As pressure increased, we
observed that despite the relatively smaller strength of phonon
interactions, their impact on the superconducting mechanism
in K3Cq is significant. This is due to the local pairing with
Jahn-Teller phonons [44,45,88], which is further assisted by
the suppressive effect of strong Coulomb interactions on ki-
netic energy.

Furthermore, our study revealed that interorbital Coulomb
interactions remain greater than intraorbital interactions
throughout the pressure increase, indicating that electron pair-
ing within the orbitals persists despite decreasing Coulomb
interactions. Pressure-induced changes in the electronic and

phononic properties of the system, along with variations in
key parameters like Uesr, Uy, and Jegr, highlight the intricate
interplay between different factors in the superconducting
mechanism of K3Cgg. This study advances our understanding
of unconventional superconductivity in complex materials and
underscores the importance of considering both electronic and

phononic contributions in such systems.
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APPENDIX: CALCULATION DETAILS OF
ELECTRON-ELECTRON INTERACTIONS

In this Appendix, we demonstrate the impact of an energy
cutoff on the interaction result and discuss the interaction
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FIG. 13. (a) The on-site Coulomb repulsions at different coordinates of the Brillouin zone are presented in 2D plots for various pressures.
(b) A 3D contour plot is used to depict the on-site Coulomb repulsions for a pressure of 2.81 GPa.
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strength in the Brillouin zone. The cutoff is on the number
of plane wave functions being utilized as basis functions
to represent the wave function. Theoretically, an infinite
number of basis functions is required to produce an exact
answer. However, this is not computationally feasible, and
a cutoff must be introduced. We used 36 Ry as the energy
cutoff in the simulation. As shown in Fig. 12, the cRPA

result converges to a steady value at this cutoff. In Fig. 13,
we plot the Coulomb interaction strength along the high-
symmetry points in a three-dimensional (3D) Brillouin zone
in Fig. 13. We find that the interaction peaks at the I" point,
and the second peak is at the L point. With increasing pres-
sure, the interaction shows significant decreases at the I'
point.
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