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Bardeen-Cooper-Schrieffer interaction as an infinite-range Penson-Kolb pairing mechanism
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We demonstrate that the well-known (k ↑, −k ↓) Bardeen-Cooper-Schrieffer interaction, when considered
in real space, is equivalent to an infinite-range Penson-Kolb pairing mechanism coexisting with an attractive
Hubbard term. Driven by this discovery and aiming at exploring the conduction properties, we investigate the
dynamics of fermionic particles confined in a ring-shaped lattice. We assume that fermions are simultaneously
influenced by the pairing interaction and by an Aharonov-Bohm electromagnetic phase, which is incorporated
into the model in a highly nontrivial manner. Remarkably, the aforementioned model shows Richardson
integrability for both integer and half-integer values of the applied magnetic flux �/�0, thus permitting the
exact solution of a genuine many-body problem. We discuss the ground-state properties of both two-particle
and many-particle systems, drawing comparisons with results from the attractive Hubbard model. Our approach
combines exact diagonalization, density matrix renormalization group techniques, and numerical solution of
the Richardson equations. This comprehensive analysis allows us to study various key metrics, including the
system’s conductivity as a function of the interaction strength. In this way, the BCS-BEC transition is investigated
in a continuous manner, thus permitting to shed light on fundamental aspects of superconducting pairing. Our
findings can be experimentally tested in a condensed matter context or, with greater level of control, using
atomtronics platforms.
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I. INTRODUCTION

Understanding the emergent properties of interacting
fermionic particles remains a fundamental challenge in the-
oretical physics, with profound implications across a wide
spectrum of phenomena extending from the quark structure of
baryons [1] to the superfluid phases in neutron stars [2]. This
endeavor is equally significant in condensed matter physics,
where Mott insulators [3] and superconductors [4] serve as
paradigmatic examples of systems where many-body interac-
tions are responsible for the emergence of entirely new states
of matter.

Interestingly, while Mott physics is understood in terms
of a real-space formulation based on repulsive Hubbard
interaction among fermions, the microscopic theory of su-
perconductivity due to Bardeen, Cooper, and Schrieffer, the
so-called BCS theory [5–7], is instead formulated in momen-
tum representation, thus requiring the translational invariance
of the system.

Shortly after the advent of BCS theory, Russian physi-
cists swiftly grasped its key concepts through the powerful
method of the Bogolyubov canonical transformation [8],
or by reformulating the theory using the quantum field
theory methods pioneered by Gor’kov [9,10]. In the suc-
cessful effort of demonstrating that the Ginzburg and Lan-
dau’s phenomenological theory [11] of superconductivity is
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compatible with the BCS formulation, L. P. Gor’kov in-
troduced a contact interaction in real space (see Ref. [9])
playing the role of a pairing potential. Almost ten years
later, using the same pairing model, P. G. de Gennes was
able to obtain a real-space superconductivity’s theory, nowa-
days known as Bogolyubov-de Gennes formulation [4], able
to describe spatially nonhomogeneous systems. Bogolyubov-
de Gennes’s theory significantly influenced the field of
mesoscopic superconductivity [12] because, in this context,
the presence of interfaces disrupts translational invariance,
rendering the original BCS theory inadequate. Bogolyubov-
de Gennes’s formulation assumes, according to Gor’kov
[13], that fermions are paired by the contact interaction
HP = −V

∫
�

†
↑(r)�†

↓(r)�↓(r)�↑(r)dr, which is treated by
means of a self-consistent mean-field approach similar to the
Hartree-Fock method. The pairing Hamiltonian, however, can
also be presented in the form HP = −V

∫
n↑(r)n↓(r)dr with

nσ (r) = �†
σ (r)�σ (r), which can be recognized as an attrac-

tive Hubbard model. The difference between the attractive
Hubbard model and the BCS pairing is evident when they
are compared in momentum space, so that one is legitimated
to ask about the full equivalence between the two pairing
models.

In a pioneering paper [14], Penson and Kolb discussed
some of the inadequacies of the attractive Hubbard model
in mimicking the superconducting interaction in real space.
Following Penson and Kolb, one of the main difficulties is
that, within the infinite interaction limit, any Hubbard-type
model becomes classical, which raises questions about its
potential applications in superconductivity. Thus, inspired by
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a study of Kulik and Pedan [15], these authors have introduced
a real-space pairing mechanism based on nearest-neighbors
pair-hopping processes. The Penson-Kolb model favors the
formation of pairs also promoting their mobility, being this as-
pect profoundly different from the aforementioned attractive
Hubbard model.

It is rather astonishing that, as long as a one-dimensional
translational-invariant system is considered, an infinite-range
Penson-Kolb pairing mechanism coexisting with an attractive
Hubbard term is exactly equivalent to the BCS pairing term,
i.e., the Fourier transform of the latter provides the former.
The formal proof of this statement has been provided in Ref.
[16] along with relevant observations about the Richardson’s
integrability of the model. The pairing mechanism proposed
in Ref. [16] as a real-space BCS model, and here recognized
as an infinite-range Penson-Kolb interaction distorted by a
local Hubbard term, boasts a number of interesting properties.
In particular, one can shows the Richardson’s integrability
[17,18] of the model under rather generic conditions includ-
ing on-site potential and hopping disorder, arbitrary lattice
structures and values of the interaction strength. All the afore-
mentioned conditions are extremely interesting in order to
investigate the interplay between coherence and correlation
effects, nontrivial lattice structures and disorder.

In this paper, we introduce a nontrivial generalization of
the real-space BCS model, incorporating an electromagnetic
phase. The resulting model is particularly significant as it
facilitates analysis of the system’s reaction to external stim-
uli, thereby unlocking insights into its transport properties.
Our methodology integrates exact diagonalization, density
matrix renormalization group (DMRG) techniques, and the
numerical solution of Richardson’s equations. This thorough
approach enables us to examine critical metrics, such as the
system’s conductivity in relation to interaction strength. Con-
sequently, we explore the BCS-BEC crossover in a seamless
manner, illuminating key aspects of superconducting pairing.
Our results offer potential for experimental validation in con-
densed matter physics, or with heightened precision, through
atomtronics platforms [19].

The paper is organized as follows. In Sec. II, we introduce
the Hamiltonian model describing fermions confined within
a ring-shaped lattice, subject to the simultaneous influence
of an Aharonov-Bohm electromagnetic phase and a pairing
interaction. We specifically focus on a real-space BCS pairing
model, observing that it can be understood as an infinite-range
Penson-Kolb pairing mechanism coexisting with an attractive
Hubbard term. Furthermore, we compare the real-space BCS
model with the attractive Hubbard interaction. In Sec. III, we
delve into the generalities concerning the flux dependence
of the ground-state energy of a many-body system. We ex-
plore various physical observables and their relationships with
energy-flux curves. Moving on to Sec. IV, we present the
magnetic response of a many-body system in the absence of
a pairing interaction. This section, designed as a reference for
subsequent discussions, introduces the energy-flux curves and
their sensitivity to the parity of the particle number. In Sec. V,
we delve into the two-body problem, discussing analogies
and peculiarities of the distinct pairing models analyzed. In
Sec. VI, we provide a thorough examination of the few-body
problem, highlighting the Richardson’s integrability of the

real-space BCS model under appropriate flux bias, backed
by extensive DMRG simulations. In this context, features
reminiscent of the BCS-BEC transition are also discussed.
Finally, conclusions and future perspectives are presented in
Sec. VII. Computational details are provided in Appendix A,
while the scaling behavior of charge stiffness with system size
is discussed in Appendix B.

II. THE MODEL

Let us consider fermions confined in a ring and subject to
the concomitant action of a pairing interaction and the elec-
tromagnetic phase induced by a nonvanishing vector potential
�A. This condition can be studied either in a condensed matter
context and in atomtronics platforms, where artificial gauge
fields can be obtained, for instance, by optical imprinting of
a phase gradient [20]. The kinetic part HR of the Hamiltonian
describing this system can be written in terms of fermionic
creation/annihilation operators a†

�σ /a�σ , so that

HR = −t
N−1∑

�=1,σ

a†
�+1σ a�σ − t

∑
σ

e−i2π f a†
1σ aNσ + H.c., (1)

while t represents the hopping integral, f = �/�0 stands for
the magnetic flux � = ∮ �A · d�l normalized to the magnetic
flux quantum �0 = h/e, σ ∈ {↑,↓} specifies the particle’s
spin projection and � ∈ {1, . . . , N} is a site index bounded
from above by the number N of lattice sites. The interac-
tion part of the Hamiltonian, describing the tendency to form
fermions pairs, takes the following form:

HI = −g
∑
�,r

��ra†
�↑a†

�↓ar↓ar↑, (2)

where g > 0 is the pairing strength, while ��r defines the
pairing mechanism and the interaction range. In particular,
by setting ��r = δ�r , an attractive Hubbard interaction is ob-
tained, while, considering ��r = 1/N , we end up with the
real-space BCS interaction introduced in Ref. [16]. Remark-
ably, the real-space BCS interaction can also be understood
as an infinite-range Penson-Kolb pairing term [14], which is
further modulated by an attractive Hubbard interaction [21].
Moreover, the standard Penson-Kolb pairing Hamiltonian,
which features a nearest-neighbor pair-hopping term, can be
derived through a suitable choice of ��r . Therefore, Eq. (2)
seems sufficiently versatile to encompass any s-wave pairing
model.

It is rather instructive expressing the full Hamiltonian
H = HR + HI in terms of new fermionic fields, i.e., crσ ,
according to the unitary transformation arσ = eirϕcrσ , with
ϕ = 2π f /N . Implementing the aforementioned transforma-
tion, the kinetic and the interaction part of the transformed
Hamiltonian H = HR + HI , namely HR and HI , read

HR = −t
N−1∑

�=1,σ

e−iϕc†
�+1σ c�σ − t

∑
σ

e−iϕc†
1σ cNσ + H.c.,

HI = −g
∑
�,r

��re−2i(�−r)ϕc†
�↑c†

�↓cr↓cr↑, (3)
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so that the total electromagnetic phase 2π f results uniformly
distributed along the entire ring, being the latter condition
reminiscent of the familiar outcome of the Peierls substitution.
More surprisingly, a closer inspection to the interaction term
HI reveals the presence of the electromagnetic phase factor
e−2i(�−r)ϕ . The latter, however, disappears when the Hubbard
interaction is considered (i.e., by setting ��r = δ�r), so that
the resulting model collapses into the Fermi-Hubbard Hamil-
tonian of a quantum ring previously considered in literature
[22]. On the other hand, the phase factor survives when the
real-space BCS pairing is considered (��r = 1/N) because of
the nonlocal nature of this type of interaction. In order to
understand the role of the unusual phase factor in front of
the pairing term, we observe that the pairing Hamiltonian HI

with ��r = 1/N can be understood as a nonlocal hopping from
the lattice position r to � of paired fermions with opposite
spin projection, so that, sometimes, this kind of term is called
pair-hopping Hamiltonian [23,24]. In view of this observation
and in accordance with Ref. [25], the phase factor e−2i(�−r)ϕ

can be interpreted as the electromagnetic phase acquired by
a fermions pair in the nonlocal hopping process. The pres-
ence of this phase factor is crucial and indeed, as long as
a real-space BCS interaction is considered, it is possible to
verify that omitting it leads to an Hamiltonian model whose
ground-state energy presents an anomalous dependence upon
the applied flux f . In particular, numerical analyses show that
such anomalous behavior is not compatible with the magnetic
response of a superconducting ring.

Interestingly, there exists a more subtle argument support-
ing the necessity to include the phase factor e−2i(�−r)ϕ in HI ,
when the real-space BCS pairing is considered.

In order to present the mentioned argument, let us
write H in momentum space. The transformation is imple-
mented by using the annihilation operators expansion c�σ =∑

q φq(�)cqσ written in terms of the eigenfunctions φq(�) =
eiq�/

√
N of the noninteracting problem (i.e., the problem

obtained by setting g = 0 in H). Approaching the thermo-
dynamic limit, such wavefunctions are labeled by quantized,
but rather dense, values of linear momentum q = 2πs/N , with
s ∈ {1, . . . , N}. Thus, the momentum space Hamiltonian can
be written as

H =
∑
qσ

Eq(ϕ)c†
qσ cqσ − g

N

∑
qp

c†
q↑c†

q̃↓cp̃↓cp↑, (4)

where Eq(ϕ) = −2t cos(q + ϕ) is the flux-dependent single-
particle energy spectrum, while the quantities q̃ = 2π − q −
2ϕ and p̃ = 2π − p − 2ϕ have been introduced. In the ab-
sence of electromagnetic flux (i.e., setting ϕ = 0 in H), the
interaction part of the Hamiltonian promotes the formation
of pairs of fermions with opposite spin projection and linear
momentum. Such single-particle states, labeled by linear mo-
menta q and 2π − q, are degenerate in energy [i.e., Eq(0) =
E2π−q(0)] and the resulting model describes fermions affected
by the usual s-wave BCS pairing. Thus, the paired state
presents vanishing center of mass momentum, i.e., q + (2π −
q) = 2π .

On the other hand, considering ϕ �= 0 in H, one ob-
serves that single-particle states with linear momenta q and
q̃ = 2π − q − 2ϕ are paired by the interaction. These single-

particle states are energy degenerate [i.e., Eq(ϕ) = Eq̃(ϕ)],
while one can explicitly observe that the degeneracy of states
labeled by q and 2π − q is removed by the magnetic flux, so
that Eq(ϕ) �= E2π−q(ϕ). The paired state (q ↑, q̃ ↓) has a net
momentum q + q̃ = 2π − 2ϕ, which is induced by the mag-
netic response of the system. Moreover, the net momentum is
the same for all pairs, signaling the presence of a net current
flow sustained by paired fermions. The latter observation is
suggestive of the formation of persistent currents, which are
an important part of the magnetic response of a superconduct-
ing system.

Once the model’s features have been explained, it is rather
instructive to observe that, as long as the real space BCS pair-
ing is considered, the presence of the electromagnetic phase
factor e−2i(�−r)ϕ in HI guarantees that (i) energy degenerate
single-particle states are coupled by the interaction term; (ii)
the center of mass momentum of a fermions pair is different
from zero when ϕ �= 0, it is dependent upon the magnetic flux
and identical for all pairs in the system.

Conversely, neglecting the phase factor e−2i(�−r)ϕ in HI

induces the formation of fermion pairs originating from
single-particle states labeled by q ↑ and 2π − q ↓, which
no longer exhibit energy degeneracy for nonvanishing mag-
netic flux. The coupling of nondegenerate single-particle
states represents a costly pairing mechanism and, indeed,
it appears unappropriate for the description of conventional
superconductors.

III. FLUX DEPENDENCE OF THE MANY-BODY
GROUND-STATE ENERGY

Hereafter, we study the flux-dependent behavior of the
ground-state energy (EG) of a many-body system described by
the Hamiltonian model outlined in Sec. II. The motivation be-
hind this investigation stems from the recognition that the EG

vs f curves contain valuable insights into the characteristics
of the many-body system. In particular, the flux periodicity
of EG yields crucial information regarding the electric charge
of the carriers, while the derivative of EG with respect to
f provides information about the zero-temperature persistent
current (IPC), in accordance to the relation

IPC = − 1

�0

dEG

df
. (5)

Interestingly, persistent currents are measurable in a broad
spectrum of systems, ranging from condensed matter to atom-
tronics platforms. Consequently, in these systems, the relevant
insights contained in EG can be extracted through direct mea-
surement of IPC . In particular, the flux dependence of the
persistent current IPC allows to extract the so-called charge
stiffness.

Charge stiffness constant

Dc = N

�2
0

(
1

2

d2EG

df 2

)
f =0

, (6)

first discussed by W. Kohn [26] in the context of the metal-
insulator transition, can be used to characterize the electronic
conductivity of a system because it is conceptually equivalent
to the Drude weight in the optical conductivity and takes
vanishing values in insulators.
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Moreover, in mesoscopic systems, which are the object of
the present analysis, EG also contains precious information
about finite-size effects and can exhibit sensitivity to the parity
of the particles’ number. Both of these effects allow to extract
information about important length scales related to the many-
body problem and gain insights into the quantum statistics of
composite particles stabilized by the interaction.

IV. PROPERTIES OF EG IN THE NONINTERACTING
CASE (g = 0)

This section serve as a review of established results and it is
written in order to fix the notation and facilitate a comparison
with the interacting case. Thus, we discuss the properties of
the ground-state energy for a system of free fermions, whose
dynamics is determined by the kinetic part of the Hamilto-
nian presented in Eq. (4). In particular, we assume that an
even number M � 2N of fermions is distributed on a N-sites
quantum ring pierced by a magnetic flux. As anticipated be-
fore, the single-particle problem admits the energy spectrum
Es( f ) = −2t cos[ 2π

N (s + f )] with s ∈ {1, . . . , N}. Hence, the
many-body ground state is achieved by populating single-
particle levels with the objective of minimizing the system’s
total energy while adhering to Pauli’s principle. According to
this prescription, the ground-state energy can be written as
EG( f ) = 2

∑M/2
n=1 Sn, where Sn represents the nth element of

the list S , which is obtained by arranging in ascending order
the single-particle energy spectrum {E1( f ), . . . , EN ( f )}.

In Fig. 1, we present the main features of the ground-state
energy EG of a free fermions system as a function of the
normalized applied flux f = �/�0. In this figure, as in others
throughout this article, quantities with dimensions of energy
such as the ground state energy EG or the interaction strength g
will be expressed in units of the hopping parameter t . In order
to be definite, we study a quantum ring containing N = 30
lattice sites, while fixing the particles number to M = 18
[panel (a)] or M = 16 [panel (b)]. Flux-one periodicity of the
EG vs f curves is clearly seen for both the panels, so that
EG( f + 1) = EG( f ). Moreover, depending on the odd or even
parity of M/2, the EG vs f curves show a local minimum or
a local maximum, respectively, in close vicinity of f = 0. A
systematic numerical analysis of the EG vs f curves, exploring
different system sizes N and fillings M, shows a sort of uni-
versal behavior of the quantity EG( f )/EG(0), with EG(0) the
ground-state energy in the absence of flux. In particular, one
observes that EG( f ) = EG(0)Zμ( f ), with Zμ( f ) exhibiting
sensitivity to the parity of M/2. Consequently, the dichotomic
index μ, belonging to the set {o, e}, assumes the value o in the
case of odd parity and e in the case of even parity. Moreover,
Zμ( f ) takes the following form:

Zμ( f ) = cos
[

2π
N �(μ)( f )

]
cos

[
2π
N �(μ)(0)

] , (7)

where �(μ)( f ) = ‖ f + δμ,e/2‖ − f − δμ,e/2 is written in
terms of the Kronecker delta function δμ,μ′ , while ‖ f ‖ stands
for the integer number closest to f . Since the flux-one peri-
odicity of the EG( f ) curves, and hence of Zμ( f ), is related to
the elementary charge of the carriers (i.e., unpaired fermions),
it is relevant investigating the harmonic content of the Zμ( f )

FIG. 1. Ground-state energy EG (measured in units of the hop-
ping parameter t) of a free fermions system as a function of the
normalized applied flux f = �/�0. The ring contains N = 30 lattice
sites, while the particles number has been fixed to M = 18 (a) or
M = 16 (b). Flux-one periodicity of the EG vs f curves is evident for
both the panels, so that EG( f + 1) = EG( f ). Moreover, depending
on the odd or even parity of M/2, the EG vs f curves show a local
minimum or a local maximum, respectively, in close vicinity of
f = 0.

curves. In view of the symmetry Zμ(− f ) = Zμ( f ), the Fourier
series can be presented in the following form:

Zμ( f ) =
∞∑

n=0

c(μ)
n cos(2πn f ), (8)

where c(μ)
1 contains information about the flux-one periodicity

of the curves. Moreover, in virtue of the relation Ze( f ) =
Zo( f + 1/2)/ cos(π/N ), it is straightforward to demonstrate
the validity of the following relation:

c(e)
n = c(o)

n (−)n

cos
(

π
N

) , (9)

which immediately implies |c(e)
n | ≈ |c(o)

n | when the thermo-
dynamic limit is approached (i.e., for N � 1). Numerical
analysis agrees with the above expectations so that we only
present the harmonic content of Zo( f ), which is shown in
Fig. 2(a). In particular, in Fig. 2(b), we present the dependence
of the coefficients |c(o)

n | as a function of n > 0, which is a
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FIG. 2. (a) Zo( f ) curve in the domain f ∈ [0, 1]. (b) Absolute value of the Fourier coefficients c(o)
n , with n > 0, of the curve shown in (a).

relevant figure of merit of the magnetic response of the sys-
tem. A close inspection of Fig. 2(b) shows the important role
of c(o)

1 , whose amplitude is higher than the second harmonic
contribution c(o)

2 , a rather expected feature for a system of
unpaired fermions.

A noteworthy observation, particularly in light of the sub-
sequent analysis, pertains to the relative amplitudes of the
coefficients c(o)

1 and c(o)
2 . The intensity of these coefficients

plays a crucial role in determining the dependence of the
ground-state energy on the applied magnetic field. Specif-
ically, c(o)

1 introduces a periodicity of �0 = h/e, while c(o)
2

contributes to a period halving, corresponding to a �0/2
periodicity. Recent literature [27] underscores the nontrivial
interplay between the �0 and �0/2 periodicity in EG( f ). In-
deed, it has been demonstrated that an h/e periodicity can also
manifest under appropriate conditions in a system of fermions
subjected to the BCS pairing interaction.

In the following, we will demonstrate that some of the
conclusions reached in Ref. [27] within the framework of
a mean-field treatment of the BCS interaction retain their
validity also when the mean-field approximation is removed
and a genuine interacting many-body system is considered.

V. TWO-BODY PROBLEM

This section addresses the relevant problem of two inter-
acting fermions confined to a quantum ring subject to the
perturbing effect of a magnetic flux. The two-body problem
can be easily addressed by using the Hamiltonian H = HR +
HI , with HR and HI given in Eq. (1) and (2), respectively.
Moreover, H can be rearranged in the compact form,

H =
∑
�rσ

a†
�σH

( f )
�r arσ − g

∑
�,r

��ra†
�↑a†

�↓ar↓ar↑, (10)

where H( f )
�r is an appropriate flux-dependent hopping matrix.

The two-body problem is conveniently treated adopting a first
quantization formalism. Thus, we introduce a general two-
particle state,

|�〉 = 1

2

∑
x1σ1,x2σ2

ψσ1σ2 (x1, x2)|x1σ1, x2σ2〉, (11)

which is superposition of Slater determinants |x1σ1, x2σ2〉 =
a†

x2σ2
a†

x1σ1
|0〉 describing two particles with spin projection σ1

and σ2 and located at lattice positions x1 and x2, respectively.
Within this framework, ψσ1σ2 (x1, x2) is the first quantization
wavefunction, while |0〉 represents the empty lattice state. The
requirement that |�〉 is an eigenstate of the Hamiltonian H
in Eq. (10) allows to write the stationary Schrödinger equa-
tion H |�〉 = E |�〉, being E the energy eigenvalue. Projecting
the Schrödinger equation on a single Slater determinant,
namely |y1s1, y2s2〉, one obtains

〈y1s1, y2s2|HR + HI |�〉 = E ψs1s2 (y1, y2). (12)

On the other hand, direct computation shows that

〈y1s1, y2s2|HR|�〉
=

∑
y

(
H( f )

y2yψs1s2 (y1, y) + H( f )
y1yψs1s2 (y, y2)

)
, (13)

being this term related with the two-particle hopping on the
ring. When the interaction part of the Hamiltonian is consid-
ered, distinct results are obtained depending on the considered
pairing model. In general, the interaction only couples parti-
cles with opposite spin projection (s1 �= s2) in a spin singlet
state so that, hereafter, we focus on this relevant case. In
particular, when the attractive Hubbard model is considered,
one obtains

〈y1s1, y2s2|HI |�〉 = −gδy1y2ψs1s2 (y1, y2), (14)

while a rather different result is derived for the real-space BCS
pairing, i.e.,

〈y1s1, y2s2|HI |�〉 = − g

N
δy1y2

∑
y

ψs1s2 (y, y). (15)

Equation (12), complemented by Eqs. (13) and (14)
or Eqs. (13) and (15), univocally defines the station-
ary Schrödinger equation for the two-body wavefunction
ψs1s2 (y1, y2) with s1 �= s2. Moreover, since H = HR + HI pre-
serves the total number of particles N̂ and the number N̂σ

of particles with spin projection σ ∈ {↑,↓}, the two-particle
problem described by ψs1s2 (y1, y2) with s1 �= s2 is not cou-
pled with the equal spin problem (s1 = s2) because different
spin sectors are independent. Furthermore, since fermions
are in a singlet state, the Schrödinger equation in (12)
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FIG. 3. (a) Density of states (DOS) of the problem of two fermions subject to attractive Hubbard interaction obtained by setting the
interaction strength to g = 10, the number of lattice sites to N = 16, while fixing f = 0. The energy spectrum is organized in two distinct
parts: (i) The bound states region formed by fermions paired by the interaction; (ii) the unpaired states region, describing free fermions. The
energy required to produce unpaired fermions starting from a fermions pair is controlled by the interaction strength g. Looking at the flux
dependence of the energy levels, one observes that bound states present a �0/2 periodicity, which is related with the formation of a fermions
pair. Unpaired states, on the other hand, are characterized by �0 periodicity of the energy-flux curves, reminiscent of the free fermions physics.
The energy-flux curves for the ground state, the first excited state, and the bottom of the band formed by the unpaired states are presented in
(b), (c), and (d), respectively. Panels (e), (f), (g) show the energy-flux curves for the ground state of the two-fermions problem as a function of
the interaction strength g, while setting N = 16. It is shown that the flux periodicity of the energy-flux curves evolves from �0 towards �0/2
as the interaction strength increases. A similar behavior is observed for fixed interaction strength g and variable system size N .

has to be solved under the requirement that ψs1s2 (y1, y2) =
ψs1s2 (y2, y1), imposed by the global antisymmetry of the two-
body wavefunction under particle exchange.

Once the Schrödinger equation has been numerically
solved as detailed in Ref. [16], it is possible to study the
flux dependence of the energy spectrum, which defines the
magnetic response of the system and provides information
about the typical size of a two-particle bound state (i.e.,

a fermions pair). Since the above features are expected to
depend on the specific form of the pairing interaction, in the
following we discuss the peculiarities of the distinct pairing
models presented in Eqs. (14) and (15), respectively. In com-
parison to a similar analysis documented in Ref. [16], the
impact of the magnetic flux on the system in this study en-
ables us to emphasize additional similarities and distinctions
among the contemplated pairing mechanisms. In Fig. 3, we
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FIG. 4. (a) Density of states (DOS) of the problem of two fermions subject to a real-space BCS interaction obtained by setting the
interaction strength to g = 10, the number of lattice sites to N = 16, while fixing f = 0. In contrast with the Hubbard case, the energy spectrum
presents a single bound state accompanied by a DOS region describing free fermions (unpaired states). The energy required to produce unpaired
fermions starting from a fermions pair is controlled by the interaction strength g. Looking at the flux dependence of the energy levels, one
observes that the bound state presents a �0/2 periodicity, which is related with the formation of a fermions pair. Unpaired states, on the other
hand, are characterized by �0 periodicity of the energy-flux curves, reminiscent of the free fermions physics. The energy-flux curves for the
ground state and the bottom of the band formed by the unpaired states are presented in (b) and (c), respectively. Panels (d), (e), (f) show
the energy-flux curves for the ground state of the two-fermions problem as a function of the interaction strength g, while setting N = 16. It
is shown that the flux periodicity of the energy-flux curves evolves from �0 towards �0/2 as the interaction strength increases. A similar
behavior is observed for fixed interaction strength g and variable system size N .

provide a bird’s eye view of the main features of the problem
of two particles subject to attractive Hubbard interaction. In
Fig. 3(a), in particular, we depict the density of states of the
two-particle energy spectrum for a system of N = 16 lattice
sites and in the absence of magnetic flux ( f = 0), while,

for presentation reasons, a rather intense interaction strength
(g = 10) has been used. The energy spectrum is organized into
two parts with distinct properties: (i) The region of bound
states, wherein fermions form pairs stabilized by the inter-
action; (ii) the region of unpaired states, representing free
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fermions. The energy needed to generate unpaired fermions
from a fermion pair is governed by the interaction strength
g. Furthermore, differently from the behavior of a Cooper’s
pair [5], the elementary excitation of a pair corresponds to
increasing its kinetic energy rather than to the splitting of
the pair. Examining the flux dependence of the energy lev-
els reveals that bound states exhibit a periodicity of �0/2
associated with fermion pair formation. In contrast, unpaired
states display an energy-flux curve with a periodicity of �0,
reminiscent of free fermion physics. Panels (b), (c), and (d)
support the above statements and illustrate the energy-flux
curves for the ground state (EG), the first excited state (E2),
and the bottom of the band formed by unpaired states (E17),
respectively. Additionally, panels (e), (f), and (g) showcase
the energy-flux curves for the ground state of the two-fermion
problem for different values of the interaction strength g,
while keeping N = 16. Notably, these curves demonstrate a
transition in flux periodicity from �0 to �0/2 as the inter-
action strength is increased. A similar behavior is observed
by fixing the interaction strength g, while letting the system
size N increase. These findings agree with the mean-field
picture discussed in Ref. [27] and suggest that �0/2 period-
icity emerges when the system size N is much greater than
the typical size ξ ∼ 1/g of the bound state formed by paired
fermions.

A similar analysis can be performed in the case of two par-
ticles subject to the real-space BCS interaction. In Fig. 4(a),
in particular, we present the density of states of the aforemen-
tioned problem obtained by setting the interaction strength to
g = 10, the number of lattice sites to N = 16, while fixing
f = 0. In contrast with the Hubbard case, the energy spectrum
presents a single bound state accompanied by a DOS region
describing free fermions (unpaired states). The bound state
presents a �0/2 periodicity [see Fig. 4(b)], which is related
with the formation of a fermions pair. Unpaired states, on
the other hand, are characterized by �0 periodicity of the
energy-flux curves, reminiscent of the free fermions physics
[see Fig. 4(c)]. Figures 4(d)–4(f) show the energy-flux curves
for the ground state of the two-fermions problem as a function
of the interaction strength g, while setting N = 16. Similarly
to the Hubbard case and with identical motivation, the flux
periodicity of the energy-flux curves evolves from �0 towards
�0/2 as the interaction strength increases.

In comparison with the attractive Hubbard interaction de-
scribed in Fig. 3, the main peculiarity of the real-space BCS
pairing is the presence of a single bound state, being a pair
breaking process the unique way to excite this state. Thus, the
single bound state behaves like a fermions pair as described in
the seminal paper by Cooper [5].

A. Two-body problem: Charge stiffness and maximum
value of the persistent current

In order to characterize the transport properties of the sys-
tem, we introduce the auxiliary functions

X1 = max
f ∈[0,1]

dEG

df
, (16)

X2 =
(

1

2

d2EG

df 2

)
f =0

, (17)

which are proportional to the maximum value of the persis-
tent current [Eq. (5)] and to the charge stiffness [Eq. (6)],
respectively. These quantities are not independent and ex-
hibit proportionality for rather strong interaction values (i.e.,
g � 2). On the other hand, for small or moderate values of
the pairing constant g, the behavior of X1 with respect to g
deviates from a simple proportionality relation with X2. This
observation can be understood by noticing that the maximum
value of the persistent current, and thus X1, is also affected by
the flux value f ∗ defined as max f ∈[0,1] IPC ( f ) = IPC ( f ∗). The
value f ∗, on its turn, presents a dependence on g, which is pro-
nounced only for small or moderate interaction values, while
f ∗ becomes insensitive to the interaction strength when g � 2.
The dependence of f ∗ on g is mainly induced by the evolution
of the flux periodicity of the ground-state energy from �0 to-
wards �0/2. When the persistent currents present a sawtooth
profile with respect to the applied flux f , which is the case for
the Hubbard interaction, the flux dependence of the ground-
state energy within the relevant flux range is well captured
by the low-flux expansion EG( f ) ≈ EG(0) + X2 f 2. Thus, we
obtain �0IPC ( f ∗) ≈ −2X2 f ∗ and �0IPC ( f ∗) = −X1, which
immediately implies X1 ≈ 2X2 f ∗. Numerical analysis shows
that the argument presented above also works in a quantitative
manner for the real-space BCS pairing.

In Fig. 5 we present the behavior of the quantities X1,2 as
a function of the pairing strength g obtained by setting the
system’s size to N = 16. Considering the case of the attractive
Hubbard interaction reported in Fig. 5(a), we observe that the
charge stiffness, proportional to X2, is a decreasing function
of g so that the pairing reduces the system’s conductivity.
This conclusion is also supported by the analysis of X1 whose
behavior indicates a suppression of the persistent currents for
increasing values of g. Suppression of the persistent currents
in the attractive Hubbard model has been reported in literature
[28] and attributed to a velocity, and hence stiffness, reduction
when the pairing strength is increased [29].

A rather different behavior is observed for the real-space
BCS interaction presented in Fig. 5(b). In particular, in that
case, one observes an increasing of X2, and thus of the sys-
tem’s conductivity, for g � 3 and a subsequent gentle decrease
for interaction values greater than g ≈ 3. A similar behavior,
with some deviations at low g values, is also observed for
the X1 vs g curve. Interestingly, the X2 vs g curve presented
in Fig. 5(b) shares similarities with the critical current of a
Josephson junction formed by weakly coupled Richardson su-
perconductors [30]. According to Ref. [30], the critical current
under this condition exhibits a maximum at the BCS-BEC
crossover, suggesting an analogous interpretation for the be-
havior of the X2 vs g curve presented in Fig. 5(b).

B. Two-body problem: Size effects and flux periodicity
of the ground-state energy

Within the context of the two-particle problem, size effects
represent another important issue, which can be addressed by
studying the flux periodicity of the ground-state energy EG( f ).
In order to proceed along this line, the ground-state energy is
expanded in Fourier cosine series,

EG( f ) =
∑

n

An cos(2πn f ), (18)
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FIG. 5. X1,2 defined in Eqs. (16) and (17) as a function of the pairing strength g. The curves have been obtained by solving the two-particle
problem with N = 16, while considering the attractive Hubbard interaction (a) or the real-space BCS pairing (b). For both the panels, it is
observed that X1 ∝ X2 for g � 2. In particular, taking g � 2, one obtains X1 ≈ 0.39X2 for the Hubbard interaction (a) or X1 ≈ 0.17X2 for the
real-space BCS pairing (b).

and the dependence of the coefficients An on the system’s size
N is studied. In order to monitor the �0 to �0/2 transition, we
focus on A1 and A2, respectively related to �0 and �0/2 flux
periodicity of EG( f ).

The analysis of the size dependence of the Fourier coef-
ficients A1,2 for the problem of two particles paired by the
attractive Hubbard interaction is shown in Fig. 6(a). It is
shown that the considered coefficients present distinct depen-
dence on the system size N . In particular, we find that A1

presents an exponential decay with N to be compared with
a slower power-law decay of A2. Due to this difference, when
the system exceeds a certain size, A2 becomes greater than A1

and a �0/2 periodicity emerges.
A similar behavior is observed when the real-space BCS

pairing is considered [see Fig. 6(b)]. In the latter case, while
the behavior of |A1| remains almost identical to that observed
in panel (a), now |A2| goes to zero as the inverse of the
system’s size (i.e., |A2| ∝ N−1), to be compared to a faster
decay of |A2| observed for the attractive Hubbard interaction.

Additional information can be deduced by direct inspection
of the full Fourier spectrum of EG( f ). By setting N = 20 and
g = 1.2, we present the entire Fourier spectrum of EG( f ) for
the attractive Hubbard interaction [Fig. 6(c)] and the real-
space BCS interaction [Fig. 6(d)]. While both the Fourier
spectra presented in panels (c) and (d) evidence the dominant
role of |A2|, harmonics higher than A2 are strongly suppressed
only for the real-space BCS model, while, considering the
Hubbard’s case shown in Fig. 6(c), harmonics higher than A2

appear to be still relevant.

VI. FEW-BODY PROBLEM

So far, we have discussed results pertaining to the
two-body problem, highlighting both unique aspects and simi-
larities of the attractive Hubbard interaction and the real-space

BCS pairing. The characteristics of the attractive Hubbard
interaction are well documented in the many-body physics
literature and, for this reason, we present in this section re-
sults for few-body systems governed by the real-space BCS
pairing.

In order to follow our program, let us consider the quantum
ring Hamiltonian,

H = − t
N−1∑

�=1,σ

a†
�+1σ a�σ − t

∑
σ

e−i2π f a†
1σ aNσ + H.c.

− g

N

∑
�,r

a†
�↑a†

�↓ar↓ar↑, (19)

already discussed before [see Eqs. (1) and (2) with ��r =
1/N] and an even number of fermions M � 2N . Due to the
gauge choice, the applied magnetic flux only affects, via the
phase factors e±i2π f , a single hopping linking the lattice sites
labeled by 1 and N , respectively. For integer or half integer
values of f , the Hamiltonian in Eq. (19) is Richardson inte-
grable because the hopping matrix satisfies the requirements
discussed in Ref. [16]. In particular, setting f as an integer or
a half integer number, the ground-state energy of the system
in the absence of singly occupied levels can be presented in
the form EG = ∑

ν∈{1,...,np} eν , where the quantities eν , the
so-called rapidities, are particular solutions of the coupled
algebraic equations,

1 +
np∑

μ=1( �=ν)

2̃g

eμ − eν

=
N∑

j=1

g̃

2Ej ( f ) − eν

, (20)

labelled by ν ∈ {1, . . . , np} and written in terms of the ef-
fective interaction strength g̃ = g/N and of the single-particle
energy spectrum Ej ( f ) = −2t cos[ 2π

N ( j + f )].
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FIG. 6. (a) Dependence on the system size N of the absolute values of the Fourier coefficients A1,2 involved in the ground-state energy
expansion given in Eq. (18). The numerical analysis has been performed by considering two particles subject to attractive Hubbard interaction
with pairing strength given by g = 1.2. Full lines have been obtained by considering the interpolation curves |A1| ∝ exp(−N/λ) and |A2| ∝ Nγ ,
being the interpolation parameters λ ≈ 3.34 and γ ≈ −1.48. (b) The same analysis reported in panel (a) is here specialized to the problem
of two particles interacting via the real-space BCS interaction with pairing strength given by g = 1.2. Full lines represent the interpolation
curves |A1| ∝ exp(−N/λ) and |A2| ∝ Nγ , with λ ≈ 3.24 and γ ≈ −1.00. (c) Absolute value of the Fourier coefficients An with n > 0 obtained
by setting attractive Hubbard interaction with g = 1.2 and system size N = 20. (d) Absolute value of the Fourier coefficients An with n > 0
obtained by setting real-space BCS interaction with g = 1.2 and system size N = 20.

All possible solutions of Eq. (20) can be presented in
the form {e(λ)

1 , . . . , e(λ)
np

}, where the maximum value of λ ∈
{1, . . . , λM} is given by

λM = N!

np!(N − np)!
. (21)

The latter represents the dimension of the seniority-zero
Hilbert space, i.e., the number of distinct eigenstates with
np = M/2 pairs in the absence of singly occupied levels.
Although solving Eq. (20) involves nontrivial numerical sub-
tleties [18], optimization of solution algorithms is possible
by observing that generic solutions eν are typically found
close to 2Ej ( f ) for negligible interaction strength, while they
progressively shift towards lower values as the interaction
strength increases. Therefore, as long as one is interested in
the ground-state energy of the interacting system, the energy
levels of the filled Fermi sea provide a suitable starting point
for algorithms searching for the rapidities eν .

For arbitrary flux values f , the usual Richardson proce-
dure, requiring exact energy degeneracy of the paired states,
only works in thermodynamic limit. On the other hand,

when considering mesoscopic systems the combined effect of
finite-levels spacing and real values of f does not allow the
implementation of the usual Richardson procedure.

Thus, in order to present a complete characterization of
the magnetic response of the system, we use a density ma-
trix renormalization group (DMRG) technique based on a
tensor-network approach [31] (see Appendix A for details).
The numerical accuracy of the DMRG simulations was deter-
mined by comparing them with Richardson integrable cases.
Considering the worst cases (i.e., simulations with g < 2),
discrepancies between the two methods start to manifest from
the fourth decimal digit onward, while the accuracy typically
improves when simulations with g > 2 are considered.

In Fig. 7, we showcase a DMRG study [blue circular
points in panels (a)–(f)] of a system with N = 16 lattice sites,
supplemented by exact results derived from the Richardson
integrable cases [red triangles in panels (a)–(f)]. In partic-
ular, in Figs. 7(a)–7(c), we study the flux dependence of
the ground-state energy of a fermionic system with M =
14 particles, a condition in which M/2 is an odd number.
The EG vs �/�0 curves present a periodic behavior with
respect to the applied flux and a periodicity change from
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FIG. 7. (a)-(c) The ground-state energy EG of a fermionic system subject to the real-space BCS pairing plotted as a function of the applied
magnetic flux �/�0. Blue circular points represent results obtained by using the density matrix renormalization group technique, while red
triangles represent the numerical solution of the Richardson equations. Various curves correspond to systems with M = 14 particles distributed
in a ring with N = 16 lattice sites and different interaction strengths g ∈ {1, 2, 4} (refer to the legends for details). (d)–(f) EG vs �/�0 curves
obtained by setting M = 16, while keeping the other parameters unchanged with respect to the first row. (g) X2 vs g curve obtained by
considering M = 14 particles and N = 16 lattice sites. (h) Absolute values of the Fourier coefficients A1, A2, and A4 [see Eq. (18)] shown as a
function of the interaction strength g, while considering M = 14 particles and N = 16 lattice sites.

�0 [panels (a) and (b)] to �0/2 [panel (c)] as the in-
teraction strength increases. The �0 to �0/2 crossover
has been already discussed in the single-pair case and it
is rather interesting that the same effect survives, with

analogous motivation, even when the many-particle problem
is considered. The robustness of the periodicity crossover to
different fillings suggests that a fundamental mechanism is
working. Indeed, according to Ref. [32], Cooper pairs interact
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via Pauli blocking only, so that the relevant features of the
many-particle ground state are reminiscent of the single-pair
physics.

To assess the sensitivity of the system to the parity of the
particles’ number, in Figs. 7(d)–7(f), we replicate the anal-
ysis conducted in panels (a)–(c) using a system comprising
M = 16 particles, thereby ensuring that M/2 is an even num-
ber. As already observed in panels (a)–(c), a direct inspection
of panels (d)–(f) confirms that an increase of the interaction
strength leads to a change in periodicity from �0 [as seen
in panels (d) and (e)] to �0/2 [as observed in panel (f)].
Interestingly, the parity effect, which is clearly at work when
g � 2, is no longer observed when the �0/2 periodicity is
established (i.e., for g � 4). For this reason, the curves in
Figs. 7(c) and 7(f), respectively obtained for odd and even val-
ues of M/2, tend to coincide. Suppression of the parity effect
accompanied by a �0/2 periodicity of the ground-state energy
has been reported in Ref. [22], where the �0/2 periodicity
has been commented as a clear signature of the formation of
Cooper pairs. The latter conclusion reported in Ref. [22] has
been reached by using a rather elegant argument according
to which, assuming strong coupling for both the models, the
Fermi-Hubbard Hamiltonian is continuously connected to the
Bose-Hubbard one, thus permitting to explore the two sides
of the BCS-BEC crossover by means of a piecewise analysis
based on the mentioned models.

Considering that any purely attractive interaction in re-
duced spatial dimensions produces a two-particle bound state
(and thus a BCS instability) [33], it is here interesting to
complement the suggestive arguments presented in Ref. [22]
with a perhaps equivalent interpretation. According to Ref.
[27], and as also confirmed by our previous analysis shown
in Fig. 6, a �0/2 periodicity can only emerge when the coher-
ence length, i.e., the typical size of a two-particle bound state,
is much smaller than the ring circumference, representing the
available volume. According to this observation, a �0 to �0/2
crossover can be induced by increasing the system size taking
the interaction strength fixed or viceversa. Thus, we arrive at
a rather general principle according to which a two-particle
bound state induced by attractive interaction behaves as such
only if the typical distance among the constituent fermions is
limited by the interaction effects rather than by the finiteness
of the available volume. This principle can also be understood
invoking a relation between quantum confinement and energy
quantization. Indeed, the single-particle physics become ap-
parent when the mean level spacing λ of the single-particle
energy spectrum significantly exceeds the interaction strength
g. Since λ is a decreasing function of the system size N , this
condition is met in mesoscopic systems, for which quantum
confinement effects play a significant role. Conversely, when
the limit λ � g is considered, the many-body physics starts to
play a dominant role.

Despite certain interpretative subtleties, it is quite intrigu-
ing that the physical picture presented in Ref. [22] is here
confirmed by resorting to a completely different Hamiltonian
model [Eq. (19)], which allows for a seamless exploration of
the entire BCS-BEC crossover.

The dependence of the ground-state energy on the applied
flux provides relevant insights into the system’s transport

properties. As discussed in Sec. V A, the quantity X2, pro-
portional to the charge stiffness, serves as a measure of the
system’s conductivity, following W. Kohn’s initial proposal
(see Appendix B for details). Accordingly, extensive DMRG
simulations have been performed to obtain the X2 vs g curve,
shown in Fig. 7(g), for a system with M = 14 particles dis-
tributed in a ring of N = 16 lattice sites. Interestingly, the
curve depicted in Fig. 7(g) exhibits qualitative characteristics
akin to those seen in Fig. 5(b), underscoring the significance
of two-particle physics in comprehending the many-body
dynamics of the paired state. Furthermore, the similarity be-
tween the two curves is such that, by scaling the curve in
Fig. 5(b) by a suitable factor near equal to the number of pairs
M/2, one could achieve a close approximation of the curve
presented in Fig. 7(g). This characteristic appears to be more
than coincidental, considering the relation, demonstrated in
the framework of the Richardson’s integrability in Eq. (4) of
Ref. [32], between the ground-state energy of the many-body
problem and the corresponding quantity in the single-pair
problem.

The X2 vs g curve depicted in Fig. 7(g) shows a quasi-
linear dependence on the interaction strength g when g � 3.
The curve reaches a maximum around g ≈ 4 and thereafter
gradually decays for g � 5. The Fourier analysis shown in
Fig. 7(h) reveals a strong correlation between the behavior of
the X2 vs g curve and the dependence on g of the coefficients
A1 and A2. These coefficients are respectively associated with
a dominant periodicity of �0 or �0/2 in the Fourier expansion
of the ground state, as described in Eq. (18). A joint analysis
of panels (g) and (h) of Fig. 7 demonstrates that the peak of X2,
located at g ≈ 4, corresponds to a maximum in A2 and a rather
complete suppression of A1, so that the �0/2 periodicity is
observed for g > 4. For small interaction values (g < 3), the
quasilinear behavior of the X2 vs g curve is determined by
the interplay between the dependence on g of A1 and A2,
while a �0 periodicity is observed. For these reasons, we
conclude that a peak in X2 vs g is observed in close vicinity
of the crossover between �0 and �0/2 periodicity, which
also marks the crossover between the behavior of a Cooper
pairs superfluid and a gas of point-like composite bosons. The
composite bosons phase, observed for g � 3, is signaled by
the suppression of the parity effect [see Figs. 7(c) and 7(f)].
On the other hand, parity effect is observed in the Cooper pairs
superfluid phase, i.e., for g � 2.

Interestingly, well-developed Cooper-pairing superfluidity
has been demonstrated in Ref. [30] by studying the Josephson
dynamics between weakly coupled Richardson supercon-
ductors. According to Ref. [30], a definite relative phase
difference emerges even for very small numbers of pairs
(∼10), so that BCS-like coherence phenomena are expected
even in systems comprising a limited number of particles.
Accordingly, the behavior of X2, observed in Fig. 7(g), appears
to be affected by a genuine BCS-BEC crossover, characterized
by a peak in the X2 vs g curve at the transition point.

In this context, a key clarification pertains to the observed
�0 periodicity in the superfluid phase of Cooper pairs. The
aforementioned periodicity does not indicate an absence of
pairing. Rather, it arises when the system’s size is comparable
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to the typical size of a Cooper pair. Consistent with expec-
tations [27], a period halving is achievable by increasing the
system size while maintaining a constant interaction strength.
In the bosonic phase, strong interactions lead to the formation
of tightly bound pairs, with a typical size much smaller than
that of the system. Consequently, a �0/2 periodicity becomes
apparent in the bosonic phase. These observations suggest that
size effects influence the BCS and BEC phases differently,
thereby aiding in distinguishing these two regimes.

VII. DISCUSSION AND CONCLUSIONS

We have shown that the real-space BCS interaction, as
introduced in Ref. [16], can be understood as an infinite-range
Penson-Kolb pairing mechanism, which coexists with an
attractive Hubbard interaction. The proposed interaction en-
ables the formation of fermion pairs through entirely nonlocal
two-particle hopping processes, and the resulting Hamiltonian
model retains its quantum mechanical nature for both weak
and strong couplings. Analyzing the transport properties of
this model is a challenging task, as it requires addressing
nonequilibrium and strong correlation phenomena simultane-
ously. Rather than directly attempting to tackle this formidable
problem, we have developed and discussed a Hamiltonian
model that enables the extraction of various properties, in-
cluding W. Kohn’s charge stiffness, a parameter related to the
system’s conductivity.

The aforementioned model describes interacting fermions
in a quantum ring under the influence of an external mag-
netic flux. We have shown that the flux enters the model in
a highly intricate manner, simultaneously affecting both the
kinetic and interaction terms. From an intuitive standpoint,
much like the conventional Penson-Kolb model, even in the
case of infinite range, the interaction part of the Hamiltonian
can be understood as a pair hopping term. Consequently, the
unconventional phase factor influencing the interaction term
can be interpreted as the electromagnetic phase acquired by a
Cooper pair during the infinite-range hopping process.

The resulting model exhibits Richardson integrability for
both integer and half-integer values of the applied flux. For
arbitrary flux values, we have employed DMRG and exact
diagonalization methods to explore a genuine many-body
problem influenced by a stationary current.

To emphasize the peculiarities and analogies of the
proposed model with a more standard attractive Hubbard
interaction, we conducted a thorough analysis of the two-
particle problem. In this context, we have demonstrated that
the real-space BCS interaction, unlike the attractive Hubbard
interaction, produces a single bound state corresponding to a
fermion pair. Excited states exist and correspond to unpaired
fermions scattered by the interaction.

Analyzing the energy-flux curves for the ground state and
the excited states, we observe �0/2 periodicity for the former
and �0 for the latter, provided a sufficiently strong interac-
tion strength is considered. A similar periodicity crossover
is observed when varying the system size while keeping the
interaction strength fixed. We have shown that this crossover,
also present for the attractive Hubbard interaction, depends on

the ratio between the pair’s typical size ξ and the system size
N , with the periodicity �0/2 observed when ξ/N � 1.

The analysis of the charge stiffness for the real-space BCS
interaction shows that the system’s conductivity increases as
the interaction strength increases for small or moderate values
of the interaction strength g. For moderate or strong interac-
tion values, the charge stiffness first reaches a maximum and
then starts to decrease.

The above phenomenology, investigated in the case of the
real-space BCS model, persists in the presence of many-
body effects, which can be studied using DMRG simulations
with a variable number of particles. In particular, we have
demonstrated that the charge stiffness, and thus the system’s
conductivity, exhibits a similar behavior compared to that
of the two-particle problem, confirming the special role of
two-body physics in understanding the superconducting state.
Moreover, the analysis of the charge stiffness as a function
of the interaction strength, along with the study of the flux
periodicity crossover, demonstrates that the observed behavior
is related to a genuine BCS-BEC crossover. This crossover
can be studied because size effects influence the BCS and
BEC phases differently, thereby aiding in distinguishing these
two regimes.

The analysis of the energy-flux curves does not reveal any
evidence of a periodicity crossover towards a �0/4 periodic-
ity, even for strong interaction values. Such a crossover would
typically indicate the presence of Cooper’s quartets. However,
our observations suggest that the ground state of the system
consists of Cooper pairs, aligning with a mean-field inter-
pretation. Consequently, assuming that the theory adequately
describes the system, we argue that the presence of Cooper
quartets, as reported in Ref. [34], could be associated with a
nonequilibrium condition where the external circuit provides
the necessary energy to form a four-fermion aggregate. The
formation of such a four-fermion aggregate would be sup-
pressed in the ground state under equilibrium conditions, even
in the presence of strong interactions.

Another option involves the possibility that Cooper quar-
tets are stabilized within a nontrivial environment character-
ized by appropriate lattice structures, disorder, or quasiperi-
odicity. Interestingly, all of these mentioned conditions can be
investigated by modifying the kinetic part of the model exam-
ined in this paper. When subjected to these modifications, the
model maintains Richardson’s integrability for integer or half-
integer values of the applied flux, thus providing an intriguing
platform for studying exotic particle aggregates within the
broader framework of BCS pairing.

Exploring these possibilities, and specifically, the condi-
tions that promote the formation of Cooper quartets within the
context of Richardson’s integrability, remains a compelling
and deserving subject for further attention and research.
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APPENDIX A: SIMULATING INTERACTING FERMIONS
DESCRIBED BY EQ. (19) BY MEANS OF THE DENSITY

MATRIX RENORMALIZATION GROUP (DMRG) METHOD

To apply the DMRG algorithm, we adopt a spinless rep-
resentation of the Hamiltonian as specified in Eq. (19). For
this purpose, we map both the lattice positions and the spin
degrees of freedom onto a unified lattice index via the operator
transformation,

a�↑ →d2�−1,

a�↓ →d2�, (A1)

where � ∈ {1, . . . , N} denotes the original site index, while
the newly introduced spinless operators follow standard an-
ticommutation relations, i.e., {di, d†

j } = δi j and {d†
i , d†

j } =
{di, d j} = 0 with i, j ∈ {1, . . . , 2N}. Using the mapping in
Eqs. (A1), Eq. (19) is rewritten in the following form:

H = − t
N−1∑
�=1

(d†
2�+1d2�−1 + d†

2�+2d2�) + H.c.

− te−i2π f (d†
1 d2N−1 + d†

2 d2N ) + H.c.

− g

N

N∑
�,r=1

d†
2�−1d†

2�d2rd2r−1. (A2)

The Hamiltonian presented in Eq. (A2) characterizes the mo-
tion of spinless fermions within a lattice consisting of 2N
lattice sites. The single-particle hopping is only allowed be-
tween lattice sites labeled by indices with the same parity (odd
or even), being this selectivity reminiscent of the absence of
spin-flipping mechanisms in the original Hamiltonian. Thus,

the resulting terms describe a second-nearest-neighbor hop-
ping mechanism. Closed boundary conditions are enforced
by flux-sensitive long-range hopping terms coupling lattice
sites labeled by indices with the same parity. The pairing
term couples fermions at sites of distinct parity, mirroring
the BCS pairing mechanism where particles of opposite spin
orientations are paired.

A relevant byproduct of this analysis is that, in virtue of
the mapping in Eq. (A1), the spinless Hamiltonian problem
in Eq. (A2) is also Richardson integrable for integer or half-
integer values of the applied magnetic flux f , thus providing a
further nontrivial example of integrable many-body quantum
system.

The Hamiltonian in Eq. (A2) is then converted into a spin
operators language by implementing the Jordan-Wigner trans-
formation,

d j =
j−1∏
k=1

σ (k)
z σ

( j)
− , (A3)

d†
j =

j−1∏
k=1

σ (k)
z σ

( j)
+ , (A4)

expressed in terms of Pauli’s matrices σ (k)
z and σ

(k)
± = σ (k)

x ±
iσ (k)

y acting on the lattice site labeled by k. The quantum
states, empty or occupied, of the lattice site labeled by k are
specified by |0〉k or |1〉k , respectively. The operators σ

(k)
± act

as rising/lowering operators on these states, so that σ
(k)
+ |0〉k =

|1〉k , σ
(k)
− |1〉k = |0〉k , σ

(k)
+ |1〉k = σ

(k)
− |0〉k = 0.

Using the Jordan-Wigner transformation, we get the spin
Hamiltonian,

H = t
N−1∑
�=1

(
σ

(2�+1)
+ σ (2�)

z σ
(2�−1)
− + σ

(2�+2)
+ σ (2�+1)

z σ
(2�)
−

)+H.c. + te−i2π f

[
σ

(1)
+

(
2N−2∏
k=2

σ (k)
z

)
σ

(2N−1)
− + σ

(2)
+

(
2N−1∏
k=3

σ (k)
z

)
σ

(2N )
−

]
+ H.c.

− g

N

N∑
�,r=1

σ
(2�)
+ σ

(2�−1)
+ σ

(2r)
− σ

(2r−1)
− . (A5)

The pairing term in Eq. (A5) can be compared with an at-
tractive Hubbard interaction term, i.e., HU = −g

∑
� n�↑n�↓,

written in spin operators language,

HU = −g
N∑

�=1

σ
(2�)
+ σ

(2�−1)
+ σ

(2�)
− σ

(2�−1)
−

= −g

4

N∑
�=1

σ (2�−1)
z σ (2�)

z + g(N − 2M )

4
, (A6)

being the comparison illustrative of the completely nonlocal
nature of the real-space BCS interaction in comparison with
the local action of the attractive Hubbard term.

Since the original Hamiltonian in Eq. (A2) preserves the
total particles number M = ∑2N

j=1 d†
j d j , the same constraint,

written in spin operators language, implies the conservation

law,

2N∑
j=1

σ ( j)
z = 2(M − N ). (A7)

The ground state of the Hamiltonian in Eq. (A5), com-
plemented by the conservation law in Eq. (A7), is an
appropriate linear combination of the computational basis
|{s}〉 = ⊗2N

k=1 |sk〉k , with sk ∈ {0, 1}, and can be efficiently
determined by the optimization of an open boundary matrix
product state (MPS) through the DMRG algorithm, which
is part of the ITensor library [31]. Using this procedure, the
many-body ground state

|�〉 =
∑
{s}

T s1,...,s2N |s1, . . . , s2N 〉 (A8)
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FIG. 8. Panels (a)–(d) illustrate the convergence of the ground-state energy relative to the bond dimension m in the matrix product state,
as employed by the DMRG algorithm. To monitor the numerical accuracy, we define the convergence metric η = |(E (m)

G − E (400)
G )/E (400)

G |,
where E (m)

G represents the ground-state energy calculated with bond dimension m. All simulations are performed with DMRG sweeps set to
5. The legends within the figures detail the simulation parameters. The analysis reveals that for moderate interaction strengths [i.e., g = 1.0,
see panels (a) and (c)], the computational cost of simulating real-space BCS interaction parallels that of the Hubbard interaction. However,
in systems with strong interactions [i.e., g = 6.0, see panels (b) and (d)], real-space BCS interaction is simulated more efficiently than the
attractive Hubbard model, a trend observed across various system sizes.

can be approximated by using the following tensor train de-
composition [35]:

T s1,...,s2N =
∑
{α}

As1
α1

As2
α1,α2

· · · As2N−1
α2N−1,α2N

As2N
α2N

, (A9)

written in terms of three-index tensors Ask
α,β , having a phys-

ical index sk and a pair of bond indices α, β ∈ {1, . . . , m}.
The bond dimension m governs the expressivity of the MPS
representation, which becomes increasingly accurate as m
grows. Typically, representing a tensor with N indices, each
of dimension d , demands dN parameters. In contrast, an
MPS approximation with bond dimension m reduces this to
only Ndm2 parameters, limiting the parameter growth from
exponential to linear with respect to N . The MPS framework
is particularly successful in capturing the ground state of one-
dimensional gapped systems with local interactions, a feature
associated with the exponential decay of correlation functions
or, equivalently, to the area law of entanglement entropy [36].
Consequently, even with a limited bond dimension m, an
MPS can closely approximate the exact ground state of such
systems.

Considering the all-to-all interaction detailed in Eq. (A5),
one might wonder if the ground state of a system governed by
such a Hamiltonian can be efficiently approximated with an
MPS. Despite the complete nonlocality induced by the pairing
term, it is possible to demonstrate that the numerical algorithm
retains its effectiveness.

This statement is supported by detailed numerical experi-
ments, with selected results shown in Fig. 8. Using the DMRG
algorithm, we have studied the convergence of the ground-
state energy as a function of the bond dimension m, while
keeping the number of sweeps at five and the applied flux
at f = 0.25. The convergence, for both the Hubbard and the
real-space BCS interactions, has been monitored by intro-

ducing the metric η = |(E (m)
G − E (400)

G )/E (400)
G |, measuring the

relative deviation of the ground-state energy E (m)
G computed

with bond dimension m with respect to the reference value
E (400)

G . We have examined two system sizes, namely N = 16
(with M = 14) and N = 20 (with M = 18), and two interac-
tion strengths, i.e., g = 1.0 and g = 6.0. Results obtained by
setting the same system size belong to the same raw of the
figure matrix reported in Fig. 8, while those obtained with
the same interaction strength belong to the same column.
Exponential decay of the η vs m curves is invariably observed,
indicating good convergence properties of the algorithm. The
analysis also reveals that for moderate interaction strength
[i.e., g = 1.0, see panels (a) and (c)], the computational cost
of simulating real-space BCS interaction parallels that of the
Hubbard interaction. Surprisingly, in systems with strong in-
teractions [i.e., g = 6.0, see panels (b) and (d)], real-space
BCS interaction is simulated more efficiently than the attrac-
tive Hubbard model, a trend observed across various system
sizes. This result can be understood as the effect of approach-
ing the infinite-interaction limit of the real-space BCS model,
an integrable model [37–39] with a particularly simple struc-
ture of the ground state. In the latter circumstance, due to the
all-to-all nature of the interaction, each system site becomes
equivalent to any other, thus providing a drastic reduction of
the information to be encoded by the MPS. Undoubtedly, the
uniform character of the all-to-all interaction is here determi-
nant in achieving the observed results. These findings well
align with recent studies [40,41], which have demonstrated
that uniform all-to-all spin interactions can be efficiently rep-
resented using matrix product operators and simulated with
tensor network strategies. Furthermore, the extensive body
of research [42] on Richardson integrable systems demon-
strates that DMRG simulations frequently produce results that
closely approximate exact solutions.
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FIG. 9. (a) X2 vs g curves obtained for systems of different sizes N close to half-filling [M/(2N ) ≈ 0.45]. Specifically, square symbols
(�) represent a system size of N = 16 with a particle number of M = 14; triangle symbols (�) indicate N = 20 and M = 18; circle symbols
(©) represent N = 24 and M = 22. The inset displays the X2 vs N curves for interaction values noted within the figure. (b) N · X2 vs g curves
obtained for the same N and M values used in panel (a). For small to moderate interaction strengths (i.e., g < 1), the curves are observed to
collapse onto each other. The real-space BCS interaction has been considered for both the panels.

In conclusion, real-space BCS interaction proves to be
particularly suited for DMRG simulations, offering a compu-
tational cost that is similar to, if not better than, that of the
attractive Hubbard interaction.

APPENDIX B: SCALING BEHAVIOR OF CHARGE
STIFFNESS WITH THE SYSTEM SIZE

In the following analysis, we examine the real-space BCS
interaction and investigate how the charge stiffness Dc [Eq. (6)
in the main text] scales with the system size N . Since charge
stiffness is proportional to X2 [Eq. (17) in the main text],
examining X2 sheds light on Dc. This analysis is presented
in Fig. 9(a), which shows the variation of X2 with the inter-
action strength g for different system sizes N ∈ {16, 20, 24}.
Here, square (�), triangle (�), and circle (©) symbols denote

system sizes of N = 16 with M = 14, N = 20 with M =
18, and N = 24 with M = 22, respectively. We focus on
fermionic systems near half-filling [M/(2N ) ≈ 0.45] and ex-
plore interaction strengths g < 3 to characterize the parameter
region containing the BCS regime. The X2 vs g curves, which
are growing functions of g, suggest enhanced conduction
properties under stronger interactions, echoing observations
made in Fig. 7(g) of the main text. An inset in Fig. 9(a)
presents X2 vs N curves at fixed g values, indicating that X2

is a decreasing function of N , as expected. In virtue of the
proportionality relation Dc ∝ NX2, a correct picture of the
charge stiffness Dc is obtained by studying the quantity N · X2.
Fig. 9(b) displays N · X2 vs g curves for various N , showing
that curves for g < 1 overlap, whereas those obtained for 1 <

g < 3 exhibit larger Dc values in bigger systems, hinting that
the thermodynamic limit of N · X2 ∝ Dc is not yet achieved.
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