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On-demand higher-harmonic generation through nonlinear Hall effects in curved nanomembranes
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The high-order Hall effects, which go beyond the ordinary, unlock more possibilities of electronic transport
properties and functionalities. Pioneer works focus on the manufacture of complex nanostructures with low
lattice symmetry to produce them. In this paper, we theoretically show that such high-order Hall effects can
alternatively be generated by curving a conducting nanomembrane which is highly tunable and also enables
anisotropy. Its Hall response can be tuned from first to fourth order by simply varying the direction and magnitude
of the applied magnetic field. The dominant Hall current frequency can also be altered from zero to double,
or even four times that of the applied alternating electric field. This phenomenon is critically dependent on
the occurrence of high-order snake orbits associated with the effective magnetic-field dipoles and quadruples
induced by the curved geometry. Our results offer pathways for spatially engineering magnetotransport, current
rectification, and frequency multiplication in the bent conducting nanomembrane.
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I. INTRODUCTION

The Hall effect, which was first observed over a century
and a half ago as a transverse voltage in a conductor subjected
to a perpendicular magnetic field, has become a cornerstone in
modern solid-state physics [1]. The discovery of integer and
fractional quantum Hall phenomena, along with the later pre-
dictions and observations of spin Hall effects, have expanded
the importance of the Hall effect at both fundamental and
practical levels. It has a rich underlying physics, connecting
to topology, quantum information, and the physics of strong
correlations, and provides concrete applications, from mag-
netic field sensing to precise measurements of fundamental
constants, as well as potential uses in nanoelectronics, spin-
tronics, and quantum computation.

Recently, a new aspect has been added to the field with
the prediction and experimental confirmation of the nonlinear
Hall effect in systems that break inversion symmetry while
preserving time-reversal symmetry [2–10]. The Berry curva-
ture dipole, a unifying key concept, governs the existence and
strength of the second-order Hall effect. There has been a
recent endeavor to find materials with a large Berry curvature
dipole [11–23]. Moreover, the high-harmonics components
of Hall effect are explored to be driven in the strained 2D
materials recently [24–26]. Its generation is associated with
nonlinear time-dependent and AC transport and optical phe-
nomena, and thus has high potential in application [27–36].
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In addition to the nonlinear Hall effect driven by the Berry
curvature dipole in specific materials, it is noteworthy that
the ordinary Hall effect with higher order can also be ex-
ternally induced by an applied magnetic field dipole [37].
Our study centers on the nonlinear ordinary Hall effect due
to its distinctive application potentials, as both its occur-
rence and order can be externally manipulated in conventional
materials [37–40].

In this paper, the Hall effect is examined in two-
dimensional electron gases (2DEGs) when the system is
curved as schematically illustrated in Fig. 1(a). By applying
a uniform constant magnetic field to this curved system, the
effective perpendicular magnetic field, which controls Hall
response of the system, will be inhomogeneous due to the
curvature. We find that by varying only the orientation and
strength of the applied magnetic field, we can get rich be-
havior for the Hall effect, particularly we can tune between
different nonlinear orders and particularly second- to fourth-
harmonic components. The main underlying reason for this
behavior is that by changing the orientation of applied field
we can induce a real-space magnetic field dipole or even
quadruple which subsequently drives a nonlinear Hall effect.
Exploiting a semiclassical framework and numerical simula-
tion based on that, we can trace the spatiotemporal evolution
and variation of the Hall current, which demonstrates the
competition of zeroth-, second-, and fourth-harmonic compo-
nents in the device for in-plane orientation of magnetic field.
The high sensitivity and controllability of the high-order Hall
effect and the order of dominant harmonics make this device
very promising for exploring nonlinear Hall effect beyond the
more commonly studied second-order case.
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FIG. 1. Switching between ordinary and nonlinear Hall effect can be easily achieved by rotating the applied magnetic field B. (a) shows
a schematic of the proposed device. By applying an AC electric field with a frequency f0 as shown in (b) we also get a transverse signal
which can be dominated by ordinary linear Hall effect or nonlinear behavior depending on the magnetic field orientation as shown in (c) and
(d), respectively. When B is along the z direction, the transverse signal almost follows the applied electric field with the same frequency (c),
whereas for in-plane alignment as B = B0x̂, the electronic gas in semicylindrical region feels like an effective B dipole, and as a result we
have a nonlinear response where higher harmonics dominate the transverse signal. Here x, y, and z are the axes of Cartesian coordinates on the
curved nanomembrane.

II. SEMICLASSICAL APPROACH

Our theoretical framework to study the higher-order Hall
effects in curved nanomembranes is based on semiclassical
equations of motion. The role of curvature is taken into
account through the position-dependence of magnetic field.
Hence, we need to numerically evaluate the solution for the
semiclassical equations,

ṙ = ∂E (p)

∂p
(1)

ṗ = − e

h̄
[E(t) − ṙ × B(r)], (2)

for a 2DEG with band dispersion E in the presence of a
generic position-dependent magnetic field B(r). Here r and p
represent position and momentum of the center of an electron
wave packet, respectively, and E indicates the applied electric
field which drives the electrons to move. The methodology
of the simulation is provided in Sec. S1 in the Supplemental
Material [41]. Assuming a homogeneous 2DEG model near
the band edge, we essentially deal with a single band with
quadratic energy dispersion where we can also omit the band
indices. To obtain the equilibrium, the equations of motion
are supplemented with a Boltzmann approach, as explained
in Refs. [42–44]. Following the semiclassical approach, our
theoretical study is implemented by a test particle method
simulating the impact of magnetic field on electron dynamics
numerically.

We consider the clean limit, � → 0, and the Hall current
is computed by numerically integrating the trajectories of
independent particles governed by Eqs. (1) and (2). This clean
limit requires that the mean free path of material is longer
than the arc length L = 1 µm of the curved nanomembrane
and thus, impact of impurities and defects in transport is

negligible. Ballistic transport regime with vanishingly small
scattering rate (�) is achievable in modern two-dimensional
conducting materials [45,46]. This numerical self-evolved ap-
proach samples the distribution function in the clean limit
and enables the computation of the full harmonics of the
Hall current, without the requirement of being close to the
weakly nonlinear regime [47]. A series of time-dependent
numerical simulations are performed with an electric field
E(t ) = x̂ Ex(t ) = x̂ E sin(ωt ), with the frequency f0 = ω/2π

in the THz range. Here two million test particles are employed
which are uniformly placed in the x axis in the spatial space
and with a Fermi velocity of vF = 106 m/s in the beginning
of simulation. The elastic collisions are taken into account
for test particles on the boundary in real space. By means of
statistical analysis, the Hall response is determined by taking
the average of the momentum py.

III. RESULTS

The schematic of our proposed device is shown in Fig. 1(a),
where we have a curved 2D layer of electron gas sub-
jected to an external magnetic field whose direction can be
varied. Assuming a semicylindrical shape for the curved re-
gion, the magnetic field perpendicular to the electron gas
will change according to Bz(x) = B0 sin(πx/L + θ ), where
θ indicates the angle between the magnetic field direction
and the x axis. The resulting magnetic field for θ = 0 is also
shown in the inset of Fig. 1(a). Using the numerical method
explained earlier, we calculated the current passing in longitu-
dinal and vertical directions as a result of an AC electric field
in the presence of effective, spatially varying magnetic field,
as shown in Figs. 1(c) and 1(d). The effective Bz field plays an
important role in the Hall effect in the curved nanomembrane.
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The simulation in Fig. 1(c) shows the ordinary Hall effect
when the effective Bz field is always in the same direction.
Consequently, the ordinary linear Hall effect dominates the
transport in this situation. By rotating the magnetic field, such
that its perpendicular component changes sign, as shown in
the inset of Fig. 1(d), there is no net perpendicular magnetic
field on average. Instead, we have a real-space magnetic field
dipole that can give rise to a nonlinear Hall effect and higher-
order harmonic components, as shown in Ref. [37].

Our semiclassical simulations can also easily be used to
show the spatiotemporal distribution profile of the transverse
velocity which further justifies the existence of higher har-
monics, as can be seen in Fig. 2. This result shows how
the curved nanomembrane supports higher harmonics of cur-
rent in both longitudinal and transverse directions, when the
magnetic field is applied along the x direction. In addition
to the second-harmonic response dominating transverse Hall
currents when the applied field B0 > 3 T [see the lower panel
in Fig. 2(b)], we find, in particular, a very strong fourth-
harmonic component of transverse Hall current when the field
B0 ≈ 0.8 T [see the lower panel in Fig. 2(d)]. Accordingly,
odd-order harmonic components appear in the longitudinal
current, with the first and third harmonics being the domi-
nant contributions [see the upper panel in Fig. 2(d)]. While a
second harmonic Hall response has been observed in various
systems and situations, higher components have not typically
been found to be strong in many models and previous studies.
In our research, we show that by choosing a suitable curved
electronic device and tuning magnetic field strength, we
can generate very strong fourth harmonic transverse current
through the spatial variations of the effective perpendicular
magnetic field.

By varying the magnitude of the magnetic field, the am-
plitude of different nonlinear terms corresponding to higher
harmonic generation also significantly changes. This is elu-
cidated in Fig. 3(a) for the relative strength of the zeroth
(DC), second, and fourth Hall signals as functions of applied
field strength. In this figure, we observe a resonantlike fea-
ture associated with the strength of the Hall response as a
function of the magnetic field. We can see two prototypical
sections labeled as I and II. When the B field is strong (I), the
DC term and then second harmonic components dominate the
Hall current, while higher harmonics, especially the fourth-
harmonic contribution, are significantly suppressed. Note that
we are using a logarithmic scale in Fig. 3(a). Near the res-
onantlike behavior labeled with II, the fourth harmonic of
the Hall response increases dramatically, and it can even be
the largest contribution for a range of magnetic fields. This
result shows a major finding of our work: we can engineer a
dominant fourth harmonic generation in the Hall response of
a curved electronic system by simply tuning the magnitude of
the applied magnetic field.

To understand the origin of nonlinear Hall response and the
appearance of strong second and fourth harmonics, we con-
sider two different regimes of large and intermediate magnetic
fields separately. In the limit of strong magnetic field, labeled
as part I in Fig. 3(a), the snake orbits illustrated in Fig. 3(b)
are localized at the vicinity of x/L = 0. We note that snake
orbit is the high-order magnetic trajectory for a charge carrier
moving across the interface where magnetic field changes its

FIG. 2. The frequencies of longitudinal and Hall current depend
on the strength of applied magnetic field. (a) Simulation of the
distribution and velocity of magnetic orbits in the nanomembrane
as the function of time for the strong B-field dipole. The dashed
line indicates the position of x/L = 0, where Bz = 0. (b) Comparing
with the frequency of AC voltage, the frequencies of longitudinal
current jx is the same, and the major frequencies of Hall current jy

are zero and two times. (c) Simulation of the distribution and velocity
of magnetic orbits as the function of time for the moderate field. The
solid green line shows the snake orbits [48,49]. (d) Comparing with
the frequency of AC voltage, the major frequencies of longitudinal
current jx are one and three times, and the major frequencies of Hall
current jy are two and four times.

sign (magnetic field dipole) [48,49]. The contribution of these
snake orbits in the magnetotransport can be neglected in this
limit and therefore the magnetic profile around this region
(x/L ∼ 0) can be well approximated with a dipole [50]. Thus,
the Hall current is almost generated by the difference of carrier
density distribution between the areas with effective +Bz and
−Bz field [see Figs. 1(a) and 3(b)], and can be approximated
as [51],

jy ∼= j (1)
y

∣
∣
∣
∣
R

μR

μ
− j (1)

y

∣
∣
∣
∣
L

μL

μ
∝ e2 E2

x (t )

B0
(3)
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FIG. 3. (a) The high order Hall effects due to the B-field dipole,
following the nature of the ordinary Hall effect, drive the current
with zero, double and four times of frequencies. (b) The formation
of drift orbits (snake orbits) in the B-field dipole contributes to the
Hall current with a frequency that is two (four) times of that of AC
electric field. Finally, the Hall current flows along the +y direction
whether the applied field is along the +x (upper panel) or −x (lower
panel) directions.

where j (1)
y is the ordinary Hall current for carrier density

n driven by the local magnetic field [see yellow and green
areas in Fig. 3(b)]. Here μR and μL is chemical potential at
the right and left side, respectively, and μ = (μR + μL )/2 is
the averaged chemical potential. From the above equation we
derived (Sec. S2 in the Supplemental Material [41]), we can
readily see the origin of nonlinear Hall effect in this system
with a sign-changing magnetic field profile whereby the net
Hall current of the full system is at least proportional to the
square of electric field.

This explanation is indeed consistent with the numerical
results shown in Fig. 3(a) for region I, where we have strong
magnetic field and the magnetic profile is dominated only by
the dipole contribution. In this limit the main contribution
to the Hall current is the second-order term, given with the
expression j (2)

y ∝ E2
x (t )/B0, which can be decomposed into

two Fourier components corresponding to the DC term and the
second-harmonic term. The amplitude of second-harmonic
term inversely proportional to the field strength B0 is also
shown in our numerical results (see Fig. S2(b) in the Supple-
mental Material [41]).

So far, we have established that the second-order Hall
currents depicted in Fig. 2(b) arise from the interplay be-
tween the inverse components of ordinary Hall effects in
a nanomembrane and an applied magnetic-field dipole, as
shown in Fig. 2(a). This behavior relies on the magnetic field
being strong enough to disregard the influence of higher-
order magnetic orbits, such as snake orbits that are confined
to a narrow region at the interface of the B-field dipole,
as depicted in Fig. 2(a) and Fig. 3(b). However, when the
applied magnetic-field strength is moderate, snake orbits sig-
nificantly impact magnetotransport because they are dispersed
across the nanomembrane, as illustrated in Fig. 2(c). In this
regime, the semiclassical trajectory of particles becomes more

involved and snake orbits further spread in perpendicular
direction such that electrons are influenced by the higher
magnetic moments. This follows the simple fact that by going
further away from the middle of the nanomembrane where the
effective magnetic field changes its sign, the deviation of mag-
netic profile from a linear variation becomes more apparent. In
particular, the contribution of quadruple magnetic moment in
the Hall dynamics of particles increase which yields a strong
fourth-harmonic component.

The dynamic of snake orbits is intrinsically different with
drift orbits for they only moves along the a transverse direc-
tion [see solid lines in Fig. 3(b)]. The transverse velocity is
vy ∝ sin2(ωt ) because they only move along +y and oscil-
late coherently with E(t ) [see Fig. 2(c)]. As an extension of
second-order Hall currents in Eq. (3) with a revision of trans-
verse velocity vy, fourth-harmonic component occurs majorly
when B0 ≈ 0.8 T, as is shown in region II in Fig. 3(a). The
key nature of the amplitude of fourth-harmonic component,
namely j (4)

y ∝ E4
x , is identified in our numerical results (see

Sec. S3 in the Supplemental Material [41]).

IV. DISCUSSION

So far the focus in nonlinear Hall effect has been on
second-order Hall effect which has been also experimentally
observed in a variety of time-reversal-invariant material with
the broken inversion symmetry [6,7,24,30,52–54]. Here we
show the possibility of a dominant fourth-harmonic compo-
nent Hall effect beyond the second-order Hall effect which is
of both practical and fundamental relevance. On a practical
level, we suggest to use curved 2D systems for on-demand
generation of higher harmonics especially fourth harmonic
through magnetotransport and engineering the curvature pro-
file. Moreover, the Hall effect in the curved 2D systems is
anisotropic. The order of dominant Hall response can be tuned
from first to fourth order by simply varying the direction
and magnitude of the applied magnetic field, as is shown
in Fig. 4. Besides, the amplitudes of high-order harmonic
components can be turned on and then increased straightfor-
wardly by bending the curved nanomembrane to altering its
curvature of radius, as is shown in Fig. 5. From a fundamental
viewpoint, our results provide a new avenue fundamentally
to generate fourth-order Hall effect in the conducting com-
plex nanomembrane widely, since the snake orbit leading to
such effect has been manufactured in wide classes of artificial
nanoarchitecture [48,49,54–58].

The prototype of the system proposed here can be con-
structed using different experimentally available settings (see
Sec. S4 in the Supplemental Material [41]). One way to
have curved electronic systems is to use atomically thin 2D
materials over nonflat substrates with the desired shape and
curvature [59–61]. Alternatively, one can use semiconduc-
tor heterostructures etched in a cylindrical or other curved
pattern such that the resulting 2DEG layer is formed in a
curved region [62–64]. In the case of 2D materials, namely
graphene and graphenelike systems, there exists another in-
teresting possibility of curvature- and strain-induced effective
gauge fields which act exactly like external magnetic field
with the only difference of changing sign under switching
between different valleys. Apart from this difference, one can
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FIG. 4. The relative weight of the different harmonics contribu-
tions in the Hall response as a function of the orientation of applied
magnetic field (θ ). The blue, red, yellow, and purple line presents
the percentage of (a) second-harmonic Hall current and (b) fourth-
harmonic Hall currents in the alternating Hall current driven by
magnetic fields of different strengths B0 = 0.8, 1.2, 3, and 7 T, re-
spectively. The alternating Hall current is estimated approximately
by summing the Hall response from linear to fourth harmonic.

engineer the position dependence of these effective gauge
fields by changing the profile of the underlying substrate
and other strain-engineering techniques developed in the past
decade [65–68]. Exploring the potential of strain-induced
gauge fields in curved graphene and other 2D materials
for nonlinear transport and high harmonic generation is
an interesting avenue that warrants further investigation in
future studies.

In a recent study, it was discovered that the use of
the Berry-connection polarizability tensor enables us to go
beyond the usual second-order Hall effect and obtain a third-
order Hall effect [53]. In this work, we demonstrate that
by controlling the real-space magnetic profile through the

FIG. 5. The amplitude of high-order Hall current decreases and
increases with the radius of curvature and tangent angle, respectively.
The applied field strength is B0 = 0.8 T.

curvature of a 2D system, we can achieve a fourth-harmonic
Hall response that can be even stronger than the second-
harmonic contribution. The strong fourth-harmonic signal
found here indicates that the magnetic field profile due to
the cylindrical curvature has strong quadruple magnetic mo-
ments on top of its dipole. We further confirm that the
effects occur generally in the nanostructure either with iso-
lated or periodic corrugations. This phenomenon is entirely
due to the formation of magnetic-field dipole yielding the
snake orbits, a class of magnetic orbits go beyond the cy-
clotron orbit to drive the Hall current with higher orders.
The snake states are also observed in graphene p-n junctions
leading to conductance oscillations [56,57], and are predicted
in semiconducting core-shell nanowires subject to transversal
magnetic fields [69]. Therefore, our prediction can be realized
not only in semiconducting curved nanostructures, but also in
graphene p-n junctions, core-shell semiconducting nanowires,
and so on.

Finally, we would like to briefly comment on the potential
expansion of the present study. Our emphasis has been on
a ballistic classical transport regime, employing a semiclas-
sical framework applicable to system sizes smaller than the
mean free path but significantly larger than the Fermi wave-
length. This approach furnishes a qualitative representation
and substantiates the conceptual validity of the proposal. It is
noteworthy that extending this investigation to diffusive and
quantum transport regimes holds promise for future studies.

V. CONCLUSION

In summary, we have demonstrated that high-order Hall
effects can be controlled in curved nanomembranes under
transverse magnetic fields. The interplay between curva-
ture and a constant unidirectional magnetic field generates a
nonuniform effective magnetic field with a specific profile,
leading to highly tuneable and versatile nonlinear Hall ef-
fects beyond the common second-order effect. Our method
yields a strong fourth-harmonic Hall response due to the in-
tricate magnetic profile that includes magnetic quadruple or
higher moments in addition to magnetic dipoles. The pro-
posed curved nanostructures for nonlinear Hall effect can
be implemented in various systems, from corrugated semi-
conductor heterostructures to two-dimensional materials on
curved substrates. Our results offer opportunities to inves-
tigate nonlinear electrical phenomena and higher-harmonic
generation from both practical and fundamental perspectives.
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