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We calculate the thermal Hall conductivity &, for the columnar valence bond solid phase of a two-dimensional
frustrated antiferromagnet. In particular, we consider the square lattice spin-1/2 J,-J, antiferromagnetic Heisen-
berg model with an additional Dzyaloshinskii-Moriya interaction between the spins and in the presence of
an external magnetic field. We concentrate on the intermediate parameter region of the J;-J, model, where a
quantum paramagnetic phase is stable, and consider a Dzyaloshinskii-Moriya vector pattern associated with
the couplings between the spins in the CuO, planes of the YBa,Cu3;Og compound. We describe the columnar
valence bond solid phase within the bond-operator formalism, which allows us to map the Heisenberg model into
an effective interacting boson model written in terms of triplet operators. The effective boson model is studied
within the harmonic approximation, and the triplon excitation bands of the columnar valence bond solid phase
are determined. We then calculate the Berry curvature and the Chern numbers of the triplon excitation bands and,
finally, determine the thermal Hall conductivity due to triplons as a function of the temperature. We find that the
Dzyaloshinskii-Moriya interaction yields a finite Berry curvature for the triplon bands, but the corresponding
Chern numbers vanish. Although the triplon excitations are topologically trivial, the thermal Hall conductivity
of the columnar valence bond solid phase in the square lattice antiferromagnet is finite at low temperatures. Our
results complement a previous study by Samajdar et al., Phys. Rev. B 99, 165126 (2019) concerning the thermal
Hall effect due to spinons of a spin-liquid phase on a square lattice. We also comment on the relations of our
results with a no-go condition for a thermal Hall effect previously derived for ordered magnets by Katsura et al.,
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I. INTRODUCTION

The topological properties of the elementary excitations of
insulating quantum magnets [1,2] have been receiving some
attention in recent years [3,4]. Long-range-ordered phases in
ferromagnets [5-10] and antiferromagnets (AFMs) [11-13]
with topologically nontrivial magnon excitations, in addi-
tion to valence bond solid (VBS) phases in AFMs [14-17]
with topologically nontrivial triplon excitations, have been re-
ported. Such systems, whose excitations bands have nonzero
Chern numbers, are the bosonic analogues of the Chern band
insulators: noninteracting fermionic systems whose electronic
bands are characterized by a finite Chern number [18-20].

Experimentally, the nontrivial topological properties of in-
sulating quantum magnets can be probed, for instance, via
measurements of the thermal Hall conductivity «, [21-23].
Differently from Chern band insulators, whose nontrivial
topological properties yield an anomalous quantum Hall effect
(a quantized Hall conductance in the absence of an external
magnetic field) [24], magnons and triplons are charge-neutral
excitations, and therefore do not respond to an applied electric
field [4]. However, in the presence of a temperature gradi-
ent, magnons and triplons may induce a transverse (Hall)
heat current, in addition to the (usual) longitudinal one. In-
deed, a magnon thermal Hall effect has been described in
ferromagnets on honeycomb [6,8,9], Shastry-Sutherland [7],
pyrochlore [23,25], and perovskite [25] lattices, and in AFMs
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on kagome [12], honeycomb [13], and square [26] lattices,
while a triplon thermal Hall effect has been predicted for
the Shastry-Sutherland compound SrCu,(BOs3), [14,15]. One
should also mention the spin Nernst effect of magnons (the
analog of the spin Hall effect for electrons) in AFMs on
a honeycomb lattice [11,27], a thermal Hall effect due to
bosonic spinons [28,29] in spin-liquid phases, and the recent
proposal of a triplon thermal Hall effect induced by an electric
field [30]. Interestingly, although a series of studies has been
devoted to the magnon thermal Hall effect in insulating quan-
tum magnets, the triplon thermal Hall effect has received little
attention.

The magnon thermal Hall effect in insulating quantum
magnets was theoretically studied in Refs. [21-23]. Based on
linear spin-wave theory results, Katsura e al. [21] showed that
the lattice geometry may constrain the presence or absence
of a thermal Hall effect, namely, the thermal Hall conduc-
tivity should vanish (a no-go theorem) in quantum magnets
whose unit cells share edges, such as the ones realized in
triangular and square lattices. Moreover, starting from a Kubo
formula, it was shown that the thermal Hall conductivity is
finite for a ferromagnet on a (corner-sharing) kagome lattice
[21]. Performing a semiclassical analysis and using linear
response theory, Matsumoto and Murakami [22,23] determine
the thermal transport coefficients for a long-range magnetic
ordered phase in a ferromagnet and show that the thermal
Hall conductivity «,, can be written in terms of the Berry

©2024 American Physical Society
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FIG. 1. Schematic representations: (a) The square lattice spin-1/2 J,-J, AFM Heisenberg model (2). (b) The DM vectors D;; [Eq. (3)] for
the spins in the CuO, planes of the YBCO compound; D; = (D, 0, 0) and D, = (0, —D, 0). (c) The columnar VBS ground state; the green
ellipses indicate that the spins S' (open circle) and S? (filled circle) form a singlet state; T, and 7, [Eq. (11)] are the primitive vectors of the
dimerized lattice D defined by the (green) singlets. (d) Brillouin zones of the dimerized (solid red line) and the original square (dashed black
line) lattices; X = (/2,0), M = (/2,7 ), and Y = (0, ) with the lattice spacing a of the original square lattice being set to 1.

curvatures of the magnon excitation bands. It was verified in
Refs. [5-8,10,11,14-17,25-27,31,32] that one important in-
gredient that may yield a finite Berry curvature for the bosonic
(magnon and triplon) excitation bands is the Dzyaloshinskii-
Moriya (DM) interaction [33-35], an interaction between
localized spins which is associated with the spin-orbit cou-
pling and therefore acts as a kind of pseudomagnetic field for
magnons and triplons. It should be mentioned that the formal-
ism [22,23] is indeed quite general, such that the expression
derived for the thermal Hall conductivity &, can be applied to
any quantum magnet with bosonic elementary excitations.

Concerning the no-go condition [21] for the thermal Hall
effect in insulating quantum magnets, it is interesting that
some exceptions to this rule were reported [26,29]. Kawano
and Hotta [26] find a finite thermal Hall conductivity for a
canted AFM ordered phase realized in a noncentrosymmetric
square lattice AFM; interestingly, the presence/absence of
magnon edge modes is characterized here by a Z, topological
invariant instead of a Chern number. Samajdar et al. [29]
studied a spin-liquid phase on a square lattice AFM with a
DM interaction term, whose DM vectors, i.€., a set of vectors
that characterizes a DM interaction (see Sec. II for details),
were chosen as the ones associated with the couplings be-
tween the spins in the CuO, planes of the La,CuO, and
YBa,;Cu304 (YBCO) compounds [36-38]. The spin-liquid
phase is described within the Schwinger-boson formalism;
interestingly, they find that the thermal Hall conductivity is
finite only when DM vectors related to the YBCO compound
are considered, i.e., the symmetry-allowed DM interaction in
the CuO; planes of the La,CuO4 compound does not yield
a finite thermal Hall response. Such results are in agreement
with a symmetry analysis that is also presented. Moreover,
although «,, is finite, the (bosonic) spinon excitations of the
spin-liquid phase are topologically trivial. It is important to
mention that such choices for the DM vector patterns were
motivated by previous measurements of the thermal Hall con-
ductivity in the pseudogap phase of cuprate superconductors
[39], which found a large negative thermal Hall conductivity
at low temperatures. Later, some evidence was found that
such a large thermal Hall conductivity in La,CuQy is due to
phonons [40,41].

In this paper, we study the triplon thermal Hall effect,
in particular, we calculate the thermal Hall conductivity k.,
for a VBS phase realized in a square lattice frustrated AFM.
We consider the spin-1/2 J;-J, AFM Heisenberg model on a

square lattice [Fig. 1(a)], with an additional DM interaction
between the nearest-neighbor spins [Fig. 1(b)] and in the
presence of an external magnetic field. We focus on the in-
termediate parameter region 0.4J; < J, < 0.6J; of the J;-J,
model, where a quantum paramagnetic phase sets in, and, in
particular, consider the columnar VBS phase [Fig. 1(c)]. The
main purpose of this paper is to verify whether a DM interac-
tion in the square lattice AFM yields a columnar VBS phase
with topologically nontrivial triplon excitations and whether
the no-go theorem for the thermal Hall effect derived in
Ref. [21] for an ordered magnet also applies for a VBS phase.
Moreover, motivated by the results derived in Ref. [29], we
consider the DM vector pattern corresponding to the YBCO
compound. We would like to verify whether the finite thermal
Hall conductivity found for the spin-liquid phase on a square
lattice is a generic feature of quantum paramagnetic phases,
i.e., it is a feature displayed by both spin-liquid and VBS
phases on a square lattice. The idea is that our results should
complement the previous analysis reported in Ref. [29].

A. Overview of the results

We study a spin-1/2 frustrated AFM on a square lat-
tice with the aid of the bond-operator formalism [42]. We
show that the columnar VBS phase can be described by
an effective interacting boson model expressed in terms of
triplet operators. We consider the effective boson model in
the (lowest-order) harmonic approximation and determine the
triplon excitation bands. Moreover, we calculate the Berry
curvatures and Chern numbers of the triplon bands. Following
the lines of the formalism [22,23], which was previously ap-
plied in the study of the magnon thermal Hall effect, we finally
determine the thermal Hall conductivity k., due to the triplons
as a function of the temperature. We find that the Berry cur-
vature of the triplon bands is finite in some regions of the first
(dimerized) Brillouin zone, but the triplons are topologically
trivial since the Chern numbers of the triplon bands vanish.
Our main find is indeed the determination of the dependence
of the thermal Hall conductivity «,, with the temperature 7T':
In spite of the fact that the triplon excitations are topologically
trivial, ky, is finite at low temperatures. Such a result agrees
with Ref. [29], where «, is determined for a spin-liquid phase
realized in a two-dimensional AFM whose Heisenberg model
includes the same DM interaction considered in our paper,
but it is in disagreement with the no-go condition [21] for a
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thermal Hall effect due to magnons, previously determined
for long-range-ordered magnets.

B. Outline

Our paper is organized as follows. In Sec. II, we introduce
the Hamiltonian of the spin-1/2 frustrated AFM Heisenberg
model on a square lattice considered in our study. In Sec. III,
we briefly review the bond-operator representation [42] for
spin operators, a formalism which allows us to describe the
columnar VBS phase, and derive an effective interacting bo-
son model in terms of triplet operators. The effective boson
model is analyzed within the harmonic approximation in
Sec. IV and the region of stability of the columnar VBS
phase and the energy of the elementary triplon excitations
are determined. Section V is devoted to the calculation of the
Berry curvatures of the triplon excitation bands and the deter-
mination of the corresponding Chern numbers. The thermal
Hall conductivity k., for the columnar VBS phase is discussed
in Sec. VI. Finally, a brief summary of our main findings is
provided in Sec. VII. Some further details about the effective
boson model and the analytical procedure employed in the
diagonalization of the effective boson model within the har-
monic approximation can be found in the three Appendices.

II. FRUSTRATED SQUARE-LATTICE
ANTIFERROMAGNET

Let us consider a frustrated spin-1/2 Heisenberg AFM on
a square lattice described by the Hamiltonian

H ="H;+ Hom + Hs, ey

where 7, is the Hamiltonian of the J;-J, square lattice AFM
Heisenberg model,

HJZJIZS[-Sj—i-JzZS;-Sj, 2
(i) ()

Hpw is the DM interaction term [33-35],

Hom = Y _Djj - (Si x ), 3)
(i)
and Hp is the Zeeman term that describes the coupling of the
spins with an external magnetic field B,

Hp=—gusB-) Si=—h-) 8. @)

Here, S; is a spin-1/2 operator at site i and J; >0 and
J>> 0 are, respectively, the nearest-neighbor and next-nearest-
neighbor exchange couplings, as illustrated in Fig. 1(a). D;; is
a DM vector that couples the spins S; and S;; we consider, in
particular, the DM vector pattern shown in Fig. 1(b), which
corresponds to the symmetry-allowed couplings between the
spins in the CuO, planes of the YBCO compound [36-38].
Finally, g is the electron g factor and pp is the Bohr magne-
ton. It should be mentioned that the AFM Heisenberg model
(1), without the next-nearest-neighbor exchange coupling J,
and an additional symmetric pseudodipolar interaction be-
tween the spins (I" term), was previously considered in the
study of the cuprate superconductors, as discussed, e.g., in
Refs. [43-45].

The Ji-J, model (2) has been receiving a lot of at-
tention in the last few years and now its phase diagram
at temperature 7 = 0 is well established [42,46-103]: A
semiclassical Néel long-range-ordered phase with ordering
wave vector Q = (i, ) sets in for J, < 0.4J;, a quantum
paramagnetic phase is stable in the intermediate parameter
region 0.4J; < J, < 0.6J;, and a stripe long-range-ordered
phase with Q = (i, 0) or (0, ) is the ground state for J, 2>
0.6 J;. Interestingly, the nature of the quantum paramagnetic
phase is still an open issue. Among the several proposals
that have been made for the ground state of the model (2)
within this intermediate parameter region, one should men-
tion the following: the (dimerized) columnar [59,60,90] and
staggered [83] VBSs, where both translational and rotational
lattice symmetries are broken; the (tetramerized) plaquette
VBS, where only the translational lattice symmetry is bro-
ken [58,61,63,65,72,75,84,85]; a mixed columnar-plaquette
VBS [71]; and gapless [62,64,79,80,86,91,92] and gapped
[76-78,89] spin-liquid ground states. More recently, it was
found that within the intermediate parameter region, a gapless
spin-liquid phase sets in for J, < 0.53J;, while a VBS is
stable for J, 2 0.53J; [87,93,98,99,101]. Such results qual-
itatively agree with previous density matrix renormalization
group (DMRG) calculations [85], which indicate a gapless
phase for 0.44 J; < J, < 0.50J; and a VBS one for 0.50J; <
J» < 0.61J;, although with a plaquette singlet pattern.

Although the J;-J, model (2) has been extensively studied,
little attention has been devoted to the description of the
effects of an additional (anisotropic) DM interaction between
the spins. Exact diagonalization results [104] for the Heisen-
berg model (1), without an external magnetic field, found
that the extension of the quantum paramagnetic region of the
Ji-J, model (2) is affected by the presence of a finite DM
interaction. More recently, a Majorana fermion representation
for the spin operators was employed in order to describe a
chiral spin-liquid phase of the model (1) [105]. Based on a
mean-field approach, the stability of such a spin-liquid phase
was studied; exact diagonalization results were also reported.
In both studies ([104] and [105]), DM vectors associated with
cuprate superconductor compounds were considered.

In the following, we consider the AFM Heisen-
berg model (1) within the intermediate parameter region
0.4J; < J, £0.6J; for the next-nearest-neighbor exchange
coupling J, and DM interaction D < 0.50J;, where

D = |Di| = |Dy]; ®

see Fig. 1(b). In particular, we concentrate on the columnar
VBS phase illustrated in Fig. 1(c). Indeed, the region of sta-
bility of the columnar VBS phase for the J;-J, model (2)
and the spectrum of the elementary (triplon) excitations were
determined by one of us within the bond-operator formalism
in Ref. [97].

A few remarks concerning the choice of the model (1)
to study a triplon thermal Hall effect are in order here: As
mentioned in Sec. I, one of the motivations for our study is the
results [29] concerning the thermal Hall effect due to spinons
of a spin-liquid phase on a square lattice. Recall that our idea
is to complement such previous study, but now focus on a
VBS phase on a square lattice. Although an AFM Heisenberg
model with only nearest-neighbor coupling J; was considered
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in Ref. [29], one needs to consider the J;-J> model since only
in the presence of a next-nearest-neighbor exchange coupling
J> could a (columnar) VBS phase be obtained within a mean-
field approximation (see Sec. IV). The choice of DM vectors
associated with the YBCO compound is based on the fact
that only in this case does the spin-liquid phase discussed in
Ref. [29] display a finite thermal Hall conductivity. Recall that
the thermal Hall conductivity vanishes for the DM interaction
corresponding to the La;CuO4 compound. Finally, one needs
to introduce an external magnetic field in order to obtain
three well-separated triplon bands (see Sec. IV), and therefore
properly define a Chern number for each triplon band.

III. BOND OPERATOR FORMALISM

The bond-operator representation for spin operators in-
troduced by Sachdev and Bhatt [42] is a formalism that
allows us to describe a dimerized VBS phase. In this section,
this formalism is briefly summarized, following the lines of
Refs. [97,106].

Let us consider the Hilbert space of two § = 1/2 spins, S'
and S?, which is made out of a singlet |s) and three triplet |z,)
states,

1 1

Is) = ﬁ(IN) —H), ) = ﬁuw —Itth.
i 1
lty) = ﬁ(ITT) +I), ) = E(IN) + ). (©)

Let us define a set of boson operators, s” and £, with o = x, y,
Z, which, respectively, creates the singlet and the three triplet
states out of a fictitious vacuum |0),

s) = s7|0) and |t,) =1]]0). (7

In order to remove unphysical states from the enlarged Hilbert
space, one should introduce the constraint

S's Y e = 1. )

One then calculates the matrix elements of each component of
the spin operators S' and S? within the basis |s) and |t,), i.e.,
one determines (s|S¥|s), (s|Sk|tg), and (z, |Sk|tg), with u =1,
2 and o, B, y = x, Y, z. Based on the set of obtained results,
one easily concludes that the components of the spin operators
S' and S? can be expanded in terms of the boson operators s
and ] as

Syt = 5"t + 15 Ficapytity), )

where €., is the completely antisymmetric tensor with
€xy; = 1 and the summation convention over repeated indices
is assumed. Adding a site index i to the singlet and triplet
operators, i.e., defining the boson operators siT and tiTa, one
generalizes the bond-operator representation (9) for spin op-
erators S; on a given lattice.

One should mention that a generalization of the bond-
operator representation (9) for a tetramerized (plaquette)
VBS, which includes two singlet, nine triplet, and five quintet
boson operators, was introduced by one of us in Ref. [84].

Effective boson model

With the aid of the generalized bond-operator representa-
tion (9), we now map the AFM Heisenberg model (1) into an
effective boson model that is written in terms of the triplet
operators f;,. Such an effective model allows us to describe
the corresponding columnar VBS phase. In order to perform
the mapping, one needs to express the Hamiltonian (1) in
terms of the underline dimerized lattice D, which is defined
by the singlet (dimer) arrangement of the columnar VBS state;
see Fig. 1(c).

Let us first consider the J;-J, model (2). In terms of the
underline dimerized lattice D, the Hamiltonian (2) assumes
the form

Hy = Z‘]l(sil .Slg+sl! 'Si1+2+Si2'Si2+2+Si2'Sil+1)

€D
+J2 (Szl ’ Szg+2 + S? : Si]+2)
+ ‘]Z(Si2 ’ Sil+1+2 + Si2 ’ Sil+1—2)’ (10)

where i is a site of the dimerized lattice D, Si1 and Si2 are the
two spins within each unit cell, and the (lower) index n = 1, 2
indicates the dimer nearest-neighbor vectors 1,

T =24k, T = aj, (11)

with a being the lattice spacing of the original square lattice;
see Fig. 1(c). In the following, we set a = 1. Substituting the
generalized bond-operator representation (9) into the Hamil-
tonian (10), one finds that [97]

Hy=Hyo+Hso+Hys+Hia, (12)

where each H;, term has n triplet operators, as shown in
Eq. (A1). Finally, the constraint (8) is treated on average via
a Lagrange multiplier p: one then adds the following term to
the Hamiltonian (12):

—u Z(sjs,- + tilt,-o, —1).
i

In the bond-operator formalism, a dimerized VBS ground
state, such as the columnar VBS one, can be viewed as a
condensate of the singlets s;. One then sets

st =s5i=(s}) = (si) > VNo (13)

in the Hamiltonian (12) and, therefore, arrives at an effective
boson model expressed only in terms of the triplet boson
operators f;,. As discussed in Sec. IV, the constants Ny and
w are self-consistently calculated for fixed values of the next-
nearest-neighbor exchange coupling J,, the DM interaction D,
and the external magnetic field 4.

It is useful to write the Hamiltonian (12) in momen-
tum space. Considering the Fourier transform of the triplet
operators f;y,

1 .
g = —= Y R, (14)
N’ (57
with R; being a vector of the dimerized lattice D, N’ = N/2
the number of dimers (N is the number of sites of the origi-
nal square lattice), and the momentum sum running over the
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(dimerized) first Brillouin zone [see Fig. 1(d)], one shows that
the four terms #; , of the Hamiltonian (12) assume the form

Hyo = —3/iNNo — 3uNNo — 1), as)

. 1
Hip=y [Akt];atka + sz(tlIaﬂka - H.c.)}, (16)
k

Mz = ZJ_.WAEZa(pmpawmk+Hc (17

1
HJA = Weaﬂ)\eauv Z Yk t;+kﬂt;_kutqvtpl’ (]8)
q.p.k

with the coefficients Ak, Bk, &, and yx given by
Ak =iJ1 — 1+ By,
By = — $No[Jy cos(2ky) — 2(J; — J») cos(ky)
+ J2 cos(2k, + ky) + Jo cos(2k, — k)],
— V/NolJy sin(2k,) + Jo sin(2k, + k)
+ Jo sin(2k, — ky)1,
Yk = — %[Jl cos(2ky) + 2(J1 + J2) cos k,
+ Jr cos(2k, + ky) + Jo cos(2k, — ky)]. (19)

We should mention that the effective boson model (12) was
previously derived by one of us in Ref. [97]. For complete-
ness, we provide here all the details of the procedure that,
in the following, will be applied to the DM term (3) and the
Zeeman coupling (4).

In terms of the sites i of the underline dimerized lattice D,
the DM interaction (3) reads

Hom =y _[D
ieD
+ D2 (S % 82a) + Disa - (S) x SiLy)]. (20)
where the DM vectors D; ; are given by [see Fig. 1(b)]
D;i=D;i+1 =D =(D,0,0),
Djit2 =D = (0, -D, 0). (2D

ii - (S} % S7) 4+ Djigr - (S] x Siy,)

Again, substituting the bond-operator representation (9) gen-
eralized to the lattice case into the Hamiltonian (20), we
show that

Hom = Hom,1 + Hom,2 + Homs + Home,  (22)

where the Hpwm, term contains n triplet operators; see
Eq. (A4) for details. After replacing the singlet operators by its
average value (13), we perform a Fourier transform with the
aid of Eq. (14) and find the expressions of the Hpy , terms in
momentum space, namely,

Hom,2 = — iz |:(Ck €ypy + Dx Exﬂy)tlilgtky

k
1 .
+ Eck eyﬂy(tfkﬁtky - tkyt—k,B)
1 Tt
+ EDk Exﬁy(t—kﬂtky - tkyt_kﬂ) s (23)

HDM 3=+ 12 Gxﬁyeyy.v Zs
i i
X (tk_pﬁtwtk,, — e tk—pplpu)s (24)
1
DM DM
Homa = — 2N/ Ay EBuvELLY Z (exm Vik — €8x Vyk )
k
Xttt ey (25)
p+ku q—kw "PVIQv

where the coefficients Ci, Dy, Ek , and y M are defined as

Cx =DNysin(ky), Dy = 3DNysin(2k;),
M = D/Ny cos (2k,),
Vo =D[ 384, sin (2ke) + 8. sinky]. (26)

A few remarks about the linear term Hpy,; are in order
here: The linear term couples the singlet s; and the triplet
t;x operators, see Eq. (A4); it can be removed via a unitary
transformation performed in each site of the dimerized lattice
D; we follow the lines of Ref. [16] and consider a unitary
transformation up to first order in the parameter « = D/(2J;);
as described in details in Appendix B, one of the effects of
such a unitary transformation is to modify the coefficient Dy
of the quadratic Hamiltonian Hpy 2, namely, Dy — Dx + Dy,
with D given by Eq. (B8); the new coefficient Dy (the one
considered in Sec. IV) then reads

1
Dy = DNy sin(2k,) + EDNQJ—z[sin(ka +ky)
1

+ sin(2k, — ky)]. 27)

Finally, one easily rewrites the Zeeman coupling (4) in
terms of the dimerized lattice D,

Zh (S, +S%,). (28)
ieD

With the aid of Eq. (9), one finds the expansion of the Hamil-
tonian (28) in terms of the triplet operators #;, [see Eq. (AS)]
and, after the Fourier transform (14), shows that

My = i€apy Y hatyghey. (29)
k

where h,, with @ = x, y, z, is the o component of the external
magnetic field h = gugB.

IV. HARMONIC APPROXIMATION

In this section, the effective boson model defined by the
Hamiltonians (12), (22), and (29) is studied in the lowest-
order (harmonic) approximation. In this case, only terms up
to quadratic order in the triplet operators #, are retained, i.e.,
one considers

H~Hyo+ Hio+ Homo + Hs. (30)

In order to diagonalize the quadratic Hamiltonian (30), it is
useful to rewrite it in matrix form,

1 .
H=Ey+ EXk:q’kH“q"" 3D
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where

3
Eo=H0—3 ;Ak (32)

is a constant,

¥

Ui=(, B, B ke fky ko) (33)

is a six-component vector, and
. A + H, B
b — Kk ! B ) k ) (34)
Bx Ax — Hp
is a 6 x 6 matrix with the 3 x 3 matrices Ax, Bk, and Hp
defined as
Ak 0 iCx

Ac=1] o0 Ay —iDx |,
—iC Dy Ax
By 0 iCx
Bi=1] 0 Bx —iDy |, (35)
—iCx iDx By
0 ih,  —ih,
Hy=|—-ih. 0 ih,

ihy —ih, 0

Here, the coefficients Ax and By are given by Eq. (19), while
the coefficients Cx and Dy are, respectively, given by Egs. (26)
and (27). As mentioned in the previous section and discussed
in Appendix B, the expression (27) for the coefficient Dy
includes the effects of the linear term Hpwm,; [Eq. (A4)] as-
sociated with the DM interaction (3). Finally, &, = gugBg,
with @ = x, y, z, are the components of the external magnetic
field. In the following, we assume that B = BZ.

The diagonalization of the 6 x 6 problem defined by
Egs. (31)-(34) is rather involved. It is then interesting to
employ the procedure described in Refs. [107,108]: Since we
are dealing with a bosonic Hamiltonian, instead of the matrix
(34), we should diagonalize

w1 — ,

where I is the 3 x 3 identity matrix. The positive eigenval-
ues wy of the matrix (36), with & = x,y, z, are indeed the
roots of a cubic polynomial and are shown in Appendix C;
see Eq. (C3). After the diagonalization, the Hamiltonian (31)
assumes the form

1 .
il
H=Eos+ 3 Zk: @ Ay Oy, (37)

where

Egs = —>J,NoN — & NN, 1)+1Z( ¢ A (38)
Gs = —gJ1lVo 5 HV o ) 2 Wy k

is the ground-state energy,

@y = (b}, by, bl boxx bowy box) (39)

is a six-component vector whose components are the new
boson (triplon) operators by o, and

H, = diag(wﬁ, wy, O, W, O, wf() (40)

is a 6 x 6 diagonal matrix. The eigenvalues wj; are indeed the
energies of the triplon excitations above the VBS ground state.
Moreover, the relation between the triplet ¢ and triplon b boson
operators reads

Uy = Ty Dy, (41)
where the 6 x 6 matrix 7y assumes the form
i = (Z: ;‘;) (42)
and obeys the condition [107,108]
Tilp T = Ip, (43)

with the matrix fg defined in Eq. (36). Here, Uk, Vk, ?k, and
Xy are 3 x 3 matrices whose expressions of the corresponding
matrix elements in terms of the coefficients Ay, Bk, Cx, and
Dy, the magnetic field /;, and the triplon energies wy can be
found in Appendix C.

In order to determine the ground-state energy (38) and the
triplon dispersion relations wj, we still need to determine
the parameters © and Ny. These two parameters follow from
the saddle-point conditions dEgs/dNy = 0 and dEgs /o = O,
which yield the two self-consistent equations

3 1 dw® By
iy —k =)
k=77 l+2N’§<8NO No)
1 oy
N=1+-— —X 4 1). 44
: +2N,§<8M+) (44)

The above set of self-consistent equations is numerically
solved and therefore the parameters u and Ny are determined
for fixed values of the next-nearest-neighbor exchange cou-
pling J,, the DM interaction D, and the external magnetic
field ;.

Region of stability of the columnar VBS phase
and the triplon excitations

Figures 2(a) and 2(b), respectively, show the parameters
No and p as functions of the DM interaction D, for fixed
values of the next-nearest-neighbor exchange coupling J, and
external magnetic field h, = 0.05J;, both determined via a
numerical solution of the set of self-consistent equations (44).
One sees that the parameter Ny decreases with the increasing
of the DM interaction D, which indicates that the stability
of the columnar VBS phase decreases as the DM interaction
increases. Indeed, the region of stability of the columnar VBS
phase, i.e., the region of the parameter space where (numer-
ical) solutions for the self-consistent equations (44) can be
found, is indicated in Fig. 3. Notice the following: For D = 0,
the columnar VBS phase is stable within the intermediate
parameter region 0.30J; < J, < 0.63J;, which is larger than
the one (0.4J; < J, < 0.6J;) expected for the quantum para-
magnetic phase of the J;-J, model, a feature of the harmonic
approximation found in our previous studies [84,97,106]; as
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FIG. 2. Parameters (a) Ny and (b) u, (c) the ground-state energy Egg/(INJ;), (d) the triplon gap A/J,, and (e) the y-component Q, of the
momentum Q = (0, Q,) associated with the triplon gap as functions of the DM interaction D/J, for the columnar VBS ground state (harmonic
approximation). Next-nearest-neighbor exchange couplings J, = 0.40J; (blue line), J, = 0.48J; (black line), J, = 0.52J; (green line), and

J, = 0.56J; (blue line) and the external magnetic field 4, = 0.05 J;.

the exchange coupling J, increases, the Dy,,x below which the
VBS phase is stable decreases, i.e., the effect of the DM inter-
action on the VBS seems to be distinct for the small and large
J> parameter regions; interestingly, such a distinct behavior
for J, below and above J, ~ 0.5J; qualitatively agrees with
Refs. [85,87,93,98,99,101], whose results indicate that two
different phases may set in within the quantum paramagnetic
region of the J;-J, model (see, also, Sec. II). Finally, it should
be mentioned that the region of stability of the columnar VBS
phase in the absence of the external magnetic field (not shown
here) is almost equal to the one found for #, = 0.05 J;.

D/J,

0.3 0.35 0.4 0.45 0.5 0.55 0.6

J/,

FIG. 3. Region of stability of the columnar VBS phase [Fig. 1(c)]
of the Heisenberg model (1) determined within the bond-operator
formalism at the harmonic approximation. The external magnetic
field h, = 0.05 J;.

The ground-state energy (38) in terms of the DM inter-
action D and for fixed values of the exchange coupling J,
is shown in Fig. 2(c). For all values of the coupling J,, we
find that the ground-state energy Eggs decreases with the DM
interaction D. Moreover, for a fixed DM interaction, we no-
tice that Eggs increases with the increasing of the exchange
coupling J, up to J, ~ 0.57J; and then it decreases. Indeed,
for D = h = 0, a quite similar behavior was observed for the
ground-state energy, namely, a monotonical increasing of Egg
with J, up to J, = 0.57J; (see Fig. 3(a) from Ref. [97]).

Figures 4(a) and 4(c) show the energy wy of the triplon
excitations for J, =0.48J; and D = 0.20J;, with h, =0
[Fig. 4(a)] and h, = 0.05J, [Fig. 4(c)] (solid lines), in ad-
dition to the triplon spectrum for D = h = 0 (dashed black
line), which is included here for comparison (see Fig. 4(a)
from Ref. [97]). As expected for a VBS phase, the triplon
excitation spectrum is gapped. One sees that the triple degen-
eracy of the triplon bands, a feature displayed by the J;-J,
model (2), is partially lifted by the DM interaction since the
triplon bands touch at the I', X, M, and Y points of the dimer-
ized first Brillouin zone [see Fig. 1(d)] for D # 0 and 7 = 0
[Fig. 4(a)]. The three triplon bands are completely separated
only in the presence of both DM interaction and external
magnetic field [Fig. 4(c)]. Indeed, the DM interaction alone
may not completely lift the degeneracy of an excitation spec-
trum as found, e.g., for magnons in magnets with long-range
order [6,7,26] and triplons on a Shastry-Sutherland lattice
[14,15]. Moreover, the triplon gap A (the minimum of the wj;
triplon band) is associated with an incommensurate momen-
tum Q = (0, 1.7952), for h, = 0.05 J;; such a behavior should
be contrasted with the triplon spectrum for D = h = 0, whose
triplon gap is located at the (commensurate) Y point of the
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FIG. 4. Triplon dispersion relations wy (solid green line), wj, (solid blue line), and f (solid red line) [see Eq. (C3)] of the columnar VBS
phase at the harmonic approximation along paths in the dimerized Brillouin zone [Fig. 1(d)]: (a) and (¢) J, = 0.48J; and D = 0.20J;, and
(b) and (d) J, = 0.52J; and D = 0.10J;. The external magnetic field 4, = O (upper panels) and 4, = 0.05J; (lower panels). Dashed black
line: triplon dispersion relation for the model (1) in the absence of the DM and Zeeman terms (see Fig. 4 from Ref. [97]).

dimerized Brillouin zone. Similar considerations hold for the
triplon excitation spectrum for J, = 0.52J; and D = 0.10J,
with i, = 0 [Fig. 4(b)] and h, = 0.05 J; [Fig. 4(d)]. Here, the
triplon gap is also located at an incommensurate momentum
[Q = (0, 1.1669) for h, = 0.05J;] while, for D = h = 0, the
triplon gap is at the center of the dimerized Brillouin zone,
the I" point. In the following, one considers a finite external
magnetic field (7, = 0.05J;) since one needs well-separated
triplon bands in order to properly define a Chern number and
determine the topological aspect of the triplon excitations.
The behavior of the triplon gap A in terms of the DM
interaction D for selected values of the exchange coupling
J> is shown in Fig. 2(d). One sees that the triplon gap de-
creases with the DM interaction, regardless of the value of
the exchange coupling J,. The smallest value of the gap,
A ~ 0.12 J;, corresponds to the parameter Dy, above which
numerical solutions for the self-consistent equations (44) are
no longer found. Moreover, as illustrated in Fig. 2(e), the
momentum Q associated with the triplon gap moves along the
I'-Y line of the dimerized Brillouin zone. For J, < 0.50J,
the momentum Q moves from the commensurate Y point to
an incommensurate value Q = (0, Q,) as the DM interaction
increases; for J, > 0.50J;, the momentum Q moves from
the commensurate I" point to an incommensurate momentum
Q = (0, Qy) with the increasing of the parameter D. Such set
of results indicates that the black line in Fig. 3 may signal a
quantum phase transition from a VBS phase to a noncollinear

long-range-ordered magnetic phase with incommensurate or-
dering wave vector Q. Due to the behavior of the triplon
gap A at the border of the VBS region shown in Fig. 3, at
the moment, it is not clear whether such a quantum phase
transition is a first-order transition or a continuous one. Such
an issue, which needs some further study, is beyond the scope
of our paper.

Finally, it is interesting to compare our findings with the
ones determined by Merino and Ralko [105] for the Heisen-
berg model (1) in the absence of an external magnetic field
and considering DM vectors associated with cuprate super-
conductors (see, also, Sec. II). Based on a Majorana fermion
representation for the spin operators, the mean-field results
indicate some evidence for a VBS phase within the intermedi-
ate parameter region of the J;-J, model, even in the presence
of a finite DM interaction, in agreement with our findings
summarized in Fig. 3. Moreover, a continuous quantum phase
transition from the VBS phase to a magnetic ordered phase is
observed as the DM coupling increases for a fixed value of the
next-nearest-neighbor exchange coupling J, (see Fig. 3 from
Ref. [105]).

V. BERRY CURVATURES AND CHERN NUMBERS

In this section, we study the topological properties of the
triplon bands ;. The main idea is to check whether the DM
interaction (3), with the DM vectors (21), yields a columnar

134405-8



THERMAL HALL CONDUCTIVITY OF A VALENCE BOND ...

PHYSICAL REVIEW B 109, 134405 (2024)

(b)
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FIG. 5. Berry curvatures €2, (k) [Eq. (45)] of the triplon dispersion relations wy shown in Fig. 4: (a) Q,(k), (b) 2,(k), and (c) 2.(k) for
J, =0.48J, and D = 0.20J;; (d) 2,(k), (e) ,(k), and (f) (k) for J, = 0.52J; and D = 0.10J;. The external magnetic field 2, = 0.05J;.

VBS phase for the square lattice J;-J, model (2) with topolog-
ically nontrivial triplons, as previously found for a Heisenberg
AFM on a Shastry-Sutherland lattice [14—16].

For quadratic bosonic Hamiltonians such as Eq. (31),
which includes the anomalous terms 7_ of g and tik,atlz 5>
the Berry curvature Q, (k) of the (triplon) excitation band wy
is given by [109,110]

(45)

LT 0T
B s
ok Ok |

Qu (k) = i€, [13—1

with « = 1,2,...,6 and u,v = x,y. Here, fB and Tk are,
respectively, the 6 x 6 matrices (36) and (42), €,, is the
completely antisymmetric tensor with €, =1, and [ Joo
indicates the diagonal element of the corresponding square
matrix. Due to the form of the diagonal Hamiltonian
(40), the Berry curvatures of the wy, wi, and o, triplon
bands are given by Q;(k) = Q.(k), (k) = Q,(k), and
Q3(k) = Q,(k), respectively. We calculate the Berry cur-
vatures (45) of the triplon bands wj using the analytical
expressions for the matrix elements of the 7} matrix shown
in Appendix C.

Figures 5(a)-5(c) show the Berry curvatures (45), respec-
tively, for the triplon bands wy, w;, and w; displayed in
Fig. 4(c), which correspond to the parameters J, = 0.48 J,
D = 0.20J;, and h, = 0.05 J; of the model (1). For the three
triplon bands, one sees that the Berry curvatures vanish for
almost all points of the dimerized Brillouin zone [Fig. 1(d)],
except in the vicinity of the I', X, M, and Y points. One
notices that 2, (k) ~ —.(k), in addition to the fact that the
peak intensities for €2,(k) and 2,(k) are larger than the cor-
responding ones for (k). Importantly, one verifies that the
peak intensities of the Berry curvatures decrease as the DM
interaction D decreases and almost vanish for D = 1073 J;
(the analytical expressions derived for the matrix elements
of the T matrix are not suitable for the case D =0, see
Appendix C for details). Such a feature indicates that the DM
interaction (3), with the DM vectors (21), indeed yields a finite

Berry curvature for the triplons. Similar qualitative features
are found for the three triplon bands shown in Fig. 4(d), which
are associated with the parameters J, = 0.52J;, D = 0.10J;,
and h, = 0.05 J;; see Figs. 5(d)-5(f).

Once the Berry curvatures €2, (k) of the triplon bands wy
are determined, we can calculate the Chern number of each
triplon band, which is defined as the integral of the Berry cur-
vature over the dimerized Brillouin zone [109,110], namely,

1
Cyo= — / d’k Qq(K). (46)
27T BZ

We determine the Chern numbers C, via a numerical
integration of Eq. (46).

The Chern numbers of the triplon bands for exchange cou-
plings J, = 0.48 and 0.52J; and DM interactions D = 0.10
and 0.20 J; are displayed in Table I. One finds that regardless
the value of the exchange coupling J, and the DM interaction
D, the Chern numbers of the three triplon bands vanish. Such
results are related to the symmetries of the Berry curvatures,
as exemplified in Fig. 5. Therefore, although the Berry cur-
vatures are finite in some regions of the dimerized Brillouin

TABLE 1. Chern numbers of the wj, @y, and @ triplon bands
of the columnar VBS phase of the model (1) for J, = 0.48 and
J, = 0.52J; and the DM interaction D = 0.10 and 0.20J;. The ex-
ternal magnetic field i, = 0.05 J;.

Jo =0.48J; J =0.52J;
D o Cy Ce
0.10 x 0 0
0.10 y 0 0
0.10 z 0 0
0.20 x +2.08 x 107 +1.07 x 1073
0.20 y +2.09 x 107 +0.88 x 1073
0.20 z —4.18 x 10~ —1.95 x 1073
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FIG. 6. Thermal Hall conductivity «,/(kgJ; /h) as a function of the temperature kg7 /J, for the columnar VBS phase of the Heisenberg
model (1). Next-nearest-neighbor exchange and DM couplings: (a) J, = 0.48J; and D = 0.10J; (dashed blue line), J, = 0.48J; and
D = 0.20J, (dashed red line), J, = 0.52J; and D = 0.10J, (solid green line), and J, = 0.52J; and D = 0.20J; (solid black line); (b) J, =
0.50J; and D = 0.10J; (solid orange line) and J, = 0.50J; and D = 0.20J; (dashed violet line). The external magnetic field 4, = 0.05J;.
The vertical dark-green dashed line indicates the temperature above which triplon-triplon interactions might be relevant; the vertical magenta
dashed line is an estimate for the critical temperature 7. above which the VBS phase is no longer stable (see text for details). Inset in (a):

Low-temperature behavior of the thermal Hall conductivity.

zone, the triplon excitations of the columnar VBS phase of
the Heisenberg model (1) are topologically trivial.

It should be mentioned that our findings are similar to the
ones obtained in Ref. [29] for a spin-liquid phase on a square
lattice. The Berry curvatures of the (bosonic) spinon bands
display finite values in some regions of the Brillouin zone
(see Figs. 7(e) and 7(f) from Ref. [29]), but the corresponding
Chern numbers vanish.

VI. THERMAL HALL CONDUCTIVITY

We now focus on the transport properties of the columnar
VBS phase of the Heisenberg model (1), in particular, we
determine the thermal Hall conductivity k., due to triplons.
We follow the procedure proposed in Refs. [22,23], where the
thermal Hall conductivity «,, due to the magnon excitations

1F T T T T N
[ J,=048J, D=0.10,
08l — J,=048J, D=0.20J, ]
§
> 06| ]
i’
c
o
£04f 1
pzd [
02} ]
ol \ ‘ | ‘ | ‘ i
0 0.2 06 0.8

0.4
kg T/,

FIG. 7. Number of triplons (50) as a function of the temperature
kgT /J; for the columnar VBS phase of the Heisenberg model (1)
with J, = 0.48J; and DM couplings D = 0.10 and 0.20J;. The
external magnetic field 4, = 0.05J,. N/2 is the number of sites of
the dimerized lattice D, as illustrated in Fig. 1(c).

of a long-range-ordered ferromagnet was determined. Such a
formalism was also applied to study the triplon thermal Hall
effect in a AFM on a Shastry-Sutherland lattice [14,15].

For a system of noninteracting boson excitations, the ther-
mal Hall conductivity is given by [22,23]

KAT
Ky = —;—V é:cz[fB(wﬁ )12 (K), (47)

where kg is the Boltzmann constant, T is the temperature,
1
fo©) = —r (48)

is the Bose distribution function, and €2, (k) is the Berry cur-
vature (45) of the (bosonic) triplon excitation band wy/, with
o = x, ¥, z. Moreover, the function ¢, (x) assumes the form

x 2
c(x) = / dt (ln i)
0 t

1+x
x

2
=ﬂ+m0n ) — (Inx)?> — 2Lis(—x), (49)
where Liy(x) is the polylogarithm, which is defined as
Li,(z) = Y32, 2//j"; one shows that c;(x) is a monotonic
function with ¢,(0) =0 and c,(x — o0) = 7%/3. We con-
sider the Berry curvatures calculated in Sec. V and determine
kyy via a numerical integration of Eq. (47).

The behavior of the thermal Hall conductivity (47) as a
function of the temperature 7 for J, = 0.48, 0.50, and 0.52 J;,
DM interaction D = 0.10 and 0.20J;, and external magnetic
field h, = 0.05J; is shown in Fig. 6. One sees that regardless
of the values of the exchange coupling J, and DM inter-
action D, the thermal Hall conductivities display a peak at
T ~ 0.5J,/kg, whose height increases with the DM interac-
tion for a fixed value of the exchange coupling J,. Moreover,
one notices that k., vanishes in the low-temperature region,
a feature related to the existence of a finite triplon excita-
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tion gap; see Fig. 2(d). Interestingly, only for J, = 0.48J],
kyy assumes negative values around 7 ~ 0.1J;/kp [see the
inset of Fig. 6(a)]. Indeed, for J, < 0.50J;, we find a sign
reversal of the thermal Hall conductivity as T varies in this
low-temperature region. Apart from the sign reversal in the
low-temperature region and the fact that the triplons are topo-
logically trivial, the behavior of «,, with the temperature T
qualitatively agrees with the phenomenological one discussed
in Ref. [111].

A few remarks about the temperature range below which
our results for the thermal Hall conductivity might be valid
are in order here: The number of triplons as a function of the
temperature is given by

Mriplons = Z(b;abk,tﬁ = ZfB(w]o([)v (50
k,a

k,o

with fp(e) being the Bose distribution function (48). Fig-
ure 7 shows the behavior of Nyipions With the temperature T
for J, = 0.48J;, DM interaction D = 0.10 and 0.20J;, and
external magnetic field 4, = 0.05J;; we find a quite similar
quantitative behavior for J, = 0.50 and 0.52 J;. One expects
that for T 2 0.35 kg/J; (dark-green dashed line in Fig. 6), the
cubic terms (17) and (24) as well as the quartic terms (18)
and (25), which are neglected in our study, might be relevant
and therefore they could provide important corrections to the
thermal Hall conductivity. Furthermore, for T 2 0.8 kg/Ji,
one sees that the number of triplons, Niipions, is larger than the
number of sites, N’ = N/2, of the dimerized lattice D; such a
feature indicates that for T ~ 0.8 kg/J; (magenta dashed line
in Fig. 6), the system might be close to the critical temperature
T. above which the columnar VBS phase is no longer stable.
We intend to investigate the effects of the triplon-triplon inter-
action on the thermal Hall conductivity in a future publication.
Such a study will also be important for a proper determination
of the critical temperature T..

VII. SUMMARY AND DISCUSSION

In spite of the fact that the triplon excitations are topolog-
ically trivial, the columnar VBS phase of the square lattice
AFM Heisenberg model (1) is characterized by a finite ther-
mal Hall conductivity. Such a feature is indeed a thermal
effect: Due to the weight function c¢;(x) [Eq. (49)], the inte-
grand of Eq. (47) vanishes in the vicinity of the X point of the
dimerized Brillouin zone (not shown here), implying a finite
thermal Hall conductivity. Recall that the Berry curvatures of
the triplon bands are finite around the X point of the dimer-
ized Brillouin zone (see Fig. 5), an important contribution
that yields topologically trivial triplon excitations. As pointed
out in Ref. [29], a VBS phase with topologically nontrivial
triplons might be characterized by a thermal Hall conductiv-
ity qualitatively similar to the one found for the columnar
VBS phase of the model (1), but with a higher peak at low
temperatures.

The fact that the topological properties of the triplon bands
enhance the thermal Hall conductivity was indeed observed in
Refs. [14,15], where a Shastry-Sutherland AFM model rele-
vant for the SrCu,(BO3), compound is considered. Here, it is
found that for an external magnetic field |i,| < h; ., the Chern
numbers of the triplon bands are finite. The behavior of the

thermal Hall conductivity as a function of the magnetic field
h, for a fixed temperature T indicates that the largest values
of k,, are within the interval |h;| < h,. (see, e.g, Fig. 10
from Ref. [15]). Interestingly, the thermal Hall conductivity
is finite (although smaller) even for |h;| > h; ., where the
triplon bands are topologically trivial. Concerning the AFM
Heisenberg model (1), a critical magnetic field &, ., where the
gaps between the three triplon bands close and above which
the triplon bands are topologically nontrivial, is not observed.

The fact that a finite thermal Hall conductivity is found
for the columnar VBS phase of the square lattice AFM
Heisenberg model (1) indicates that the no-go condition [21],
which was determined for a long-range-ordered magnet and
is based on linear spin-wave theory results, does not apply
to the columnar VBS phase. In fact, as mentioned in Sec. I,
exceptions to the no-go condition [21] were previously re-
ported in Refs. [26,29]. Again, for the spin-liquid phase on
a square lattice discussed in Ref. [29], a finite thermal Hall
effect due to spinons was found when the DM vector pattern
associated with the YBCO compound was considered and,
in spite of the fact that k,, is finite, the spin-liquid phase is
characterized by topologically trivial (bosonic) spinon excita-
tions. One sees that the features found here for the columnar
VBS phase are quite similar to the ones observed for the
spin-liquid phase [29]. Therefore, it seems that the DM inter-
action corresponding to the YBCO compound yields square
lattice quantum paramagnetic phases, both spin-liquid and
VBS ones, characterized by a finite thermal Hall conductivity
kyy and topologically trivial elementary excitations. In order
to confirm such an issue, it would be interesting to deter-
mine the Chern numbers of the excitation bands and «,, for
the model (1), but now considering both gapless and gapped
spin-liquid phases proposed as ground-state candidates for the
J1-J>, model (see Sec. II for details). Indeed, it would also be
interesting to provide, in the near future, a discussion concern-
ing the general conditions for the observation of a thermal Hall
effect in quantum paramagnetic phases.

A sign reversal of the thermal Hall conductivity with the
increasing of the temperature 7, from negative to positive
values as we found for J, < 0.50J; in the low-temperature
region, was also observed for ordered ferromagnets on the
Shastry-Sutherland [7] and honeycomb [8] lattices. In partic-
ular, for a ferromagnet on the honeycomb lattice [8], it was
pointed out that such a sign change indicates a topological
phase transition since a gap closure between the upper and
lower magnon bands is also observed as T varies, an effect due
to magnon-magnon interactions. Such a similar gap closure is
not observed in our case. At the moment, the sign reversal
of ky, for the columnar VBS phase of the model (1) with
J> < 0.50J; is not completely understood. Similarly to the
phase diagram shown in Fig. 3, the low-temperature behavior
of ky, seems to indicate a distinction between the parame-
ter regions J, < 0.5J; and J, > 0.5J; of the J;-J, model,
which qualitatively agrees with Refs. [85,87,93,98,99,101]. It
is worth mentioning that one of us also find such a distinction
in the study [97] concerning many-triplon states in the colum-
nar VBS phase of the J;-J, model.

In summary, in this paper, we studied the spin-1/2 J;-J,
AFM Heisenberg model on a square lattice with an additional
DM interaction between the spins and in the presence of an ex-
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ternal magnetic field. We focused on the columnar VBS phase,
which is stable within the intermediate parameter region of
the J;-J, model. In particular, we discussed the topological
properties of the triplon excitations of the columnar VBS
phase, which is described via an effective interacting boson
model obtained with the aid of a bond-operator formalism
for the spin operators. We considered the interacting boson
model within a harmonic approximation and determined the
triplon excitation bands. We found that the DM interaction
provides a finite Berry curvature for the triplon bands, but the
corresponding Chern numbers vanish. Although the triplon
excitations are topologically trivial, we found that the thermal
Hall conductivity of the columnar VBS phase is indeed finite.

Finally, we hope that our results may motivate the search
for VBS phases in (dimerized) square lattice AFMs character-
ized by a finite triplon thermal Hall effect. Indeed, although a
thermal Hall effect due to triplons has been predicted for the
Shastry-Sutherland compound SrCu,(BOs3), [14,15], some
recent measurements do not observe discernible values for the
thermal Hall conductivity within the experimental resolution
[112].
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APPENDIX A: EFFECTIVE BOSON MODEL
IN REAL SPACE

In this Appendix, we provide the expressions of the Hamil-
tonians (12), (22), and (28) in terms of the singlet s; and triplet
t;, boson operators.

Let us first consider the J;-J, AFM Heisenberg model (2).
After substituting the generalized bond-operator expansion
(9) of the spin operators in terms of the singlet and triplet
operators, one arrives at the Hamiltonian (12), where the H; ,
terms read

3 p
HJVO = — ZJ] Xi:sisi,
i + 1 _—
Hyp = T Zt,‘atia + 1 Z G2 (T)(8i8i g tivea + Hec.
i i,T
Tt 4 4
+ s,’ si+‘[t[at[+l'a + H.C.),
i
Hiz = 7 Cobr Z GO(s]tia + fiLSi)l,-L,gfier
LT

—(i<i+1)],

1
Hya=— ~Capp €ap Y, Ca(OH,  tiiten. (A1)

4

i,T
Here the summation convention over repeated greek indices is
implied, the ¢;(t) functions are defined as

(1) =2(J1 — J2)8: 0 — J182,1 — Jo(8z, 142 + 87,1-2),
53(t) =181 + (87142 + 871-2),
8a(r) =201 + 12)or 2 + J16c1 + J2(8r 142 + 87,1-2),

and the index 7 indicates the dimer nearest-neighbor vectors
7, [see Eq. (11)]. It should be mentioned that in order to derive
the Hamiltonian (12), it is convenient to consider the identity

|
S'.§? = _im +3 Z;;ta (A2)

for the local term J; (S} . Siz) of the Hamiltonian (10) and the
expansion (9) for the nonlocal ones.

Concerning the DM interaction (3), the local term of the
Hamiltonian (20), D, ; - (S} x Sl-z), can be easily treated with
the aid of the identity

D (S' x 8*) = 1iDys"t, + He., (A3)

which can be obtained following the same procedure that
yields the identity (A2). Similarly to the Ji-J, model (2),
one employs the expansion (9) for the nonlocal terms of the
Hamiltonian (20) and shows that the four terms of the effective
boson model (22) assume the form

1
Hpm,1 = EiDsjt;x +H.c.,

1 ;
Homa = = Dexgy D (sisitigtivy +He.
i€D

+ sjs§+lt[ﬁti+1,y + H.c.)
— %D €8y Z(stsit;gtiH,V +H.c.
i€D
+ sstzt,-ﬁtiH,y + H.c.),
Howm,z = Z—lliD Expy Zeyuv(sjtiﬁ + ti%si)tli],uti+l,v
ieD

T T
— €Buv tiutiv(si_;,_]tiﬂ,y + t,'_;,_],yshtl)’

1
i ¥
Homa = =D éguveyn E : (Z Expy Liplivlipy plit1,v
ieD

1 T
— 5 ey 1ty M,ti+2,vf). (Ad)

Finally, one easily shows that in terms of the singlet and
triplet operators, the Zeeman term (28) is given by

Hp = iéalgy Zha ll:;}t,‘y,

ieD

(AS5)

where h,, with ¢ = x, y, z, is the a-component of the external
magnetic field h = gupB.

APPENDIX B: LINEAR TRIPLET TERM
OF THE EFFECTIVE BOSON MODEL

In this Appendix, we provide some details of the procedure
employed to treat the linear triplet term Hpp, 1 of the effective
boson model [see Eq. (A4)]. In particular, we adopted the
treatment described in Ref. [16].

As mentioned in Sec. III, the linear term Hpy,; can be
removed via a unitary transformation performed in each site
of the dimerized lattice D. Since Hpwm,1 couples the singlet s;
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and the triplet #;, operators, we consider the Hamiltonian

H,=H;0+H 2+ Hpma

3 D
=J; Z (_ZS'TSI 4tmt,)C + 121

5; t1x+HC>7 (B1)
which includes the local terms ;o and H',, related to the
Ji-J, model [see Eq. (A1)] and the local one Hpy,; derived
from the DM interaction [see Eq. (A4)].

In matrix form, the Hamiltonian (B1) reads
3w S
=Y (s t,x)< a0 ) (t,-x)’ (B2)
ieD 4

with the parameter « = D/(2J,) defined in terms of the DM
interaction D and the nearest-neighbor exchange coupling J;.
It is quite easy to show that the Hamiltonian (B2) can be di-
agonalized by a unitary transformation defined by the unitary

matrix
1 e i(1—b) 83
= aw plii-n 2« ) B

with b = (1 + 4a?)!/2. Assuming that o < 1, one finds that
b? —b~2a?and 1 — b~ —2¢2, and therefore, up to linear
order in the parameter ¢, the unitary matrix (B3) reads

1 —io
U= (—ia 1 > (B4)
With the aid of Eq. (B4), one defines a new set of singlet §;
and triplet 7, boson operators,

5, 1 —ia 0 0\ [s
Pl e 1 0 o|fn
Bwl=lo o 1 offe,[[ ®
i o o o 1)\n

and shows that the Hamiltonian (B1) assumes a diagonal form,
namely,

3.0 1.
Hy =Ji Z (—Zsl.s 4tlxt,x> (B6)
i€D

Substituting the inverse of the transformation (BS) in
Egs. (Al), (A4), and (AS), one finds the expression of the
effective boson model in terms of the singlet §; and triplet 7;,
boson operators. In particular, it is easy to show that up to
linear order in the parameter ¢, the quadratic terms H; » and
Hpwm,2 assume the forms shown in Egs. (A4) and (A5), respec-
tively, with the replacements s; — 3; and t;, — f;,,. Moreover,

J

one also finds that up to linear order in the parameter «, the
cubic term H; 3 yields an additional quadratic term, namely,

. p - | T -
H = —l€xpy ZD" [flﬂtky + E(t_kﬂtky — tikﬁfl’(ry):|’ (B7)
k
with

1 17
D}, = 5 DNy sin(2k,) + 501\/072[sm(2k)r + ky)
1
+ sin(2k, — ky)]. (B8)

Therefore, the quadratic Hamiltonian (30), considered within
the harmonic approximation, assumes the form defined by
Egs. (31)—(35), with the replacements t;, — f;, and Dx —
Dy + Dy; see Eq. (27). In Sec. IV, after performing such
replacements, we restore the notation for the triplet operators,
1.e., fig = tig.

A few remarks about the Zeeman term (AS5) are in order
here: In principle, the Zeeman term should also be included in
the Hamiltonian (B1); since we consider a very small external
magnetic field, 2, = 0.05 J;, we neglect the contribution of the
Zeeman term to the (local) Hamiltonian (B 1); importantly, the
results derived in Sec. IV within the harmonic approximation
for D < h; may need some further corrections.

APPENDIX C: DETAILS ABOUT THE DIAGONALIZATION
OF THE HARMONIC HAMILTONIAN

In this Appendix, we present the analytical expressions of
the triplon dispersion relations wy, in addition to the matrix
elements of the Tj matrix (42), which relates the triplet # and
triplon b boson operators; see Eq. (41). The analytical pro-
cedure employed here is based on Refs. [107,108] and it was
previously applied by one of us to diagonalize 4 x 4 and 6 x 6
boson Hamiltonians; see Refs. [113] and [84], respectively.

As mentioned in Sec. IV, instead of the Hx matrix (34),
one should diagonalize the IzHy matrix (36). One finds that
the eigenvalues wy; are the roots of the polynomial,

(@0)® 4+ ar k(W) + ay k(@f)* + apy = 0, (C1)

where the coefficients a; i are written in terms of the coeffi-
cients Ax and B defined by Eq. (19), the coefficients Cx and
Dy, respectively, given by Egs. (26) and (27), and the external
magnetic field 4,:

aox =(Bx — Ax)(Bf + h? — Ap)[Bx(Bi + h — 4Dy — ACY) + Ax(Bg + h2 + 4D; + 4C}) — Aj(Ax + By,

ak = hi + (A — B’ [3(Ax + Bi)” — 4(C¢ + Dy)]. (€2)

arx = — 3(A} — By) — 2k
Due to the form of Eq. (C1), one sees that the eigenvalues (w{)* are indeed the roots of a cubic polynomial which can be
written as

1/2 12
. 1 1 3 1
w = |:—§Cl2,k - E(Pl,k + P+ IT(Pl,k - P2,k):| , W = |:—§az,k + Pk + P2.k)] ; (C3)
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where

1/3 1
Py = (Mkika) / , Mo =0 + Mg, Ok = 9(301 K —azk) My = 9as ka1 x — 27ap k —2612k) (C4)

54(

In order to determine the matrix elements of the T} matrix (42), it is interesting to consider the two eigenvalue problems
ANZ,  — o Zi\ = 0 and [H' 2}, + 0} 24, =0, (C5)

with ), > 0 and i = 1, 2, 3. Here the six-component vectors Z 1,2, are defined as

i il 2 i3 il 2 i3 i i2 i3
Ziy = (g i} vl vy vk) and Z} = (3% ¥ 0% X X xk) ’
and one identifies o), = oy, a)f( = wy, and 0} = wf. Equauon (CS) allows one to determine (i) the elements u!, uiZ, ui3, vi!, and

2 in terms of the element Vg 3 and (ii) the elements yk s yk s yk s xk ; and x in terms of the element x{f, fori =1, 2, 3. Moreover,
the condition (43) allows one to determine the elements v, 3 and x Indeed it is useful to write the matrix elements of the 3 x 3
matrices Uy, Vi, Xk, and Y in terms of the (auxiliary) elements k> Uijx» Xijk, and ¥ as

vlank  vlink  vWlinx ATk GVekx GVBk
Ug = vl x  vlisok  viiissk | Y = 5k @k Xpvsak |
vl vWliex  vies x QWK N Vek X Vosk
vk ok v Uik qlEk Xk 5OEBK
Vi =] viloaik vk vPsk |, K= | ik ok Xk |- (C6)
! v? v ;! X2 X3

With the aid of the condition (43), one then shows that

3 - 2 - 2, - 12,
vl =501 kl1* = 103j-2 1 kl* + 311 k) = [D3j- 0kl — 1+ s k)Y

3,j - 2 = 2 - = = —1/2
x5 =% o010k = F3j—2 1k + B3 kl? = F3j-1 1kl + 1= 53,0672, (C7)

for j = 1,2, 3. The two eigenvalue problems (C5) allow one to determine the elements #;; x, ¥;; k, Xij k, and ;; k. One then finds
that the elements #;;x assume the form
lgpx = ii(Bk + Rﬁ,k)[BiCk + By (Lsx — CiSpx) + (Lax + CkRp ) (h2 — S?;,k)
+ Bi(2C + 2Loxeof + CuRpxSpx) | for o =1,4,7,
lap.x =i [iLl,kL6,k(L5,k — DiLox) + h.(2BxLax + 3BiCy + hiCx — 2AkLax — 4AxBiCx + Alz(Ck)wlf
— (il? Dk — 2iAxDxLox — h.CiLs x)(@f)* — h.Ci(wf )* + iDi(of )4] for «=25,8,
lgp k =% [BkLl,k(2L2,k + A} — h2) — Lix(Bj + 2AxLa ) — 2(Bjy + AxLax) (a)k)

+ B2 + A%+ Lo) (@])? = B(@)*] for « = 3,6,9; (C8)

the elements ¥;;  are given by

Tapk =+i w0 BiCi + BYCiRusc = Lag) = ih + Ry (e + R (+h.Di + iCiSira)
+ Bx (h?Ck + 2L47ka)i: + CkRa,kSa,k)] fora=1,4,7, (&)
ok = = [ BaDx + BYUDRy s + Lsg) = iCh: + R (R — ho)(—h:Ci + DS k)

+ By (thk — syl + DkRa,ksa,k)] for @ = 2,5,8;
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the elements y,4  read

1 . . .
Fupk = 5— | +BLCc = BLRIAG = hDi) = (he + Rya) (R = ho)(=h:Dy + G Sp.x
B.k

+ By (2D — 2ih?CicSp x — 2iAkCiRp kSp.x) — h.BkDi[A} — 4Axw]] — (w])?]
— hB2Dy (A + 30l — th,{LS,k} fora = 1,47,

1
Vapk = G | = iBiDI + BYQiADK + hC) + (. + Rpa)Rpse — h)(+h.Ci + iDkSp10Spx
B

+ By (R3C + 2ih2DySp x + 2iAkDxRp kSp k) — hBkCk[Af — 44k} — (w})?]
— h.B2G(Ax + 300 + thﬁL4,k} for & = 2,5, 8,

(C10)
Vapx = G [BkLl,k (2Lox + Af — h2) — Li (B} + 2AkLax) — 2(B + ALy ) (@]
Bk
+ Bi(i2 + A2 + L))~ Buf)*|  fora =3,6,9;
and the elements X; i are given by
Xapk =+ iG—(Bk — S [BiCi + (h: — Spx)(h; + Spa)(CkRpx — Lax)
8.k
— BE(Lax + CiSpx) + Bi(H2Cic — 2Ly x}, + CiRp xSpx)] for a = 1, 4,7, (Cl11)
!
Xapk = — lG—(Bk — Spa)[BaDx + (h: — Spx)(h: + Spx)(DxRp x + Ls k)
Bk
+ Bi(LSk — DkSﬁ,k) + Bk(l’l?Dk + 2L5,ka)f + DlequSﬁ,k)] for o = 2, 5, 8
Here, the coefficients L; i are defined as
Ll,k = Bi + hzz —Alz(, L2,k = Di + Cé, L3,k = B]Z( - hgs
Lyx = —ih;Dx, Lsx = —ih;Cx, Lex = Bx — Ak, (C12)
the coefficients O; x read
O1x = Ax(Lix + Af + 2L2,k) — 2BxLyx — A},
Osx = Ax(Lox + L3 x) — Bilox — A}, (C13)
and, finally,

Rﬁ = wﬁ — Ag, Sﬁ = w]"(‘ + Ag,
F' = L kO — L%,kwﬁ + 20, k(wf)* + 2(Af — L3,k)(wﬁ)3 + Ax(@)* = (@f),
Gy = LixOrx + L7 yof +200k(0f) +2(Lax — A7) (@f)’ + Aw(@f)* + (o}, (Cl14)

with o = 1, 2, 3, the coefficients Ax and By given by Eq. (19), the coefficients Cx and Dy, respectively, given by Eqgs. (26) and
(27), and h, being the external magnetic field.

Finally, it is important to mention that Eqs. (C7)—(C14) are not appropriated for DM interaction D = 0. In this case, we find
divergences for the Berry curvatures (45). For D = 1073 J;, well-defined results for the Berry curvatures are found.
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