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Symmetry, topology, duality, chirality, and criticality in a spin-1
2 XXZ ladder

with a four-spin interaction
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We study the ground-state phase diagram of a spin- 1
2 XXZ model with a chirality-chirality interaction (CCI)

on a two-leg ladder. This model offers a minimal setup to study an interplay between spin and chirality degrees of
freedom. The spin-chirality duality transformation allows us to relate the regimes of weak and strong CCIs. By
applying the Abelian bosonization and the duality, we obtain a rich phase diagram that contains distinct gapped
featureless and ordered phases. In particular, Néel and vector chiral orders appear for easy-axis anisotropy,
while two distinct symmetry-protected topological (SPT) phases appear for easy-plane anisotropy. The two SPT
phases can be viewed as twisted variants of the Haldane phase. We also present an effective description in terms
of (spinor) hard-core bosons, which reveals critical behavior on the self-dual line in the easy-axis and easy-plane
regimes. We perform numerical simulations to confirm the predicted phase structure and critical properties. We
further demonstrate that the two SPT phases and a trivial phase are distinguished by topological indices in the
presence of certain symmetries. A similar phase structure is expected in a spin- 1

2 XXZ ladder with four-spin ring
exchange.

DOI: 10.1103/PhysRevB.109.134413

I. INTRODUCTION

Spin- 1
2 ladder systems have attracted considerable atten-

tion over three decades for their rich ground-state properties
and their diverse material realizations [1–5]. The simplest
model for such systems is a Heisenberg model on a two-leg
ladder with exchange interactions J and J⊥ along the legs and
rungs, respectively. When the leg interaction J is antiferro-
magnetic (J > 0), this model exhibits distinct gapped phases
depending on the sign of J⊥: the rung singlet (RS) phase
for J⊥ > 0 and the Haldane phase for J⊥ < 0 [6–10]. The
RS phase can be understood from the limit J⊥ → ∞, where
the ground state factorizes into singlet pairs on the rungs
[Fig. 1(c)]. In the Haldane phase, effective spin-1 degrees of
freedom emerge on the rungs, and collectively form a spin-1
Haldane state [11,12]. Both the RS and Haldane phases are
featureless in the sense that their bulk ground state is unique
and does not spontaneously break any symmetry. Neverthe-
less, these phases are distinct and cannot continuously be
connected to each other in the presence of a certain symmetry,
e.g., the discrete spin rotation symmetry D2 = Z2 × Z2 or
time reversal [13–18]; here, D2 is generated by π rotation of
spins about two orthogonal axes. The Haldane phase can thus
be viewed as a symmetry-protected topological (SPT) phase
[13,19–24] which is distinct from a rung-factorized product
state.

More examples of distinct featureless phases on a ladder
can be found in the presence of exchange anisotropy. Liu et al.
[25] have conducted a detailed classification of SPT phases in
a spin- 1

2 two-leg ladder for the symmetry group D2×σ , where
σ is the symmetry with respect to the interchange of the two
legs; this symmetry is local in the sense that each symmetry
transformation can be decomposed into a product of unitary

transformations acting on different rungs. They have found
three new SPT phases termed tμ (μ = x, y, z), which can be
viewed as twisted variants of the Haldane phase. Specifically,
the tμ phase is related with the Haldane phase (termed t0 in
Ref. [25]) under the π rotation of spins about the μ axis on
the first leg,

U μ
1 (π ) := exp

⎛
⎝iπ

∑
j

Sμ
1, j

⎞
⎠. (1)

These phases appear in highly anisotropic XXZ and XYZ
ladder models [25–28]. Henceforth, we use the term “the Hal-
dane* phase” [27,29,30] to refer to the tz phase, which appears
in the presence of XXZ anisotropy. The Haldane* state is
a superposition of various states covered by intraleg singlet
pairs and interleg twisted singlet pairs, as shown in Fig. 1(d).

Meanwhile, various types of four-spin interactions on a
ladder have been studied as a route to exotic quantum phases.
A natural extension of a Heisenberg ladder is to add four-spin
ring exchange that appears in the fourth-order perturba-
tion theory of the Hubbard model; its effects on excitation
spectra have been discussed for La6Ca8Cu24O41 [31,32]. A
Heisenberg ladder with four-spin ring exchange K [Fig. 1(b)
with � = 1] has been found to exhibit a remarkably rich
phase diagram, which includes a staggered dimer (SD) phase
[Fig. 1(e)], a scalar chiral (SC) phase [Fig. 1(f)], and a gapped
featureless phase with dominant vector chirality correlation
[33–42]. An exact spin-chirality duality provides a key to
understanding this remarkable phase diagram [34,38,42–45].
Namely, the SC phase is dual to the SD phase, and the SD-
SC transition line is located precisely on the self-dual point
K = J/2. Furthermore, the dominant vector chirality phase
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FIG. 1. Spin- 1
2 XXZ ladders with (a) a CCI Kch and (b) four-spin

ring exchange K , which are described by the Hamiltonians (2) and
(29), respectively. The spin- 1

2 operator at the jth site on the nth
leg is denoted by Sn, j . Diagonal exchange interactions J× are also
considered in the extended model (8). [(c) and (d)] Featureless states.
Red and blue ovals indicate a singlet pair (|↑↓〉 − |↓↑〉)/

√
2 and a

twisted singlet pair (|↑↓〉 + |↓↑〉)/
√

2, respectively. The Haldane*
state is a superposition of various states covered by intraleg singlet
pairs and interleg twisted singlet pairs. [(e) and (f)] Ordered states
around the isotropic case � = 1. In the SC state, each directed
triangle indicates a positive scalar chirality of three spins along it.
[(g) and (h)] Ordered states in the easy-axis case � > 1. In the Néel
state, each arrow indicates an ordered magnetic moment along the z
axis. In the VC state, each directed bond indicates a positive vector
chirality along it. The order parameters that characterize the states in
(e)–(h) are shown in Eqs. (16) and (19).

is dual to the RS phase of the antiferromagnetic Heisenberg
ladder which has dominant Néel-type spin correlation; in
fact, these two phases are continuously connected to each
other in the regime of strong J⊥ > 0 [45] (see Fig. 2 for an
analogous situation). A Heisenberg ladder with an interleg
dimer-dimer interaction (DDI) has also been studied [46–53]
for its relevance to phonon-mediated interactions [46] and
spin-orbital systems [47–49] as well as its similarity to a
ring-exchange model. This model shows a SD phase as well as
a gapless phase [48–50]. For both ring exchange (K) and an
interleg DDI (JLL), field-theoretical analyses for weak inter-
chain couplings (|J⊥|, |K|, |JLL| 	 J) [35,46,52,53] suggest
that the RS-SD transition is continuous and described by the
SU(2)2 Wess-Zumino-Witten theory with the central charge
c = 3/2, although a possibility of a first-order transition is not
excluded. Exact diagonalization results [36,37,51] are consis-
tent with the c = 3/2 scenario for certain parameter ranges.
In recent works, Ogino et al. [29,54] have found that the

FIG. 2. Schematic ground-state phase diagram of the XXZ-CCI
ladder (2) in the isotropic case � = 1, predicted by the Abelian
bosonization and the duality. This diagram is obtained by combining
Figs. 3(a) and 3(c) and setting J× = 0. Along the two gray dashed
arrows, we expect to find the phase structures in Figs. 3(b) and
3(d) in the presence of exchange anisotropy (� 
= 1). The self-dual
line is located at Kch = J/2. Along this line and for J⊥ > 2J , the
ground state is exactly a product state of singlet pairs on the rungs;
see Fig. 4 for more details. The SD-SC transition on the self-dual
line belongs to the c = 1 Gaussian universality class, according to
a field-theoretical analysis around an SU(4) quantum multicritical
point [44,45].

presence of weak XXZ anisotropy has a significant impact
on this transition. The RS-SD transition point with c = 3/2
in the isotropic model has turned out to be a crossing point
of Gaussian (c = 1) and Ising (c = 1/2) transition lines in the
XXZ model, and the Néel phase [Fig. 1(g)] and the Haldane*
phase appear between these lines; see Fig. 3(b). It is remark-
able that the Haldane* phase, which has a highly anisotropic
nature, appears in the vicinity of the isotropic case.

In this paper, we aim to further explore combined effects
of a four-spin interaction and XXZ anisotropy in a spin- 1

2
two-leg ladder. Specifically, we study an XXZ ladder with
a chirality-chirality interaction (CCI) [Fig. 1(a)], which is
described by the Hamiltonian

H = J
2∑

n=1

∑
j

Sn, j · Sn, j+1 + J⊥
∑

j

(S1, j · S2, j )� + KchHch,

(2)

where

(Sn,i · Sm, j )� := Sx
n,iS

x
m, j + Sy

n,iS
y
m, j + �Sz

n,iS
z
m, j, (3)

Hch =
∑

j

4(S1, j × S2, j ) · (S1, j+1 × S2, j+1). (4)

Henceforth, we refer to this model as the XXZ-CCI ladder.
Throughout this paper, we focus on the case of J, J⊥, Kch > 0
unless stated otherwise. We set J = 1 as the unit of energy
when presenting numerical results. CCIs similar to Eq. (4)
have been studied as phonon-mediated interactions in multi-
ferroics [55,56].
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FIG. 3. Schematic ground-state phase diagrams of the extended XXZ-CCI ladder (8), predicted by the Abelian bosonization and the duality.
(a) Isotropic model (� = 1) with weak interchain couplings (9). (c) Dual counterpart of (a), obtained through the transformation (24). [(b) and
(d)] Anisotropic model � 
= 1 along the dashed lines in (a) and (c). Each phase in (b) is characterized by the locking positions of bosonic
fields; for more details, see Refs. [29,54]. The transition lines in (b) and (d) are given by Eqs. (14) and (26), respectively; those in (a) and
(c) are obtained by setting δ = 0 in these equations.

The CCI (4) has close relationship with other four-spin
interactions studied previously. Firstly, the CCI (4) can be
viewed as part of the ring exchange studied in Refs. [31–42].
Indeed, the ring exchange on a plaquette formed by the jth
and ( j + 1)th rungs [K in Fig. 1(b)] is written as

P4( j, j + 1) + P−1
4 ( j, j + 1)

= 4(S1, j × S2, j ) · (S1, j+1 × S2, j+1) + P2( j)P2( j + 1)

+ (S1, j + S2, j ) · (S1, j+1 + S2, j+1), (5)

where P2( j) := 2S1, j · S2, j + 1/2 is the two-spin exchange on
the jth rung. As it turns out, the CCI induces similar phases
as the ring exchange, as shown in Fig. 2. However, the simple
form of the CCI (4) in terms of chirality can accentuate prop-
erties of the chirality-related phases, leading to more stable
numerical results. It also simplifies analytical treatments as
we will see later. Secondly, the CCI (4) can also be written as

Hch = 4HLL − 4HDD (6)

with

HLL =
∑

j

(S1, j · S1, j+1)(S2, j · S2, j+1), (7a)

HDD =
∑

j

(S1, j · S2, j+1)(S2, j · S1, j+1). (7b)

The first term 4HLL coincides with the interleg DDI studied in
Refs. [29,46–54]. According to field-theoretical analyses for

weak interchain couplings [35,41], the second term −4HDD

only gives a small modification to the effect of the first term
4HLL; see Sec. II A for more details. We therefore obtain a
similar phase structure as that found by Ogino et al. [29,54]
in the presence of XXZ anisotropy; see Fig. 3(b). However,
a crucial difference occurs in the regime of strong four-spin
interactions. There, the interleg DDI induces a gapless phase
[47–50,57,58] in the isotropic case, as opposed to gapped
phases induced by a CCI in Fig. 2.

Our main results for the XXZ-CCI ladder (2) are schemat-
ically shown in Figs. 2 and 3. Here, the ground-state phase
diagram in the isotropic case � = 1 is shown in Fig. 2 while
the phase structures around the c = 3/2 critical points in the
presence of XXZ anisotropy are shown in Figs. 3(b) and 3(d).
These phase diagrams are based on a field-theoretical analysis
for weak interchain couplings as well as the spin-chirality du-
ality. Our major contribution is on the phase structure around
the SC-RS transition in Fig. 3(d), which is a dual counterpart
of the phase structure found by Ogino et al. [29,54]. Here, the
vector chiral (VC) phase is dual to the Néel phase, and exhibits
a staggered pattern of vector chirality on the rungs, as shown
in Fig. 1(h). In contrast to the dominant vector chirality phase
found in Refs. [33,34,38], the VC phase in this paper exhibits
a genuine long-range order in terms of vector chirality, which
is prohibited in the isotropic case but here allowed by XXZ
anisotropy. We note that a different proposal to obtain a VC
long-range order by the effects of a four-spin interaction and
a magnetic field has been made in Refs. [38,59]; this has
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yet to be confirmed numerically. The c-Haldane* phase in
Fig. 3(d), where “c” stands for “complex” or “chiral,” is the
dual counterpart of the Haldane* phase. To our knowledge,
this is a new example of a SPT phase in the presence of the
D2×σ and time-reversal symmetries. In the XXZ-CCI ladder
(2), an exact self-dual surface exits at Kch = J/2. To reveal
the phase structure and criticality around the self-dual surface,
we apply the effective spinor hard-core bosons approach of
Refs. [38,45] to the present model. We argue that the Néel-VC
and Haldane*-c-Haldane* transitions occur in the easy-axis
and easy-plane regimes, respectively, on the self-dual surface,
and they both belong to the Gaussian universality class with
c = 1; see Figs. 4 and 5 shown later. We perform numeri-
cal analyses based on infinite density-matrix renormalization
group (iDMRG) [60–63] and exact diagonalization [64,65]
to confirm the predicted phase structures and critical prop-
erties. We further demonstrate that the RS, Haldane*, and
c-Haldane* phases are distinguished by topological indices
associated with the D2×σ and time-reversal symmetries.

The rest of this paper is organized as follows. In Sec. II,
we analyze the XXZ-CCI ladder (2) by applying the Abelian
bosonization and the duality, and derive the schematic phase
diagrams in Figs. 2 and 3. In Sec. III, we present an effective
description in terms of (spinor) hard-core bosons. In Secs. IV
and V, we perform numerical analyses for the isotropic and
anisotropic cases, respectively. In Sec. VI, we present a sum-
mary of this study and an outlook for future studies.

II. FIELD-THEORETICAL ANALYSIS

In this section, we analyze the ground-state phase dia-
gram of the XXZ-CCI ladder (2) by means of the Abelian
bosonization and the spin-chirality duality. For this purpose,
we slightly extend the model by adding diagonal exchange
couplings [Fig. 1(a)] as

Hex = H + J×
∑

j

(S1, j · S2, j+1 + S2, j · S1, j+1). (8)

Although we set J× = 0 at the end of the analysis, the role of
the duality becomes clearer in this extended XXZ-CCI ladder
(8). As we explain later, the duality transformation can be
described as a simple mapping of coupling constants in the
extended model (8).

We start by analyzing the regime [66]

J⊥, |J×|, 2Kch 	 J, (9)

where the model (8) can be viewed as weakly cou-
pled Heisenberg chains. In this regime, we can apply
the Abelian bosonization [67,68] to formulate an effective
field theory. Our formulation is an extension of those in
Refs. [6–8,29,30,35,46,52–54,69,70]. We take notations sim-
ilar to those in Refs. [29,30,52,54] so that we can omit some
details of the formalism. After analyzing the regime of Eq. (9),
we apply the spin-chirality duality to discuss the regime of
strong Kch.

A. Abelian bosonization for J⊥, |J×|, 2Kch � J

In the limit J⊥,×/J, Kch/J → 0, each isolated chain labeled
by n = 1, 2 is described by the Tomonaga-Luttinger liquid

(TLL) theory (the Gaussian theory) in terms of a dual pair of
bosonic fields φn(x) and θn(x). The spin and dimer operators
on the nth chain are related to these bosonic fields as

Sz
n, j = a√

π
∂xφn + (−1) ja1 cos(2

√
πφn) + · · · ,

(10a)

S+
n, j = ei

√
πθn [b0(−1) j + b1 cos(2

√
πφn) + · · · ],

(10b)

Sα
n, jS

β

n, j+1 = (−1) jδαβdα sin(2
√

πφn) + · · · , (10c)

where S±
n, j := Sx

n, j ± iSy
n, j , a is the lattice constant, and a1,

b0, b1, and dα (α = x, y, z) are nonuniversal coefficients
[52,71–73]. In the presence of the SU(2) symmetry, these
coefficients satisfy a1 = b0 =: ā and dx = dy = dz.

Treating the interchain J⊥,× and Kch couplings perturba-
tively and expressing them using Eq. (10), we obtain the
low-energy effective Hamiltonian of the extended XXZ-CCI
ladder (8) as

H eff
ex =

∫
dx

∑
ν=±

vν

2

[
1

Kν

(∂xφν )2 + Kν (∂xθν )2

]

+ g+ cos(2
√

2πφ+) + g− cos(2
√

2πφ−)

+ g̃− cos(
√

2πθ−) + · · · , (11)

where

φ± := 1√
2

(φ1 ± φ2), θ± := 1√
2

(θ1 ± θ2), (12)

and ellipses indicate terms that have higher scaling dimen-
sions. The bare coupling constants are given by

g± = 1

2a

[
a2

1(J⊥� − 2J×) ∓ 4Kch(9d2 − 3d ′2)
]
, (13a)

g̃− = b2
0

a
(J⊥ − 2J×), (13b)

where 3d := ∑
α dα and 3d ′2 := ∑

α d2
α . These coupling con-

stants are similar to those in a closely related model [29,54],
but are slightly modified by the effects of the diagonal cou-
pling J× and the −4HDD term in Eq. (6). The velocities v±
and the TLL parameters K± in the symmetric and antisym-
metric channels are in general modified from v = πJa/2 and
K = 1/2 in the decoupled Heisenberg chains by the effects
of the interchain couplings. The g± and g̃− terms have the
scaling dimensions 2K± and (2K−)−1, respectively, which are
all equal to unity in the limit of decoupled Heisenberg chains
where K± = 1/2. These terms are thus strongly relevant per-
turbations, and their competition dominantly determines the
phase structure, as we discuss next.

B. Phase diagram from bosonization

The effective Hamiltonian (11), in which the symmetric
and antisymmetric channels are decoupled, can be analyzed
in the same way as in Refs. [29,30,52,54]. In the symmetric
channel described by the sine-Gordon model, the strongly
relevant g+ term locks φ+ at distinct positions depending on
the sign of g+; a c = 1 Gaussian transition occurs at g+ = 0.
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The antisymmetric channel is described by the dual-field dou-
ble sine-Gordon model. In this model, the strongly relevant
g− and g̃− terms with close scaling dimensions (equal to
unity in the limit of decoupled Heisenberg chains) crucially
compete. A simple method to determine the phase structure
is to examine which of |g−| and |g̃−| is larger. Specifically,
|g−| � |g̃−| (|g−| � |g̃−|) leads to the locking of φ− (θ−), and
an c = 1/2 Ising transition occurs at |g−| ≈ |g̃−| [8,74].

Based on the above analysis and using the coupling con-
stants in Eq. (13), we obtain the schematic phase diagrams in
Figs. 3(a) and 3(b). In Fig. 3(b), there are a Gaussian transition
line (red) with

Kch = γ (J⊥ − 2J× + J⊥δ) (14a)

as well as an Ising transition line (blue) with

Kch = γ (J⊥ − 2J× − J⊥δ), (14b)

where δ := � − 1. The proportionality constant γ is esti-
mated to be

γ = ā2

4(9d2 − 3d ′2)
≈ 0.75, (15)

where we used the numerical values of ā, d , and d ′ in the
Heisenberg chain at a certain scale [52]. The two transi-
tion lines cross at J4 = γ (J⊥ − 2J×) at the isotropic point
� = 1, where the central charge is expected to be c = 3/2
[35,46,51–53,75,76]. Just with an infinitesimal anisotropy
δ 
= 0, the Néel and Haldane* phases appear around this point.

The SD and Néel phases are characterized by the order
parameters

〈OSD( j)〉 = 1
4 〈S1, j−1 · S1, j − S2, j−1 · S2, j

− S1, j · S1, j+1 + S2, j · S2, j+1〉, (16a)

〈ONéel( j)〉 = 1
4

〈
Sz

1, j − Sz
2, j − Sz

1, j+1 + Sz
2, j+1

〉
. (16b)

See Figs. 1(e) and 1(g). By using Eq. (10), these order param-
eters can be expressed in terms of the bosonic fields (12) as

〈OSD( j)〉=−(−1) j (3d )〈cos(
√

2πφ+) sin(
√

2πφ−)〉, (17a)

〈ONéel( j)〉=−(−1) ja1〈sin(
√

2πφ+) sin(
√

2πφ−)〉. (17b)

We can easily see that these order parameters acquire
finite values for the locking positions of the bosonic
fields in Fig. 3(b). For example, in the SD phase with
2
√

2π (φ+, φ−) = (0,∓π ), we have 〈OSD( j)〉 = ±(−1) jcSD,
where cSD is a constant independent of j. For the characteri-
zations of the RS and Haldane* phases in bosonization, see,
e.g., Refs. [27,29,54].

C. Spin-chirality duality

The spin-chirality duality [34,38,43–45] can be described
by the unitary transformation U (π/2), whose explicit form
is shown later in Eq. (36). Under this transformation, the
staggered spin component and the vector chirality on each
rung are interchanged as

U
(

π

2

)(
Sα

1, j − Sα
2, j

)
U†

(
π

2

)
= −2(S1, j × S2, j )

α, (18a)

U
(

π

2

)
(S1, j × S2, j )

αU†

(
π

2

)
= 1

2

(
Sα

1, j − Sα
2, j

)
, (18b)

while the uniform spin component S1, j + S2, j is invariant. The
SD and Néel order parameters in Eq. (16) are then transformed
into the SC and VC order parameters

〈OSC( j)〉 = 1
4 〈(S1, j−1 + S2, j−1) · (S1, j × S2, j )

+ (S1, j−1 × S2, j−1) · (S1, j + S2, j )

− (S1, j + S2, j ) · (S1, j+1 × S2, j+1)

− (S1, j × S2, j ) · (S1, j+1 + S2, j+1)〉, (19a)

〈OVC( j)〉 = 1
2 〈(S1, j × S2, j − S1, j+1 × S2, j+1)z〉, (19b)

respectively, through the relations

U
(

π

2

)
OSD( j)U†

(
π

2

)
= −OSC( j), (20)

U
(

π

2

)
ONéel( j)U†

(
π

2

)
= −OVC( j). (21)

We can thus obtain SC and VC phases as dual counterparts of
the SD and Néel phases, respectively; see Figs. 1(e)–1(h).

To apply the duality, it is convenient to rewrite the Hamil-
tonian (8) of the extended XXZ-CCI ladder as [38,45]

Hex = J + J×
2

H1 + J − J×
2

H2 + KchHch

+ J⊥
∑

j

(S1, j · S2, j )�, (22)

where

H1 =
∑

j

(S1, j + S2, j ) · (S1, j+1 + S2, j+1), (23a)

H2 =
∑

j

(S1, j − S2, j ) · (S1, j+1 − S2, j+1). (23b)

Under the duality transformation (18), H2 and Hch are inter-
changed while the other terms in Eq. (22) remain invariant.
Therefore the duality transformation of the Hamiltonian can
be described as the simple exchange of the coupling constants,

J − J×
2

↔ Kch. (24)

Here, the other coupling constants (J + J×)/2 and J⊥ in
Eq. (22) remain unchanged.

D. Full phase structure

Under the duality transformation, the phase diagram of
the isotropic model in Fig. 3(a) is mapped to the one in
Fig. 3(c). Here, the SD phase is mapped to the SC phase as
explained above. The RS phase with dominant Néel correla-
tion is mapped to the RS phase with dominant VC correlation.
The condition of weak interchain couplings in Eq. (9) is now
replaced by the following condition:

J⊥,

∣∣∣∣J + J×
2

− Kch

∣∣∣∣, J − J× 	 J + J×
2

+ Kch. (25)

When the anisotropy � 
= 1 is introduced along the dashed
arrow in Fig. 3(c), we expect to find the phase structure in
Fig. 3(d). Here, the VC and c-Haldane* phases are the dual
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counterparts of the Néel and Haldane* phases, respectively.
In this diagram, there are a Gaussian transition line (red) with

Kch = J + J× − J⊥
2

+ J − J×
4γ

− J⊥δ

2
(26a)

as well as an Ising transition line (blue) with

Kch = J + J× − J⊥
2

+ J − J×
4γ

+ J⊥δ

2
, (26b)

which are obtained from Eq. (14) via the transformation (24).
To our knowledge, the c-Haldane* phase is a new example of
a SPT phase in the presence of the D2×σ and time-reversal
symmetries. We will discuss the Haldane* and c-Haldane*
phases and their distinction in more detail in Secs. III D and
V E and Appendix.

By combining Figs. 3(a) and 3(c) and setting J× = 0, we
obtain the phase diagram in Fig. 2. Here, we assumed that the
phase structures in Figs. 3(a) and 3(c) qualitatively continue
up to the regime where the conditions (9) and (25) are nearly
saturated. This assumption is justified a posteriori through
an overall agreement between the predicted phase diagram in
Fig. 2 and the numerically obtained one in Fig. 6. We also
note that predictions of bosonization made in weak-coupling
regimes often hold qualitatively beyond their validity ranges;
see, e.g., Refs. [53,77]. Along the two gray dashed arrows in
Fig. 2, we expect to find the phase structures in Figs. 3(b)
and 3(d) in the presence of exchange anisotropy (� 
= 1).
The SD-SC transition is located exactly on the self-dual line
with Kch = J/2; this belongs to the c = 1 Gaussian universal-
ity class, according to a field-theoretical analysis around an
SU(4) quantum multicritical point [44,45].

Lastly, we discuss the method of the polarization amplitude
[78–86], which is useful for numerically determining some of
the phase boundaries. In a two-leg ladder of finite length L,
the polarization amplitude is defined as

zrung =
〈

exp

⎛
⎝i

2π

L

2∑
n=1

L∑
j=1

jSz
n, j

⎞
⎠

〉
, (27)

which has the form of the expectation value of the
Lieb-Schultz-Mattis twist operator [87,88]. In the Abelian
bosonization formulation explained in Secs. II A and II B, the
polarization amplitude has the expression [83–85]

zrung ∝ −〈cos(2
√

2πφ+)〉. (28)

It therefore changes its sign when the locking position
of 2

√
2πφ+ changes across the Gaussian transition as in

Fig. 3(b). As Eq. (27) is invariant under the duality trans-
formation, it can be used to detect the Gaussian transition in
Fig. 3(d) as well. In fact, the polarization amplitude (27) has
been used to detect the RS-SD and SC-RS transitions in the
Heisenberg ladder with ring exchange [33]. We will use the
polarization amplitude (27) to analyze the regime around the
isotropic case in Secs. IV and V.

E. Implications for an XXZ ladder with four-spin ring exchange

By means of the Abelian bosonization and the duality, we
have analyzed the phase structure of the XXZ-CCI ladder (2)

and its extension (8). Here, we briefly discuss implications of
this analysis for an XXZ ladder with four-spin ring exchange
[Fig. 1(b)], which is described by the Hamiltonian

HXXZ-K = J
2∑

n=1

∑
j

Sn, j · Sn, j+1 + J⊥
∑

j

(S1, j · S2, j )�

+ K
∑

j

[
P4( j, j + 1) + P−1

4 ( j, j + 1)
]
. (29)

Here, the ring exchange term is expressed in terms of spin
operators as Eq. (5). Compared to the model studied in
Refs. [33–38], XXZ anisotropy is introduced in the J⊥ cou-
plings on the rungs. Henceforth we refer to this model (29)
as the XXZ-K ladder. Below we focus on the case of J, J⊥,

K > 0.
To highlight the difference from the XXZ-CCI ladder, it is

useful to rewrite Eq. (29) as

HXXZ-K =
(

J

2
+ K

)
H1 + J

2
H2 + KHch + 4KHRR

+ J⊥
∑

j

(S1, j · S2, j )� + 2K
∑

j

S1, j · S2, j

+ const., (30)

where

HRR =
∑

j

(S1, j · S2, j )(S1, j+1 · S2, j+1). (31)

Compared to a similar expression (22) for the extended XXZ-
CCI ladder, a crucial difference is the presence of the HRR

term. In the Abelian bosonization analysis for weak interchain
couplings J⊥, 2K 	 J , the HRR term only has the effect of
removing the “3d ′2” term in Eq. (13a); namely, a precise
cancellation of relevant terms occurs between the HRR and
HDD terms [35,41] while relevant terms from the two-spin
interactions and the HLL term remain. We therefore expect a
phase structure similar to Figs. 3(a) and 3(b). For large K ,
however, the analysis is nontrivial. Under the duality trans-
formation (18), H2 and Hch are interchanged while the other
terms in Eq. (30) remain invariant; the self-dual surface is thus
located at K = J/2. In contrast to Hch, HRR remains to have
the same complicated form under the duality transformation.
When its coefficient 4K becomes large, it is nontrivial to
predict the effects of HRR on the phase structure by some
analytical calculations. Yet, the DMRG studies for J⊥ = J and
� = 1 [33,34] have identified the RS-SD-SC-RS structure of
the phase diagram, similar to a constant-J⊥ cut of Fig. 2. When
the XXZ anisotropy � 
= 1 is introduced, we thus expect to
find the phase structre in Fig. 3(d) around the SC-RS tran-
sition. We leave the determination of the phase diagram of
the XXZ-K ladder (29) for a future work. In our preliminary
results, we have found that compared to the XXZ-CCI lad-
der, the presence of HRR tends to obscure the properties of
chirality-related phases in numerical simulations and require a
more careful analysis. Thus our study on the XXZ-CCI ladder
(2) in this paper will provide a useful guide to analyze the
XXZ-K ladder (29).
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III. EFFECTIVE SPIN-1 HARD-CORE BOSONS APPROACH

In this section, we apply the effective spin-1 hard-core
bosons approach of Refs. [38,45] to the XXZ-CCI ladder (2).
This approach helps us determine the phase structures and the
critical properties near the self-dual surface Kch = J/2 in the
easy-axis and easy-plane regimes.

A. Spin-1 hard-core bosons

To formulate the spin-1 bosons picture, it is convenient to
introduce the singlet-triplet basis on each rung as

|s〉 = 1√
2

(|↑↓〉 − |↓↑〉), (32a)

|tx〉 = − 1√
2

(|↑↑〉 − |↓↓〉), (32b)

|ty〉 = i√
2

(|↑↑〉 + |↓↓〉), (32c)

|tz〉 = 1√
2

(|↑↓〉 + |↓↑〉). (32d)

The creation operator for the spin-1 hard-core boson on the
jth rung is then defined as

b†
j,α = ∣∣t [ j]

α

〉〈
s[ j]

∣∣ (α = x, y, z), (33)

where the superscript [ j] indicates the concerned rung. This
operator can also be expressed as a complex combination of
the staggered spin component and the vector chirality, i.e.,

b†
j,α = 1

2 (S1, j − S2, j )
α + i(S1, j × S2, j )

α. (34)

The number of bosons on the jth rung is given by

nB
j =

∑
α

b†
j,αb j,α =

∑
α

∣∣t [ j]
α

〉〈
t [ j]
α

∣∣. (35)

As this is nothing but the projection operator onto the triplet
sector on the rung, it has eigenvalues of zero and unity for the
singlet and triplet states, respectively, signifying the hard-core
nature of bosons.

To discuss the duality, we introduce the unitary transfor-
mation

U (θ ) = exp

⎛
⎝iθ

∑
j

nB
j

⎞
⎠ (θ ∈ R), (36)

which plays a role of a gauge transformation for bosons as

U (θ )b†
j,αU†(θ ) = eiθ b†

j,α. (37)

The spin-chirality duality is given by U (π/2). Indeed, by set-
ting θ = π/2, Eq. (37) combined with Eq. (34) gives Eq. (18).

B. Spinor bosons Hamiltonian

In the picture of spinor hard-core bosons, the Hamiltonian
(2) of the XXZ-CCI ladder can be expressed as

H = t
∑
j,α

(b†
j,αb j+1,α + b†

j+1,αb j,α )

+ u
∑
j,α

(b†
j,αb†

j+1,α + b j+1,αb j,α ) + Jbl

∑
j

T j · T j+1

+ J⊥
∑

j

[
nB

j − 3

4
+ δ

2

(
b†

j,xb j,x + b†
j,yb j,y − 1

2

)]

+ const., (38)

where δ := � − 1 and

t = J

2
+ Kch, u = J

2
− Kch, Jbl = J

2
. (39)

Here, T j is the spin of the hard-core boson on the jth rung,
which can be expressed as

T α
j = −iεαβγ b†

jβb jγ . (40)

Under the duality transformation U (π/2), the sign of u
is flipped (u → −u) while the other coupling constants in
Eq. (38) remain unchanged. The Hamiltonian (38) has the
global U(1) gauge symmetry under the transformation (36)
with arbitrary θ in the self-dual case u = 0, and explicitly
breaks it otherwise. The self-dual model with u = 0 is anal-
ogous to spin-1 bosonic atoms loaded into an optical lattice
[89–92]. In this analogy, the J⊥ term in Eq. (38) plays a role
of spin-dependent chemical potentials.

The global U(1) gauge symmetry of the self-dual model
with u = 0 allows us to apply the Lieb-Schultz-Mattis-type
theorem [18,87,88]. We introduce the number of bosons per
rung as

nB := 1

L

L∑
j=1

nB
j , (41)

where L is the ladder length, i.e., the total number of rungs.
According to the theorem, a unique bulk ground state below
an excitation gap is allowed only for nB = 0 and 1. The case of
nB = 0 (i.e., the vacuum of bosons) corresponds to the exact
RS ground state [35,93], and is realized for sufficiently large
antiferromagnetic J⊥ > 0. The case of nB = 1 corresponds
to an effective spin-1 chain, and is realized for sufficiently
large ferromagnetic J⊥ < 0; there, gapped featureless phases
such as the Haldane phase and a trivial (so-called, large-D)
phase appear [94–96]. For 0 < nB < 1, the system must show
gapless excitations or degenerate ground states in the thermo-
dynamic limit.

The range of the exact RS ground state in the self-dual
model with u = 0 can be determined by examining the single-
boson excitation spectrum [35,93]. This spectrum can be
determined easily and exactly from the Hamiltonian (38) as
the boson-boson interaction plays no role in the single-boson
problem. The dispersion relations εα (k) for the α-boson (α =
x, y, z) in Eq. (33) are obtained as

εx,y(k) = 2J cos k + J⊥

(
1 + δ

2

)
, (42a)

εz(k) = 2J cos k + J⊥, (42b)

where k is the wave number. These bosons are gapped for
sufficiently large J⊥ > 0, where the exact RS ground state is
realized. This ground state is destabilized when the minimum
εx,y(π ) or εz(π ) of the dispersion relations becomes zero. This
analysis leads to the range of the exact RS state in Fig. 4.
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FIG. 4. Ground-state phase diagram of the XXZ-CCI ladder (2)
on the self-dual surface Kch = J/2, obtained from the spinor hard-
core bosons Hamiltonian (38) with u = 0. For J⊥ > 2Jmax(1, (1 +
δ/2)−1), where all of Eq. (42) are gapped, the ground state is the
boson vacuum, i.e., the exact RS state [35,93]. This ground state
is destabilized when the minimum of εx,y(k) or εz(k) in Eq. (42)
becomes zero, i.e., the xy- or z-bosons condense. The shaded c = 1
region for easy-axis anisotropy (δ > 0) corresponds to the Néel-
VC transition in Fig. 5. The shaded c = 1 region for easy-plane
anisotropy (δ < 0) corresponds to the Haldane*-c-Haldane* transi-
tion. The region of the exact RS corresponds to a crossover line in
the RS phase across which dominant correlation changes from Néel-
to VC-type, as shown in Figs. 2 and 5.

C. Easy-axis regime

When J⊥δ � J, Kch, the xy-bosons can safely be neglected
in the bosonic Hamiltonian (38). This can be seen in the
dispersion relations (42), where the xy-bosons have an energy
difference of J⊥δ/2 from the z-boson. Focusing on the z-boson
and introducing the pseudospin- 1

2 operator

Sx
j = 1

2
(b†

j,z + b j,z ), (43a)

Sy
j = 1

2i
(b†

j,z − b j,z ), (43b)

Sz
j = b†

j,zb j,z − 1

2
, (43c)

we can rewrite Eq. (38) as the Hamiltonian of the XY chain in
a magnetic field

H =
∑

j

(
2JSx

jSx
j+1 + 4KchSy

jS
y
j+1

) + J⊥
∑

j

Sz
j + const.

(44)

The ground-state phase diagram of this Hamiltonian is well-
known [97,98]. When J⊥ > J + 2Kch, the system is in a
“paramagnetic phase,” in which pseudospins are mainly po-
larized in the −z direction and no spontaneous symmetry
breaking occurs. This corresponds to the RS phase of the
ladder model. When J⊥ < J + 2Kch, the system exhibits an
antiferromagnetic order along the x axis (J > 2Kch) or the y
axis (J < 2Kch). These correspond to the Néel and VC phases
of the ladder model, as seen from the relations Sx

j = (Sz
1, j −

Sz
2, j )/2 and Sy

j = (S1, j × S2, j )z obtained from Eqs. (34) and

FIG. 5. Ground-state phase diagram of the XXZ-CCI ladder (2)
in the easy-axis regime, obtained from the effective XY Hamiltonian
(44). Here, we assume that J⊥δ with δ := � − 1 is much larger than
the other coupling constants.

(43). This analysis leads to the phase diagram in Fig. 5. Here,
the RS-Néel and RS-VC transitions belong to the Ising univer-
sality class, which is consistent with the bosonization analysis
in Fig. 3 that started from the different limits.

D. Easy-plane regime

When −J⊥δ � J, Kch, the z-boson can safely be neglected
in the bosonic Hamiltonian (38). We introduce new bosonic
operators

b†
j,± = 1√

2
(∓b†

j,x − ib†
j,y). (45)

As these can also be expressed as b†
j,+ = |↑↑[ j]〉〈s[ j]| and

b†
j,− = |↓↓[ j]〉〈s[ j]|, these correspond to the creation of the

states |↑↑〉 and |↓↓〉, respectively, on the jth rung. After
removing the z-boson, the Hamiltonian (38) can be expressed
in terms of the new bosonic operators as

H = t
∑
ν=±

∑
j

(b†
j,νb j+1,ν + b†

j+1,νb j,ν )

− u
∑
ν=±

∑
j

(b†
j,νb†

j+1,−ν + b j+1,−νb j,ν )

+ Jbl

∑
j

T z
j T z

j+1 + D
∑
ν=±

∑
j

b†
j,νb j,ν + const., (46)

where D = J⊥(1 + δ/2) and T z
j = ∑

ν=± νb†
j,νb j,ν . While t ,

u, and Jbl are mutually dependent as in Eq. (39), we treat them
as independent parameters in discussing the properties of the
effective Hamiltonian (46). When u = Jbl = 0, Eq. (46) can be
viewed as a model of two-component hard-core bosons on a
lattice with the hopping amplitude t and the chemical potential
−D. This model is equivalent to the infinite-U limit of the
fermionic Hubbard chain under a statistical transformation
[99]. For the convenience of our analysis, we relax infinite
U to a large but finite intercomponent repulsion 0 < U < ∞
in the following. When D < 2t , the finite-U model shows the
two-component TLL phase described by dual pairs of bosonic
fields (φρ, θρ ) and (φσ , θσ ) in the charge and spin sectors,
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respectively [67,68]. We may then treat the u and Jbl terms in
Eq. (46) perturbatively, which play roles of a pairing term and
state-dependent density-density interactions, respectively. In
this way, we obtain an effective field-theoretical Hamiltonian

H eff =
∫

dx
∑

η=ρ,σ

vη

2

[
1

Kη

(∂xφη )2 + Kη(∂xθη )2

]

+ gσ cos(2
√

2πφσ ) + g̃ρ cos(
√

2πθρ ) + · · · , (47)

where vρ and Kρ (vσ and Kσ ) are the velocity and the TLL
parameter in the charge (spin) sector, g̃ρ ∝ u, and ellipses
indicate terms that have higher scaling dimensions. In the
fermionic Hubbard chain with finite U and u = Jbl = 0, we
have Kσ = 1 and g̃ρ = 0, and the gσ term with the scaling
dimension 2Kσ is marginally irrelevant. In the infinite-U limit,
we have Kρ → 1/2 and vσ → 0 [67]. Finite Jbl > 0 leads to
the opening of a gap in the spin sector via the gσ term. We
therefore have the c = 1 gapless state of the charge sector on
the self-dual surface with u = 0, as shown in Fig. 4. For u 
= 0,
the g̃ρ term with the scaling dimension (2Kρ )−1 immediately
opens a gap. In this way, we have distinct gapped phases
depending on the sign of u = J

2 − Kch, and a c = 1 Gaussian
transition occurs between them at u = 0.

What are the gapped phases for J
2 > Kch and J

2 < Kch? To
answer this question, we rewrite Eq. (46) as the Hamiltonian
of a spin-1 chain by regarding the states

{|↑↑〉, |s〉,−|↓↓〉} (48)

on each rung j as the basis for a spin-1 operator L j .
Here, the states (48) are related to the usual triplet
states {|↑↑〉, |tz〉, |↓↓〉} on a rung via the transformation
(−i)LU z

1 (π ); see Eq. (1). The spin-1 operators L+
j := Lx

j + iLy
j

and Lz
j are expressed in terms of the bosonic operators b j,± as

L+
j =

√
2(b†

j,+ − b j,−), (49a)

Lz
j = b†

j,+b j,+ − b†
j,−b j,−. (49b)

We also introduce

L̃ j = ei π
2 nB

j L je
−i π

2 nB
j , (50)

where ei π
2 nB

j is the single-rung part of the duality transforma-
tion U (π/2) defined by Eq. (36) with θ = π/2. Equation (50)
can be viewed as the spin-1 operator in the basis

{−|↑↑〉, i|s〉, |↓↓〉}. (51)

which is related to Eq. (48) via iLU (π/2). We note that L̃z
j =

Lz
j . Using L j and L̃ j , we obtain a spin-1 chain Hamiltonian as

H = J

2

∑
j

(
Lx

j L
x
j+1 + Ly

jL
y
j+1

)

+ Kch

∑
j

(
L̃x

j L̃
x
j+1 + L̃y

j L̃
y
j+1

)

+ Jbl

∑
j

Lz
jL

z
j+1 + D

∑
j

(
Lz

j

)2 + const. (52)

We again treat J/2, Kch, and Jbl as independent parameters
in discussing the properties of the Hamiltonian (52). When
Kch = 0, Eq. (52) is the spin-1 XXZ chain with single-ion

anisotropy in terms of the L j spins; see Refs. [94–96] for the
phase diagram of this spin-1 chain. The Haldane state of the
L j spins corresponds to the Haldane* state (or the tz state)
discussed in Refs. [25,27,29,30]. When J

2 = 0, Eq. (52) is
the spin-1 XXZ chain with single-ion anisotropy in terms of
the L̃ j spins. The Haldane state of the L̃ j spins corresponds
to the c-Haldane* state, which is the dual counterpart of the
Haldane state. When both J

2 and Kch are finite, a competition
between the Haldane* and c-Haldane* phases is expected. We
thus conclude that gapped phases for J

2 > Kch and J
2 < Kch

indicated by the field-theoretical analysis are the Haldane*
and c-Haldane* phases, respectively, and a c = 1 Gaussian
transition occurs between them.

IV. NUMERICAL RESULTS: ISOTROPIC CASE

In this section, we present numerical results on the XXZ-
CCI ladder (2) in the isotropic case � = 1. Here, we set J = 1
as the unit of energy. The obtained phase diagram is shown in
Fig. 6, which is in overall agreement with the schematic phase

FIG. 6. Ground-state phase diagram of the XXZ-CCI ladder (2)
in the isotropic case � = 1, determined by exact diagonalization.
Here, we set J = 1 as the unit of energy. The self-dual line is located
at Kch = 1/2 (green), which gives the exact SD-SC transition line for
J⊥ < 2. Up- and down-pointing triangles show finite-size estimates
of the RS-SD and SC-RS transition points, respectively; these are
based on the sign changes of the polarization ampbiltude zrung, as
shown in Fig. 7. These triangles merge at rhombi on the self-dual
line. Four different symbol sizes (from small to large) correspond
to the ladder lengths L = 8, 10, 12, and 14; the number of spins
in the ladder is 2L in total. The transition points extrapolated to
the infinite-size limit are shown by purple filled circles interpolated
by solid lines; this extrapolation is not done for J⊥ � 1.2, where
the L dependence of the estimated transition points is not smooth.
See Fig. 2 for a schematic phase diagram predicted by the Abelian
bosonization and the duality.
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FIG. 7. (a) Polarization amplitude zrung in Eq. (27) as a function
of Kch, obtained by exact diagonalization for the case of J⊥ = 0.5 in
Fig. 6. Results for different ladder lengths L are shown by different
colors. The sign changes of zrung give finite-size estimates of the RS-
SD and SC-RS transitions. [(b) and (c)] Extraplation of the RS-SD
(b) and SC-RS (c) transition points, based on a linear function of
L−2 [82]. The transition point in the infinite-size limit is given by the
intercept.

diagram in Fig. 2 predicted by the Abelian bosonization and
the duality.

The phase diagram in Fig. 6 is based on the exact diag-
onalization calculation of the polarization amplitude zrung in
Eq. (27). Here, exact diagonalization was performed with the
PYTHON package QUSPIN [64,65]. Figure 7 shows an exam-
ple of this analysis for J⊥ = 0.5. Finite-size estimates of the
RS-SD and SC-RS transition points are obtained through the
sign changes of zrung, as shown in Fig. 7(a). The estimated
transition points are then extrapolated to the infinite-size limit
by using a linear function of L−2, as shown in Fig. 7(b).
This extrapolation procedure works well for J⊥ � 1.1, where
the transition points are not too close to the self-dual line.
For larger J⊥, however, the L dependence of the estimated
transition points is not smooth, and thus we only present
finite-size results in Fig. 6. We note that the polarization am-
plitude zrung is insensitve to the SD-SC transition; however, the
spin-chirailty duality as well as the hard-core bosons picture
in Sec. III B (see Fig. 4) indicate that it should be located on
the self-dual line Kch = 1/2 with J⊥ < 2.

In the hard-core bosons picture in Sec. III B, the total num-
ber of bosons is a good quantum number on the self-dual line
Kch = 1/2. Furthermore, in the isotropic case � = 1, the J⊥
term plays a role of a chemical potential term for bosons that
commutes with the Hamiltonian; see Eq. (38). Therefore, in
finite-size ladders, the ground-state value of the boson density
nB in Eq. (41) changes discontinuously and stepwise as a
function of J⊥, in a way similar to magnetization curves in
spin systems with the spin-rotational U(1) symmetry. Figure 8
shows this density nB calculated by exact diagonalization.
For J⊥ > 2, where the chemical potential −J⊥ is sufficiently

FIG. 8. The ground-state value of the boson density nB in
Eq. (41), calculated by exact diagonalization along the self-dual line
Kch = 1/2 in Fig. 6. Results for different ladder lengths L are shown
by different colors.

low, bosons are fully depleted (nB = 0); we therefore have the
boson vacuum, i.e., the exact RS state [35,93], in agreement
with Fig. 4. For J⊥ � −0.6, hard-core bosons are fully filled
(nB = 1), and the system exhibits the Haldane ground state
of the spin-1 Heisenberg chain that corresponds to the Jbl

term in Eq. (38). For −0.6 � J⊥ < 2, the boson density nB

increases with lowering J⊥. As discussed on the basis of the
Lieb-Schultz-Mattis-type theorem in Sec. III B, the system
must show gapless excitations or degenerate ground states in
the thermodynamic limit when 0 < nB < 1. In Fig. 8, we find
no robust plateau-like feature in the boson density nB( 
=0, 1)
that is associated with an energy gap. We thus expect that the
scenario of gapless excitations holds on the self-dual line with
−0.6 � J⊥ < 2. This implies that the SD-SC transition that
occurs on this line is continuous. When the system deviates
from the self-dual line, the stepwise features of the boson den-
sity in Fig. 8 are gradually smoothed. Near the self-dual line,
the remaining stepwise features of nB can lead to nontrivial
finite-size effects in other quantities as well; this explains the
difficulty in extrapolating the transition points for J⊥ � 1.2 in
Fig. 6.

V. NUMERICAL RESULTS: ANISOTROPIC CASE

In this section, we numerically investigate the ground-state
phase diagram of the XXZ-CCI ladder (2) on the Kch-� plane,
focusing on the case of J = 1 and J⊥ = 0.5. Namely, we start
from the J⊥ = 0.5 cut of Fig. 6, and extend the phase diagram
by introducing the anisotropy �. The obtained phase diagram
is presented in Fig. 9. In agreement with Figs. 3(b) and 3(d)
predicted by the Abelian bosonization and the duality, the
RS-SD and SC-RS transition points at � = 1 turned out to be
crossing points of separate transition lines in the anisotropic
case. Furthermore, in agreement with the hard-core bosons
picture in Sec. III, direct Néel-VC and Haldane*-c-Haldane*
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FIG. 9. Ground-state phase diagram of the XXZ-CCI ladder (2) with J = 1 and J⊥ = 0.5, obtained numerically. Red and blue empty
symbols indicate Gaussian and Ising transition points, respectively, that are determined by iDMRG from the (local) maxima of the correlation
length. Medium-size empty symbols connected by solid lines show the data for the bond dimension χ = 192, which give semiquantitative
phase boundaries. In some cases, the data for χ = 128 and χ = 256 are also presented with small and large empty symbols, respectively,
to illustrate the χ -dependence of the results. Near the isotropic case � = 1, where iDMRG tends to converge worse, we performed an exact
diagonalization analysis of the polarization amplitude zrung, as shown in Fig. 7. A sign change of zrung corresponds to a Gaussian transition in
the symmetric channel. Red filled symbols connected by solid lines show exact diagonalization results extrapolated to the infinite-size limit.

transitions occur when � is sufficiently away from unity in
the easy-axis and easy-plane regimes, respectively.

To obtain the phase diagram in Fig. 9, we employed
iDMRG as well as exact diagonalization. When the system
is not too close to the isotropic case � = 1, transition points
were estimated from peak positions in the correlation length
calculated by iDMRG; details of this analysis will be ex-
plained later. The transition points estimated in this way are
shown with empty symbols in Fig. 9. Near the isotropic
case � = 1, however, we encountered a convergence issue
in iDMRG. Specifically, in iDMRG calculations with a finite
bond dimension χ , we found some ranges near the RS-SD
and SC-RS transitions over which a spontaneous Néel or
VC order appeared even in the isotropic case � = 1. These
ranges shrunk with an increase in χ . Similar behavior was
also discussed in Appendix B of Ref. [54]. As spontaneous
Néel and VC orders are prohibited in the ground state of
1D SU(2)-symmetric systems (unless the uniform magnetic
susceptibility diverges) [100], their appearance in iDMRG
must be an artifact due to finite χ . Because of this convergence
issue, transitions near � = 1 could not be detected via sharp
peaks in the correlation length calculated by iDMRG. To de-
termine transition points near � = 1, we instead analyzed the
polarization amplitude zrung by exact diagonalization, as we
did in Fig. 7. This analysis can detect the Gaussian transition
in the symmetric channel, as seen in the bosonized expression
(28). The transition points extrapolated to the infinite-size
limit are shown by red filled circles in Fig. 9. The iDMRG and
exact diagonalization results are essentially consistent in the

regimes where transition points were calculated with both the
methods. We infer that small differences between the results
of the two methods are mainly due to the need of larger system
sizes in exact diagonalization to properly perform infinite-size
extrapolation. As the exact diagonalization analysis was done
in the same way as the isotropic case, we focus on the iDMRG
analysis in the following.

A. iDMRG calculations

We performed iDMRG calculations with the C++ li-
brary ITensor [62,63]. In the iDMRG algorithm [60,61],
one represents a many-body wave function in the infinite
one-dimensional (1D) system by a periodic matrix prod-
uct state (MPS) with a bond dimension χ . In applying
iDMRG to the present ladder geometry, we regard the two-
leg ladder as a zigzag chain arranged in the following
order: . . . , S1, j, S2, j, S1, j+1, S2, j+1, . . . . With this arrange-
ment, we performed iDMRG using a MPS with a four-site
(i.e., two-rung) period in most of the calculations. In this
setup, the variational MPS can exhibit spontaneous ordering
as in Figs. 1(e)–1(h), and the corresponding order parameter
can be computed directly. Only in the calculations of topolog-
ical indices in Sec. V E, we employed a MPS with a two-site
(i.e., one-rung) period as the translational invariance along the
leg is important in such calculations.

In general, a continuous phase transition is associated with
a divergence in the correlation length ξ . In iDMRG calcu-
lations, a genuine divergence of ξ does not occur, and it
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is instead detected through a peak in ξ that grows with an
increase χ . From the MPS, the correlation length ξ can be
calculated as

ξ (χ ) = −2

ln |ε2(χ )| , (53)

where ε2(χ ) is the second largest eigenvalue of the transfer
matrix. Here, a factor of 2 is multiplied as the transfer matrix
is defined over two rungs. The convergence criterion for our
calculation was that the relative change of the correlation
length during the last 10 sweeps, i.e., (ξns+10 − ξns )/ξns with
ns being the number of sweeps, became less than 10−6.

In Fig. 9, empty symbols show transition points that
are determined by iDMRG from the (local) maxima of
ξ . For � ∈ {0.9, 0.95, 1.05, 1.10}, in particular, transitions
were investigated using three different bond dimensions
(χ = 128, 192, 256). We find that the obtained transition
points are slightly χ -dependent for the Ising transitions and
almost χ -independent for the Gaussian transitions. For other
values of �, the bond dimension was fixed to χ = 192,
which was sufficient for a semiquantative phase diagram; see
medium-size empty symbols interpolated by solid lines.

Near the transitions, we encountered some convergence
issues. For each transition, we used the ground state calcu-
lated at a point far from the transition as the initial state for
the calculation close to the transition. In Figs. 10–15 pre-
sented below, data points calculated from a point on the left
(right) side of the transition are plotted in red (blue); for each
value of Kch and χ , we kept only the point with the lowest
energy.

The phase diagram in Fig. 9 shows two crosses of transition
lines, in consistency with the field-theoretical prediction in
Sec. II. The first cross appearing on the left side (Kch < 1/2)
was already investigated in detail in a similar model with
an interleg DDI [29,54]. The structure of the phase diagram
and the natures of the transitions being the same, we will not
discuss this regime further. The remainder of Sec. V will thus
be devoted to the study of the right side (Kch > 1/2) of the
phase diagram.

B. SC-VC transition

As discussed in Sec. II, the SC-VC transition is dual to the
SD-Néel transition, and is expected to belong to the Gaussian
universality class. This transition is an interesting example of
a continuous transition between two ordered phases that break
different symmetries. Based on its duality to the Néel-SD
transition, the SC-VC transition gives a novel example of
deconfined quantum critical points [101] in one dimension
[54,102–104].

In Fig. 10, we analyze the SC-VC transition at � = 1.05
as a representative case. As seen in Fig. 10(a), the correla-
tion length ξ shows a maximum that grows with an increase
in χ and whose position depends little on χ . This growing
maximum is indicative of a continuous phase transition. Fur-
thermore, the little dependence of the peak position on χ

allows us to obtain a reasonable estimate Kch,c = 0.794(2) of
the transition point without performing an extrapolation as a
function of χ . Here, the number in parentheses represents the
standard error in the last digit(s). As shown in Fig. 10(b), each

FIG. 10. (a) Correlation length ξ in Eq. (53) and (b) the SC and
VC order parameters in Eq. (19), calculated by iDMRG across the
SC-VC Gaussian transition at � = 1.05 in Fig. 9. Red (blue) sym-
bols indicate data points calculated using an initial point in the SC
(VC) phase. Three different symbol shapes correspond to different χ ,
as indicated in the legends. The maximum of ξ in (a) is independent
of χ within the parameter sampling of our calculation; we thus obtain
a reasonable estimate Kch,c = 0.794(2) of the transition point.

phase is characterized by nonzero values of the corresponding
(SC or VC) order parameter. As one approaches the estimated
transition point, the order parameter decreases continuously,
and suddenly drops to zero at the transition. It is difficult to
find a continuous change of the order parameter (〈OSC,VC〉 ∼
|Kch − Kch,c|β with β = K+/(4 − 4K+) dependent on the TLL
parameter K+) across the transition in a simulation with finite
χ ; to do so, an appropriate extrapolation of the order param-
eters as a function of χ will be necessary, which we do not
address in the present paper. We refer the reader to Ref. [54],
where critical behavior of the correlation length and order
parameters were analyzed in detail for the Néel-SD transition,
i.e., the dual counterpart of the SC-VC transition investigated
here.

To investigate the universality class of the transition, it is
useful to examine the entanglement entropy (EE). For this
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FIG. 11. Half-chain EE S in Eq. (54) vs the correlation length ξ

in Eq. (53), calculated by iDMRG at (a) the SC-VC transition at � =
1.05 in Fig. 10 and (b) the c-Haldane*-RS transition at � = 0.95
in Fig. 15. For each bond dimension χ , the point with the highest
correlation length in each phase is plotted. The same symbols and
colors as in Figs. 10 and 15 are used. A logarithmic scale is used for
the horizontal axis. Solid lines show the fitting with Eq. (55), from
which the central charge c is estimated as shown in each panel. Here,
the number in parentheses in estimated c shows an error in the last
digit that is associated with the linear fitting. The results are in good
agreement with the Gaussian universality class with c = 1.

purpose, one often calculates in iDMRG the half-chain EE

S = −
χ∑

α=1

λ2
α ln λ2

α, (54)

where {λα} is a set of Schmidt coefficients associated with the
bipartition of the infinite system into the left and right halves.
According to conformal field theory, the half-chain EE S and
the correlation length ξ have the relationship [105,106]

S = c

6
ln ξ + S0, (55)

where c is the central charge and S0 is a nonuniversal constant.
In Fig. 11(a), we plot the relation between S and ξ calculated
by iDMRG at the SC-VC transition. The data well obey the
scaling form (55), and the central charge c = 1.06(4) obtained
from the fitting is in good agreement with the Gaussian uni-
versality class with c = 1.

C. VC-RS transition

The VC-RS transition is dual to the Néel-RS transition,
and is expected to belong to the Ising universality class. In
Fig. 12, we analyze the VC-RS transition at � = 1.05 as a
representative case. As seen in Fig. 12(a), the maximum of ξ

grows with an increase in χ , which is a sign of a continuous
transition. This maximum of ξ is associated with the onset
of the VC order, as seen in the plot of the VC order parameter
〈OVC〉 in Fig. 12(b). Meanwhile, the position of the maximum
of ξ moves gradually to the left with an increase in χ . This
indicates that a certain extrapolation to the infinite-χ limit is
necessary to precisely determine the transition point. In the
absence of a systematic extrapolation method, in the phase
diagram in Fig. 9, we used the maximum of ξ for χ = 192

FIG. 12. (a) Correlation length ξ in Eq. (53), (b) the VC order
parameter 〈OVC〉 in Eq. (19b), and (c) 〈OVC〉8, calculated by iDMRG
across the VC-RS transtion at � = 1.05 in Fig. 9. Red (blue) sym-
bols indicate data points calculated using an initial point in the VC
(RS) phase. In (a), a maximum of ξ occurs at Kch,c ≈ 1.70, 1.63, and
1.59 for χ = 128, 192, and 256, respectively. In (c), a linear fitting is
done for each χ in the regime not to close to the transition; see solid
lines. The intercept with the horizontal axis gives Kch,c ≈ 1.63, 1.58,
and 1.55 for χ = 128, 192, and 256, respectively. The difference
between the two estimates of the transition point becomes smaller
with an increase in χ .

to semiquantitatively draw the Ising transition lines (medium-
size blue circles interpolated by solid lines).

To investigate the universality class of the transition, we
plot in Fig. 13(a) the relation between the EE S and the
correlation length ξ at the maxima in Fig. 12(a). A fit with the
scaling form (55) gives c = 0.57(1), which agrees reasonably
with the Ising universality class with c = 1/2.

In the Ising universality class, the critical exponent for the
order parameter is known to be β = 1/8. The order parameter
to the 8th power, 〈OVC〉8, is thus expected to behave linearly
around the transition. In Fig. 12(c), 〈OVC〉8 is indeed fit well
with a straight line for each χ . Some deviation from the line
is seen near the transition, where finite-χ effects are more
significant; however, this deviation becomes smaller with an
increase in χ , giving another support for the Ising universality
class. The intercept of the line with the horizontal axis gives
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FIG. 13. Half-chain EE S in Eq. (54) vs the correlation length
ξ in Eq. (53), calculated by iDMRG at (a) the VC-RS transition at
� = 1.05 in Fig. 12 and (b) SC-c-Haldane* transition at � = 0.95
in Fig. 14. For each bond dimension χ , the point with the highest
correlation length in each phase is plotted. The same symbols and
colors as in Figs. 12 and 14 are used. A logarithmic scale is used
for the horizontal axis. Solid lines show the fitting with Eq. (55); the
estimated central charge c shown in each panel agrees reasonably
with the Ising universality class with c = 1/2.

an alternative estimate of the transition point. The transition
points estimated in this way show a smaller χ dependence
than those from the maximum of ξ ; see the estimates in the
caption of Fig. 12. However, we note that a linear fitting
of 〈OVC〉8 involves some arbitrariness in the choice of the
fitting region, which is particularly crucial in the regime where
the order parameter does not grow up to large values. We
therefore employed the simple estimates from the maximum
of ξ in the phase diagram in Fig. 9.

D. SC-c-Haldane* transition

The SC-c-Haldane* transition is dual to the SD-Haldane*
transition, and is also expected to belong to the Ising uni-
versality class. In Fig. 14, we analyze the SC-c-Haldane*
transition at � = 0.95 as a representative case. As seen in
Figs. 14(a) and 14(b), the correlation length ξ shows a max-
imum, which is associated with the onset of the SC order.
The position of the maximum again moves gradually to the
left with an increase in χ , indicating a difficulty in precisely
determining the transition point in finite-χ simulations. In
Fig. 13(b), we plot the relation between S and ξ at the maxima
in Fig. 14(a); the slope of the S-ξ relation agrees well with the
Ising universality class with c = 1/2. In Fig. 14(c), we esti-
mate the transition point by fitting 〈OSC〉8 by a line and finding
the intercept with the horizontal axis. The χ -dependence of
the transition point estimated in this way is relatively small;
see the estimates in the caption of Fig. 14. However, de-
viations from the lines seem more significant than the case
of Fig. 12(c), owing to the presence of another transition at
the self-dual line Kch = 1/2 that prevents the order parameter
to fully increase. Therefore there is larger ambiguity in the
choice of the fitting region.

FIG. 14. (a) Correlation length ξ in Eq. (53), (b) the SC order
parameter 〈OSC〉 in Eq. (19a), and (c) 〈OSC〉8, calculated by iDMRG
across the SC-c-Haldane* transtion at � = 0.95 in Fig. 9. Red (blue)
symbols indicate data points calculated using an initial point in the
SC (c-Haldane*) phase. In (a), a maximum of ξ occurs at Kch ≈ 0.75,
0.72, and 0.71 for χ = 128, 192, and 256, respectively. In (c), a linear
fitting is done for each χ , as shown by solid lines. The intercept with
the horizontal axis gives Kch ≈ 0.701, 0.696, and 0.693 for χ = 128,
192, and 256, respectively.

E. Topological transitions between featureless phases

The c-Haldane*-RS transition is dual to the Haldane*-RS
transition, and is expected to belong to the Gaussian univer-
sality class. In Fig. 15, we examine the correlation length ξ

across the c-Haldane*-RS transition at � = 0.95. Again, the
growing maximum of ξ is indicative of a continuous transi-
tion. Furthermore, the little dependence of the peak position of
ξ allows us to obtain a reasonable estimate Kch,c = 1.110(2)
of the transition point. The central charge of the transition is
examined by plotting the S-ξ relation in Fig. 11(b), showing
a good agreement with the Gaussian universality class with
c = 1.

The c-Haldane*-RS transition is an example of a topologi-
cal phase transition—it occurs between two featureless phases
and is not associated with a spontaneous symmetry breaking.
Therefore this transition cannot be characterized by the onset
of a certain local order parameter. Similarly, the RS-Haldane*
and Haldane*-c-Haldane* transitions are also examples of
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FIG. 15. Correlation length ξ in Eq. (53), calculated by iDMRG
across the c-Haldane*-RS transition at � = 0.95 in Fig. 9. Red (blue)
symbols indicate data points calculated using an initial point in the
c-Haldane* (RS) phase. The peak position of ξ depends little on χ ;
in particular, the peak positions for χ = 192 and 256 are precisely
the same within the parameter sampling of our calculation, giving a
reasonable estimate Kch,c = 1.110(2) of the transition point.

topological phase transitions. As shown by Liu et al. [25], the
RS, Haldane, and Haldane* phases are distinct phases in the
presence of the D2 × σ symmetry, where D2 = Z2 × Z2 is the
discrete spin rotational symmetry and σ is the leg-interchange
symmetry. These phases can thus be distinguished by topolog-
ical indices [14–16,18,107–109] associated with D2 × σ , as
numerically demonstrated by Ogino et al. [29,30] in related
ladder models. However, we now have an additional phase,
i.e., the c-Haldane* phase. This phase is not distinguished
from the Haldane* phase by the topological indices associ-
ated with D2 × σ ; this is seen from the fact that the duality
transformation U (π/2) in Eq. (36) that relates these phases
commutes with D2 × σ . As we shall see, the Haldane* and
c-Haldane* phases are distinguished by a topological index
associated with time-reversal symmetry.

Let us briefly review how to calculate the topological in-
dices in the MPS representation. For the D2 × σ symmetry,
more detailed information is provided in Ref. [29]; here, we
also discuss the index associated with time-reversal symmetry
[14,18]. Assuming the translational invariance, the ground
state of the infinite system can be represented in the form of a
canonical MPS

|�〉 =
∑

...,l,m,n,...

[. . . ��l��m��n . . . ]|. . . l, m, n, . . .〉, (56)

where �m is a χ × χ matrix with m being the spin state on a
“site”, and � = diag(λ1, . . . , λχ ) is a diagonal matrix com-
prised of Schmidt coefficients. When applied to the spin- 1

2
ladder, a “site” corresponds to a rung, and m runs over the
four spin states on a rung. In our iDMRG calculations, we
employed a periodic MPS representation along the zigzag
chain as explained in Sec. V A; therefore, the matrix �m in
Eq. (56) is obtained by combining two matrices on a rung.

Suppose that |�〉 is invariant under an on-site unitary
transformation, which is represented as a unitary matrix �mm′

acting on the spin indices on a “site.” Then the �m matrices

can be shown to satisfy [110]∑
m′

�mm′�m′ = eiθ�U †
��mU�, (57)

where eiθ� is a phase factor and U� is a χ×χ unitary matrix.
Physically, U� describes a symmetry transformation acting on
fictitious edge states in the entanglement Hamiltonian. For
a symmetry group {�}, the phase factors {eiθ� } form a 1D
representation of the group while the unitary matrices {U�}
form a projective representation of the group.

Specifically, the D2×σ symmetry of a spin ladder is gen-
erated by the following on-site transformations: the spin
rotations �x := exp[iπ (Sx

1 + Sx
2 )] and �y := exp[iπ (Sy

1+Sy
2)]

and the leg interchange �σ := ∑
α,β=↑,↓ |αβ〉〈βα|. For these

transformations, we can introduce the unitary matrices Ux :=
U�x , Uy := U�y , and Uσ := U�σ via Eq. (57). While �x, �y,
and �σ commute with one another, the commutation relations
among Ux, Uy, and Uσ may involve nontrivial phase factors,
which are signs of topologically nontrivial phases. To illus-
trate this, the matrices Ux, Uy, and Uσ (and also UTR discussed
below) are explicitly calculated for simple representative
MPSs for the Haldane, Haldane*, and c-Haldane* phases in
Appendix; for example, the nontrivial relation UxUy = −UyUx

can be seen in all the three states in Table I.
If |�〉 is invariant under time reversal, a relation similar

to Eq. (57) holds; however, one has to note that time re-
versal is defined by an on-site unitary transformation �y :=
exp[iπ (Sy

1 + Sy
2)] followed by complex conjugation. We there-

fore have ∑
m′

�
y
mm′�

∗
m′ = eiθTRU †

TR�mUTR, (58)

where eiθTR is a phase factor and UTR is a unitary matrix. One
can show UTRU ∗

TR = μI with μ = ±1 [14,18], where I is the
identity matrix. The case of μ = −1 corresponds to a non-
trivial phase with Kramers degeneracy in the entanglement
spectrum.

Numerically, the phase factor eiθ� and the matrix U�

in Eq. (57) or (58) can be calculated from the eigenvalue
problem of a generalized transfer matrix, as described in
Refs. [29,107,110]. A possible nontrivial algebra obeyed by
{U�} can then be detected by calculating traced commutators
[107,111,112]

Oxy := 1

χ
tr(UxUyU

†
x U †

y ), (59a)

Oxσ := 1

χ
tr(UxUσU †

x U †
σ ), (59b)

OTR := 1

χ
tr(UTRU ∗

TR). (59c)

Figure 16 shows the indices (59) calculated by iDMRG
for the three types of topological phase transitions in our
XXZ-CCI ladder model. All these indices are constant in each
phase, and take ±1 depending on the phase. All the four
featureless phases are clearly distinguished by these indices.
In particular, the Haldane* and c-Haldane* phases have the
same indices in terms of the D2 × σ symmetry, but are distin-
guished by the index associated with time-reversal symmetry
ZT

2 .
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FIG. 16. Topological indices (59) calculated by iDMRG across
(a) the RS-Haldane* transition at � = 0.95 (b) the Haldane*-c-
Haldane* transition at � = 0.7, and (c) the c-Haldane*-Haldane
transition at � = 0.95. The green vertical line in (b) indicates the
self-dual point Kch = 1/2. The boundaries between the shaded and
unshaded regions in (a) and (c) correspond to the phase boundaries
obtained from the maximum of ξ ; see, e.g., Fig. 15.

Historically, string order parameters have been used to
characterize the Haldane phases of spin-S chains with S =
odd [95,113,114]. For a ladder problem, two types of string
order parameters have been introduced, based on the total
spins on rungs or diagonal lines [8,69,84,115–117]. For the
present problem, these string order parameters can distinguish
the RS phase from the Haldane, Haldane*, and c-Haldane*
phases but cannot distinguish among the latter three; see, e.g.,
Ref. [29] for a plot of them across the RS-Haldane* transition.
Therefore they give the same level of distinguishability as the
index Oxy. Our characterization based on the three indices
(59) is thus more complete in analyzing gapped featureless
phases under the D2×σ×ZT

2 symmetry. As an alternative
method, we refer the reader to Refs. [107,110] for generaliza-
tions of nonlocal order parameters for other symmetry groups
than D2 = Z2 × Z2. We also note that different generaliza-
tions of string order parameters have recently been proposed
to characterize a variety of phases in extended Kitaev models
on the ladder [112,118–120].

F. Criticality on the self-dual line

Lastly, we investigate the central charge c of the transi-
tions on the self-dual line Kch = 1/2 by examining the S-ξ

FIG. 17. Half-chain EE S in Eq. (54) vs the correlation length ξ

in Eq. (53), calculated by iDMRG on the self-dual line Kch = 1/2
in Fig. 9. (a) The Néel-VC transition at � = 1.8. (b) The SD-SC
transition at � = 1. (c) The Haldane*-c-Haldane* transition at � =
0.6. A logarithmic scale is used for the horizontal axis. Solid lines
show the fitting with Eq. (55), and the estimated central charge c is
shown in each panel.

relation, as shown in Fig. 17. The estimated values of c for
(a) the Néel-VC transition and (c) the Haldane*-c-Haldane*
transition agree well with the Gaussian universality class with
c = 1 predicted in the hard-core bosons approach in Sec. III;
see Fig. 4. Meanwhile, for (b) the SD-SC transition at � = 1,
we have not been able to confirm a good agreement with the
c = 1 Gaussian transition predicted by the field theory around
the SU(4) critical point [44,45]. In view of the relatively small
correlation length ξ ≈ 25 even for largest χ in Fig. 17(b),
simulations with larger χ will be necessary to estimate c more
precisely.

VI. SUMMARY AND OUTLOOK

In this paper, we have studied the ground-state phase
diagram of the XXZ-CCI ladder (2) by means of the
Abelian bosonization, the spin-chirality duality, spinor hard-
core bosons approach, iDMRG, and exact diagonalization. We
have obtained a rich phase diagram that consists of distinct
gapped featulress and ordered phases, as shown in Figs. 2,
3, 6, and 9. In particular, we have obtained two crosses of
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transition lines, as shown in Fig. 9. The phase structure around
the left cross, where the RS, Haldane*, SD and Néel phases
appear, is similar to what has been found in a related ladder
model with an interleg DDI [29,54]. Our major contribution
is on the phase structure around the right cross, where the
RS, c-Haldane*, SC and VC phases appear as dual coun-
terparts of the above phases. The Haldane* and c-Haldane*
phases, which are dual to each other, can both be viewed as
twisted variants of the Haldane phase on a ladder. However, a
clear difference occurs in the appearance of complex elements
in the c-Haldane state, which leads to a distinction under
time-reversal symmetry. We have demonstrated that the RS,
Haldane*, and c-Haldane* phases are distinguished by the
topological indices (59) associated with the D2 × σ symmetry
and time-reversal symmetry ZT

2 , as shown in Fig. 16. By
means of the (spinor) hard-core bosons approach (Sec. III),
we have analyzed critical behavior on the self-dual surface
Kch = J/2. Specifically, we have argued that the Néel-VC
transition in the easy-axis regime and the Haldane-c-Haldane*
transition in the easy-plane regime both belong to the Gaus-
sian universality class with c = 1; see Figs. 4 and 5. This is
confirmed by estimating the central charge c from the plot of
the half-chain EE S versus the correlation length ξ , as shown
in Figs. 17(a) and 17(c).

An important future issue is to determine the phase dia-
gram of a spin- 1

2 XXZ ladder with four-spin ring exchange,
i.e., the XXZ-K ladder in Eq. (29). While the magnitudes
of ring exchange K are relatively small in cuprate ladders
[31,32], possible effects of large K have attracted much at-
tention in the context of solid 3He [121–123] and Wigner
crystals [124,125]. As argued in Sec. II E, the XXZ-K ladder
is expected to show an essentially similar phase diagram as
the XXZ-CCI ladder studied in this paper. In a numerical
study, however, special care must be taken to analyze the
regime of large K , as noted in Sec. II E. A related intrigu-
ing issue is to study combined effects of XXZ anisotropy,
frustration, and ring exchange by, e.g., extending the study
of Metavitsiadis et al. [41]. It will also be interesting to look
for other examples of SPT phases in extended ladder systems
with the D2×σ×ZT

2 symmetry, whose classification is given
by the second group cohomology H2(Z3

2 × ZT
2 ,U (1)) = Z7

2
[16,108,109,126,127].

In the present work, the spin-chirality duality has played a
key role in obtaining a rich variety of featureless and ordered
phases. In this approach, transitions between mutually dual
phases naturally occur on the self-dual surface. In particu-
lar, we have found an example of a continuous topological
transition between the Haldane* and c-Haldane* phases that
is protected by time-reversal symmetry. While the duality
transformation U (π/2) in Eq. (36) considered here is a local
unitary transformation, nonlocal duality transformations have
also been applied in studies of SPT phases and their transi-
tions [128–130]. It will be interesting to apply duality more
extensively as a guide to explore novel phases and transitions.
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APPENDIX: SIMPLE MATRIX PRODUCT STATES
UNDER SYMMETRY TRANSFORMATIONS

In this Appendix, we consider simple representative MPSs
for the Haldane, Haldane*, and c-Haldane* phases of a spin- 1

2
ladder, and discuss their properties under symmetry transfor-
mations. Specifically, we will calculate the matrices U� in
Eqs. (57) and (58), as summarized in Table I. For sake of
notational simplicity, below we take the convention that the
ket states are included in the entries of the matrix. The MPS
for a finite periodic system is then expressed by

|�〉 = Tr(A[1]A[2] . . . A[L] ), (A1)

where A[ j] is a “matrix” consisting of states on the jth rung in
its entries. This “matrix” is related to the matrices in Eq. (56)
via A[ j] := ∑

m ��m|m〉 j .
As reviewed in Sec. I, the Haldane phase appears in the

simple Heisenberg ladder with J > 0 and J⊥ < 0. There,
triplet states {|↑↑〉, |tz〉, |↓↓〉} on the rungs collectively form
a spin-1 Haldane state. An approximation to the latter is
given by the exact valence bond solid ground state of the
Affleck-Kennedy-Lieb-Tasaki model [131,132], whose MPS
representation is well-known [18,133]. Thus the matrix A in
Eq. (A1) for the representative Haldane state on a ladder is
given by

AH = 1
2 (|tx〉σ x + |ty〉σ y + |tz〉σ z ), (A2)

where the subscript “H” stands for “Haldane,” (σ x, σ y, σ z ) are
Pauli matrices, and we use the triplet basis in Eq. (32). As the
Haldane* and c-Haldane* states can be viewed as the Haldane
states in the basis (48) or (51), we obtain the matrix A for these
states as

AH* = 1
2 (i|ty〉σ x − i|tx〉σ y + |s〉σ z ), (A3)

AcH* = 1
2 (−i|ty〉σ x + i|tx〉σ y + i|s〉σ z ). (A4)

We note that AH and AH* are real in the basis |αβ〉
(α, β =↑,↓) while AcH* is complex in the same basis. This
leads to a crucial difference in the transformation under time
reversal, as we shall see below.

In terms of the “matrix” A, Eq. (57) for the on-site unitary
transformation � can be rewritten as

�A = eiθ�U †
�AU�, (A5)

TABLE I. The phase factors eiθ� and the 2×2 matrices U�

in Eqs. (A5) and (A6) for the spin rotations �x and �y, the leg
interchange �σ , and time reversal in the representative Haldane,
Haldane*, and c-Haldane* states described by Eqs. (A2), (A3), and
(A4), respectively.

State eiθx Ux eiθy Uy eiθσ Uσ eiθTR UTR

H +1 iσ x +1 iσ y +1 I +1 iσ y

H* −1 iσ x −1 iσ y −1 iσ z −1 iσ y

cH* −1 iσ x −1 iσ y −1 iσ z +1 iσ x
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where � acts on the physical ket states in the entries of A while
U� and U †

� acts on the virtual indices of the χ×χ matrix.
Similarly, Eq. (58) can be rewritten as

�yA∗ = eiθTRU †
TRAUTR. (A6)

For AH, AH*, and AcH* above, we can explicitly calculate
the phase factors eiθ� and the matrices U� for different sym-
metries via Eq. (A5) or (A6), as summarized in Table I. See

Ref. [25] for a similar table for distinct featureless phases on
a two-leg spin ladder with the D2×σ and translational sym-
metries; in this reference, the Haldane and Haldane* phases
are called the t0 and tz phases, respectively. The topological
indices (59) can be easily read off from Table I. For example,
we have OTR = −1 from the nontrivial relation UTRU ∗

TR = −I
in the Haldane and Haldane* states while we have OTR =
+1 from the trivial relation UTRU ∗

TR = I in the c-Haldane*
state.
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