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Energy-momentum transfer in the free-electron–photon interaction mediated by a film
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The ultrafast transmission electron microscope equipped with an electron energy spectrometer provides a plat-
form to study the electron-photon interaction in both the energy and momentum dimensions. Here, we analyzed
the fraction of inelastically scattered electrons and the energy-momentum exchange in the free-electron–photon
interaction mediated by a Ag/Si3N4 bilayer thin film. Taking advantage of the high transverse coherence electrons
emitted by the laser-driven Schottky field emission gun, the quantized transverse momentum transfer was
characterized in reciprocal space. We report experimental data on the relatively large transverse momentum
transfer caused by momentum spread in free-electron–photon interactions. The momentum uncertainty of the
photons guarantees momentum matching and provides an effective way to control the magnitude of the transverse
momentum quanta by tilting the film, demonstrating the potential for controlling the free-electron wave function
in momentum space.
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I. INTRODUCTION

Since the development of photon-induced near-field elec-
tron microscopy (PINEM) [1], the coherent free-electron–
photon interaction has attracted much attention for manipu-
lating the free-electron wave function. Information about the
electromagnetic field distribution is imprinted on the electron
wave function, providing an approach to manipulate electrons
with pulsed or continuous lasers [2,3]. After the interac-
tion, the longitudinal phase of the electron is sinusoidally
modulated, resulting in modulation of the energy spectrum
[4,5]. Energy selection of the electrons is used to image the
near-field distribution [6–8], image the probe cavity modes
[9,10], and characterize the surface plasmon polaritons (SPPs)
[11–17] or phonon polaritons [18]. Attosecond pulse trains
[19,20] and coherent quantum-state control [21] in longitudi-
nal phase space have also been studied.

Regarding the transverse direction, several results have
been reported in recent years. The transverse momentum
transfer in the electron-photon (e-p) interaction [22,23] and
generation of electron vortex beams carried with orbital angu-
lar momentum by chiral SPPs have been investigated [24,25].
In addition, shaping the electron beam by shaped optical fields
[26] and externally controlled SPPs [27,28] has been reported
in theory and by experiment. Previous studies have demon-
strated the ability of optical fields to shape electron wave
packets, motivating further investigation of the momentum
transfer process in the free-e–p interaction.

In this study, the e-p interaction mediated by a Ag/Si3N4

bilayer thin film was investigated with the field-emission ul-
trafast transmission electron microscope (UTEM). The energy
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states of the free electrons inelastically scattered by photons
were analyzed by electron energy-loss spectroscopy (EELS).
The energy-momentum matching guaranteed by the uncer-
tainty principle was revealed in the free-e–p interaction, and
the experimental setup-dependent transverse momentum ex-
change demonstrated the control of the free-electron quantum
wave function in reciprocal space.

II. ENERGY TRANSFER IN THE
FREE-ELECTRON–PHOTON INTERACTION

The layout of the experiments is shown in Fig. 1. In the
UTEM, free-electron pulses were emitted by the laser-driven
Schottky field emission gun, and the angle between the photo-
electron beam and the pump laser beam was 90 °. The electron
pulses were collimated and traversed the laser-illuminated
sample, and the energy and transverse momentum changes
after interaction were characterized by EELS and in reciprocal
space, respectively [Fig. 1(a)]. The sample in the experiments
was a 18-nm-thick Ag film on a 10-nm-thick Si3N4 film (see
Appendix A), which was supported by a silicon transmis-
sion electron microscopy (TEM) window and mounted on a
double-tilt holder to realize rotation around the y axis (tilt
angle θ ) and x′ axis (tilt angle α) [Fig. 1(b)].

Over the last decade, the e-p coherent interaction has
been extensively studied. As pulsed electrons pass through
the confined electromagnetic field, the electromagnetic field
modulates the phase of the electron wave function and induces
Rabi oscillations of the electron populations in multilevel
quantum energy states [29]. This can be characterized by
EELS, which shows a series of discrete peaks. These peaks
are on either side of the zero-loss peak (ZLP), and they are
separated by one photon energy.
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FIG. 1. Schematic of the layout of the experiments. (a) Schematic diagram of the UTEM apparatus. The photoelectron is emitted by a
field-emission gun driven by a 260-nm laser beam. The wavelength of the pump laser is 520 nm (approximately 2.4 eV per photon). The
direction of the pump laser is perpendicular to the electron beam. The UTEM operates in diffraction mode. (b) Coordinate setup. We denote
(x, y, z) as the fixed laboratory coordinates and (x′, y′, z′) as the rotated sample coordinates. The electron beam is incident along the z axis, and
the pump laser is incident in the direction of −x. The transverse momentum distribution is analyzed in reciprocal space.

The normalized EELS data showing the e-p interactions
caused by the Ag/Si3N4 bilayer plane with different angles
θ at α = 0◦ are shown in Fig. 2(a). To characterize the e-p
interactions over a large θ range, a custom-built sample holder
(see Fig. 6) was used in the experiment. After the interaction,
the sidebands from the absorption (or emission) of up to four
photons can be clearly identified when θ is greater than 25◦,
while the sidebands from the absorption (or emission) of only
one photon can be observed when θ is less than 5◦. The frac-
tion of electrons that absorbed or emitted photons relative to
the number of incident electrons is shown in Fig. 2(b), which
was extracted from Fig. 2(a). Figure 2(b) gives the quanti-
tative result of the dependence of the e-p coupling strength
on θ , showing a steep increase at small tilt angle θ , which is
mainly attributed to the change of the reflection phase (see
Appendix B).

Nanomaterial-mediated free-e–p interactions have been
well studied [4,6]. According to PINEM theory, the e-p cou-
pling strength can be quantified by the factor β:

β(x, y) = e

2h̄ω

∫ +∞

−∞
Ez(x, y, z)e−i(ω/ve )zdz, (1)

where Ez is the electric field component along the propagating
direction of the electron pulses, ω is the circular frequency
of the pump laser, h̄ is the reduced Planck constant, and ve

is the relativistic velocity of the electron. The probability
of an electron absorbing or emitting n photons is given by
Pn = J2

n (2|β|), where Jn are nth-order Bessel functions of the
first kind. The e-p coupling strength depends on Ez, and it can
be changed by tilting the sample. Since the duration of the
electron pulses in our experiment was longer than the dura-
tion of the laser pulses, the spatial and temporal distributions
of the electrons and photons should be taken into account.

For the simulation, we applied extended PINEM theory [30]
to include the Gaussian distribution of the pump laser and
free-electron pulses, and we calculated the probabilities and
corresponding EELS spectra of the free electrons inelastically
scattered by the pump laser (see Appendix B). The simulated
results [Figs. 2(c) and 2(d)] were in good agreement with the
experimental results [Figs. 2(a) and 2(b)].

Similar to previous work [22,23,31–33], the energy trans-
fer observed here is the direct inelastic scattering of the
electrons by the light waves. Physically, energy exchange
between a free electron and the electromagnetic wave only
occurs when the wave vector is matched. Wave vector match-
ing can be satisfied by introducing a structure that supports
the localized surface plasmon, surface plasmon polariton,
phonon polariton, and cavity modes, thereby inhibiting the
phase velocity of the photons. Another approach is to tailor the
electromagnetic wave by periodic nanostructures to precisely
satisfy the energy-momentum conservation requirement, such
as the case in dielectric laser accelerators [34]. Here, the
Ag/Si3N4 bilayer thin film is transparent to electrons but
opaque to incident photons, providing a discontinuous electric
field along the trajectory of the free electrons and increasing
the momentum uncertainty of the photons to allow the e-p
interaction to occur.

III. TRANSVERSE MOMENTUM TRANSFER IN THE
FREE-ELECTRON–PHOTON INTERACTION

The energy transfer in the e-p interaction should be ac-
companied by momentum transfer. In PINEM theory, the final
electron wave function after interaction with monochromatic
light has the factor ei[(p0+nh̄ω/ve )z−(E0+nh̄ω)t]/h̄, where p0 and
E0 are the initial momentum and energy, respectively [6].
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FIG. 2. Probabilities and corresponding EELS spectra obtained from the experiments and simulations. A p-polarized pump laser (electric
field parallel to the z axis) with a peak field amplitude of 2.28 × 108 V/m was used in the experiments. (a) Experimental and (b) simulated
normalized EELS spectra with θ = 3◦ to 40◦ and α = 0◦ plotted as color maps. (c) Experimental and (d) simulated results of the fraction of
electrons that absorb or emit photons relative to the number of incident electrons as a function of θ . The simulation was performed with a peak
field amplitude of 1.97 × 108 V/m to obtain the best agreement between simulation and experiment.

The exponential term indicates the exchange in the energy
and longitudinal momentum quanta given by nh̄ω and nh̄ω

ve
.

However, transverse momentum is not taken into account in
conventional PINEM theory, because the transverse momen-
tum change of the subrelativistic electron is negligible.

Observing the transverse momentum of the electron after
the e-p interaction is challenging. Owing to the small momen-
tum of the photon compared with that of the subrelativistic
electron, the deflection angle of electrons is typically a few
microradians. Such a small angle requires high angle reso-
lution for experimental characterization. In the experiment,
high transverse coherence photoelectrons are emitted by the
laser-driven Schottky field emission gun [35], which guaran-
tees high angle resolution. Furthermore, the laser direction
is perpendicular to the electron direction [see the top panel
in Fig. 1(b)] to achieve the maximum transverse momentum
exchange.

The high-dispersion diffraction (HDD) mode in the UTEM
was used at a camera length of 80 m to obtain the far-field
electron distribution in reciprocal space. When electron pulses
and laser pulses simultaneously arrived on the bilayer film,
certain electrons were deflected by photons and a series of
equally spaced and collinear electron spots were well resolved
in the momentum space [see the bottom panel of Fig. 1(b)].
The map of the energy loss and transverse momentum showed
that there was a one-to-one correspondence between the quan-
tized energy and the discrete transverse momentum of the
scattered electrons (see Fig. 9).

Importantly, the transverse momentum transfer in the e-p
coherent interaction is not constant, but it depends on the
uncertainty principle and the energy-momentum conservation
law. The far-field electron distributions in reciprocal space for
different tilt angles are shown in Fig. 3. The distance between
two electron spots increased with increasing θ in the direction

134305-3



WENTAO WANG et al. PHYSICAL REVIEW B 109, 134305 (2024)

FIG. 3. Far-field electron distributions in reciprocal space after the e-p interaction when the film was at (a) α = 0◦ with θ = 10◦ to 35◦ and
(b) θ = 25◦ with α = −10◦ to 10◦. The white dashed lines in (b) indicate the direction of the laser, which serves as a reference to indicate the
direction of the transverse momentum. The scale bars in all of figures were calibrated with a grating replica of 463 nm.

of the laser beam [Fig. 3(a)], indicating that the transverse mo-
mentum of the electrons increased with increasing θ after the
electrons interacted with the photons. The distance between
two electron spots changed little with α, while the direction of
the transverse momentum significantly changed [Fig. 3(b)].

Further insight can be obtained with an analytical theory
(see Appendix D). In the geometry of the experiments, the
initial photons only had transverse momentum because the
laser direction was perpendicular to the electron direction.
The translation invariance in the direction parallel to the sam-
ple guarantees the determined transverse momentum, which
appears as discrete electron spots in reciprocal space. How-
ever, the direction perpendicular to the sample is limited,
which results in momentum spreading [36]. The photon
momentum spreading provides the longitudinal momentum
quanta h̄ω

ve
, and hence energy-momentum matching. Accord-

ing to theoretical analysis, the dependence of the transverse
momentum on θ and α is given by

p
′
x = −h̄k0

(
1 + c

ve
tan θ

)
, (2)

p
′
y = h̄k0

c

ve

tan α

cos θ
, (3)

where p′
x and p′

y are the transverse momentum along the x
axis and y axis, respectively. k0 is the wave vector of the
pump laser in vacuum. The distance between two electron
spots in reciprocal space is k⊥ = 1

h̄

√
p

′2
x + p

′2
y , and the angle

between the direction of the transverse momentum and the di-
rection of the laser (direction deviation) is γ = arctan(

p′
y

p′
x
). We

obtained the experimental and theoretical results for the mag-
nitude and direction deviation of the transverse momentum
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FIG. 4. Theoretical and experimental results for different tilt angles. (a) Magnitude and (b) direction deviation of the transverse momentum
for α = 0◦ with θ = 8◦ to 40◦. (c) Magnitude and (d) direction deviation of the transverse momentum for θ = 25◦ with α = −11◦ to 11◦. The
orange lines are the theoretical results and the black circles are the experimental results.

when the film was at α = 0◦ with θ = 8◦ to 40◦ and θ = 25◦
with α = −11◦ to 11◦. The theoretical results were in good
agreement with the experimental results (Fig. 4).

IV. DISCUSSION AND CONCLUSION

We have demonstrated that the film-mediated e-p inelastic
scattering process depends on the quantum nature of the
electron and is governed by the quantum mechanical
uncertainty principle, rather than the classical process in
which electrons are deflected by the electromagnetic field.
The multiphoton emission or absorption process is guaranteed
by the energy-momentum conservation, which is satisfied
over a wide range of electron energies and exhibits a series
of discrete transverse momentums in reciprocal space. The
magnitude of the transverse momentum quanta depends on the
momentum spread of the photons. In Eq. (2), the first term h̄k0

is the initial momentum of the photons, and the second term
h̄ω
ve

tan θ originates from the uncertainty of the photon momen-

tum in the perpendicular film direction. Similarly, p′
y in Eq. (3)

is the component of the momentum spread on the y axis.
Film-mediated free-electron momentum modulation by an

optical field can be expressed as

p = (0, 0, p0) → p =
(

np
′
x, np

′
y, p0 + nh̄ω

ve

)
. (4)

This transform indicates that three-dimensional phase
modulation of the free electron wave function can be achieved
with extreme precision. The experiment demonstrated that the
geometry of the laser direction perpendicular to the electron
direction in the UTEM has a unique advantage in observing
the transverse momentum exchange of the e-p interaction. By
tilting the sample around the y axis, the transverse momentum
increased, resulting in improved observability in reciprocal
space. For ve ≈ 0.695c, the transverse momentum increases
by approximately 2.2 times as θ changes from 2◦ to 40◦.
Importantly, the transverse coherence of the electrons emitted
by the laser-driven Schottky field emission gun is only slightly
affected by the space charge effect, which allows high angular
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FIG. 5. Layout of the tunable coherent beam splitter. The coordi-
nate setup is illustrated in the bottom right corner, which is the same
as in Fig. 1(b). The electron beam is incident along the z axis. Laser
1 is incident along the −x direction, while laser 2 is incident in the x
direction.

resolution to be maintained while using a high electron dose.
The high angle resolution of the UTEM, enhanced by the
experimental geometry, provides a different dimension for
characterizing the e-p interaction than EELS. It shows the
ability to characterize low-energy photons, which is limited by
the energy resolution, and to identify time zero in the UTEM
without an electron energy spectrometer.

Such tunable transverse momentum provides a simple way
to control the angle and direction of inelastic electron-light
scattering, and it shows the ability to act as a tunable electron
splitter over a wide range. Based on the experimental results
obtained in our measurements, we can conceptually propose
a tunable coherent beam splitter that can deflect electrons
without changing their energy, which will be verified in our
future experiments. A conceptual design of the experiments
is shown in Fig. 5. An electron beam (blue) passes through
the two spatially separated films, which are illuminated in
the opposite direction by two coherent laser beams (green).
The tilt angles of the film 1 and film 2 can be set to (θ, α)
and (−θ,−α), respectively. The free electrons interact se-
quentially with the two phase-locked laser beams. Each of
the two interactions imposes a sinusoidal phase modulation
on the electron wave function, yielding an integrated effect of
the two modulations. The enhancement or cancellation of the
coupling depends on the relative phase of the two laser beams.
In order to obtain the output electron beams with the same
energy, we can set the phase difference of two laser beams
to be π to ensure that the total coupling constant is equal
to 0. For the transverse momentum transfer, we consider two
electrons that absorb and emit a photon (Fig. 5), respectively.
At the film 2, since the total coupling constant is equal to 0, the
electron that absorbed/emitted a photon in the first interaction
will emit/absorb a photon in the second interaction. It is noted

that the transverse momentum acquired in the two interactions
occurs in the opposite direction, thus the electrons can be
deflected after two interactions.

In conclusion, we have systematically studied the free-e–p
coherent interaction mediated by a Ag/Si3N4 bilayer film.
Electrons can interact with photons owing to the momentum
spread caused by the discontinuity of the electric field at
the sample. The fractions of interacting electrons with dif-
ferent field intensities and different tilt angles were obtained
by EELS. Extended PINEM theory was used to calculate
the fractions of inelastically scattered electrons and was in
good agreement with the experimental results. By using the
HDD mode in the UTEM, we directly accessed the transverse
momentum space and found a one-to-one correspondence
between the quantized energy and the transverse momentum
transfer in the interaction process. We reported the relation-
ship between longitudinal and transverse momentum in the
free-electron–photon interaction; in particular, the energy-
momentum conservation was carefully analyzed in correlation
with the transverse momentum spread. This feature could also
be important for achieving precise three-dimensional modula-
tion of free electrons. Tilting the film provides an effective
way to tune the magnitude and direction of the electron trans-
verse momentum. These results demonstrate the potential in
controlling the transverse momentum of electrons.
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APPENDIX A: EXPERIMENTAL SETUP

The experiments were performed with the ultrafast trans-
mission electron microscope (UTEM) based on a commercial
JEOL-2100F Schottky field-emission microscope equipped
with a Gatan Quantum 965 imaging filter. The 1040-nm 300-
fs initial laser pulses were propagated through two β-barium
borate crystals and split into two laser beams by a dichroic
mirror. A frequency-doubled laser (520 nm) was used to ex-
cite the sample, and a frequency-quadrupled laser (260 nm)
was introduced into the field emission gun to generate the
photoemission. The free-electron pulses were accelerated to
200 keV and propagated along the z axis, while the direction
of the pump laser was along the −x direction. More details
have been reported elsewhere [35]. The energy distribution
was recorded by a postcolumn spectrometer with a typical
exposure time of 100 s. The high dispersion diffraction (HDD)
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FIG. 6. Schematic of the custom-built transmission electron mi-
croscope holder. The laser-facing side of the sample holder tip was
removed, allowing the laser to be incident at the lowest θ of 3◦.

was recorded by a charge-coupled device (CCD) after the
electron energy spectrometer with a typical exposure time
of 100 s.

The Ag/Si3N4 bilayer film was fabricated by thermally de-
positing an 18-nm-thick Ag thin film on a 10-nm-thick Si3N4

membrane supported by a Si TEM window with an 80 µm ×
80 µm aperture. A custom-built TEM sample holder was used
to extend the range of the angle θ (Fig. 6).

APPENDIX B: PROBABILITY OF ELECTRON INELASTIC
SCATTERING BY THE PUMP LASER

To simulate the EELS spectra obtained in the experi-
ment, the spatial and temporal distributions of the pump laser
and free electrons should be considered. Since conventional
PINEM theory only considers the spatial dependence of the
electron and laser, we applied extended PINEM theory [30]
to the calculation to include the spatiotemporal dependence.
According to extended PINEM theory, the generalized time-
dependent coupling constant is

β(x, y, t ) = e

h̄ω

∫ +∞

−∞
Ẽz

(
x, y, z; t + z

ve

)
e−i(ω/ve )zdz, (B1)

where t is the time in the frame of reference associated with
the electron. The electric field component along the propa-
gation direction of the electron pulses can be expressed as
Ez(r, t ) = Ẽz(r, t )e−iωt , where Ẽz is the complex electric field
phasor, and the physical field is 2Re{Ẽz(r, t )}. The coherent
electron probability density is given by

ρcoherent (x, y,U,	t ) =
∑

n

Pcoherent
n (x, y,	t )δ(U − nh̄ω),

(B2)
where Pcoherent

n (x, y,	t ) = J2
n (2|β(x, y,	t )|) is the probabil-

ity of an electron absorbing or emitting n photons and 	t is
the time delay between the electron and laser.

In our experiment, we used a near-parallel traveling
electron beam, and the radius of the electron beam was ap-
proximately 0.5 µm. While the full width at half maximum
(FWHM) values of the Gaussian pump laser in the transverse
and propagation directions were approximately 80 and 90 µm
(corresponding to 300 fs), respectively, the spatial distribution
of the incident electron pulses was negligible. We then set
the Gaussian center in the transverse direction and the prop-
agation direction of the laser at the origin when t = 0 [see

Fig. 1(b)] and performed the calculation in the x − z plane to
simulate the experimental data in Figs. 2(a) and 2(b).

Considering the Ag/Si3N4 bilayer thin film used in the
experiment, the distribution of the electromagnetic field can
be divided into four parts. The z component of the incident
electric field is

Ez
i (x, y, z, t ) = E0e−z2/2σl e−[−x/c−t]2/2σt e−ik0x−iωt , (B3)

where E0 is the peak field intensity of the incident laser, σt is
the duration of the laser pulse, and σl is the standard deviation
of the laser’s spatial Gaussian distribution. The z component
of the reflective electric field is

Ez
r (x, y, z, t ) = rE0cos(2θ )e−[−xsin(2θ )+zcos(2θ )]2/2σl

× e−{−x/c−[xcos(2θ )+zsin(2θ )]/c−t}2/2σt

× e−ik0[xcos(2θ )+zsin(2θ )]−iωt , (B4)

where r = |r|eiδr,T M is the transverse magnetic reflection coef-
ficient of the bilayer film. Because the bilayer film is thin, the
spatial and temporal deviation of the laser’s Gaussian center
caused by the film can be ignored. The z component of the
transmitted electric field is

Ez
t (x, y, z, t ) = t ′E0e−z2/2σl e−(−x/c−t )2/2σt e−ik0x−iωt , (B5)

where t ′ = |t ′|eiδt ′ concludes the intensity and phase change
of the electric field at the exit point of the electron beam
relative to the incident point. r, t ′, and the z component of
the electric field in the film Ez

f (x, y, z, t ) can be calculated by
the transfer matrix method (TMM) [37]. Then the integral in
β(x = 0, y = 0, t ) can be calculated by Eq. (B1).

We note that the physical origin of the steep increase in
the fraction of interacting electrons [see Fig. 2(c)] at small tilt
angle θ is mainly due to the reflection phase δr,T M . Without
loss of generality, we used the time-averaged electric field
Ē0 to include the distribution of the pump laser in the prop-
agation direction. For small tilt angles, |r| ≈ 1, |t ′| ≈ 0, and
cos(2θ ) ≈ 1. Thus, we can ignore the electric field in the film
and rewrite Eq. (B1) as

β(x = 0, y = 0) = e

h̄ω

∫ 0

−∞
Ē0e−z2/2σl

× (1 + eiδr,T M e−ik0zsin(2θ ) )e−i(ω/ve )zdz.
(B6)

Since the factor k0sin(2θ ) 	 ω/ve, it can be ignored. We
then obtain |β(θ )| ∝ |1 + eiδr,T M |. Since δr,T M ≈ 173◦ at θ =
1◦ and δr,T M decreases as θ increases, |β(θ )| increases with
increasing θ [Fig. 7(b)].

To simulate the experimental data, the initial distribution of
the incident electron pulse in terms of time and energy should
be included. Since the energy bandwidth of a single electron
wave packet is narrow compared with the incoherent energy
bandwidth, the time and energy terms can be decomposed, and
the time distribution is a standard Gaussian:

g(u, t ) = 1

σe

√
2π

e−(1/2)(t/σe )2
A(u), (B7)

where σe is the duration of the electron pulse and A(u) is the
zero-loss peak (ZLP) in EELS. The final electron probability
density function is obtained by convolving the coherent single
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FIG. 7. The transverse magnetic reflection coefficient of the bilayer film. (a) Magnitude of the reflection coefficient |r| and (b) reflection
phase δr,T M as a function of the tilt angle θ .

electron probability density and incoherent initial electron
probability density in time and energy:

ρ(x, y, u,	t ) =
∫∫

g(U, T )

×ρcoherent (x, y, u −U,	t − T )dUdT . (B8)

For the simulation, we used the relative permittivities of
Ag and Si3N4 of −8.91 + 0.28i [38] and 4.24 [39], respec-
tively. The FWHM values of the Gaussian laser pulse in the
transverse and propagation directions were 80 µm and 300 fs,
respectively. The FWHM of the Gaussian electron pulse in the
propagation direction was approximately 450 fs. The FWHM
of the ZLP in EELS was 2.1 eV. The simulation results
with 	t = 0 and a peak field amplitude of 1.97 × 108 V/m,
which is approximately 90% of the experimental peak field
for the best agreement between simulation and experiment,
are shown in Fig. 2. The experimental results with a peak
amplitude of 1.8 × 108 V/m are shown in Figs. 8(a) and 8(c),
while the simulation results with a peak amplitude of 1.56 ×
108 V/m are shown in Figs. 8(b) and 8(d).

APPENDIX C: ONE-TO-ONE CORRESPONDENCE
BETWEEN THE QUANTIZED ENERGY AND DISCRETE

TRANSVERSE MOMENTUM

To characterize the electron beam after the electron-photon
(e-p) coherent interaction in both the energy and momentum
dimensions, we rotated the diffraction pattern to be paral-
lel to the EELS slit by tuning the projector lens current. A
typical far-field electron distribution in reciprocal space after
rotation is shown in Fig. 9(a). The FWHM of the transmit-
ted electron beam was approximately 1.04 µm−1, which was
calibrated with a grating replica of 463 nm. Since the distance
between two electron spots was approximately 3.88 µm−1,
all of the spots were separated and well resolved. The map
of the energy loss and transverse momentum is shown in
Fig. 9(b), where the electron spots stretched along the energy
axis owing to the limited energy resolution of the electron

spectrometer and the energy distribution of the initial electron
beam. Figure 9(a), which was obtained by a CCD in HDD
mode, and Fig. 9(c), which was obtained by an electron energy
spectrometer, characterize the electrons after the e-p interac-
tion in the momentum and energy dimensions, respectively,
while Fig. 9(b) correlates the energy and transverse momen-
tum of each spot in the energy-momentum space, showing a
one-to-one correspondence between the quantized energy and
discrete transverse momentum.

APPENDIX D: ANALYTICAL THEORY OF THE
ENERGY-MOMENTUM TRANSFER IN THE
FREE-ELECTRON–PHOTON INTERACTION

MEDIATED BY THE FILM

In this section, we present an analytical explanation of
the transverse momentum change of the electrons in Fig. 3
by considering the momentum uncertainty perpendicular to
the sample and the energy-momentum conservation of the
e-p interaction. We denote (x, y, z) as the fixed laboratory
coordinates and (x′, y′, z′) as the rotated sample coordinates
[see Fig. 1(b)]. In the experiment, we first rotated the sample
about the y axis, and we then rotated it about the x′ axis. We
consider the situation where a free electron absorbs a photon
without loss of generality. The rotation matrix for transform-
ing the fixed laboratory coordinates to the rotated sample
coordinates is

R̂ =
⎛
⎝ cos θ 0 sin θ

sin θ sin α cos α −cos θ sin α

−sin θ cos α sin α cos θ cos α

⎞
⎠. (D1)

The momentum of the incident light in the sample coordi-
nate is

p(x′,y′,z′ ) = R̂p(x,y,z) = h̄k0

⎛
⎝ −cos θ

−sin θ sin α

sin θ cos α

⎞
⎠, (D2)
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FIG. 8. Probabilities and corresponding EELS spectra obtained from the experiments with a peak amplitude of 1.8 × 108 V/m and
simulations with a peak amplitude of 1.56 × 108 V/m. (a) Experimental and (b) simulated EELS spectra, and the corresponding (c)
experimental and (d) simulated probability of electron inelastic scattering by the pump laser.

where p(x,y,z) = h̄k0
(−1

0
0

)
is the momentum of the incident light

in the laboratory coordinates (x, y, z) and k0 = ω
c is the wave

vector of the incident light. In view of the translational invari-
ance in the direction parallel to the sample and the confined
space in the direction perpendicular to the sample, the photon
momentum spreads along z′. We then rewrite p(x′,y′,z′ ) as

p′
(x′,y′,z′ ) = h̄

⎛
⎝ −k0 cos θ

−k0 sin θ sin α

k′

⎞
⎠, (D3)

where k′ is unknown. In laboratory coordinates,

p′
(x,y,z) = R̂−1 p′

(x′,y′,z′ )

= h̄

⎛
⎝−k0 cos2 θ − k0 sin2 θ sin2 α − k′sin θ cos α

−k0 sin θ sin α cos α + k′sin α

−k0 sin θ cos θ cos2 α + k′ cos θ cos α

⎞
⎠.

(D4)

Taking energy-momentum conservation into account, only
the photons with longitudinal momentum h̄ω/ve can be ab-
sorbed by electrons. We then solve k′ as

k′ = k0

cos θcos α

(
c

ve
+ sin θcos θcos2 α

)
. (D5)

Finally, we obtain the expressions of the transverse mo-
mentum p′

x and p′
y by substituting Eq. (D5) into Eq. (D4),

given by

p′
x = −h̄k0

(
1 + c

ve
tan θ

)
, (D6)

p′
y = h̄k0

c

ve

tan α

cos θ
, (D7)

respectively.
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FIG. 9. Energy-momentum correlation map when the film was at θ = 35◦ and α = 0◦ for a p-polarization pump laser. (a) Far-field electron
distribution in reciprocal space after tuning the projector lens current. (b) Map of the energy loss and transverse momentum taken by the CCD
camera after the electron energy spectrometer in EELS mode. The vertical axis is the momentum axis, and the horizontal axis is the energy
axis. (c) EELS spectrum taken by the electron energy spectrometer. The scale bar in (a) was calibrated with a grating replica of 463 nm.
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